Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 78, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

MULTIPLE SOLUTIONS FOR p-LAPLACIAN PROBLEMS
INVOLVING GENERAL SUBCRITICAL GROWTH IN BOUNDED
DOMAINS

NGUYEN THANH CHUNG, PHAM HONG MINH, TRAN HONG NGA

ABSTRACT. Using variational methods, we study the existence of multiple so-
lutions for a class of p-Laplacian problems with concave-convex nonlinearities
in bounded domains. Our result improves those in [8 @] stated only for sub-
critical growth.

1. INTRODUCTION

In this article, we are interested in the existence of solutions for p-Laplacian
problems of the form
—Apu = g(z,u), z€Q,

u=0, x€oq, (1.1)

where 2 C RY (N > 2) is a smooth bounded domain, g : xR — R is a continuous
function satisfying subcritical growth condition.

Problem has been studied extensively for many years. Since Ambrosetti
and Rabinowitz proposed the mountain pass theorem in 1973 (see [I]), critical point
theory has become one of the main tools for finding solutions to elliptic equations
and systems of variational type. To apply this theorem, the authors introduced one
of very important conditions (Ambrosetti and Rabinowitz type condition) on the
nonlinear term g as follows:

(AR) For some 6 > p, and R > 0, we have
0 < 0G(z,t) < g(z,t)t, V|t|>R, ae x€l,

where G(z,t) = fot g(x,s)ds. This condition ensures that the energy functional
associated to the problem satisfies the Palais-Smale condition ((PS) condition for
short). Clearly, if the condition (AR) is satisfied then there exist two positive
constants dy, ds such that

G(z,t) > di|t|" —da, VY(x,t) € A xR.
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This means that g is p-superlinear at infinity in the sense that
G(z,t)

tl—+oo  [t[P

In recent years, there have been many authors considering problem (1.1}) without
the (AR) type condition, we refer to some interesting papers on this topic [3, [0
7, [0, 111 [12] 14, 15] and the references cited there. Miyagaki et al [I2], studied
problem (L.1)) in the semilinear case p = 2 by proposing the following non-global
condition on the superlinear term g(x,t): There exists ¢y > 0 such that
g(@,t) . .
5 is increasing for ¢ > ty and decreasing for t < —ty, Vz € Q.
Using the mountain pass theorem with the (PS) condition in [I], the authors ob-
tained the existence of a non-trivial weak solution. This result was extended to the
p-Laplace operator —A,u by Li et al [I0]. It should be noticed that in [10, [12], the
authors need the following subcritical growth condition
(A0") |g(z,t)| < C(A+[t|""1) forallt € R, a.e. x € Q,r € [1,p*), where p* = NN—f;)
ifl<p< N and p* =40 if p> N.

Recently Lan et al [8, [9] studied problem (1.I) by introducing a general type
of subcritical growth condition, where r = p*. Using mountain pass theorem [I],
they obtained the existence of at least one nontrivial weak solution of (|1.1]) without
(AR) condition. In this article, we consider (1.1]) when g(x,u) = A|u|?2u+ f(z, u),
ie.

—Apu = ANu|" 2u+ f(z,u), z€Q,
u=0, x€d,

where  C RY (N > 2) is a smooth bounded domain, 1 < ¢ < p, A is a positive
parameter, f : Q x R — R is a continuous function satisfying the following general
subcritical growth condition

(AO) Ty oo f(, )/
In particular, as in [8, 9], we do not use the (AR) condition for the nonlinear term
f, see condition (A4) as well as some examples and comments in the papers [8, [@].
Using the mountain pass theorem [I] combined with Ekeland variational principle
[5], we will obtain the existence of at least two nontrivial weak solutions for problem
. Our result introduced here is a natural extension from the previous ones
for elliptic problems with concave-convex nonlinearities [2] [13]. Regarding this
interesting topic, we refer the readers to the paper [4], in which the authors studied
elliptic problems with local superlinearity and sublinearity.

To state the main result of this paper, let us introduce the following conditions
on the function f:

(A1) There exists a positive constant ¢ > 0 such that F(x,t) > 0 a.e. z € Q and
all t € [0, 7], where F(z,t) fo f(z,s)ds.

(A2) limsupy,_g

(1.2)

= 0 uniformly a.e. z € Q.

