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EXISTENCE OF TWO POSITIVE SOLUTIONS FOR INDEFINITE
KIRCHHOFF EQUATIONS IN R?

LING DING, YI-JIE MENG, SHI-WU XIAO, JIN-LING ZHANG

ABSTRACT. In this article we study the Kirchhoff type equation
- (1 + b/ |Vu\2da:> Au+u = k(z)f(u) + \h(z)u, = €R3,
R3
u € HY(R®),

involving a linear part —Awu + u — Ah(x)u which is coercive if 0 < A < Aq(h)
and is noncoercive if A > A1(h), a nonlocal nonlinear term —b [5 |Vu|?dzAu
and a sign-changing nonlinearity of the form k(z)f(s), where b > 0, A > 0 is a
real parameter and A1 (h) is the first eigenvalue of —Au 4+ u = Ah(x)u. Under
suitable assumptions on f and h, we obtain positives solution for A € (0, A\1(h))
and two positive solutions with a condition on k.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this paper, we consider the Kirchhoff equation

— ’LL2£L' u u = X u T )u X 3
(1+b/Rs|V|d)A tu=K@f)+ b, seR
u e H'(R?),

where b is a positive constant, A > 0 is a real parameter, k(z) is sign changing in
R? which is why we call problem (1.1)) indefinite Kirchhoff equation, f : R* — R is
a continuous function and h(x) is a positive function.
When Q is a smooth bounded domain in RY, the problem
—(a + b/ |Vu\2dac)Au =g(z,u), z€,
Q

u=0, x€9JN,

(1.2)

is related to the stationary analogue of the Kirchhoff equation which was proposed
by Kirchhoff in 1883 (see [I7]) as an generalization of the well-known d’Alembert’s
wave equation
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for free vibrations of elastic strings. Kirchhoff’s model takes into account the
changes in length of the string produced by transverse vibrations. Here, L is the
length of the string, h is the area of the cross section, E is the Young modulus of
the material, p is the mass density and Py is the initial tension.

In [3], it was pointed out that the problem models several physical systems,
where u describes a process which depends on the average of itself. Nonlocal effect
also finds its applications in biological systems. A parabolic version of equation
(1.1) can, in theory, be used to describe the growth and movement of a particular
species. The movement, modeled by the integral term, is assumed to be dependent
on the energy of the entire system with u being its population density. Alterna-
tively, the movement of a particular species may be subject to the total population
density within the domain (for instance, the spreading of bacteria) which gives rise
to equations of the type u; — a(fQ udx)Au = h. Some early classical studies of
Kirchhoff’s equation were those of Bernstein [9] and Pohozaev [22]. However, equa-
tion received great attention only after that Lions [I8] proposed an abstract
framework for the problem. Some interesting results for problem can be found
in [6l 10, 5] and the references therein.

Some interesting studies by variational methods can be found in [3] and [I5]-[12]
for Kirchhoff-type problem in a bounded domain Q of RY. Very recently, some
authors had studied the multiplicity of solutions for the Kirchhoff equation on the
whole space RY. Jin and Wu [16] obtained the existence of infinitely many radial
solutions for problem (1) in RY using the Fountain Theorem. Wu [24] obtained
four new existence results for nontrivial solutions and a sequence of high energy
solutions for in RY which was obtained by using the Symmetric Mountain
Pass Theorem. Azzollini, d’Avenia and Pomponio [7] obtained a multiplicity result
concerning the critical points of a class of functionals involving local and nonlocal
nonlinearities, then they apply their result to the nonlinear elliptic Kirchhoff equa-
tion in RY assuming that the local nonlinearity satisfies the general hypotheses
introduced by Berestycki and Lions [§]. He and Zou [I4] study the existence, multi-
plicity and concentration behavior of positive solutions for the nonlinear Kirchhoff
type problem. They relate the number of solutions with the topology of the set.
Alves and Figueiredo in [4] study a periodic Kirchhoff equation in R¥, they get
the nontrivial solution when the nonlinearity is in subcritical case and critical case.
Liu and He [20] get multiplicity of high energy solutions for superlinear Kirchhoff
equations in R3. Recently, Chen in [I1] obtained the existence result of a positive
solution for any A € (0, A1(h)) and the multiplicity result of two positive solutions

for any A € (A1(h),\1(h) + §) for problem with the indefinite nonlinearity
k(z)f(s) = k(x)|s|P72s (4 < p < 6). Especially, inspired by [11} [13], we shall con-
sider the general f(s) instead of power nonlinearity f(s) = |s|P~2s in the indefinite
nonlinearity k(x)f(s) like as problem (|1.1)).

In this article, we shall prove that (|1.1)) has multiple positive solutions for suitable
range A. We assume that functions k, f, h satisfy the following hypotheses:

(H1) k € C(R3) and k(z) changes sign, i.e., QF # 0, Q7 # (), where QT =
{z € R¥k(z) > 0}, Q= = {z € R¥k(x) < 0}. Moreover, let Q° = {z €
R3|k(z) = 0}.

(H2) There exist positive constants Ry, Ko and M such that k(z) < —Kp and
|k(x)] < M if |z| > Ry.

(H3) f e C(R*,R), f(s) >0 for any s > 0.
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(H4) lim,_o L% =1,4<p <6

(H5) |£(s)| = |s|971 + O(|s]|*) as |s| — oo for any 4 < ¢ < 6 and some « € [0,1).

(H6) h € L3?(R3), h(x) > 0 for any = € R® and h # 0.
Furthermore, without loss of generality, we will assume that f(s) is defined for all
5 € R as an odd function.

Before stating our main results, we give some notations and remarks. For any
1 <t < 400, we denote by || - ||; the usual norm of the Lebesgue space L!(R?).
Define the function space

H'(R®) := {u € L*(R%) : Vu € L*(R%)}

with the standard product and norm

(u,v):/Rs(Vu~Vv+uv)dx, ul| == (/RS(|W|2+|u|2)dgc)1/2

The functional corresponding to problem (1.1)) is defined in H!(R?) by
1 b 2
L(u) =+ / (Vul? + [ul?)dz + 7(/ Vldz)
2 R3 4 R3

—/ k(w)F(u)dm—é/ h(z)u?dz,

R3 2 R3

where F(s) = [ f(o)do. Clearly, I is well defined and is of class C! in H'(R?)
by (H1)-(H3) and (H5)-(H6). Moreover,

(If\(u),@:/ (Vu-VgaJrucp)derb(/Rs|Vu|2d9:) /RS Vu - Vd

—R/]RS k(z) f(u)ede — A /}R3 h(z)updz.

