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REGULARLY VARYING SOLUTIONS WITH INTERMEDIATE
GROWTH FOR CYCLIC DIFFERENTIAL SYSTEMS OF
SECOND ORDER

JAROSLAV JAROS, KUSANO TAKASI, TOMOYUKI TANIGAWA

ABSTRACT. In this article, we study the existence and accurate asymptotic
behavior as t — oo of positive solutions with intermediate growth for a class
of cyclic systems of nonlinear differential equations of the second order
(i ()| xf]* 1 2h) + qi(t)|wipr [P i =0, i=1,...,n, Tny1 =21,

where «; and (3;, ¢ = 1,...,n, are positive constants such that aj...an >
Bi...08n and p;,q; : [a,00) — (0,00) are continuous regularly varying func-
tions (in the sense of Karamata). It is shown that the situation in which the
system possesses regularly varying intermediate solutions can be completely
characterized, and moreover that the asymptotic behavior of such solutions is
governed by the unique formula describing their order of growth (or decay)
precisely. The main results are applied to some classes of partial differen-
tial equations with radial symmetry including metaharmonic equations and
systems involving p-Laplace operators on exterior domains.

1. INTRODUCTION

In this article we analyze the differential system

(p7(t)|f£; aiili?g)/ + qi(t)|l‘i+1|’8iill‘i+1 = 0, 1= 1, vy Ny Tpy1 = T, (11)
where
(a) «; and B;, 4 =1,...,n, are positive constants such that ay...q, > B1...0,;

(b) p; and ¢; are continuous positive functions on [a, ), a > 0;
(c) all p; simultaneously satisfy either

o0
/ pi(t)"Vdt =00, i=1,...,n, (1.2)
a
or
o0
/ pi(t) Vdt <00, i=1,...,n. (1.3)
a
By a positive solution of (1.1)) we mean a vector function (x1,...,2,) consisting
of components x;, i = 1,...,n, which are positive and continuously differentiable

together with p;|zf|*~ 12} on some interval [T, 00) and satisfy system (1.1) there.
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Systems of the form (L.1)) with p;(¢) = tN~1 and ¢(t) = tV"1fi(t), N > 2,

i =1,...,n, arise in the study of positive radial solutions in exterior domains in
RY for the system of p;-Laplacian equations
Ap,u; = div(|Vus [P 72Vus) + fille])fuipd " i = 0,i=1,...,n, (1.4)
Un+1 = UL, .
where p; > 1 and v; > 0,7 = 1,...,n, are constants, |z| denotes the Euclidean norm
of z € RN and f;, i = 1,...,n, are positive continuous functions on [a, o).

Quasilinear elliptic system with negative f;,7 =1,...,n, and the exponents
satisfying the super-homogeneity condition v17vs...v, > (p1 — D)(p2 — 1) ... (pn —
1) was studied by Teramoto [22], while the problem of the existence and precise
asymptotic behavior as |x| — oo of positive strongly decreasing (resp. strongly

increasing) radial solutions of (1.4]) in the case p; = -+ = p, = p > 1 under the
sub-homogeneity assumption y17s...7, < (p — 1)™ was investigated in [7] (resp.
[8]). (For the special case p1 = --- = p, = 2 see also [23].)

In this article we are concerned with positive solutions (z1,...,z,) of (1.1]) all
components of which have the intermediate growth (or decay) in the sense that
they are increasing to infinity as ¢ — oo and satisfy

Jim pi(O)| ()|t ai(t) =0, i=1,...,n, in case (1.2 holds, (1.5)
or decreasing to zero as t — oo and satisfy

“i=lgl(t) = —00, i=1,...,n, in case (I.3) holds. (1.6)

lim p; (¢)|27(t)
t—o00
Note that this is equivalent to

. _ z;(t)
A zi(¢) = oo, lim Pi(t)

=0, i=1,...,n, (1.7)

if (L.2) holds, where P;(t) = fipi(s)*l/aids’ or to

(T
lim z;(¢t) =0, lim zilt) =00, i=1,...,n, (1.8)
t—oo t—oo ’]'('Z(t)

if (L.3) holds, where m;(t) = [ pi(s)~'/*ds.
In the scalar case, i.e., if ([L.1]) reduces to a single equation of the form

if
(p®)]2"1*1a") + q()]a] "~z =0, (1.9)

where o and (3 are positive constants such that o > 8 and p and ¢ are positive
continuous functions on [a, 00), necessary and sufficient conditions for the existence
of intermediate solutions of have been established for the case by Naito
[20] and for the case by Kamo and Usami [11].

It is to be noticed that system may possess also positive solutions which
have an extreme growth (or decay) in the sense that if holds, then each
component x; satisfies either

. owy(t)
Jim Pi(1)

= const > 0, (1.10)

or
lim z;(t) = const > 0, (1.11)
t—oo
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and if (1.3 holds, then each component z; satisfies either (L.11]) or
z;(t)

t—oc (1)

= const > 0. (1.12)

Positive solutions of these types are not considered here.

Once the existence of intermediate solutions of (or ) has been con-
firmed, a natural question arises as to the possibility of determining their asymp-
totic behavior at infinity accurately. Partial answers to this question in the scalar
case have recently been given in the papers [9, [I4] which are concerned exclusively
with regularly varying intermediate solutions of equation with regularly vary-
ing coefficients p(t) and ¢(¢). Restricting our consideration within the framework
of regular variation allows us to utilize basic theory of regular variation to acquire
thorough and precise information about the existence, the asymptotic behavior and
the structure of regularly varying intermediate solutions of equation . For the
definition of regularly varying functions see Section 2.

A prototype of the results we are going to prove says that if f and g are regularly
varying functions of indices A and p, respectively, and p > N, then the necessary
and sufficient condition for the existence of positive intermediate radial solutions
components of which are regularly varying functions with indices in the interval
(0, 2= of the system of two equations

) p—1
Apu+ f(lz))o* =0, Ay + g(|a])u” =0, (1.13)
where a3 < (p — 1), is the satisfaction of the system of inequalities
o af
A —— —N)(1-——
0<p+At St < (o= N)(1- 255),
B o3
0< —— A —N)(1l—-——
<p_1(p+ J+pH+u<(p )( (p—1)2>’

and if p < N, then the above two-dimensional system has intermediate RV solutions
with indices in (%, 0) if and only if

of

(P*N)(lf(p_il)g

)<p+/\+i(p+u)<0,
p—1

and

o B
p—N(l— )< p+A)+p+p<O.
( ) (p—12%/ p- it )
In both cases the indices p and o of regular variation of the components u and
v, respectively, are given (uniquely) by

p—1 [ a p—1 B
p= pHA+ ptu } ; 0= [
e | e A R RS VA T
and any such intermediate solution (u,v) as |z| — oo satisfies the asymptotic
relation

(p+A)+p+p|,
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where ¢ and 1 are the slowly varying parts of f and g, respectively, and
1

D(r)=(p—N—(p—1)lr])""|7l.

