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OPTIMIZATION PROBLEMS INVOLVING THE
FRACTIONAL LAPLACIAN

CHONG QIU, YISHENG HUANG, YUYING ZHOU

ABSTRACT. In this article we study rearrangement optimization problems re-
lated to boundary-value problems involving the fractional Laplacian. We es-
tablish the existence and uniqueness of a solution under suitable assumptions.

1. INTRODUCTION

A rearrangement optimization problem is referred to an optimization problem
in which the admissible set consists of functions that are rearrangements of a pre-
scribed function. The theory of rearrangement optimizations has been established
by Burton [Bl [6]. Since then, this topic has been widely studied by many authors in
different aspects, see for example [7), [10, 1T}, 12} 16, 17, 18] 19]. Burton [6] proved
that both the minimization and maximization problems for the boundary value
problem involving the Laplacian have solutions. However, the results obtained in
[6] can not be directly applied to the optimization problems for the boundary value
problem involving p-Laplacian(l < p < 0o0). So by using a new approach, Cuccu
et al [I0] proved that the minimization problem has a solution for 1 < p < oc.
But their approach is not efficient for the maximization problem. Marras [I7] ob-
tained the solvability of the maximization for 1 < p < co by using another method.
While Cuccu et al [I2] obtained a result of uniqueness for a class of p-Laplace
equations under non-standard assumptions. Recently, Qiu et al [19] considered a
rearrangement optimization problem related to the quasilinear elliptic boundary
value problem, where under suitable assumptions, it is shown that both the min-
imization and maximization problems are solvable, which extends the results in
[6l, 10, [1°7].

It is worth to note that most of the rearrangement optimization problems con-
sidered in the above papers are related to boundary value problems involving the
Laplacian or p-Laplacian. In recent years, fractional and nonlocal operators of
elliptic type have been attracted a lot of interests since these operators appear in
concrete applications in fields such as minimal surface [9], thin obstacle problem [g],
anomalous diffusion [I], phase transition [2I], hemivariational inequality [23] [25],
shape optimization [I3], optimal transportation theory [14] and so on. Interesting
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studies involving nonlocal fractional problems by variational methods can be found
in [2, 3] and the references therein.

In this article, we study several rearrangement optimization problems related to
a class of boundary value problems involving the fractional Laplacian. We need
to overcome the difficulties coming from both the fractional Laplacian and the
rearrangement optimization problem. As our knowledge, this kind of problems has
not been considered in literature.

Let Q be a smooth bounded domain of RY (N > 2) and let k € L4(f2) with
1 < g < 0o. We recall that a rearrangement of k is an element of the set Z(k) of
all measurable functions g on € satisfying

meas({z € Q: g(z) > a}) = meas({z € Q: k(x) > a}), VaeR.

It is easy to prove that if g € Z(k), then g € L9(Q) and ||g||« = ||k e (cf. [6
Lemma 2.1]).

Let h(z,t) : @ x R — R be a Carathéodory function and f € L*°(€). Under
suitable assumptions we can show that the boundary value problem

—Lau+ h(z,u) = f(z) in Q,
u=0 in RM\Q

has a unique solution uy € H*(Q2) (cf. Proposition , where Lj is the fractional
Laplace type operator defined as

Liju(z) = /n w +y) _|_|;|(]f+;8y) — 2u(£)9(y)dy, z e RN (1.2)

(1.1)

with 0 < s < 1 and 6 : RY — (0, +00).
In particular, if A = 0, then the boundary value problem (1.1)) becomes

—Lju= f(z) inQ,
u=0 in RV\Q,
and it obviously has a unique solution uy (cf. Proposition, thus it deduces that

(cf. Remark M,
)2
‘ 2fvde — —y)dad
UG?}EQ) /Q fode /RN /RN |x— |N+2s 0(z —y) do y)
[ 2fupdi - 2) = wr W)y g 14
fus d RN JRN |x—y|N+2s (x—y)dzdy .
2

D-u@V,
/RN/RN \x—y\N+2s 0(x y)dxdy—/ﬂfufdx.