‘tlp) <\ unlformly a.e. x € ), where \; is the first eigen-

value of —A,.
(A3) limyy— 400 |(tI\Pt) +0o uniformly a.e. z € Q.
(A4) There exist constants § > 1, C,. > 0 such that

0H(z,t) + Cy > H(x, st)
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forallt e R, x € Q, s € [0,1], where H(z,t) = f(x,t)t — pF(x,t).
It should be noticed that the function f(z,t) = [t|P~2tlog(1 + |t|) satisfies (A1)
(A4). We refer the readers to [8, [9] for more details. In this article, we look for
weak solutions to in the usual Sobolev space VVO1 "P(Q) which is equipped with

the norm [Jul| = ([, [Vul? dm)l/p.
Definition 1.1. We say that u € W, ?(Q) is a weak solution of (T.2) if
/ |Vu|P~2VuVo dx — /\/ |u|? 2y dx — / flzy,u)vdr =0
Q Q Q
for all v € W, (Q).

Our main result is given by the following theorem.

Theorem 1.2. Suppose that (A0)—(A4) are satisfied. Then, there exists A\* > 0
such that for any X € (0, A*), problem (1.2)) has two nontrivial weak solutions.

2. MULTIPLE SOLUTIONS

In this section, we prove our main result. Let us denote by c¢; general positive
constants. As we will see, in order to obtain the existence of at least two weak
solutions for problem we use variational methods (mountain pass theorem
and Ekeland variational principle).

We look for the weak solutions of which are the same as the critical points
of the functional .J : WP (Q) — R defined by

:1/|Vu|pdx—é/ |u|qu—/F(x,u)dx.
P Ja q.Ja Q

We can see that J € C'(W,"(€2),R) and
J' (u)(v) :/ \Vu\p_QVqudx—)\/ |u|q_2uvdm—/f(x,u)vdx
) Q Q

for all u,v € Wy (Q).

Lemma 2.1. There exists \* > 0 such that for any A € (0, \*), we can choose
a,p >0 so that J(u) > a for all u € Wy P(Q) with |[ul| = p.

Proof. From (A0) and (A2), for any € > 0, there exists c¢(e) > 0 depending on e,
such that

Flat) < %()\1 — Ol + (o)l (2.1)

for all t € R and a.e. = € Q. Hence, using Sobolev’s embedding, we have

1
:f/|Vu|pda?—é/|u|qdaﬁ—/F(x,u)dx

A
f||u|\pffcl||u||q )\176 /|u|pdmfc /\u|p dx
1 M A
27( )u”—fc ul|? = 2(e)||u||P”
’ N [l . 1lul|* —e(e)][ull

€ A = -
= (557 = el ™™ — 2 Jul” =) Jul,

(2.2)

where ¢(€) and ¢; are positive constants.
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For each A > 0, we consider the function 7 : (0,+00) — R defined by

() = 201#—1’ — (o), (2.3)

It is clear that 7, (¢) is a continuous function on (0, +00). Since p* >p > ¢ > 1, it
follows that

lim v, (t) = lim 7,\(t) = +o0. (2.4)

li
t—0+ t——+o00

Hence, we can find ¢, > 0 such that 0 < yx(t«) = minge(o,+o0) Y2 (t), in which ¢, is
defined by the equation

_a

0 ="A(ts) p (¢ —ptd Pt +2(e)(p* —p)tt P!

or
( Aei(p — q) )F*l—q
te=(—~—~ .
qc(e)(p* — p)
Some simple computations show that

Yalty) = oA =0 — 0 as A — 0T, (2.5)

From relations (2.3)), (2.4) and (2.5)), there exists A* > 0 such that for any \ €
(0,A*), we can choose a > 0 and p > 0 so that J(u) > a > 0 for all u € W, ?(Q)
with ||ul| = p. O

Lemma 2.2. There exists € Wy P(Q), ¢ > 0 such that J(tp) — —oo ast — +oo.

Proof. (ii) From (A3), it follows that for any M > 0 there exists a constant ¢y =
¢(M) > 0 depending on M, such that

F(z,t) > M|t|p+ —cp, forae 2€Q, VieR (2.6)
Take ¢ € C§°(Q2) with ¢ > 0, from (2.6) and the definition of J, we obtain

J(td)):%/Q|Vt¢|pd:z:f)\/ﬂéﬁqﬁ\qu—/QF(x,t(b)dz
1 p_ P gy 2 q QO
< el =1 / ol do— = / 6617 da + enr]) (2.7)

1 At
<o (ol =0 [ jop dz) =2 [ joftda+ cufe,

where ¢ > 0 and || denotes the Lebesgue measure of €.
From (2.7) and the fact that 1 < ¢ < p, if M is large enough such that

