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AN EXTENSION OF THE COMPRESSION-EXPANSION FIXED
POINT THEOREM OF FUNCTIONAL TYPE

RICHARD I. AVERY, DOUGLAS R. ANDERSON, JOHNNY HENDERSON

ABSTRACT. In this article we use an interval of functional type as the underly-
ing set in our compression-expansion fixed point theorem argument which can
be used to exploit properties of the operator to improve conditions that will
guarantee the existence of a fixed point in applications. An example is pro-
vided to demonstrate how intervals of functional type can improve conditions
in applications to boundary value problems. We also show how one can use
suitable k-contractive conditions to prove that a fixed point in a functional-
type interval is unique.

1. INTRODUCTION

The compression-expansion fixed point theorems of functional type, see for ex-
ample [2] B], have relied on functional frustrums of a cone which are sets of the
form

P(B,b,a,a) ={x € P:a < a(x) and B(x) < b},

and if compression-expansion conditions are met, then one concludes that there is
a fixed point for an operator T in this set. In this paper we show that the under-
lying set can be generalized by using functional-type intervals which are subsets of
P(B,b,a,a), that is,

A(B,b,a,a) ={x € A:a < a(r) and (z) < b},
where A is an open subset of the cone P and most importantly
aAmA(B7b’a’a) = @-

In the spirit of the Leggett-Williams fixed point theorem [J], which many of the
compression-expansion fixed point theorems of functional type have generalized, we
do not know that T is invariant on A(8,b, «,a). However, if suitable k-contractive
conditions are met we can use similar arguments as presented in the Banach fixed
point theorem (see [13] p 17] for a presentation of these concepts, and one can also
see these techniques in the work of Petryshyn [I1]), to prove that the fixed point of
T in A(B,b,@,a) is unique. The uniqueness argument does not require iterates to
converge nor does it require the operator to be invariant on the functional interval.

2010 Mathematics Subject Classification. 47TH10.

Key words and phrases. Fixed-point theorem; k-contractive; expansion; compression.
(©2016 Texas State University.

Submitted July 11, 2016. Published September 21, 2016.

1



2 R. I. AVERY, D. R. ANDERSON, J. HENDERSON EJDE-2016/253

2. PRELIMINARIES

For completeness we provide the following definitions and theorems, which are
nearly identical to the presentation in other compression-expansion fixed point pa-
pers, in particular [3].

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set
P C FE is called a cone if for all z € Pand A > 0, Ax € P and if z, —xz € P then
z=0.

Every cone P C FE induces an ordering in F given by x < y if and only if
y—ax € P.

Definition 2.2. An operator is called completely continuous if it is continuous and
maps bounded sets into precompact sets.

Definition 2.3. A map « is said to be a nonnegative continuous concave functional
on a cone P of a real Banach space E if o : P — [0, 00) is continuous and

alte + (1 —t)y) > ta(z) + (1 —t)a(y)

for all z,y € P and t € [0,1]. Similarly we say the map § is a nonnegative
continuous convex functional on a cone P of a real Banach space E'if 3 : P — [0, 00)
is continuous and

Btz + (1 —t)y) < tB(z) + (1 - )B(y)
for all z,y € P and ¢ € [0, 1].

In Theorem [3.1) we will show how one can use functional-type intervals instead
of functional frustrums of a cone (sets of the form P(f3,b,«,a)). The definition of
a functional type interval appears next.

Definition 2.4. Let A be a relatively open subset of a cone P, a and b be non-
negative numbers, a be a concave functional on P, and 8 be a convex functional
on P. Then the set

A(B,b,a,a) ={zr € A:a < a(x) and f(z) < b}
is an interval of functional type.
Definition 2.5. Let D be a subset of a real Banach space E. If r : E — D is

continuous with r(x) = x for all € D, then D is a retract of E, and the map r is
a retraction.

Remark 2.6. The convex hull of a subset D of a real Banach space X is given by

conv(D) = {Z)‘ixi cx; € D, A €10,1], ZAi =1, andn € N}.

i=1 i=1
The following theorem is due to Dugundji and its proof can be found in [4 p 44].