Therefore, we can define the functional ® on L>®(Q) as

= /quf dx (1.5)

and we are able to consider the following two optimization problems:

(Optl) Find f1 € Z(fo) such that ®(f1) = supsegs,) P(f)s

(Opt2) Find fy € Z(fo) such that ®(f3) = inffE@(fo) o(f),

where fo € L>(Q) is a given function and Z(fy) is the set of all rearrangement of

Jo-

(1.3)
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If h # 0, then it is difficult to consider the above optimization problems related to
the boundary value problem (1.1]) since the functional ¥ on L*°(£2), corresponding
to the optimization problems defined by

/]RN /]RN |2 __|11\er+(2ys))29($ —y)dx dy)

H(z,us dm—/fufdx
Q

is hard to be reduced to a simple formula like (1.5). However, in the case of h # 0,
we can consider the following minimization optimization problem related to (1.1):
(Opt*) Find f* S %(fo) such that \I/(f*) = inffe%(fo) \I/(f),

where fo € L>(2) is a given function and Z(fy) is the set of all rearrangement of
Jo-

This article is organized as follows. In Section [2, we give some preliminaries.
Section [3|is devoted to discussing the minimization problem (Opt*) in detail. After
establishing the uniqueness result of solutions for the problem (L.1)), we show that
the minimization problem (Opt*) is solvable. In Section 4} we prove that both
the maximization and minimization optimization problems (Optl) and (Opt2) are
solvable. To our best of knowledge, the results of this paper are new and nontrivial.

(1.6)

2. PRELIMINARIES

Given 0 < s < 1, we define the fractional Sobolev space

H(Q) = {uELQ(RN> tu=0in RN\Q/RN /}RNdedy<oo}

with the inner product

(u,v) / / ) (v) = v(y) dedy Yu,v e H*(Q).
RN JRA 7

|N+25

Then the norm of u is

)) 1/2
Jull = // |m,y|ws drdy) "

Throughout this article, we denote by |lu|| and |u||, the usual norm in spaces
H?*(Q) and LP(Q) (1 < p < o0), respectively. As usual, “—” and “—" denote the
strong and weak convergence.

We now list some lemmas which are useful in the proof of our main results.

Lemma 2.1 (|20, Lemma 8]). H*(Q) — L"(RY), for 1 < r < %, and the

Lemma 2.2 ([0 Lemma 2.2]). Assume that 1 <r < oo and for f € L"(Q) denote
by Z(f) the weak closure of Z(f) in L"(QY). Then Z(f) is convexr and weakly
compact in L" ().

Lemma 2.3 ([6, Lemma 2.9] or [I1, Lemma 2.1])). Let f,g: Q — R be measurable
functions and suppose that for each t € R, the level set of g at t, i.e., {x € Q :
g(z) = t}, has zero measure. Then there exists an increasing (decreasing) function

@ such that p o g is a rearrangement of f where p o g denotes a composite function
defined by

(pog)(z) = p(g(x)),Vr € Q.
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Lemma 2.4 ([6, Lemma 2.4] or [II, Lemma 2.2]). For any 1 < r < oo define
= L5 ifr>1andr =ocoifr =1. Let f € L"(Q) and g € L™ (). Suppose that
there exists an increasing (decreasing) function ¢ : R — R such that p o g € Z(f).

Then @ o g is the unique mazimizer (minimizer) of the linear functional fQ hgdzx,
relative to h € Z(f).

Lemma 2.5 ([I5, Lemma 2.3]). Suppose that f € L"(Q) and g € L™ (Q). Then
there exists f € Z(f) which mazimizes (minimizes) the linear functional [, hgdz,
relative to h € Z(f).

As in the proof of [22] Lemma 2.1] we have the following result.

Lemma 2.6. Given u € H'/?(Q), there exists a unique extension v € Hl(Ri\_H'l)
of u such that

—Av(z,y) =0, forxzecRY y>0,
v(z,0) = u(z), forxecRY.

Moreover,

in the sense that

for every p € HY?(RN).

3. MINIMIZATION RELATED TO (|1.1)

Recall that the energy functional I : H*(Q) — R corresponding to (1.1)) is

/RN /RN |z — |N+2)5)2 (x—ll)dﬂ?dy-i-/ﬂH(x,u)dx—/quda:, (3.1)

where H(z,u) = [, h(z,t)dt.
We use the followmg hypotheses on the functions h: @ x R — R and 6 : RV —
(0, 400):
(H1) h(x,t) is Carathéodory and is non-decreasing with respect to the second
variable for almost all x € €.
(H2) There exist a(x),b(x) € L>=(R), 0 < I < 1, such that |h(z,t)] < a(z) +
b(z)[t|, for all t € R, a.e. = € Q.
(H3) 6(z) = 0(—=z) for any = € RNV\{0};
(H4) 6 € L>°(R") and there exists g € R, such that (z) > 6y, for any x € RY.

Proposition 3.1. Suppose that (H1)-(H4) hold. Then (1.1)) has a unique solution
uy € H*(Q) and I(uy) = inf e gs () I(v).