The main results of this paper will be presented in Section 4. The existence of
intermediate regularly varying solutions of is proved by solving the system of
integral equations

t 1 [e'e] l/ozi
xi(t) = ¢ —I—/ ( / qi(r)xi_kl(r)ﬂid?“) ds, i=1,...,n, if holds,

7 \pi(s)
(1.14)
<1 s o\ Ye . .
xi(t) = / (/ qi(r)xiﬂ(r)ﬁldr) ds, i=1,...,n, if (1.3)) holds,
¢ pi(s) \Jr
(1.15)

for some constants 7" > a and ¢; > 0 with the help of fixed point techniques
combined with basic theory of regularly varying functions. Furthermore it is shown
that the asymptotic behavior of the obtained solutions is governed by the unique
explicit law describing their order of growth (in case holds) or decay (in
case of holds) accurately. To this end extensive use is made of the knowledge
derived through the analysis of the following systems of asymptotic integral relations
associated with and by means of regular variation:

t 1 o0 1/a;
x;(t) N/ (—/ qi(r)a:i+1(r)ﬁ7'dr) ds, t—oo, i=1,...,n, (1.16)

7 \pi(s)
oo 1 s s, 1/a; .
x;(t) ~ / ( / qi(r)xiy1(r) ldr) ds, t—o0, i=1,....,n. (1.17)
¢ \pi(s) Jr
Here and hereafter the notation f(¢) ~ g(t) as t — oo is used to mean

lim @ =

t=o0 f(t)
The details of the analysis of systems and in the framework of regular
variation is presented in Section 3, which is preceded by Section 2 where the defi-
nition and some basic properties of regularly varying functions are summarized for
the reader’s convenience. The final Section 5 is designed to explain the effective
applicability of our results for to some classes of partial differential equations
with radial symmetry including metaharmonic equations and systems involving p-
Laplace operators on exterior domains in RY.

The systematic study of differential equations in the framework of regular vari-
ation was initiated by Marié¢ and Tomié¢ [I7, [I8, [19]. Since the publication of the
monograph of Mari¢ [16] in the year 2000 there has been an increasing interest
in the study of asymptotic properties of positive solutions of differential equations
by means of regularly varying functions, and it has turned out that theory of reg-
ular variation combined with fixed point techniques is so powerful as to cover a
wide class of ordinary differential equations including generalized Emden-Fowler
and Thomas-Fermi equations, and systems of such equations; see, for example,
2 3, [5, 6, [, [10], [12} 13 [14] [15).

2. REGULARLY VARYING FUNCTIONS

For the reader’s benefit we recall here the definition and basic properties of
regularly varying functions which will be used in this paper.
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Definition 2.1. A measurable function f : [0,00) — (0, 00) is said to be regularly
varying of index p € R if

lim w =M forall A > 0.
t—oo f(t)
The set of all regularly varying functions of index p is denoted by RV (p).

Typical example of a function from RV(p) is the power function ¢” or, more
generally, any function of the form ct?(1 + £(t)) where ¢ is a positive constant and
¢(t) a measurable function on (0,00) such that €(t) — 0 as ¢ — oo. All these
are examples of the so-called trivial regularly varying functions of index p, i.e.,
functions f € RV(p) satisfying lim; o f(¢)/t? = const > 0. An example of a
nontrivial regularly varying function of index p is t* log(1 + t).

We often use the symbol SV for RV(0) and call members of SV slowly varying
functions. Tt is easy to check that any f € RV(p) can always be represented in
the form f(t) = tPg(t), where g € SV. Thus, the properties of regularly varying
functions are easily deduced from the corresponding properties of slowly varying
functions.

One of the most important properties of regularly varying functions is the fol-
lowing representation theorem.

Proposition 2.2. f € RV(p) if and only if f(t) is represented in the form
)
10 = cep{ [ s} vz (2.1)
to S
for some to > 0 and for some measurable functions c(t) and 0(t) such that
tlim c(t) =co € (0,00) and tlim 5(t) = p.
If in particular c(t) = ¢y in (2.1)), then f(t) is referred to as a normalized reqularly
varying function of index p.

Examples of slowly varying functions include all functions tending to some posi-
tive constants as ¢ — oo, the logarithmic function, its powers log” ¢,y € R, iterated
logarithms. A more sophisticated example of a member from SV is the function
exp{clog” tcos’(logt)}, where ¢ > 0 and ,5 > 0 are such that v +§ < 1. The
following result illustrates operations which preserve slow variation.

Proposition 2.3. Let L(t), L1(t), La(t) be slowly varying. Then, L(t)* for any
a € R, Ly(t) + La(t), L1(t)La(t) and Ly (La(t)) (if L2(t) — oo) are slowly varying.

A slowly varying function may grow to infinity or decay to 0 as t — oco. But its
order of growth or decay is severely limited as is shown in the following
Proposition 2.4. Let f € SV. Then, for any e > 0,

lim t°f(t) = 00, lim t=°f(¢t) =0.
t—oo t—oo

A simple criterion for determining the regularity of differentiable positive func-

tions follows.