There is one to one correspondence between the solution of problem and the
critical point of the functional I). So in order to seek for the positive solution
of (L.I), we only need to study the existence of the positive critical point of I.
Furthermore, if (H6) holds, then for every u € H'(R3), there exists a unique
w € HY(R3) such that
—Aw +w = h(z)u.
Moreover, the operator F, : H(R?) — H!(R3) defined by F(u) = w is positive
and compact. Using this and the spectral theory of compact symmetric operator
on Hilbert space, there exists a sequence of eigenvalues A, (h) going to infinity for
problem
—Au+u = M(z)u, u € H(R?)

with 0 < Ai(h) < Aa(h) < -+ < Ap(h) < ... and each eigenvalue being of fi-
nite multiplicity. The first eigenvalue A\; (k) is simple, has a positive eigenfunction.
The associated normalized eigenfunctions to sequence of eigenvalues are denoted
by e1,ea,... with ||e;]| = 1. In addition, we have the following variational charac-
terization of A, (h):

Julf?

iy Jul?
ueH R\{0} [ h(z)udz’

A (h) = An(h)= inf — L (13
1) (*) wes N\ (0)) oo h(@)u?ds (13)

where S | = {span{ei,ez,...,e,_1}}t.
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Let us consider the closed subspace of H!(R?) defined by

Hl(\/llJriaQO) ={ue H' (R*)ju(z) =0 a. e. in R\ \/11+7a90}

for some a > 0. Let u(z) = w(z/+/1+ a), then the equation
~(1+a)Au+u = M\a(2)u, v € Q°

becomes

1
—Aw+w = M(V1+ax)w, x € 0o,
( ) vi+ta

which has a sequence of eigenvalues A, (a, h) with 0 < Ai(a,h) < Aa(a,h) < -+ <
An(a, h) <..., each eigenvalue being of finite multiplicity and
Jesl(1 + a) [Vl + Jul?]dz

Ar(a,h) = ueHll(]RS)\{o} fRS h(z)udx

Clearly, we have
/\1(Cl7 h) > A\ (h)
Especially, Ai(a,h) = A (h) if a = 0. Let 6, = Ai(a,h) — A1 (h). If 6 € [0,6,), then

1 _
)\¢U(—A,ﬁ90,h(\/l+ax)) if A e (O,)\](h)+(5),
where o(—A, ﬁQO, h(v/1 + ax)) denotes by the collection of eigenvalues of —(1+
a)A+Idin H( \/11+ﬁ90)‘ If the Lebesgue measure of Q0 is zero, i.e., [Q°] = 0, and
a = 0, then o(—A, Q% h(x)) = 0. If |Q°] # 0 and Hl(\/llJTaQO) # {0}, it follows
that o(—A, ﬁﬂo, h(v/1+ ax)) is discrete set and the equation

/ [(1+a)Vu- Vo + uplde = )\/ h(x)updr, Vo€ H(Q)
Qo Qo

has a nontrivial solution u € H}(Q0) if and only if A € o(—A, \/11?190, h(V1+ ax)).

Our main result is as follows.

Theorem 1.1. Suppose that (H1)—(H6) hold. Then

(1) for 0 < A < Ai(h), problem has at least one positive solution in
Hl(RS);

(2) there exists 0 > 0, for Ay (h) < A < Ay(h) + 6, problem has at least
two positive solutions in H'(R3).

Remark 1.2. Theorem generalizes [I1, Theorem 1.1] with f(s) = |s|?~2s to
general form f(s) satisfying (H3)-(H5). Furthermore, if |Q°] # 0, Theoremstill
holds in this paper, which is not considered in [11], and conditions of (H1) and (H2)
are weaker than the corresponding ones in [IT] because the existence of limit of k(x)
at |x| — oo is not necessary. Moreover, it is not difficult to find some functions f
satisfying (H3)-(H5). The typical example is that f(s) = |s|P~2s. More generally,
taking ¢ € C§°(R3, [0, 1]) such that ¢(x) = 1 if |#| < 1 and ¢ (z) = 0 if |z| > 2. Let

Fs) = (@) 4+ (1= (@) [0 + P(a)/Pa)s®] for s >0,

where P(x) and Jg(x) are two polynomials with the same degree. Clearly, f satisfies
(H3)-(H5).
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Remark 1.3. For elliptic equations with indefinite nonlinearity, Alama and Taran-
tello [2] also have studied the existence of multiple positive solutions of

—Au—du=W(x)f(u), ueH(Q)

under the suitable assumptions f behaving like |t[P~1¢(p € (2,2N/(N — 2))) near
zero with [, W (z)eldz < 0, where  is a smooth bounded domain of RV (N > 3),
W is sign changing on (2 and € is the positive eigenfunction corresponding to the
first eigenvalue A1 of the problem —Au = Au, u € H}(f2). Costa and Tehrani [13]
obtained existence results of positive solutions for

—Au—Mh(2)u = A(z)g(u), ue DY2(RN)

for suitable h, sign changing A and g with [,y A(z)eldz < 0, where € is the
positive eigenfunction corresponding to the first eigenvalue A; of problem —Au =
M(z)u, u € DY2(RY) and A has “thick” zero set. But for Kirchhoff equations with
indefinite nonlinerity like as (L.1]), this kind of condition such as [,y a(z)eldz < 0
and [, W(z)éldz < 0 and so on is not necessary, because the nonlocal nonlinear
term —b [ps |Vu|?dzAu dominated over indefinite nonlinear term k(z) f (s)(see [L1]).
Furthermore, this yields that the condition: A has “thick” zero set in [13] or |Q°] = 0
like as in [I1] is also not necessary.