Theorem 2.7. For Banach spaces X and Y, let D C X be closed and let F :
D—-Y be continuous. Then F has a continuous extension ' : X — 'Y such that
F(X) C conv(F(D)).

Corollary 2.8. FEvery closed convez set of a Banach space is a retract of the Banach
space.
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The following theorem is developed from topological degree theory and the ab-
stract (axiomatic) form that appears below can be found in [4, p 238]. The proof
of our main result in the next section will invoke the properties of the fixed point
index.

Theorem 2.9. Let X be a retract of a real Banach space E. Then, for every
bounded relatively open subset U of X and every completely continuous operator
AU — X which has no fived points on OU (relative to X ), there exists an integer
i(A,U, X) satisfying the following conditions:
(1) Normality: i(A,U,X) =1 if Ax =yo € U for any x € U;
(2) Additivity: i(A, U, X) = i(A, Uy, X) + (A, Uy, X) whenever Uy and Us are
disjoint open subsets of U such that A has no fized points on U — (U; UUy);
(3) Homotopy Invariance: i(H(t,-),U, X) is independent of t € [0,1] whenever
H :[0,1] x U — X is completely continuous and H(t,z) # x for any
(t,z) € [0,1] x OU;
(4) Solution: If i(A,U, X) # 0, then A has at least one fized point in U.
Moreover, i(A,U, X) is uniquely defined.

3. MAIN RESULTS

There are many functional fixed point theorems in the literature, for example
see the following papers [I} 2] B, 6] [7, [8, O] 10, 11l 12] for foundational arguments
related to functional fixed point theorems. The following functional fixed point
theorem extends the conclusions of the fixed point theorems of functional type
in the literature by providing a uniqueness condition and a generalization of the
underlying set in which the fixed point is known to exist. The underlying set in
our arguments is called a functional type interval and provides a mechanism for
properties of the operator to be introduced into applications of the theorem which
is illustrated at the conclusion of this paper.

Theorem 3.1. Suppose P is a cone in a real Banach space E, A is a relatively
open subset of P, a and v are nonnegative continuous concave functionals on P,
B and 0 are nonnegative continuous convex functionals on P, and T : P — P is
a completely continuous operator. If there exist nonnegative numbers a,b, c, and d
such that
(A1) A(B,b,a,a) is bounded, A(B,b,a,a) N A(0,c,,d) # 0, and
AN A(B,b,a,a) = 0;
(A2) if x € OA(B,b, a,a) with a(x) = a and either 0(z) < ¢ or 0(Tx) > ¢, then
a(Tz) > a;
(A3) if x € OA(B, b, a,a) with B(x) = b and either Y(Tx) < d or ¢(x) > d, then
B(Tx) < b;
then T has a fized point ©* € A(B,b,a,a). Moreover, if for all x € A(B,b,a,a)
there exists a k € [0,1) such that

[Tz — 2" < kllz — 27|
then x* is the unique fized point of T in A(B,b,a,a).

Proof. By Corollary 2.8 P is a retract of the Banach space E since it is convex
and closed.
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Claim 1: Tz # x for all x € 0A(S,b, a,a). The functional interval A(3,b, o, a) =
ANP(B,b,a,a), hence

0A(B,b, a, a)

=0(ANP(B,b,a,a))

=(ANP(B,b,a,a))N (P — (AN P(B,b,a,a)))
=(ANP(B,b,a,a))N(P—A)U(P—P(f,b,a,a))

= (AN P(B,b,a,a))N((P—A)U(P— P(3,b,a,a)))
C(ANP(B,b,a,a)) N (P~ A)U(P—P(B,b a,a)))

= (AN P(B,b,a,a) N (P —A) U (AN P(B,b,a,a) N (P — P(3,b,a,a)))

(0ANP(B,b,a,a)) U(ANIP(B,b, a,a))
=ANOP(B,b,a,a)

since 0A N P(B,b,a,a) = OAN A(B,b,a,a) = (. Thus, if 29 € OA(SB,b, o, a) then
zo € OP(0,b,a,a) so either 5(z9) = b or a(zg) = a. We want to show that zg is
not a fixed point of T'; so, suppose to the contrary that T'(zg) = zp.
Case 1.1: ((z9) =b. If 9(Tz) < d or ¥(z9) = ¥(Tz9) > d, then 5(Tzp) < b by
condition (A3). Hence we have that Tzy # 2.
Case 1.2: a(zp) = a. If 6(Tzy) > c or 8(Tzy) = 0(20) < ¢, then a(Tz) > a by
condition (A2). Hence we have that Tzg # 2.