Proposition 2.5. A differentiable positive function f(t) is a normalized regularly
varying function of index p if and only if
/
t
lim tf ®) =
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The following proposition known as Karamata’s integration theorem will play
an important role in this paper.
Proposition 2.6. Let L(t) be a slowly varying function. Then:
(i) if a > —1,

¢
1
/ s*L(s)ds ~ TtO‘HL(t), t — oo;

a+1
(i) if o < —1,
> 1
L(s)ds ~ ———t*TLL(t), t :
/t s*L(s)ds ] (1), — 00;
(ifi) if o = —1,

S

¢
L
I(t) :/ () s e sV,
a
and if, in addition, [ sT'L(s)ds < oo, then
<L
m(t) = / ﬁds € SV.
. s
Definition 2.7. A vector function (z1(t),...,x,(t)) is said to be regularly vary-
ing of index (p1,...,pn) if ; € RV(p;) for i = 1,...,n. If all p; are positive (or
negative), then (x1(t),...,z,(t)) is called regularly varying of positive (or nega-
tive) index (p1,...,pn). The set of all regularly varying vector functions of index
(p1,---,pn) is denoted by RV (p1,...,pn)-

For a complete exposition of theory of regular variation and its applications
the reader is referred to the treatise of Bingham, Goldie and Teugels [I]. See
also Seneta [21]. A comprehensive survey of results up to the year 2000 on the
asymptotic analysis of second order ordinary differential equations by means of
regular variation can be found in the monograph of Mari¢ [16].

3. SYSTEMS OF ASYMPTOTIC RELATIONS ASSOCIATED WITH (/1.1
We assume that p; € RV()\;) and ¢; € RV(u;) and that they are represented as
pit) = tNL(8),  qit) = t"imi(t), L, mi €SV, i=1,...,n. (3.1)
In addition we require that p;(t) satisfy either (1.2) or (1.3). It is easy to see that
(1.2) (resp. (1.3)) holds if and only if
/\i < w4, Or >\i = and / tilli(t)il/aidt = 00,
resp.
i >aq;, or A\ =qa; and / tilli(t)*l/o‘idt < 0.
Therefore, in case (1.2)) is satisfied, the functions P;(t) = fat pi(s)~Hids, i =
1,...,n, are given by
¢
Pi(t) = / sTHi(s) "V s if A = ay, (3.2)

i =i

R Y
BT AT L)V, oo, i N < ai, (3.3)

Pi(t) ~

Q;
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and in case (1.3) holds, the functions m;(t) = ftoo pi(s)~Yds, i = 1,...,n, are
given by
mi(t) = / s (s) "V ds  if A = oy, (3.4)
t

Ai — Q@i ey :
YIS L) Y, o0, i A > an. (3.5)

i(t) ~
m(e) ~ 2

Our task in this section is to solve the following two problems.
Problem (i): Under the condition (1.2]) characterize the situation in which the
system of asymptotic relations

t 1 [ee] 1/0{7
. ~ . . /61 ) =
x;(t) / (pz(s) /s qi(r)xit1(r) dr) ds, t—oo, i=1,...,n, (3.6)

T
possesses regularly varying solutions (x1, ..., x,) of positive index (p1, ..., pn) sat-
isfying
. .ot .
tlirgoxi(t):oo, tlirglo PZZEt; =0, i=1,...,n. (3.7

Problem (ii): Under the condition (1.3) characterize the situation in which the
system of asymptotic relations

oo 1 S 1/&1
x;(t) ~ /t ( /T qi(r>$i+1(7’)ﬁidr) ds, t—oo, i=1,...,n, (3.8)

pi(s)
possesses regularly varying solutions (z1, ..., z,) of negative index (p1, ..., p,) sat-
isfying
. _ Cox(t) .
tlirgoxz(t) =0, tlinolo ) oo, i=1,...,n. (3.9)

The positivity or negativity requirement for the regularity indices of solutions
excludes the possibility that A\; = «; for some or all ¢ which necessarily reduces the
corresponding components z;(t) to slowly varying functions (p; = 0) (cf. and
(3.4)). The presence of slowly varying components in the solutions seems to cause
computational difficulty.

We begin with Problem (i). We assume that \; < oy, i = 1,...,n, and seek
solutions (x1,...,x,) of belonging to RV (p1, ..., p,) with all p; positive. In
view of each p; must satisfy p; > % Let (x1,...,x,) be one such solution
on [T,00). Suppose that z; are expressed in the form

Using (3.1) and (3.10)), we have
/ qi(8)ziy1(s)Pids = / shitBivieim, (5)¢ 11 ()  ds, (3.11)
t t

for t > T and 7 = 1,...,n. The convergence of (3.11) as ¢ — oo implies that
wi + Bipiv1 < —1,i=1,...,n, but the equality should be ruled out. In fact, if the
equality holds for some 7, then since

1 [eS) 1/ Y (> 1/
) ) Bi — () Ve —1,,. ) Bi
(i | atas) ™ = e ([T tmeenora)
from (3.6) and Karamata’s integration theorem we find that
o @iy 1o < _ 1/a; a; — \i
i(t) ~ v L) Y (/ 5 lmi(s)&ﬂ(s)ﬁ‘ds) € RV(T>

Qi — Aq t
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as t — oo. This implies that p; = a";_k"', a contradiction. It follows that p; +

Bipiv1 < —1 for i = 1,...,n, and appliéation of Karamata’s integration theorem

to (3.11)) gives

( 1 ) / mq%s)ml(s)ﬂids)uai

pi(t (3.12)
—XNitui+Bipip1+1 .
T L) ey ()Y g (1)
[~ (pi + Bipita + )]/ ’
ast—o0,1=1,...,n.
Because (3.12) is not integrable on [T, 00) we see that (—A;+p;+Bipir1+1)/c; >
—1,i=1,...,n. We claim that the equality can hold in none of these inequalities.

If the equality holds for some i, then integrating (3.12)) from T to ¢ yields

t
xi(t) ~ (o — Ai)fl/o‘i / silli(s)fl/aimi(s)fl/o‘igiﬂ(s)ﬁi/aids €SV, t— oo,
T

an impossibility. It holds therefore that (—X\; + p; + Bipir1 + 1)/a; > —1 for all
1, and hence via application of Karamata’s integration theorem to the integral of
(3.12)) on [T, t] we conclude that

—Aitpi+Bipip1+1
g

t ()Y @iy (8) "1/ @i g (£)Pi
[— (i + Bipit1 + 1))/ (% +1)
ast — 00, ¢ = 1,...,n. This implies
=i + i + Bipiy1 +1 .
Pi = S aﬁlpl+1 +1, i=1,....n, pry1=p
or equivalently
Bi o —Aitpitl
Pi— Pl = o o i=1om papr =1 (3.14)
The coefficient matrix
1 -8 0 .0 0
o
1 -2 0 o0
A:A(ﬁ,...,ﬁi): : : B S (3.15)
aq Qp, : : . . .
0 0 0 .1 —f=
-2 0 0 .0 1
of the algebraic linear system (3.14]) is nonsingular because
det(4) =1 D102 B (3.16)