To obtain our result, we have to overcome various difficulties. First of all,
since the equation is considered in the whole space R? and the Sobolev embedding
HY(R3) — L*%(R?®)(2 < s < 6) is no longer compact, the concentration-compactness
lemma in [19] is applied to restore compactness properties to prove that I satisfies
(PS) condition by constructing sequences of “almost critical points” at those energy
levels where compactness is available. On the other hand, because of the general
term f in indefinite nonlinearity k(z)f(s), we use the concentration-compactness
lemma in [I9] and not use Brezis-Lieb Lemma to prove (PS) condition like as in
[I1]. When A € (0,A1(h)), the linear part —Au + u — Ah(z)u of problem
is coercive, we can use standard variational techniques to find that zero is a local
minimizer of the corresponding functional Iy. But when A € (Ay(h), A1 (h) + 6),
the linear part —Au + u — Mh(x)u of problem is not coercive, this case with
indefinite nonlinearity k() f(s) involving general f and the nonlocal nonlinear term
—b [zs [Vu|?dzAu makes us to face more difficult than the case of A € (0,A1(h))
such as the proofs of the boundedness of (PS) sequence and the mountain pass
geometry of I. To overcome these difficulties, we need more analysis technical to
delicately analyze the behavior of the nonlocal nonlinear term —b [, [Vu[*dzAu
and the indefinite nonlinear term k(z)f(s).

This paper is organized as follows. In section 2, we prove a (PS) condition. In
section 3, we obtain the proof of our main result. In the following discussion, we
denote various positive constants by C or C;(i = 1,2,3,...) for convenience.

2. PALAIS-SMALE CONDITION

In this section, we shall prove that the functional I satisfies the (PS) condition,
that is, any (PS). sequence has a convergent subsequence in H!(R3), where (PS),
sequence for the functional I is referred to a sequence {u,} C H*(R3) such that
I\(upn) — c and I{(u,) — 0 in H~1(R3) for ¢ € R. We need the following Lemmas.
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Lemma 2.1 ([25]). Suppose that (H6) holds. Then the functional defined by u €
HY(R3) — [os h(z)u*dx is weakly continuous.

Lemma 2.2. Suppose that (H1)-(H6) hold. Then for every ¢ € R, the (PS).
sequence is bounded in H*(R3) if X € (0, \1(h) + ).
Proof. Let {u,} C H(R?) be a (PS), sequence for I at the level ¢, i. e.,

1 2 2 b 2 2
In(un) = 5/quvun\ + un| )dm—&-z(/RJVuﬂ dr)

(2.1)
A 2
- /]R3 k(z)F(up)dx — 5 /R3 h(z)u;,dx — c

and
(I (un), ) = / (Vug, - Vo + upp)de + b(/ |Vun|2dx) / Vu, - Vd
R3 R3 R3
(2.2)
= [ K@) uede = A [ baunpds = o1
R3 R3
for any ¢ € H'(R3) asn — oo. Arguing by contradiction, we assume that ¢,, = ||u,||
and t,, — 0o as n — oo. Denote vy, := u, /t,. Then, we have that ||v,| = 1 for each

n. Going to a subsequence, if necessary, we may assume that there is v € H*(R?)
such that for each bounded domain  C R3,

v, = v in HY(R?),

vp(z) — v(z) a. e in R3,

I (2.3)
v, — v in LY(Q) for 2 <t <6,
|vp(2)| < w(z) for some w € L'(1).
Hence, for any ¢ € H'(R?), we have that
Vo, - Vodr — Vv - Vpdz, / Uppdr — vdx. (2.4)
R3 R3 R3 R3

Step I: We claim v(z) =0 a. e. in R3. In fact, since u, = t,vn, becomes
/ (Vu, - Vo + v0)dx + bti/ |an|2da:/ Vo, - Vedz
R3 R3 R3
- |tn|q72An(@) - A h(x)v7z<)0dx (2'5)

R3
_ ol _ )

tn
where A, (@) = [ps hn(x)dz and hy,(z) = k() v | 720, L2t 5 Note that

[tnvn|9=2tn vy
t
a2 A0 (0) = [ k()L Untn)
R3 tnvn

Uppdx.

On the set {z|v(z) # 0}, we have [t,v,| — +00, and then, (2.3) and (H5) imply
f(tnvn)

[tnon]92t,0,

ho(2) = k() |vp |7 20,

= k(@) [v|" vy
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On the set {x : v(x) = 0}, we have v, (z) — 0, so, by (H1)-(H2), » € H*(R3), (H3)
and (H5), we obtain

f(tnvn) | < Cr(1+ [tn]* on(x)]*1)
et T T [tn]1=
This with (2.3)) involving t = ¢ — 1 yield that
[ ()] < C1(1 + Jw(z)77) € LY(Q)

where € = supp(y). From the discussion above, by the Lebesgue dominated con-
vergence theorem, we conclude

An(p) = hn(x)dx:/ hn(m)dx—l—/ hy(z)dz
RR3 {z|v(2)#0} {z|v(2)=0}
—>/ k(x)|v|? 2vpda
R3

as n — oo. Divided (2.5) by t¢=2 and passing to limit, together with ¢ € (4,6),
t, — oo and ([2.6)), we obtain

— 0.

| ()] = [ ()

(2.6)

An(p) — k(x)|v|9 2vpdz = 0. (2.7)
R3
Since ¢ € HY(R3) is arbitrary, (2.7) implies
v(r)=0ifz e QT UQ". (2.8)

Taking any ¢ € C§°(R?), passing to limit in (2.5), by (2.8), (2.7) and the defini-
tion of QY in (H1), we obtain

1+ b||Vun||§)/ Vo, - Vedz + / vppdr — )\/ h(z)vppdz — 0 (2.9)
R? R3 R3

as n — oo. If {|[Vu,||3} is bounded, then there exist a convergent subsequence
(still denoted by ||Vu,||3) and some a > 0 such that |Vu,||3 — a/b as n — oc.

Together with (2.4)), Lemma and (12.8]), (2.9) can become to
/ (14+a)Vv-Veodr + / vpdx — )\/ h(z)vedz =0
Qo Qo Qo

as n — oo. Since A € (0, A\1(h) + ), it follows that v = 0 a.e. on Qq. If ||Vu,|]3 —
o0, divided (2.9)) by 1 + b||Vuy,||3, passing to limit, we obtain

/ Vv - Vedr = 0.
Qo

Together with v € H*(R?) and any ¢ € C§°(R?), we have v = 0 a.e. on Q. Thus,
v =0 a.e. in R3. The proof of the claim is completed.