1
fuasntM/ 6P de < 0,
p Q

then we have lim;_, ;o J(t¢) = —o0. O

Lemma 2.3. There exists 1) € Wol’p(Q), ¥ > 0 such that J(t) < 0 for allt > 0
small enough.
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Proof. Take ¢ € C§°(€2) with ¢ > 0, from the definition of J and condition (A1),

for all t € (0 ) small enough, we obtain

_t
> 1]l oo ()

_1 gy A q gy
Hew) = [ (Ve da q/Q [#46]4 da /QF(x,tw)da:

(2.8)
tP Atd
< Tt -2 [ ppirde.
p 4 Ja
From this inequality, taking
A d
0<6<7pf9\1/}| ’
qlllP
we conclude that J(ty) < 0 for all 0 < ¢ < min{dﬁ, m} The proof of
Lemma [2.3]is complete. |
Lemma 2.4. The functional J satisfies the (Ce) condition.
Proof. Let {u,} C WyP(Q) be a (C.) sequence of the functional .J, that is,
T(um) =€ [ () [l (1 + [[um]) — 0 as m — oo,

which shows that

¢ =J(um) +0(1), J(um)(um)=o0(1), (2.9)

where o(1) — 0 as m — oc.
We prove that {u,, } is bounded in W, **(2). Indeed, by contradiction, we assume

that [Jup[| — +oo as m — oco. Let wy, = pi=p we obtain wy, € WP () with

||| = 1. Then there exists w € W () such that {w,,} converges weakly to w
in Wy*(€) and

W (z) — w(x), ae. in Q, m— oo, (2.10)

W, — w  strongly in L"(), m — 0o, 1 <7 < p*, (2.11)

Wi [ < cs. (2.12)

Let O = {o € Q: w(z) # 0}. If x € Q4 then it follows from (2.10) that
im0 Wi () = limyy, o0 'ﬁuff”) = w(z) and thus |um, (x)] = [wn(@)|||um|] — o0

as m — oo for a.e. z € Q.
Using (A3) we have

. Fz um(2))
lim =400, a.e x € Ny 2.13
m=c0 [t (z)P ’ (213
This implies
F(z, um
lim (2, um(2)) | W (2)|P = 400, ae. €y (2.14)

Using condition (A3) again, there exists ¢y > 0 such that
F(a,t)
[t

(2.15)

for all z € Q and |t| > tg > 0. Since F(x,t) is continuous on Q x [—tg, to], there
exists a positive constant ¢4 such that

|F(z,1)] < e (2.16)
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for all (x,t) € Q x [~tg,to]. From and there exists c5 € R such that
F(z,t) > cs (2.17)
for all (x,t) € Q x R. From , for all x € 2 and m, we have
F(z,um(x)) —cs5

[[wm [P

>0

or

F(o,um@)

Using (2.9) and the Sobolev embedding, there exists cg > 0 such that

B >0, Ve, Vm. (2.18)

[umllP

c= ) +o(1)
/ [Vt |P dx — f/ |um|qdac—/ F(z,upm)dr + o(1)
)\06
> *Ilumllp — Z2um||? = | F(z,um)de + o(1);
p q 0

since 1 < ¢ < p, this implies
A
/ F(z,up)dr > f||um||p - ﬁH ml|f—¢+o0(l) > oo asm —oo. (2.19)
Q q

Also we have

A
fun? =5 [ Plosim)do+ 22 [ Ju e+ e — (1)
; “ (2.20)
> p/ F(x,um)dx +pc—o(1) >0 for m large enough.
Q

Next, we claim that || = 0. In fact, if || # 0, then by relations (2.18)), (2.19),
(2.20) and the Fatou lemma, we have
+00 = (+00) (|

:/Q 1imian|wm(x)|pdx—/Q lim sup

o moe um ()P L, m—oo [[tmll?

_ [ timinf (F@um () oG
—/Q hmlnf(7|wm(3€)| > )dw

o m=oe A fu (2)[P [ [P

o (FaG) o e
< lim inf o (7|wm(x)| > )d:lc

m—c0 | ()P [[wm P
Flz,u, . (2.21)
< lim inf (w\wm(:ﬁﬂp— ¢ )
m—c0 | ( )|” [[u mll”
F(
= lim inf (@, tm (@ — lim sup
m—co IIUmllp m—o0 IIUmll”
:mm/ﬂﬂ@lﬂ
m—oc Jo ||um||”
m(x))d
< liminf fQ T, um(@)) da

m—oo p [, F(,um)dz + pc —o(1)
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From (2.19) and (2.21)), we obtain
1
+00 S —
p
which is a contradiction. This shows that [2:| = 0 and thus w(z) = 0 a.e. in .
Since the function t — J(tu,,) is continuous in ¢ € [0, 1], for each m there exists