109 ...0y,
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because of condition (a). Thus, A is invertible and the explicit calculation gives

1 Br Db o o B1B2...Bn—1
«a ara Q1. Oy —
L B b Bo8arBat
Qg a%ag e agﬁag.bozn,l
A 1 B Baubun
A*l — n as Qz...0p—1 (317)
An - Bn . . . ’
1 ﬂn—l
n_1
* 1

where A, = ajas...an, B, = [B10s...0,, and the lower triangular elements are
omitted for economy of notation. Let (M;;) denote the matrix on the right-hand
side of (| - It is easy to see that the i- th row of (M;;) is obtained by shifting
the vector

( Bi BiBita BiBit1- - Biy(n—2)

e
a;’ Oéz%ﬂ AiQi4 .- Qg (n—2)

) ik = Qs B = By for k=1,2, ..

(¢ — 1)-times to the right cyclically, so that the lower triangular elements M;; for
j < 1, satisfy the relations

szM]z—aﬁigz Bn’ 1>73, 1=12...,n.

Then the unique solution p;, i = 1,...,n, of (3.14)) is given explicitly by

)\+u3+1 .
pi = _B ZM” p i=1,...,n, (3.18)

from which it follows that all p; satisfy 0 < p; < O”(;i)‘i if and only if

)\ 1 i_)\i Bn .
0<§ M2 f“ﬂ+ O‘al (1—A—), i=1,...,n.  (3.19)
] 2 n

We note that (| can be expressed in the form

a;+1

i) ~ pi(t)_l/“iqz‘(t)l/“ixwrl(t)ﬁi/‘“7 t o oo, (3.20)
D;
where
D; = (a; = i — cipi)/* pi, (3.21)
for i =1,...,n. This is a cyclic system of asymptotic relations, from which one can

derive without difficulty the following independent explicit asymptotic formula for
each z;:
g s4+1

l/ajqj(t)l/aj

0~ (=20,

J

An
, t—oo, 1=1,...,n.

(3.22)
This represents the unique law describing precisely the growth order of all possible
regularly varying solutions of positive indices of system (3.6) satisfying (3.7]). Note
that (3.22) is rewritten in the form
no 1/ 1/aj f %
) ~ o [[[ (MO T s 32

Jj=1
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Now we assume that (3.19) is satisfied and define p; € (0, %) and D; by
(3.18) and (3.21)), respectively. Let X; € RV(p;) denote the functions

aj+l

Xi(6) = [ﬁ(t “ pj(t)‘;;“fqg‘(t)l/“f)Mu}AT:“”Bn7 imm (324

j=1

Then the X;’s satisfy the system of asymptotic relations (3.6, i.e.,
t o)
1 1/a;
/ (7/ G Xiga (% dr) s ~ Xilt), t— o0, i=1,,,m,  (325)
b \pi(s) Js
for any b > a, where X,,11(t) = X1(t). In fact, noting that X;(¢) are expressed as

Xi(t) = trE(t), Zi(t) = {ﬁ(lj(t)‘l/“;éj(t)”“j )M} S

Jj=
and using Karamata’s integration theorem, we obtain

I Vai P () @imy () @5, ()P
; Xl ﬁld ~ K3 (3 K3
(5 | i) as)

(ai = i — ayp;)H/

)

and
t 1 t 1/04L
/ ( 5 / 0i(r) Xisa(r)dr) " ds
tpt (t) 1/0‘1m ( )1/0@._‘ (t)ﬁz/aq (326)
+ , ast— oo
D;
A simple calculation with the help of the relations
Mi-‘rl,i% = Afn? MZ""L]g = MZJ’ for Wi ;é 1, (327)

(with the convection that M,11 ; = M; ;) between the i-th and the (¢ 4 1)-th rows
of the matrix A shows that
Li() =Y @i, (1) _ s
( ) (1) :Hl(t)ﬁw/ i
7
_ li(t)_l/aimi (t)l/ai [ﬁ <lj (t)_l/aj m; (t)l/o‘j )Mi-%—l,j %i| AnA—an
D, D;

j=1

From we conclude that the X;’s satisfy as desired.

Summarizing the above observations, we obtain the following result which pro-
vides complete information about the existence and asymptotic behavior of regu-
larly varying solutions with positive indices for system ({3.6]).

Theorem 3.1. Let p; € RV()\;) and ¢; € RV(u;), and suppose that \; < oy, i =
1,...,n. Then system of asymptotic relations has regularly varying solutions
(@1, 2n) € RV(p1,...,pn) with p; € (0,424), i = 1,...,n, if and only if
holds in which case p; are uniquely determined by and the asymptotic
behavior of any such solution is governed by the unique formula .
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Our next task is to study Problem (ii). We assume that \; > «;, i = 1, ..,
and seek solutions (zl, ..., Zn) € RV(p;) with all p; negative. In view of (| each
pi must satisfy 4= < p; < 0 Our solution to this problem is formulated below
with the help of the matrix and its inverse (3.17)).

Theorem 3.2. Let p; € RV(\;) and ¢; € RV(w;) and suppose that \; > «y,
1 =1,...,n. System of asymptotic relations . has regularly varying solutions
(1,...,2n) € RV(p1,...,pn) with p; € (% A 0),i=1,...,n, if and only if

O‘i_A(l——) ZM” R R (3.28)

(07 Q;

in which case p; are given by (3.18)) and the asymptotic behavior of any such solution
(T1,...,2n) i gaverned by the unique formula

n o —1/a Laj\ Myjq 22
[H( p] J(I() J) :|An Bn’ t—o0,i=1,...,n. (3.29)

where
A=\ —ai +aip) i (=py), i=1,...,n. (3.30)

Proof. Let (z1,...,2,) be one such solution on [T, c0). Using (3.1)) and ( - we
obtain

t t
/ 4i(5)2i1 ()% ds = / B (5)6an ()% ds, (3.31)
T T

fort >T and i =1,...,n, all of which are required to diverge as t — co. Therefore
i + Bipiv1 > —1 for all i. If the equality holds for some i, then noting that