Step II: We shall prove that u, is bounded in H'(R?). Indeed, Suppose that
Jgs [Vop|?de — 3> 0asn — oo. If f =0, since [|v,|| = 1, then [ |v,[*dz — 1
as n — oo. This contradicts to v,, — 0 a. e. in R3 which follows from Step I.
Therefore, we conclude that |lu,|| is bounded. If 8 > 0, we need the following
arguments.

Divided (2.1)) by t2 = |Ju,||?> and (2.2) by t,, = ||un||, we obtain

s+ 0 [ VunPar [ vefar— [ w55 a3 [ nwidis—o @)
2 4 R3 R3 R3 t% 2 R3
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and
1
—(If\(un),@:/ (anVga—Fvn(p)da:—Fb(/ |Vun|2d1:)/ Vu,Vedz
tn R3 R3 R3 (2.11)

- /Rs k(z) = pdz — A/Rs h(@)vnpdz — 0

n

as n — oo. Moreover, if we localize and take ¢ = v¢ in (2.11)) with ¢ € C§°(R?),
since (I (un),v€) = (I5(un), vn€) — (I\(un), (v, —v)§) and (2.3), passing to limit,

we obtain
/ (\an|2g+v25+vnwnvg)d:c+b/ |Vun|2dx/ |V, [2¢dx
R3 R3 R3
—|—b/ |Vun|2dm/ vannVEda:—/ k(:c)f(ut#fdx (2.12)
R3 R3 R3 n

- )\/ h(x)v2€dr — 0.
R3

Since v, — v in H'(R?), v = 0 a.e. in R?, (2.3) and Lemma[2.1] we obtain

/ v, Vo, Védr — 0, / v |*dx — 0, (2.13)

R3 R3
h(z)viéde — 0, lim h(z)vidx = 0. (2.14)

R3 n—oo /p3
as n — oo. Inserting (2.14)) into (2.10]), we have
F(uy, 1 b
/ k(x) (u )dx: 7+7/ |Vun|2dx/ |V, |?dz + o(1). (2.15)
R3 t2 2 4 Jps R3

Inserting (2.13)) and (2.14) into (2.12)), we obtain
/ () L) g (1 +b/ \vun|2dx)/ Von|?Eda
R3 th RS RS

(2.16)
—|—b/ |Vun|2da:/ v, VU, VE&dx + 0(1).
R3 R3
Now, we claim that
/RS k(z) t(% )§dx/RS k(z)(t%)gdﬁo(l). (2.17)

Indeed, by (H3), we know that |¢F(s) — f(s)s| < Cs for |s| < M. From ¢, — oo
and (H1)—(H2), we clearly have

Au o \k(a:)HqF(“") ;%f(un)un lelds = of1).

Also, (H5) implies that |¢F(s)— f(s)s| = O(|s|*"1) as |s| — oo, where 1 < a+1 < 2,
together with (H1) and (H2), we have

r n) n)%n n atl
llun]>M] ta

[supp€lnllun|>M]  tn

as n — oo. Therefore, claim ([2.17) is proved.
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Choosing ¢ € C§°(R?) such that € € [0,1], £(z) = 1 if |z| < Ry and &(z) = 0 if
|z| > 2Ry, from (2.17)), (2.15)), (2.16) and ([2.13]), we obtain
liminf | k(z) FE;L") (1—-¢)dx

n—oo  Jp3

= l%zni}ol(l)f _/RS k(x) 2 dx — /R3 k(z) 2 §dx}

= lim inf / k(m)F(gn>dx - 1/ k(x)%ﬁdw}
n—oo | Jgs 2 q Jes 2

= liminf B +é/ |Vun|2d:c/ |V, |*dx
n—oo L2 4 Jps R3

1
- 7<1 + b/ \Vun|2dx>/ |V, |*¢dx — é/ |Vun|2daj/ v, Vo, VEdx
q R3 R3 q Jrs R3

1 1 1 1
> liminf [~ — = i1 2 2
_hnnimf[2 q—|—b(4 q)/RaWun| dx/RSan| dx

_b / V| 2dz / vannV&ix}
q JRr3 R3

1 1 o ) 1 1 ) 1
SR R /R V| dw[(z‘g)/ﬂ@ [Vun| dm_&/Rg vnVUnVde}

>

\%

\

I

\
+
=
5
=
=

(2.18)
because fR3 |Vo,|[2de — 8> 0 as n — oo and g > 4. Moreover, since f is an odd
function, by the definition & and (H2), we have

hnrggf k(x)%(l —&)dz = hnrrigf/ k(x) (t2n) (1—-¢&)dx <0,
R3 n |z|>Ro n
which contradicts to (2.18]). Thus, we conclude that t, = ||u, || is bounded. O

Lemma 2.3 ([19]). Let {p.} be a sequence in L*(RY) satisfying p, > 0 and
fRN pndx = X > 0. Then, there exists a subsequence {p,,} for which one of the
three possibilities holds:

Vanishing: limg—oc Supycpn [, 5. pn.dz =0 for all R > 0;

Dichotomy: There exists 0 < o < X such that, for any given € > 0, there
is a sequence {y,} C RN, a number R > 0 and a sequence {R,} C Ry, with
R < Ry, R, < R,11 — +00, such that, if we set pl = PnX[jz—yn|<R] aNd P2 =
PrX[|z—yn|>Rn], then we have

lon=sh=dilh e | [ pdo—alze | [ pdo-Goa)<e
RN RN

Compactness: There exists yp € RN such that pn, (- +yi) is tight, i.e. for each
varepsilon > 0 there exists R > 0 such that

/ P dr > A—e.
Yy +Br

Lemma 2.4. Suppose that (H1)-(H6) hold, then I\ satisfies the (PS) condition if
A€ (O,Al(h) + (5)
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Proof. By Lemmal[2.2] we know that a (PS), sequence {u,} is bounded in H*(R?).
Without loss of generality, we may assume that

Co 2 [lun|* > Cy > 0. (2.19)
Therefore, by considering the sequence of L*(R?) functions
Pn = |Vun\2 + |un|2a

we have(by passing to a subsequence, if necessary) that

/ pndx — X > 0.
R3

We shall use the concentration-compactness (Lemma to show that {u,} has
a convergent subsequence in H'(R?). In fact, we will rule out vanishing and di-
chotomy for the L' sequence of {p,}.