Therefore, T' does not have any fixed points on 0A(S,b, a, a).

Let wo € A(B,b, a,a) N A(0, ¢,,d) (see condition (Al)), and define H : [0, 1] x
A(ﬂ’b’a’a) - P by

H(t,z) = (1 —t)Tx + twy.
Clearly, H is continuous and H([0,1] x A(S3,b, a,a)) is precompact.
Claim 2: H(t,z) # x for all (¢,2) € [0,1] x OA(S,b, a,a). Suppose not; that is,
suppose there exists (tg, o) € [0,1] X JA(S, b, a, a) such that
H(to, .To) = Z9-

Since o € 0A(B,b,a,a), we have that G(zg) = b or a(rg) = a since 0A N
A(B,b,a,a) = 0. Also, since T has no fixed point on JA(S,b, a, a), we have that
to # 0.

Case 2.1: B(zg) = b. Either ¥(Txo) < d or ¥(Txo) > d.

Subcase 2.1.1: ¢(Tz¢) < d. By condition (A3) we have §(T'z¢) < b, thus it
follows that

b= B(xo) = B((1 — to)Txo + towo) < (1 —t0)B(Txo) + toB(wo) <,
which is a contradiction.
Subcase 2.1.2: ¢(Txzg) > d. We have that ¢¥(xg) > d since
V(o) = Y((1 = to)Two + towo) = (1 — to)(To) + torh(wo) = d,

and thus by condition (A3) we have 3(T'zp) < b, which is the same contradiction
we arrived at in the previous subcase.

Case 2.2: a(zg) = a. Either 0(T'zg) < c or (T'zg) > c.
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Subcase 2.2.1: 6(Tzg) > c. By condition (A2) we have a(Tzg) > a, thus we have
a = a(zo) = a((1 —to)Txo + towo) = (1 — to)a(T'xo) + toc(wo) > a,
which is a contradiction.
Subase 2.2.2: §(T'zg) < c. We have that 6(z) < ¢ since
O(xo) = 0((1 — to)Txo + towo) < (1 —t)0(Txo) + tob(wo) < ¢,

and thus by condition (A2) we have a(T'zg) > a, which is the same contradiction
we arrived at in the previous case.

Therefore, we have shown that H(¢,x) # =z for all (¢,z) € [0,1] x DA(B,b, @, a),
and thus by the homotopy invariance property of the fixed point index

Z(Tv A(ﬁ7 b7 a, (1)7 P) = 7;(’UJ07 A(ﬂa ba «, a)? P)a
and by the normality property of the fixed point index
i(T, A(B,b,a,a), P) = i(wo, A(B,b,,a), P) = 1.

Consequently by the solution property of the fixed point index, T" has a fixed point
x* € A(B,b,a,a).
Furthermore, if for all z € A(3,b, o, a) there exists a k € [0,1) such that

[Tz — 2" < klle — 2],

then for any fixed point z* € A(8,b, a,a) we have that

I2% —a™|| = |Tz" — 2™|| < K[|z — 7.
Therefore ||z* —z*|| = 0 as k < 1, and we have verified that under this condition T'
has a unique fixed point in A(S,b, a, a). O

4. APPLICATION

In this section, using a non-standard functional technique (using an evaluation
of the derivative as one of the functionals) and an open subset A of the cone P
(the set A is not bounded nor is it a cone), we will illustrate the key techniques
for verifying the existence and uniqueness of a positive solution for a right focal
boundary value problem in our interval of functional type using our main result.
Note that the resulting conditions for a fixed point to exist in our functional-type
interval (conditions (a) and (b) of Theorem [4.1| below) do not force the operator T
to be invariant on our functional-type interval. We consider the classical right focal
boundary value problem