€ [0, 1] such that

J(tmtm) == max J(tuy,), m=12 ... (2.22)
te(0,1]

It is clear that t,, > 0 and J(tpmum) > ¢ > 0 = J(0) = J(0.upy). If t, <

1 then EJ(tum)h ¢,. = 0 which gives J'(tmum)(tmum) = 0. If ¢, = 1, then

J' (tum)(um) = o(1). So we always have
J (tmtm) (tmum) = o(1). (2.23)
Now, we fix a big integer k£ > 1 and define the sequence {v,,} by
vm = 2p|lue|P) P W, m=1,2,.... (2.24)

From the dominated convergence theorem and since w = 0 we have

lim |vm |1 dz = 0. (2.25)
Furthermore, by (A0), for every € > 0, there exists ¢(e) > 0 such that
1 -
|F(z,t)| < C—e\t|p +cle), VteR, ae zef
3

Let § = >0, ECQ,|E| <é we have

|/ F(z,vp) d| §/ |F(x,vp,)| dx

E

/ dx—i——e/ |um P da:
E

_|_

206(5)

IN

IA
N ™

€
2 )

hence { [, F(z,vy,)dz : m € N} is equi-absolutely-continuous. It follows easily
from Vitali convergence theorem that

/F(x,vm)dxH/F(x,O)dx:O as m — 00.
Q Q

Since ||t || — 400 as m — oo, we can find my > k such that

(2pllur[I?) !/

0<
[t

<1, Vm>my. (2.26)



8 N. T. CHUNG, P. H. MINH, T. H. NGA EJDE-2016/78

Hence, using relations (2.22)), (2.24)-(2.26), it follows that

J (b tim,)
(2p]ux]|)"”
> J| ——Un
( [l | )
:J(Um)
—1/|Vv |pdx—é/|v \qu—/F(xv ) dx
pPJa " qJq " Q o (2'27)

1 P
> [ (hale @pEATun?) do =2 [ junfrde - [ P ds
D Ja qJa Q

A
22||uk||17—7/ |vm|qd$—/F(a:,vm)dx
q.Ja Q

> [Ju?

for any m > my, > k large enough.
On the other hand, using condition (A4) and relation (2.23)), for all m > my > k
large enough, we have

J (L)

= J(tmtim) — %J’(tmum)( mUm) + o(1)

1 A
= f/ |Vtmum|pdx—f/ |tmum|qu—/F(x7tmum)dx
PJa q.Ja Q

1 A
77/ |Vtmum|pdw+f/ [t |? da
D Ja

PJa
+ 1 / f(x,tmum)tmum dz + 0(1)

1
= — /|tmum|qu+ /H £L' tmum
p

1/ 0H (z,um) + Cy) dz + o(1) (2.28)
p
A
=0 /Vumpdxff/ uquxf/F:c,um dx
(p [Vum|? de = [ n] |l um) d)
—Q(/ |Vum\pdx—)\/ |um|qda:—/ f(m,um)umdx)
p
+>\07—7 /\ m|?dx + Cp' | +o(1)
0 0C,|Q
= 0(um) = 2 ) ) 4205 = 3 [ o+ ZEE o)
0 1 0C,|Q
< 0T (um) — =J" (um) (Um) + Mez (= — f)Huqu + ¢ +o(1).
p q P
From ([2.27) and (2.28)), we deduce that for all m > my > k large enough,
0 1 1 0C.,|Q
P < 0 0) = 2 ) ) + Mz (5 = 2 ]+ ZE 4 00
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or
0C. |9

Jurll? = Mer (-~ -
q p
Recall that £ > 1 is an arbitrarily big integer and m > my > k. In , let
k — oo we have m — oo and the left hand side of tends to +o0 since g < p.
In the right hand side of (2:29), J(u,) — ¢ and J’(um)(um) — 0 as m — oo.
Thus, we have a contradiction. This proves that the sequence {u,,} is bounded in
WyP(Q).