Vanishing: In our situation vanishing can not occur. Indeed, if vanishing hap-
pens, i.e., lim;, oo SUp,cgs fy+B pndx = 0 for all ¢ > 0, then we have u, — 0
weakly in H'(R?), therefore, u,, — 0 in L{ (R?) for any 2 < s < 6. Together with

(2.1) and (2.2), we have

2
1/ (|Vun? + |un|?)dz + b / |Vu,|?de ) — / k(x)F(up)dz — ¢
2 R3 4 R3 R3

/(\vun|2+|un| )dz + b / Vi da:)

/ fup)upde — / k(z) f(up)updx — 0
x\<Ro x> Ro
as n — oo. From (H3)-(H5), there exist C;(i = 5,...,12) and dy > 0 such that

() < Csls[P~" + Cols| ", |F(5)| < Crls|” + Cgls|?, (2.21)
Cols[” <[F(s)l, Chols|” < f(s)s if [s] < do,
Culs|" < |F(s)|, Cuzls|? < f(s)s if |s| = do.
Since u, — 0 in L (R?) for any 2 < s < 6, by (H1)-(H2) and (2:2I)), we obtain

y/ k(@) f (wn)unde]| + | k() F(un)dz| = o(1),
[lz]<Ro] [lz|<Ro]

where Ry is given in (H2). Then (2.20) yields
2
/ (|Vun|* + \unﬁ)dx—i—b(/ \Vun|2dx) —/ k(x) f(upn)undz — 0
RS R3 lz[>Ro
as n — oo. By (H2), we deduce that
[ 090 e = o), [ k@ (un)unde = of1).
R3

R3
Hence, ||u,|| — 0 as n — oo, which is a contradiction.

and

(2.20)

Dichotomy: If dichotomy occurs, then there exists 0 < o < A such that, for any
given ¢ > 0 and R > 1, there are sequences {y,} C R®, {R,} C Ry and R > R
satisfying Ry < R < %Rl, R, < Rp41 — +o0 and

a—£</ (V[ + [upP)dz < a +¢,
lz—yn|<5R

<1
2
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A—a—¢e< / (|Vtun|? + [up|?)de < X —a +e. (2.22)
|z—yn|>3R
In particular, we have
/ (Vunl + Jun)da < 2¢. (2.23)
R<|z—yn|<3R,
Note that we also have

/ |u,|%dr < Cy3e®. (2.24)
§<\z Yn|<2R.

In fact, if &, € C§°(R?) is such that &,(z) = 0 if |z| < 1R and |z| > 3R, &, =1
if R < |z| < 2R, and |V&,| < ﬁ, then &,u, € H'(R®), by the Sobolev’s

inequality, (2.19) and (2.23)), we have
/ |y, |8 da
R<|z—yn|<2R,

< / ‘gnun|6d'x
L R<|z—yn|<3Rn

< [ 6wl

< Cua( [ (196 + lgnual)de)’

3
§015(/ \V§n|2uidx+/A (|Vun|2+|un|2)dm>
R3 LR<|z—yn|<3R.

< Ch3e®
as m — 0o.
Next, let us take ¢ € C§°(R3) such that ((z) = 1 for |z| < 1, {(x) = 0 for |z| > 2,
as well as n(z) =1 — ((z), and set

7C( )un = Cnuna Ui :n(.}yn)un = NnUn.

Clearly, ulu2 = 0.

Case 1: If {y,} is bounded. Then, the support of the sequence {u?} approaches
infinity, let R,, — oo, then v2 — 0 in H}(R?). By (2.24), then we have

[ heda — wn)o] < (h@) 202 — u,|da
R3 R, <|z—yn|<2R,

< / 1)1t e
R, <|z—yn|<2R,
< Cigllhl]3/26 := O(e)

In particular, letting p(e) denote a function which goes to zero as € — 0, we have

h(x)utu,dr = h(z)|uZ|?dz + u(e). (2.25)
RS RS

Similarly, using (2.23)) and argue as above, it is easy to see that

Vun-Vuidac:/ |V |2 de+pu(e), / unuidx:/ |uZ [Pdaz+p(e). (2.26)
RS RS RS

R3
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Furthermore, combining (H1)-(H2), (2.23), (2.24), (2.21) and Sobolev’s inequality,
we obtain

| [, B@) () = Flu))usdal

< C17/ un|Pdz + 018/ |un|?dx
RnS\I—yHSQRn Rnglw_yn‘S2Rn

6, \P/6 6
< 019( | dx) +020( | dx)
Rnglaj_ynlngn Rng‘x_ynlngn

< 021€p/2 + 0225(1/2 = ,LL(E).
This yields

q/6

k@) flun)ude = [ k(x)f(u2)ulda + (). (2.27)
R3 R3
By —, we obtain
o(1)
= <Il(un)7 u?z>

= / (VunVuZ + upul)dz + b(/ \Vun|2dx) V(un — u2 +u2)Vuide
RS RS RS

- k(@) fup)uZde — X | h(z)u,uide
R3 R3

:/ (|VU§|2+\u3,\2)dx+b/ |Vun|2dx/ Vi 2de
R3 R3 R3

= | k@) f(up)undz =X | h(@)|ug|*de + p(e).
R3 R3

Since R,, — 00, {y,} is bounded, uZ — 0 weakly in H'(R?) and [, h(z)|u? |*dz =
o(1) as m — oo, we deduce

/ (V2] + [u2 2)dz + b / Yy [2d / V2 [P / k(o) f(u2 u d
R3 R3 R3 R3

=o(1) + p(e),
which implies that

[0V o+ Py = of1) + u(e),

R3

b/ |vun\24x/ V2 2dz = o(1) + u(e),
R3 R3

— [ k(@) f(up)unde = o(1) + p(e)

R3
because (H2) as n — oo. Then we have a contradiction, indeed, by (2.22)), we have
[ vap s i = [ (V2P + i P > X —a—.
R3 |$_yn|23Rn