(%@) /Tt Gls)ira(5)” ds) e ti%li(t)fl/ai (/Tt s 'mi(s)€ipa(s)” dS) 1/0‘1'7

and integrating this from ¢ to co, we obtain via Karamata’s integration theorem,

i) ~ Tt w7 (s (s)as) ™ e R (2,

)\i — Q4 T (67

which is a contradiction. It follows that u; + B;p;ix1 > —1 for all i. Applying
Karamata’s integration theorem to (3.31]), we have

(ﬁ /T75 qi(s)xiJrl(s)gids) 1/evi

—Xitpi+Bipip1+1 (332)
s
~ , — .
(i + Bipigr + 1)1/

Since is integrable over [T, c0), we see that M < —1 for all 4.
Note that all of these inequalities should be strict, because if the equality holds for
some i, then integrating on [t, o), we have

[ee]
zi(t) ~ (AN — ay) Y / s7Hi(s) "V % my(s) i g 41 (s)P/Yids € SV,
t
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a contradiction. It follows that M < —1 for all 4, in which case
integration of (3.32)) on [t,c0) yields

—Xitwpi+Bipip1+1

o ) () ()

i(t) ~ W — : (3.33)
(i + Bipiy1 + 1)/ P(% + 1)}
ast— oo and ¢ =1,...,n. This implies
=i + pi + Bips 1 .
pi = + i + Bipit1 + Y1 i=1.....m,

&%)

which is equivalent to the linear algebraic system in p;. From this point
on one can proceed exactly as in the proof of the “only if” part of Theorem
asserting that system may have regularly varying solutions of negative indices
pi € (aiO;Ai,O) only if is fulfilled.

Now we assume that holds. Define p; € (0, "‘a;’\) by and let X; €
RV(p;) denote the functions

04]+1

X,(t) = [H(t " Pj(f)g;“qu(t)l/“j)]”“}A"A"B", i=1,...,n.  (3.34)

n
Jj=1

Then the X;’s satisfy the system of asymptotic relations (3.8)) (with T'=b), i.e.,

(o9} 1 S 1/‘11'
/ ( / qi(r)XiH(r)ﬂ"dr) ds ~ X;(t), t—o0,i=1,,,,n, (3.35)
t pi(s) Jy

for any b > a, where X,,11(¢t) = X1(t). In fact, using the following expression for
Xi(t),

X ==, =0 = [[[ (L)

j=1
we obtain
L/ Var o () ma(t) S ()P
i(8) Xiga(s 5ids) N : i it 7
(pi(t) /” o) (i = Ai + aipy) /e
and
00 1 /S 3 1/e; tpili(t)—l/aimi(t)l/aiai+1(t)ﬂi/ai
—— | qi(r)Xia(r ’dr) ds ~ 7
| G [ e J

(3.36)
as t — oo. Since it can be verified with the help of (3.27) that

Li(t) M im () e
A

S () = Ey(b),

the desired relation (3.35) immediately follows from (3.36). This completes the
proof. O
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4. REGULARLY VARYING INTERMEDIATE SOLUTIONS OF (|1.1)

We are now in a position to state and prove our main results on the existence
and the precise asymptotic behavior of regularly varying intermediate solutions
of system with regularly varying coefficients p; and ¢;. Use is made of the
notation and properties of the matrix and .

Theorem 4.1. Let p; € RV()\l-) and q; € RV(u;), i =1,...,n. Suppose that \; <
a; fori=1,...,n. System (1.1)) possesses intermediate solutions in RV (p1,. .., pn)
with p; € (0 o= )“'), i1=1,...,n, if and only if - ) holds, in which case p; are
given by (3.18] ‘and the asymptotzc behavior of any such solution (x1,...,x,) is
governed by the unique formula (3

Theorem 4.2. Let p; € RV(/\i) and q; € RV(u;), i =1,...,n. Suppose that \; >
a; fori=1,...,n. System (1.1)) possesses intermediate solutions in RV (p1, ..., pn)
with p; € ( 1a s ,0), i =1,...,n, if and only if - holds, in which case p; are
given by and the asymptotzc behavior of any such solution (x1,...,z,) is
governed by the unique formula (3 .

We remark that the “only if” parts of these theorems follow immediately from
the corresponding parts of Theorems and because any solution (z1,...,z,)
of (1.1) with the indicated property satisfies the systems of asymptotic relations
(3.6) plus or plus . The “if” parts are proved by way of the following
existence theorems for intermediate solutions for system with nearly regularly
varying coefficients p;(t) and ¢;(t) in the sense defined below.

Definition 4.3. Let f(¢) be a regularly varying function of index ¢ and suppose
that g(t) satisfies kf(t) < g(¢t) < Kf(t) for some positive constants k and K and
for all large t. Then g(t) is said to be a nearly reqularly varying function of index
0. Such a relation between f(t) and g(t) is denoted by g(t) < f(t) as t — oo.

Theorem 4.4. Let p; and q; be nearly regularly varying of indices \; and u;,
respectively; that is, there exist p; € RV()\;) and ¢; € RV (u;) such that

pi(t) Xﬁi(t>, qi(t) Xqi(t), t—>007 1= 1,...,’[’L. (41)
Suppose in addition that \; < «;, i = 1,...,n, and that (3.19) holds. Then,
system (1.1 possesses intermediate solutions (x1,...,x,) which are nearly reqularly

varying of positive index (p1,...,pn) with p; € (0, %) in the sense that

aj+1

1/an ( )1/aj

e

fort — oo and i = 1,...,n, where p; and D; are defined by (3.18)) and (3.21),
respectively.

Theorem 4.5. Let p; and q; be nearly regularly varying of indices \; and u;,
respectively; that is, there exist p; € RV(\;) and ¢; € RV (w;) satisfying (4.1)).
Suppose that \; > «;, i = 1,...,n, and that holds. Then, system
possesses intermediate solutions solutions (x1,.. xn) which are nearly reqularly
varying of negative index (p1, ..., pn) with p; € (*-2* A 0),i=1,...,n, and satisfy

n+l

[ﬁ( Aliajq ;(t )1/%)%1} A"A:LB”a t—oo,i=1...,n, (43)
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where p; and A; are defined by (3.18) and (3.30)).