Now, since the Banach space W, " () is reflexive, there exists u € W, () such
that passing to a subsequence, still denoted by {u,,}, it converges weakly to u
in W, ”(9) and converges strongly to u in L"(Q), 1 < 7 < p*. Moreover, {u,,}

M | < 0 (tm) — gJ’(um)(um) + +o(l) (2:29)

converges weakly to u in LP () and we have |un, 5i < ¢g. From (AO0), for every

e > 0, there exists ¢(e) > 0 such that

1 .
|f(z,0)t] < 2—e|t|p +c(e), VteR, ae ze.
8

Let6:ﬁ>0,EgQ,|E|<5wehave

)
|/Ef(a:,um)umd:c’ S/E|f(1:,um)um|dm

1 .
S/ c(e)dz+—e/ |tum|P dx
E 2cs Jp

cEL€
_2 27

hence { [, f(2, um)tum dx : m € N} is equi-absolutely-continuous. It follows easily
from Vitali convergence theorem that

/f(m,um)um de — / f(z,w)udx as m — oo. (2.30)
Q Q

Using (A0) again, for any € > 0 there exists ¢(e) > 0 such that

[f(z, 8)] <

< et Tt +cle), VEeR, ae xze€Q,
2¢9c10

where
p*—1

cy = (/ [t [P dﬂ?) T Vm; cp = (/ |u
Q Q

From the Holder inequality, for every E C ), we have

X 1/p*
p dm) .

1

p*—1 » 1/p* p*—1
/c(e)\u|dxgc(e)|E\ = ([EW ar) " = 0| B T e,

E
Bt
/|um|” | de < (/ [t |P dx) g (/ |u
B E E

Let 6 = (5o55)7 * >0, ECQ, |B| < § we have

" 1/p*
p d{L‘) S C9C1(-

|/Ef(x7um)udx| S/E|f(m,um)u|dac

1 X
< cle)|u| dx + e/u P =yl dz
[ ct@luddat 5oe [ funl
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< €L €
— 2 27
hence { [, f(@, um)tum dx : m € N} is equi-absolutely-continuous. It follows easily
from Vitali convergence theorem that

/f(sc,um)udfc — / flz,w)udx as m — oo. (2.31)
Q Q
From ([2.30) and (2.31) we have
/ f(@, ) (U, —u)dz — 0 as m — oo. (2.32)
Q

We also have

/ |t |92 (U, — ) dv < / [ |7 [ty — 0| diz
Q Q
q

s 1/q
< (/Q\um|qd:c> (/Q|umfu|qu) —0

as m — oo. Since J'(up)(um —u) — 0 as m — oo, we deduce from ([2.32)) and
[E33) that

(2.33)

/ IVt [P 2Vt (Vtlyy, — Vu)dz — 0 as m — oo,
Q

which gives us that {u,,} converges strongly to u in W, (Q) and the functional .J
satisfies the (Ce) condition. O

Proof Theorem[I.4 By Lemmas and there exists A* > 0 such that for
any A € (0, \*), the functional J satisfies all the assumptions of the mountain pass
theorem. Then we deduce u; as a non-trivial critical point of the functional J with
J(u1) = > 0 and thus a non-trivial weak solution of problem (1.2).

We now prove that there exists a second weak solution us € W;?(Q2) such that
up # ui. Indeed, by (2.2), the functional J is bounded from below on the ball
B,(0). B

Applying the Ekeland variational principle in [5] to the functional J : B,(0) — R,
it follows that there exists u. € B,(0) such that

J(ue) < inf  J(u) +e,
u€B,(0)
J(ue) < J(u) + €||lu —uel|, u # ue.

By Lemmas [2.1] and we have

inf J(u)>R>0 and inf  J(u) <O0.
wed B, (0) weB,,(0)

Let us choose € > 0 such that

0<e< inf J(u)— inf J(u).
u€DB,(0) u€B,(0)
Then, J(uc) < infyepp,(0) J(u) and thus, u. € B,(0).
Now, we define the functional I : B,(0) — R by I(u) = J(u) + €|ju — uc||. It is
clear that u. is a minimum point of I and thus
I(u, +t1;) — I(ue) >0
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for all ¢ > 0 small enough and all v € B,,(0). The above information shows that
J(ue +tv) — J(ue)
t
Letting t — 07, we deduce that (J'(uc),v) > —€||v]|. It should be noticed that —v
also belongs to B,(0), so replacing v by —v, we obtain
(J'(uc), —v) = —ell = v, (J'(ue), v) < efvll,
which helps us to deduce that ||J'(uc)||« <e.
Then, there exists a sequence {u,,} C B,(0) such that

J(up) —c= inf J(u) <0, J(up)—0 in W P(Q)asm —oco. (2.34)
u€B,(0)

+ €llol = 0.

From Lemma the sequence {u,,} converges strongly to some ugy € WyP(Q) as
m — co. Moreover, since J € C1(W,?(Q),R), by it follows that J(u2) = ¢
and J’(uz) = 0. Thus, us is a non-trivial weak solution of (1.2).

Finally, we point out that u; # ug since J(u;) =¢ > 0 > ¢ = J(ug). The proof
of Theorem is complete. ([
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