Case 2: If {y, } is not bounded. Then, passing to a subsequence if necessary, we can
assume that |y, | — oo. In this case, the support of the sequence {ul} approcahes
infinity, we can apply the same arguments above to ul to get a contradiction.
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Compactness: Since we have ruled out vanishing and dichotomy, it follows that
compactness necessarily take place, i.e. there exists y, € R?® such that for each
€ > 0 there exists R > 0 such that

/ (Vg |? + [un|?)dz > X — €.
Yn+Br
In particular, we have

/| ‘>R(|Vun|2 + un?)dz < e. (2.28)
T—=Yn|Z

By (2.28) and a similar method as above, we claim that {y, } must remain bounded.
In fact, if not, then (2.28)) implies that u,, — 0 weakly in H!(R3), together with
(H1)—(H6), we have

o(1) = (T4 (un) )
= [0l + Pyt ([ 1V

R3

)2 - / k() f (un Jundz + o(1)
RS
= /RE‘(\VunF + |un |?)dx + b(/]R{3 |Vun|2dx)2 — /|m|<30 k(z) f(upn)undx
- / k(z) f(up)undx 4+ o(1)
|z|>Ro

2
:/ (\Vun|2+|un|2)dx—|—b(/ Vg )
R3

RS
[ K@) s+ o1) + 4.
|z|>Ro
This yields

/R (Vunl + )z = (1) + u(0), / (Vunld) = o(1) + e,

/Rs E(x) f(un)undx = o(1) + p(e).

Therefore,

c+o(1)

I)\(un)
b

— }/ (|Vun® + |u |2)da:+f</ [Vu |2dsc>2
2 ]R3 " " 4 ]R3 "

A
- / k(x)F(up)dz — f/ h(z)u? dx
R3 2 Jps
= o(1) + u(e).

This is a contradiction. Thus, {y,} is bounded in R3. The boundedness of {y,}
and (Z:25) imply

/ (|Vun|? + |un|?)dr < e. (2.29)

lz|>R
Since {u,} is bounded, we have u, — u weakly in H'(R3) and u,, — u strongly in
LY(Q) for any 2 < t < 6, where  is bounded. From (2.29)), we obtain
u, — u strongly in L'(R?) for 2 <t < 6. (2.30)
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Equations (2.19), (2.30)), (H1)-(H6) imply
/]R3 E(@)(f(un) — f(u))(un —u)dz — 0, /RS h(z)(u, — u)?dx — 0,
E(x) f(un)(un —u)dz — 0, h(x)un (uy —u)de — 0

R3 R3

as n — oo. This yields
o(1) = (I3 (un), up — u)

= (1 +b |Vun|2dx) / Vu,V(u, — u)de —|—/ U (U, — uw)dx
R3 R3 R3

_ /R3 k(z) f (un)(un — u)dz — )\/ h(@)tn (ur, — u)da

R3
= (1 + b/ |Vun|2dx) / VunV(un, — u)dz + o(1).
R3 R3
From the boundedness of {u,} in H'(R?), we obtain
VuV (u, —u)dz — 0

R3

as n — co. Moreover, we have
(I (un) = Iy (u), un — u)
= (1 —i—b/ |Vun|2d33)/ IV (up, — u)|*dz +/ |y, — u|?da
RS RS RS

+ b(/R3 |Vu|*dx — /]RS |Vun\2da?) /]RS VuV (u, —u))dx
= [ @) () = f@) = wide =2 [ b, = e

]RS
> [ (1= 0 + = ) + o).

This yields
[un = ull® < (I3 (un) = 15 (), un — u) +0(1) — 0

as n — oo. Thus, u,, — u strongly in H*(R?). O

3. EXISTENCE OF POSITIVE SOLUTIONS

In this section, we shall prove our main result. Firstly, we obtain the local
minimum of I for A € (0,A1(h)) and prove I, has the mountain pass structure.
Then we prove the existence and multiplicity of positive solution for by the
mountain pass theorem and Ekeland’s variational principle, respectively.

Lemma 3.1. Suppose that (H1)—(H6) hold.
(a) If X € (0, A1(h)), then u =0 is a local minimum of Iy;

(b) There exist 6, p and o such that, for any A € [A1(h), A1(h) +6), Ix(u) >
a >0 if ull = p;
(c) There exists w € H'(R?) with |w| > p such that I (w) < 0 for any A > 0.
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Proof. (a) By (1.3), (H1)—-(H2), (2.21)) and the Sobolev inequality, we have

1 b 2
I(u) = 7/ (|Vul> + |u|2)dx+f(/ |Vu|2d:c> f/ k(z)F(u)dz
2 R3 4 RS ]RB
_A h(z)u?dx
2 Jps
> 1(1 S )l —/ k() F (u)da —/ k() F(u)de
T2 A1(h) |z|>Ro l2|<Ro
1 A
> —(1-— u2—/ k(x)F(u)dx
> 5 (1= )l o HOF @
1 A
>2(1-— 2_
> 5 (1= 5 Il = Cas [P
1 A 9 » q
> 5 (1= 5 ) Il = Coallaly = Canlul
1 _ L 2 _ D _ q
2 5 (1= 5y el = Cosllell = Cola
> Corlul|

for ||u|| suitable small. Hence u = 0 is a local minimizer of Iy. Thus, (a) holds.
(b) For any u € H'(R3), we decompose u as u = te; + v, where t € R and
v € {span{e;}}*. Clearly, we have

lull* = ¢ + [lv]®, Aa(h) /W h(z)eide = [les]* =1,

Ao (h) /]1@3 h(z)|v2dx < ||v||?,  Ai(h) /]R3 h(z)ervdz = / (Ve1Vu + ejv) = 0.