'(t) + f(z(t)) =0, te(0,1), (4.1)
z(0) =0 =2/ (1), (4.2)

where f : R — [0,00) is continuous. It is well known that if = is a fixed point of
the operator T' defined by

1
Tx(t) ::/ G(t,s) f(x(s))ds,
0
where
G(t,s) = min{t,s}, (t,s) €[0,1] x [0,1],
then x is a solution of the boundary value problem (4.1]), (4.2]).
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Define the cone P C E = C'[0,1] by
P :={z € E : x is nonnegative, nondecreasing, concave, and x(0) = 0}.
For = € P, define the convex functional 3 on P by

Bx) = tren[gflc]w(t) = z(1),

the (concave) functional ¢ on P by

and the concave functional a on P by

a(z) := min z(t) =z(-).

(x) = min a(t) = (})

We are now ready to prove the existence of a unique positive solution to (4.1),

(4.2) in our functional-type interval, if the conditions in the following theorem are
satisfied.

Theorem 4.1. If b > 0, and f : [0,200] — [0,00) is a continuous differentiable
function such that

(a) 28 < f(w) < 80b for w € [0,8b],

(b) 26 < f(w) < 388 for w € [8b,200],

(¢) |f'(w)| <16 for w € [0,5b], and

(d) |f'(w)] <1 forw € [5b,200],
then the right focal problem , has a unique positive solution

x* € A(f, 200, a, 5b).

Proof. Let

A= {meP:x(g) —x(%) >2b},

A(B,20b, r,5b) = {x € A : 5b < x(t) < 20b for all i <t<1}.

Thus A is an open subset of P and A(3,20b, a, 5b) is an open, nonempty, bounded,
subset of P. By properties of Green’s function we have

(Tz)"(t) = —f(x(t)) and T2(0) = 0 = (Tz)'(1);
that is, fixed points of the operator T are solutions of the boundary value problem
(4.1), (4.2). Applying the Arzela-Ascoli Theorem we have T : A(S, 200, a, 5b) — P
is a completely continuous operator, and applying Dugunji’s Theorem, there is a
continuous extension, which we will again denote by T, such that T': P — P (the
extension is necessary to extend the domain of T from A(/3, 20b, o, 5b) to P since f
is only defined on [0, 200]).
Letting = € A(83, 20b, o, 5b) we see that a(z) = z(§) > 5b; therefore
3 1 3/8 1

(Tz)(g) - (Tx)(z) = /1/4 (5 - Z)f(:z:(s)) ds + (é) " fz(s))ds

3/8 1. 256b 1. [' 256b
> —f—d—kf/—d:%.
/1/4 (=P B+ ) b 11
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Hence, = ¢ OA thus 0A N A(B,20b, o, 5b) = . Let

/ G(t,s)36bds

thus
1
ﬂ(wo)::9(wo)==um(1)::J/ G(1, 5)36bds = 18b < 20,
0
1 ! 1 63b
a(wo) :wo(i) = /O G (4 > 36bds = ~= > 5b,
1 1 105b
P(wo) = wo(7) = / 35bds = 1000 < o4y
4 1/4 4
hence

wo € A(B,20b, a, 5b) N A(8, 20D, 1, 24b).

Claim 1: If © € 0A(8, 200, o, 5b) with 5(z) = 20b and ¢ (x) > 24b, then B(Tx) <

200.
Since ¥ (x) > 24b and z is increasing, z(1) > 6b since

. 1/4 1/4
GwaEl):/o x'(i)dsg/o x’(s)ds:a:(i).