Proof of Theorem[[.]] We assume that the regularly varying functions p;(¢) and
G:(t) are expressed in the form

pi(t) = tNI(t),  Git) = thimg(t), L,m; €SV, i=1,....,n.  (4.4)
By (4.1)) there exist positive constants h;, H;, k; and K; such that
hipi(t) < pi(t) < Hipi(t), kiGi(t) < qi(t) < K;Gi(t), (4.5)
fort > aand i =1,...,n. Define the functions X; € RV(p;) by

n L) L/a\ Mijq 2o
_tpz[H( Jm() J) j}A B', t>a,i=1,...,n. (4.6)

It is known that
t 1 &) 1/(11_
/ (7/ (ji(r)XiH(s)B"'dr) ds ~ X;(t), t—o0,i=1,...,n, (47)
b pl(s) s

for any b > a, from which it follows that there exists T > b such that

t 1 o] 1/ 0
/ (f\/ (ji(T)Xi+1(T)ﬁidT) ds < 2Xi(t), t> T7 1= 1, ey N (48)
7 \DPi(s) Js

Without loss of generality we may assume that each X;(¢) is increasing on [T, 00)
because it is known that any regularly varying function of positive index is asymp-
totically equivalent to an increasing RV function of the same index (cf. [I, Theorem
1.5.3]). Since holds for b =T it is possible to choose 171 > T so large that

t,q > /e 1
G (1) X Big ds > - X;(t 4.9
[ [ axear) " as = pxi (19)
for t >Ty,i=1,...,n. We define the positive constants I; and L; (I; < L;) by

1 R R A (U R A

J

1=1,...,n. As is easily verified, I; and L; satisfy the cyclic systems of equalities

1/ kY 5 Veai g6, .
L=5(5) W L —4(h) LA i=1,..m,
Lpy1 =1L, lpy1 =1

[
=

the constants h;, H;, k; and K; can be chosen so that L;/l; > 2X,;(T1)/X;(T); that
is,

Since

because these constants are independent of X;(¢) and the choice of T and T;.
Let X denote the set consisting of continuous vector functions (z1,...,z,) on

[T, 00) satisfying
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It is clear that X is a closed convex subset of the locally convex space C[T, 00)™.
We consider the integral operators F; given by

Fia(t) +/t( ! /Oo (Ma(r)d )Uaid t>T, i=1 (4.13)
x(t) = ¢ — i (r)x(r)idr S, >T,i=1,...,n, .
T pz(s) s 1

where ¢; are positive constants such that
L,Xi(Th) <¢ < %LiXi(T), i1=1,...,n, (4.14)
and define the mapping ® : X — C[T, 00)™ by
D(x1,x9,...,2,)(t) = (Fraa(t), Faxs(t), ..., Fnxni1(t)),

t=T, (zn41(t) = 21(2)).
We will show that the Schauder-Tychonoff fixed point theorem is applicable to

(4.15)

D.
(i) ® maps X into itself. Let (z1,...,z,) € X. Then, using (4.8)—(4.15)), we see

that
K,LP? \1a [t, 1 oo 1/a;
it z Bi
—_— (1) X; d d
+( I ) /T(ﬁi(s)/s Gi(r) Xita1(r) 7“) S
KL\ Ve
i1 X;
)

1

Fixip1(t)

A
&
s
3

IN
N —= N~ N

Lixi(T) +2(

and

Fixip1(t) > ¢; > LX;(Th) > L, Xi(t) for T <t < T,
kP \1/ai [t o1 > /ey
Fiign (t) > (L / —/ Gi (1) X1 ()P dre ds
w02 (F5) | (5 [ #0Xene) ar)

T \Di(s)

1kl \ Ve
> (= X;(t) =1LX;(t) t>T1.
> (Ft) X=X 120
This shows that ®(z1,...,z,) € X; that is, ® is a self-map on X.

(ii) ®(X) is relatively compact. From the inclusion ®(X) C X proven above it

follows that ®(X) is locally uniformly bounded on [T, 0). From the inequalities

B/ 1 > . 1/a; i

0 < (Fiwi) () < L ( (t)/ qi(s)XiH(s)B‘ds) L t>T,i=1,...,n,
b t

holding for all (z1,...,2,) € X we see that ®(X) is locally equicontinuous on

[T,00). The relative compactness of ®(X) is an immediate consequence of the

Arzela-Ascoli lemma.

(iii) @ is continuous. Let {(x¥(t),...,z%(t))} be a sequence in X converging
as v — 00 to (z1(t),...,2,(t)) € X uniformly on compact subintervals of [T, cc).
Using (4.13) we obtain

¢
Fila(®) - Faua(®) < [ pils) Vs, t2 T (410)
T
where
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It is easy to see that

ro< ([

Bi

1/0(,;
xy 1(s) / ds) , (4.17)

if a; > 1 and
1

1/ 5 [™ RS
Fr0) £ o (2 [ o)X (s)ds)
(677 t

x[m%@

if a; < 1. Combine (4.16)) with (4.17) or (4.18]) and apply the Lebesgue dominated
convergence theorem. Then we conclude that

(4.18)
B

2?1 ()% — w1 (s)|ds,

lim Fixy, () = Fizi(t)

vV—

uniformly on any compact subset of [T, 00), i = 1,...,n, proving the continuity of
.

Therefore, all the hypotheses of the Schauder-Tychonoff fixed point theorem are
fulfilled and ® has a fixed point (z1,...,z,) € X, which satisfies

t,q 00 1/a; (4.19)
=¢ i(r) Pid ds, t>T,i=1,...,n.
c +/T <pz(8)/s qi(r)ziv1(r) r) s, >T, i )

This shows that (z1,...,2,) is a solution of system (1.1)) on [T,00). Since the
obtained solution is a member of X, it is nearly regularly varying of positive index
(p1,--.,pn) and hence is an intermediate solution of (1.1). This completes the
proof. [l

Proof of Theorem[].5. Assume that p;(t) and g;(t) are expressed in the form
and satisfy for positive constants h;, H;, k; and K;. Suppose that holds.
Define p; and A; by and (3.30), respectively, and consider the regularly
varying functions of indices p;