R3

Using this decomposition, we also know that

h(z)u?de =t* | h(z)eldr + h(z)v?dz,
R3 R3 R3

2
(/ |Vu|2dx>
R3
2
- (tQ/ |V61|2dx+2t/ V61Vvdx+/ |Vv|2dx)
R3 R3 R3
2
:t4(/ |V61|2dx) +4t3/ |Vel|2dx/ Ve Voda
R3 R3 R3

2
+2t2/ |V61|2dx/ \Vv|2d:c+4t2(/ V61Vvda:)
R3 R3 R3

2
+ 4t V61Vvdx/ \Vol2dz + (/ |Vv|2dx>
RS RS RS

2 2
<ti( / [VerPdz) + ( / [Vol2dz )" + Cas|t vl + CaoltP [0l + Caoltlv],
R3 R3
and

- /]Rg k(x)F(u)dx
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_ / (@) F (u)da — / k(2)F (u)da
|z|<Ro

1 1
_ _7/ k(2)|ter [P — / k(@) [Fter) — Jte1”] da
P Jiz|<Ro 2| < Ro P

- / k(2)[F(ter + v) — Fltey)lds — / k(2) F(ter + v)de
|z|<Ro

‘$|>R0

1 1
> —7/ k(z)|ter|Pdx — / k(z)[F(ter) — —|ter|P]da
P Jiz|<Ro |z|<Ro p

—C3 /z|<Ro k(z)f(te; + Ov)vdx — /l k(x)F(te; + v)dx

CU‘>R0

1
> —Csa|t|P — / k(z)[F(ter) — —|ter|P]dx + Ko/ F(tey 4+ v)dx
lz|<Ro p lz|>Ro

— Cs3 [/ k(x)|ter + Ov[P~ vdr + / k(x)|ter + 9v|q_1vdac}
|z|<Ro |z|<Ro

1
> —C32|t|p — / k(.’l?) [F(t€1) - *|t61|p] dr + Ko/ F(t@l + ’U)da?
|| < Ro p |z|>Ro

—Csy {lﬂp—l(/ n |’U|pd3;‘) 1/p n t|q_1</m|§R0 |1}|qu) 1/q

x

+/ |v|pdx+/ |v\qu}
|z|<Ro |z|<Ro

1
> —Csalt|P — / k(z)[F(ter) — —|te|’]dx + Ko/ F(tey +v)dx
|z|<Ro p |z|>Ro

= Cas[ItP= ol + [ ol + [[oll” + (vl 7]

> —Caa[tlP + o(1)[t? — Cso [P~ [lof| + 0],
because (H1)-(H3), (2.21), (H5) and the odd nature of f as |t| and |ju| small
enough, where 6 € [0,1]. Then

1 2 2 b 2, \?
Lug(@) =5 [ (VP +[u)de+7( [ [Vuldz) = | k@)F(uds
R3 RS R3
~Au(h)

h(z)u’dx
2 Jes
1 A1(h) o by b / 2, \? 3 (3.1)
> (1- ) 2 Ot f( v d)—Ct
25 (1= S el oot + 5 (| 190Pd) = ol
— Coolt?[[0]]* = Caolt[|[v]|* — Caalt]? + o(1)[2[?
— Cas[[t["~Hlv]| + [lo]7],
as [t| and ||lu|| small enough. Furthermore, by the Young inequality,
2 p—2 2p_
[t?[lo]* < };W’ + lo]7=2, (32)
1 p—1 3p_
[t]lJo]l® < ];|t|p + [oll>=T, (3.3)
—1 3q 1
Pl < St + — o] (3.4)
d0 q0
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for some qo with go € (2,4). Inserting (3.2)-(3.4) to (3.1, letting ||v|| and |¢| small
enough, we obtain

Iy (u) > Cazlol|* + Csst]*
as |t| and |ju|| small enough, because p > 4, 4 > qo > 2, 3q° > 4, 2” > 2 and

=P > 2. Therefore, there exists p > 0 and a > 0 such that
Dywy(u) 2 dllull* for [lul < 7. (3.5)
Taking
<~ o yhh) o
(5—m1n{ 5 ap, 6, \a(h) — Al(h)}.

Note that, for any A € [A1(h), A1(h) + 0), we obtain

1) = Iy o)+ 5O0u () =) [ ey

~ /\ A
> &l Az lh) e
M (h)
A=A (h)
> 2 2 1
Jul (anun ) )
ap  A—=X(h
> (3 - A2ty
2 2\ (h)
ap 1
> lul2(22 ~ Zap
> ul*(% - ;ap)
= Ll
for g < |lu]| < p. Choosing p € [g,f)] and a = £ap?, we obtain (b).

(c) Choose ¢ € HY(R?) with suppy € QF such that ¢(z) > 0 for all z € QF
and 1 = tpeq + v with to # 0. Then for any s > 0 large such ||s¢| > max{do, p},
by (??), we have

Ix(sy)
2 bs? 2 A\
:%WW+%’/WWWW)*A+()@Wmféfwmme
2 b 4
< S+ 2 ([ wofde) = cst [ ko de_i/ .
— —00

as s — +00, because ¢ > 4. From the choice of 9, take w = sy with s large enough,
then Iy(w) < 0, (c) is proved. O

Lemma 3.2. Suppose that (H1)—(H6) hold. Then problem (1.1) has at least one
positive solution uy with Iy(uy) >0 for 0 <X < Ay (h) + 4.

Proof. From Lemma and the Mountain Pass Theorem, then there exists a
(PS)., sequence {u,} such that Iy(u,) — cx > 0 and I} (u,) — 0 in H1(R3),
where

cy = inf max I(u) with T'={g € C([0,1], H'(R*)) : g(0) = 0,9(1) = w}.
g€l uegl0,1]
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Then by Lemmal[2.4] we know that I, satisfies (PS) condition. Thus, the mountain
pass theorem implies ¢y is a critical value of Iy, ¢y > 0 and u) is a critical point
of Iy. Since I)(u) = I\(Ju]) for any u € H'(R?), by using an idea from [1} 2], for
every n € N, there exists g, (t) € I with g, (s) > 0 for all s € [0, 1] such that
1
< (g, < —.
ox < max L(gn(s)) < ext o

By using Ekeland’s variational principle in [25], there exists g € T satisfying the
following properties:

1
ex < max I(gr(s)) < max In(gn(s)) <ca+ e

5€[0,1] s€[0,1]

(3.6)
max [lg. ~ g3l < 7= |5wa)] <
seoq U Il =y PRI =
and there exists s,, € [0, 1] such that z, = g (s,) satisfying
1
In(z,) = L(g (s), |IL(zn)] < —=. 3.7
o) = max 16D I3l < = (3.7)

This inequality implies that {z,} € H'(R?) is a (PS)., sequence, by Lemma
there exists a convergent subsequence (still denoted by {z,} and z € H(R?)
satisfying z, — z as n — oo. Thus g,(s,) — z in H*(R?) as n — oo by
and (3.7). It follows that z > 0 from g,(s) > 0 a. e. in R® with I (z) > 0. Let
uy = z > 0. By (2.19), we know that 0 < C' < |lu|| < Cp, which implies that
there exists My > 0 such that uy < My a. e. in R3. Moreover, by (H1)-(H5), there
exists a constant C'(My) > 0 depending M such that

k(@) f(ux)| < C(Mo)un.