Also, since z € A, x(%) > x(%) + 2b > 8b. Therefore,

ﬁ@@=AG@®NWD%=ASKmD%

3/8 1

sfla(s)) ds+ [ sfalo)ds

3/8
3/8 1 368b
80bs ds + / 5 ds

9 368b, , 55
= 80b(555) + (577) (15g) = 200

<

S— S—

Claim 2: If z € A(S, 20b, o, 5b) with B(x) = 20b and ¢(Tx) < 24b, then 3(Tz) <
20b.
Let z € JA(B, 200, o, 5b) with G(x) = 20b and ¢(Tx) < 24b. Then

24b > (Tx) = (Tx)'(i)

:Ejmmw

— [ sta)dss [ 1= 9fG)ds
1/4 1/4

and since we have that

! L 256b(1 — s) 13b
/1/4(1 ) f(a(s)) ds > /1/4 2 s > 2
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we also have that

/1 sf(x(s))ds < S—Sb
1/4 2

Thus,

ﬁ(Tx):/O G(1,s)f(z(s))ds

1/4 1
:/0 sf(:v(s))ds—F/1 sf(x(s))ds

/4
1/4
< / 80bs ds + 220
O 2
5b  35b
=+ 22— 20m.
2t

Hence, the previous two claims have verified condition (A3) of Theorem is
satisfied.

Claim 3: If x € 0A(S, 20b, o, 5b) with «(x) = 5b, then o(Tx) > 5b.
Let x € 0A(B, 200, o, 5b) with «(z) = 5b. Then

1
o(Tz) = Tl'(i) :/0 G(Z,s)f(:r(s))ds

1/4 U fla(s
/ sf(x(s))ds + %ds
0

1/4

/4 956 1 256b
= d = d b.
>/0 S 7 s+/1/4 v 5> 5

Therefore, condition (A2) of Theorem is satisfied since we have shown that
if x € 9A(S,20b, v, 5b) with () = 5b implies o(Tx) > 5b
which guarantees that
ifx € 0A(B,b, o, a) with a(x) = a and either 8(z) < cor 8(Tx) > ¢
implies a(T'z) > a.
Therefore, by Theorem the operator T has a fixed point x* € A(f3,20b, o, 5b)
which is a desired solution of (4.1)), (4.2). Furthermore, if z € A(3, 200, «, 5b), then

1
|T2 — T = max | / G(t, 9)(f(x(s)) - f(a"(s))) ds]

t€(0,1]

A

< max / G(t, 5)|f(x(s)) — F(a™(s))] ds

te(0,1]

/0 S\F((s) — F(*(5))] ds

1/4
- / S\ f(@(s) — F(a*(s))|ds + / S\ f(a(s) — fla*(s))] ds
0 1/4

1/4 1
S/ 165||x—x*||ds+/ sl — x| ds
0 1/4

31
(53

Ml — |-
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Thus
[Tz — 2| = [Tz - T2"| < (3*2)”:6—36 I

hence z* is the unique fixed point of T in A(S, 20b, a, 5b). |
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5. ADDENDUM POSTED ON OCTOBER 6, 2016

The authors would like to modify Theorem (A1) to provide a more general
fixed point theorem that we can use to correct the mistake in the application,
Theorem (Theorem is correct, we are just slightly generalizing a condition).
Below is the modified statement of the extension of the compression-expansion fixed
point theorem of functional type which is presented as Theorem [5.1] as well as the
only component of the proof of Theorem that is modified. Following Theorem
we’ll outline the modifications necessary in the proof of the application to fix
the boundedness issue.

Theorem 5.1. Suppose P is a cone in a real Banach space E, A is a relatively
open subset of P, a and v are nonnegative continuous concave functionals on P,
B and 6 are nonnegative continuous convex functionals on P, and T : P — P is
a completely continuous operator. If there exist nonnegative numbers a,b, c, and d
such that
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(A1) A(B,b,a,a) is bounded, A(B,b,a,a) N A0, ¢c,,d) # 0, and
if t € 0JANP(B,b,a,a) then Tx # x;
(A2) if x € OA(B,b, a,a) with a(x) = a and either 0(z) < ¢ or 0(Tx) > ¢, then
a(Tz) > a
(A3) if x € OA(B,b, av,a) with B(x) = b and either Y(Tz) < d or ¢(z) > d, then
B(Tx) < b;
then T has a fized point z* € A(B,b,a,a). Moreover, if for all x € A(B,b,,a)
there exists a k € [0,1) such that
[Tz — 2™ < Kl — 2]
then x* is the unique fized point of T in A(B,b, o, a).
Proof. By Corollary P is a retract of the Banach space E since it is convex
and closed.