Yi(t) = tPi [ﬁ(ij(t)_l/zvj%(t)l/aj )M} ﬁ, i=1,...,n. (4.20)

j=1
Since Y;(¢) satisfy the asymptotic relations
o 1 s , 1/ )
/ (~—/ qi(r)YiH(r)ﬁldr) ds ~Yi(t), t—o0,i=1,...,n, (4.21)
¢ \Di(s) Ju
one can choose T > a so that
1 e 1 s 1/a;
=Yi(t) < / (~7 / Gi(r E+1(r)6‘dr> ds < 2Y;(t), 4.22)
2= ) Gy )y o Ot
fort >T andi=1,...,n. All of Y;(¢) may be assumed to be decreasing on [T, 00)
because it is known [I, Theorem 1.5.3] that a regularly varying function of negative

index is asymptotic to a decreasing RV function of the same index. Denote by Y
the set consisting of continuous vector functions (z1,...,x,) such that
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where
n A n A
1/ ki \Yoiy My a2s, Ko\ /gy Mijq man—
I ™1 = )y
= GE) [112(5 (424
Jj=1 Jj=1
for i =1,...,n, which satisfy the cyclic systems of equalities
1 ki \1ei i/ o K\ e i/ o
l;= i(ﬁl) lzﬂJr/l , L= Q(E) Lir/l ) anrl =, Ln+1 = L. (425)
We now consider the mapping ¥ : Y — C[T, 00)™ defined by
\I/(xh s ,.’L‘n)(t) = (gle(t)v gQI?)(t)a BERE) gnzn+1(t))7 (426)

for t > T and x,41(t) = x1(t), where G; denotes the integral operator

gﬂ@%:/w(fl,/@@umvwaLmU& t>T, i=1,....,n. (4.27)
t

pi(s) Jr
It is a matter of straightforward calculation to verify that ¥ is a self-map on
Y and sends ) into a relatively compact subset of C[T,00)™. The details may
be omitted. Therefore, the Schauder-Tychonoff fixed point theorem ensures the
existence of a fixed point (x1,...,2,) € Y of ¥. This fixed point gives rise to an
intermediate solutions of which is nearly regularly varying of negative index
(p1,- .-, pn). This completes the proof. O

To complete the proof of the “if” parts of Theorems and it suffices to
show that if p;(¢) and g;(¢) are assumed to be regularly varying, then the nearly
regularly varying solutions obtained in Theorems [4.4] and actually become reg-
ularly varying of the same specified indices. For this purpose use is made of the
following generalized L’Hopital’s rule. See, for example, Haupt and Aumann [4].

Lemma 4.6. Let f(t),g(t) € C'[T,00) and suppose that
tlim f@) = tlim g(t)y =00 and ¢'(t)>0 for all larget,

or
Jim f(t) = Jim gt)=0 and ¢'(t) <0 for all large t.
Then ” . . ”
lim inf f,( ) < liminf &, lim sup & < limsup f/( )
tooo g'(t) T tooo g(t)  tmoo g(t) T tmoe 9/(1)

Proof of the “if” parts of Theorem[].1 Suppose that p; € RV();) and ¢; € RV (u;).
Suppose in addition that A; < ;. Define the positive constants p; and D; by
and (3.21)), respectively, and let X; € RV(p;) denote the functions on the right-hand
side with p;(¢) and ¢;(t) replaced with p;(¢t) and g¢;(¢), respectively. Then,
by Theorem system has a nearly regularly varying solution (z1,...,z,)
such that z;(t) < X;(¢t) ast — o0, i =1,...,n. Notice that z;(t) satisfy the system
of integral equations (4.19)).

It remains to verify that x; are regularly varying functions of indices p;, i =
1,...,n, respectively. We define

ui(t)/t(l /SOOqi(r)XiH(r)ﬁidr)l/aids, i=1,...n, (4.28)

T pi(S)
and put

it . it
wizliminfm(), Qi:hmsupx().
t—o0 ui(t) t—00 ui(t)
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Since z;(t) < X;(t) and
ui(t) ~ X;(t), t—o0,i=1,...,n, (4.29)
it follows that 0 < w; < Q; < 00, i =1,...,n. Using Lemma [£.6] we obtain

1 ) ﬂld 1/(1"’
w; > liminf = lim inf (m ft %(e)Ti41(9) S>
[ i -

—oo U (t t—00 00 1/041'
i (1) (1 ft qi(S)Xi+1(5)’Bid8)

pi(t)
( ftoo qi(8)zip1(s)Pds )1/%:
S ai(s) X (s)Peds
“q i Bids \1/e
= (liminf ftoo 4()i11(5) S) *
t=oo [17 qi(s) X1 (s)Pids
G (0P Ve .. Xy (t) \Pi/ e Bs /o
> (liminf —+—————"— = liminf( ———+ = w1
- ( t—o0 qz(t)XH_l(t)B’) (Xz_;,_l(t)) i+l

where (4.29) has been used in the last step. Thus, w; satisfy the cyclic system of
inequalities

x}(t)

K3

= lim inf

t—oo

t—oo

w; > wﬁ/lai, i=1,...,n, wpt1 =wi. (4.30)

Likewise, by taking the upper limits instead of the lower limits we are led to the
cyclic inequalities

Q<P =1, n, Q= Q. (4.31)
From (4.30)) and (4.31) we easily see that

81...Bn B81...8n

w; Z oL Qz S Q,L'alman ,

7 bl

whence, because of the hypothesis §;...0,/a1...c, < 1, we find that w; > 1 and
Q; < 1. It follows therefore that w; = Q; = 1 or limy_, o z;(¢t)/u(t) = 1 for
i = 1,...,n. This combined with (4.29) implies that x;(t) ~ u;(t) ~ X;(t) as
t — oo, which shows that each x;(t) is a regularly varying function of index p;.
Thus the proof of the “if” part of Theorem is complete.

In essentially the same way one can complete the proof of the “if” part of The-
orem O

5. APPLICATIONS TO PARTIAL DIFFERENTIAL EQUATIONS

The purpose of the final section is to demonstrate that our results on cyclic
systems of ordinary differential equations can be applied to some classes of
partial differential equations to provide new information about the existence and
asymptotic behavior of their radial positive solutions. Throughout this section
x = (21,...,7x) represents the space variable in R, N > 2, and |z| denotes the
Euclidean length of z. All partial differential equations will be considered in an
exterior domain Qp = {z € RV : [z| > R}, R > 0.