Together with (H6) and A > 0, we have
f(1 + b/ |Vu,\|2dx>Au,\ oy = k(@) f(uy) + Ma(z)uy
R3

> k(x) f(ux) > —C(Mo)uy.
This yields

—Auy + Luy >0,
where L = (14+C(My))/(1+b [os |[Vux|>dz). Then by the maximum principle that
uy > 0 in R3, then it is a positive solution of problem (I.1]). ([

Lemma 3.3. Suppose that (H1)—(H6) hold. Then has at least one positive
solution wx with Iy(wy) <0 for A(h) < A < A (h) + 4.

Proof. By (b) of Lemma and its proof, there exist 5, p>0withp —0,a>0

it A€ (A (h), \1(h) +6) and
In(u) > a > 0if [jul| = p.

Let my := infp, Ix(u), where B, := {u € H'R3 : ||lul| < p} with p as in Lemma
[B] It is clear my > —oo. Next, we prove that my < 0. In fact, given R > 0,
define K € C§°(R?) with 0 < kg <1 and |Vkg| < % for any € R? and

YR IR
700, j2) > 2R.
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Then kre; € HY(R?) and we have
I,\(tli]:iel)

bt4
/ |V (kgre1)|?dr + — / |kper|?dr 4+ — / |V(kre1)| dm)

At
_ /R3 k(x)F(tkrer)dx — <> | h(x)kgeld (3.8)

s 2
— | (K&|Vei|? +|Vkr|*e} + 2kre1 Ve Vig)dr + —/ |kper|?d
2 R3 2 R3
bt 2 A2
+ 7( |V(/£Rel)|2dx) - / k(z)F(tkgel)dr — = | h(z)xielda.

4 R3 R3 2 Jrs
Multiplying both sides of the equation —Ae; + e; = Ai(h)h(x)er by kZer and
integrate by parts, we obtain

2/ /@R61V61VKRdx+/ Hﬁe%dz+/ k3| Ve |?dx
R3 R3 R3

(3.9)
:)\1(h)/ h(z)k3elda.
R3
Inserting (3.9) to , we obtain
t2 2 _
I\(tkge1) = 5/ |Vkg|?elds + W h(z)kieidr
" 2 (3.10)

i(/}m |v(,€Rel)|de)2 _ /ng(m)F(mRel)dac.

Moreover, by the definition of kg, the Holder and Sobolev inequalities, we deduce

/ |VI€R|2€%d£E=/ |Vkg|?eldr
R3 R<|z|<2R
1/3 2/3
< (/ e?dx) (/ |V/€R\3dx>
R<|z|<2R R<|z|<2R
1/3 /.9 2/3
< (/ e?dm) ((—)3/ dx)
R<|z|<2R R’ Jr<ja|<2r

1/3
S ng (/ 6?(1%) —0
R<|z|<2R

as R — oo because |le1|| = 1. Then, multiplying both sides of the equation —Ae; +
e1 = Ai(h)h(z)er by e; and integrate by parts, we obtain the identity

2, 1 2 1
/]RS h(x)ejdr = m”elﬂ =N (3.12)

Furthermore, by choosing R sufficiently large, the definition of kg and (3.12), we
obtain that

1
h(x ned:v>/ h(x /ied:c—/ h(x d:rf 3.13
[ iz [ w@ddar= [ gz g 619
Therefore, by choosing Ry > 1 sufficiently large, by (3.11]) and (3.13)), we obtain

A—=M(h
/]Rg |Vkg|?eldr < #1() /]R:5 h(z)k&esds (3.14)

(3.11)
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for all R > Ry and A > Aq(h). Inserting (3.14) to (3.10), by (2.21) and (H2), we
have

2 _ 4 2
I\(tkgrey) < M/ h(z)k3eldx + bi(/ |V(I€Rel)\2d$)
4 R3 4 R3
— | k(x)F(tkrer)dz
R3

< —Cyot? + Cyt* + Cyat? + Cy3t,

for all R > R;. This yields that I)(tkgre1) < 0 for all ¢ > 0 small enough because
that p, ¢ > 4. Then there exists ¢ty such that ||torre1]] < p — 0 such that
I)\(tQIiRel) < 0. Thus, my = inpr I)\(’U,) < 0.

Since my = infp, Ix(u) < 0 and Ix(u) = Ix(|u|), there exists a minimizing
sequence {w}} for my with w} > 0 and ||w}|| < p such that

1
my < In(wp*) < my + -

Then Ekeland’s variational principle in [25] yields another sequence {w,} with
|lwn|l < p such that

my < In(wy) < Ix(w)) < my + l7
" (3.15)
[[wn — wp]l < ﬁaquad\lﬂ(wn)ll <
Thus, the sequence {w,,} satisfies
I (wy) — my and I} (w,) — 0

as n — oo0. By lemma there exists a minimizer wy € B, such that w, — w) in
H'(R?) and I (wy) = mx. By (3.15), w}; — wy. Together with w}; > 0, we obtain
that wy > 0 a.e. in R® with I(w)) < 0 and w, is a solution of problem .
Since wy € B, and p — 0%, by (H4), we have

—(1+bp)(Awy + wy) > —(1 + b/ \Vw,\|2dx) Awy + wy
R3
= k(z) f(wx) + Mhr(z)wy > 0.

Then we deduce that wy > 0 in R® by strong maximum principle. The proof is
complete. O

Proof of Theorem[I]. Clearly, the first conclusion of Theorem is deduced di-
rectly from Lemma [3:2] The second conclusion is obtained from Lemmas [3.2] and
In fact, from Lemmas and there is a positive solution uy of with
I\(uy) > 0 and a positive solution w) of with I (wy) < 0. Clearly, uy # wy.
Hence, the second statement of Theorem is proved. (I
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