Claim 1: Tz # x for all x € 0A(S,b, a,a). The functional interval A(8,b, o, a) =
ANP(B,b,a,a), hence

OA(B,b, a, a)
=90(ANP(B,b,a,a)
= (ANP(B,b,a,a))
= (AN P(B,b,a,a)
= (AN P(B,b, a,a)
( )
)

P—(ANP(B,b,a,a)))

( P — A)U(P_P(ﬁabaa7a))

( P - A)U(P_P(ﬁJ))ava')))
C (AN P(B,b,a,a P—A)U(P - P(8,b,a,a)))

= (AN P(B,b,a,a) N (P —A)U(ANP(B,b,a,a) N (P — P(3,b,a,a)))
= (0ANP(B,b,a,a)) U(ANIP(B,b,,a)).

If zo € OA(B, b, a,a) then zg € OP(S,b, o, a) so either B(zg) = b or a(zp) = a. We
want to show that zp is not a fixed point of T'; so, suppose to the contrary that
T(Zo) = 20-
Case 1.1: (3(zp) =b. If ¥(Tz) < d or ¥(z0) = ¥(Tz2) > d, then B(Tz) < b by
condition (A3). Hence we have that Tzg # 2.
Case 1.2: a(zg) = a. If 0(Tz) > c or 0(Tz) = 0(20) < ¢, then a(Tz) > a by
condition (A2). Hence we have that T'zy # 2.

Therefore, T' does not have any fixed points on A(3, b, a, a) since we just verified
that T has no fixed points on A N P(B,b,a,a) and we assumed T' did not have
any fixed points on 0A N P(3,b, a, a).

There are no other changes to the proof of Theorem O

In the application, Theorem we need to modify the underlying set so that
it is bounded in the C1[0,1] norm. Below are the modifications to the beginning
of the proof that fixes this issue, there are no changes needed in the statement nor
the remainder of the proof of the application.

Proof. Let

A={zeP: QJ(%) - x(i) > 2b and 2’(0) < 80b},
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1
A(3,20b, o, 5b) = {x € A:5b < z(t) < 20 for all 1 <t <1}
By properties of Green’s function we have
(Tz)"(t) = —f(z(t)) and Tz(0) = 0 = (Tz)'(1);

that is, fixed points of the operator T are solutions of the boundary value problem
, . Applying the Arzela-Ascoli Theorem we have T : A(S, 20, «, 5b) — P
is a completely continuous operator, and applying Dugunji’s Theorem, there is a
continuous extension, which we will again denote by T, such that T': P — P (the

extension is necessary to extend the domain of T from A(/3, 20b, o, 5b) to P since f
is only defined on [0, 20b]). Also note that if = € A(S, 200, a, 5b) that

lz|| = sup |z(t)| + sup |z'(t)] = (1) + 2'(0) < 20b+ 80b = 100b
te[0,1] teo0,1]

thus A(8,20b, a, 5b) is a bounded, open subset of P.
Letting z € A(f3,20b, a,, 5b) we see that a(z) = z($) > 5b; therefore

3/8 1
(Tx)(g) - (Tx)(i) = /1 (s - i)f(x(s)) ds + (é) f(z(s))ds

/4 3/8
3/8 1, 2560 1. [' 256b
)T ds + (3) [ S ds = 2b.
>/1/4 (s =7 S+(8)/3/8 1
Also,

1 1
(Tz)'(0) = / f(z(s)) ds < / 80b ds = 80b.

0 0

Hence, Tz # x if x € AN P(3,200, «, 5b). Let

wo(t) = /0 Gt 5)36b ds

thus
1
Bwo) = 0(wo) = wo(1) = / G(1,5)36bds = 18b < 20b,
0
1 ! 1 63b
awp) = wo(Z) = /O G (4,5> 36bds = == > 5b,
1 1
P(wo) = wp (=) = / 36bds = 27b > 24b
4 1/4
hence

wo € A(B, 20b, v, 5b) M A(3, 20b, 1, 24b).

There are no other changes to the proof of Theorem (I
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