5.1. Systems of p-Laplacian equations. We are concerned with the system of
nonlinear p-Laplacian equations
div(\VuiV’_QVui) + filleDwipa | i =0, i=1,...n,  (uny1 = u1)
(5.1)
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where p > 1 and ~; > 0 are constants, and f;(t) are positive continuous functions
on [a, 00) which are regularly varying of indices v;, i = 1,...,n. Our attention will
be focused on radial solutions (u1(|z|), ..., un(|z])) of defined in Qg, R > a.
A radial vector function (uq(|x|),...,un(]z])) is a solution of in Qg if and only

if (u1(t),...,un(t)) is a solution of the system of ordinary differential equations
AN P2 + N T () i T i = 0, t>a, i=1,...,n, (5.2)
Unp+1 = UL ’

which is a special case of system (1.1)) with

alz"':an:p_17 ﬂz:%a 12177’”‘7
)\1:...:)\n:N—1, /«Li:N_]-"_Via izl,...,n

It is always assumed that
Yoo < (p—1)". (5.3

o, p“’jl) associated with (5.2)) and its inverse (cf. ((3.15)

~—

and (3.17)). We define

=" =mm Y Yo \ 71
(Mi;) = (pfl)i A<p711""’p71) : (5.4)

To analyze (5.2) it is necessary to distinguish the two cases p > N and p < N.
(i) Suppose that p > N. In this case applying Theorem- 4.1 to , we conclude
that system possesses 1ncreas1ng radial solutions (u1(|$|) un(|x\)) such

that u; € RV(p,) 0<p < ﬁ, i =1,...,n, if and only if

- N2
0<> Milp+v)<(p-N)(1-22)  i=1....,n 5.5
g i) < =N (1 TP (5.5)

In this case the p;’s are uniquely determined by
(p— 1)"‘1 - .
E M;;(p+v 1=1,...,n, 5.6

D — 1) - 1. J J) ( )

j 1

Piz(

and moreover the asymptotic behavior of any such solution as |z| — oo is governed
by the unique growth law

[

‘xl -~ |x|pL [ﬁ( _@{ﬂfi)pj)pp 1>Mij] P—1D"—71--n 7 |:L'| = oo, (5.7)

for i = 1,...,n, where ¢; € SV is the slowly varying part of f;; that is, f;(t) =
tYip; (t)

(ii) Suppose that p < N. In this case from Theorem applied to (5.2) it
follows that system (5 possesses decreasing radial solutions (uq(|z]), ..., u,(|x]))
such that u; € RV(pz) =N < 0,i=1,...,n,if and only if

(p—N)(l—%) ZM”p—‘rl/j) <0, i=1,....,n. (58)
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In this case p; are uniquely determined by (5.6) and the asymptotic behavior of
any such solution as |z| — oo is governed by the unique decay law

n _qyn—1
i [ ) )
NN =+ (p = 1)p)(=py)P ’

as |z] — oo, for i = 1,...,n, where ¢; is the slowly varying part of f;.
Consider the particular case of (5.1)) in which f;(¢) =¢; > 0, i.e.,

div<|Vui|p_2Vui) + Ci|ui+1\”’i_1ui+1 = 0, L= ]., ey Up4+1 = UT. (59)

In this case v; = 0 for all ¢, and so (5.5) and (5.8) are always violated. Therefore
system (5.9) cannot admit intermediate radial solutions (u;(|z|),...,un(]z|)) such
that u; € RV(p;), where p; satisfy

N
0<pi<p—1, i=1,....n, ifp>N:
N

p_1<pi<0, i=1,....n, ifp<AN.

5.2. Nonlinear metaharmonic equations. Now we consider the nonlinear meta-
harmonic equation

A™y = (=1)"g(|z|)|u]" " u, =z € Qpg, (5.10)

where N > 3, m > 2 and v > 0 are constants, and g(¢) is a positive continuous
function on [a,00) which is regularly varying of index v. We are interested in
radial positive solutions u of such that u and (—1)*Alu, i = 1,...,m — 1,
are regularly varying of negative indices. It is clear that seeking such solutions of
is equivalent to seeking radial regularly varying solutions of negative indices
of the system
Au;+up1 =0, i=1,...,m—1,

1 (5.11)

Au,, + g(|x|)|um+1|7 Um1 = 0, xe€ QR,
where u,,+1 = u;. This system is equivalent to the system of ordinary differential
equations

Nl Ny =0, i=1,...,m—1,
N-1,/ N-1 1 (5.12)
)+ g w1 ume1 =0, 2 R,
which is a special case of (| m ) with
alz---:am:17 ﬂi:"':ﬂ’m—1:17 ﬂm:er
M=...=A\pn=N-1, mm=...=pup-1=N-1, pup,=N-1+4+r.

We assume that v < 1. The mxm-matrix (3.15) associated with (5.12)) reads
A(1,...,1,7). Define the matrix (M;;) by
(Mij) = (1= pA(L,..., 1,y) 7" (5.13)

As is easily checked, M;; =1for 1 <i<j<mand M;; =vyforl<j<i<m.
Since \; = N—1 > 1 = q; for all i, Theorem [£.2] can be utilized to determine the
structure of decreasing regularly varying solutions (ui,...,um) € RV(p1,..., pm),
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2— N < p; <0, of the cyclic system (5.12)). The regularity indices p; should be
given by (3.18)) which in the present situation reduce to

2
pi= Y o), i=1,...m, (5.14)
L=y
from which we see that all p; are admissible if and only if
2
2m—N<;n7+V<O<:>—2m—|—(2m—N)(1—’y)<1/<—2m. (5.15)
-7

Clearly, (5.15) makes sense only if N > 2m, in which case it is concluded that
equation ([5.10]) possesses radial positive solutions u(|z|) € RV(p1), where

2m +v
pPL=—"—

L=y

such that (—=1)!A%u(|z]) € RV(pit1), 2 — N < piz1 < 0, fori = 1,...,m — 1.
Furthermore, the asymptotic behavior of any such solution u(|z|) is governed by
the formula

€ (2 - N,0), (5.16)

wllah) 1% s
T2 N =24 ) (o) P T (N = 2+ ) (= py)

as |z| — oo, where 1(t) denotes the slowly varying function such that g(t) = "1 (t).
We remark that the particular case of (5.10)),

A™y = (=1)"clu|"tu, x€Qg,

u(lz]) ~ |2[”

where ¢ > 0 is a constant, can by no means possess radial solutions u(|z|) € RV(p1)
with 2 — N < p; < 0.
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