Proof. First, we show that the problem (L.1)) has a solution. Let C' be a positive
constant. From (H2), (H4), and the Sobolev embedding inequality it follows that

|/H(w,u)dm| §/ ’/ h(x,u)dv’dmﬁCHuH+C||u|\l+1, (3.2)
Q e Jo
|| puda] < fllcluls < Clal, (33)
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Bolull? < / /RN = |N+2)S) 0z —y)dedy, Yuc H'(Q).  (34)

Hence we deduce from (3.1)), (3.2)), (3.3) and (3.4) that

0o
I(u) > ||u||2 Cllul** = Cllul| — o0

as |lu]| — oo, which shows that the functional I is coercive. We will prove that
the functional I is weakly lower semi-continuous. To do this, let v, — v in H*(f)
as n — oo, noting both the embeddings H*(Q2) — L'(Q) and H*(Q) — L'T}(Q)
are compact, we see that v, — v in L'T1(Q) and L'(Q) as n — oo. Therefore,
H(x,v,) — H(z,v) in L}(2) as n — oo by the continuity of the operator u
H(z,u) from L'*1(Q) to L}(), which implies that

/QH(x,vn)d:EH/QH(x,v)dx (3.5)

as n — o0o. Then we have

lim inf I(v,)
. —vn(y))?
:hnnlgf/ /]RN/RN ‘xfy|N+2s H(I—y)dmdy—l—H(sc,vn)—fvn)dx

y)? - /
/RN/RN eyt =) dedy+ | o o)de—tmap | fonde
—hmsup||f||oo||Un_UH1
:I( ).

Thus the functional I is weakly lower semi-continuous (which we will denote by
w.l.s.c for short). So that the functional I has a minimizer uy € H*(Q) with I(us) =
inf,cps(q) I(v). By assumptions (H1), (H2), and using a standard argument [24,
Lemma 2.16], we can easily show that I € C'(H*(2),R), therefore uy is a critical
point of I, i.e.,

L (g (2) = s ()0 = vm))
I (“f)v—/RN /RN |z — y|N+2s o( y) de dy

+ / (h(z,uf)v — fo)de =0, VYve H*(Q).
Q

(3.6)

By the definition of the fractional Laplace type operator L§ (see (L.2)), we have
|, ~Tiula)ota)ds
/n /n o _|_|;|(];7r+;s 9= 2U(x)9(y)v($) dy dz
L/nx}%J”mmm@m
/" /" i |_1/N+_25u($)9(y)v(9:) dy dz.

(3.7)
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Let z=x 4y, t = 2 — y. By using (H3) we obtain

/" /n ILﬁV-Q—QSU( )a(y)v(l') dy dx

/n _/n x—Z|N+2g 0(x — z)v(zx) dz dz,

(z —y) — ulx) (3.8)
/n /n |y|N+2s —— vz We(z)dyde
/n /n l‘—t\N-&-Qs O(x — t)v(z)dt de.
Obviously,
/ / Wﬁ’(x—z)v(m) dz dz
/ / \x—t\N+2 (x*tﬁ(z) dt dx
o (3.9)

/n /n \x—y|N+2s 0(z — y)v(z) dy dx
/ / ‘x7y|N+2s 0(x — y)v(y) dy de.

It follows from , and . that
|, i)t

/n/n |x— |N+2s Oz — dydz+/n/n - |N+2é 0(z — y)v(y) dy dx

y)(v(z) — v(y))
/n /n |x_ |N+25 0(z — y) dy dz.
This, combined with (3.6) yields

/ N / (h(w,uy (2)) — f(2))o(@)dz =0, Vo e HYQ).
RN Q

Thus, uy is a solution of problem (L.1)).
Next, we show that u; is the unique solution of (1.I)). Assume that w € H*()
is another solution of (1.1)) and us # w. Then

[y —wl| > 0. (3.10)

Since h(z, ) is non-decreasing,
/(h(az, uf) — h(z,w))(uy —w)dz > 0. (3.11)
Q
From ( we obtain that for every v € H*(Q),

uf(@ _uf W)@) = o) e S
/RN /RN y|N+29 0(z —y)d dy+Ah( , f) d ‘/Q];SCj-Q;

))(W(ﬁC) _v(y)) - X T, w)vdr = vdx
/]RN /RN |$— |N+29 9(.’2 y)d dy‘f"/ﬂh( s )d Af(:13>
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From these two equalities, we obtain that for every v € H*(),
/(h(x uy) — h(z,w))vdz
[ e ) vl ) 0,
RN JRN

|l — y|N+2s

Let v = uy — w we have

/ (b ug) — Bl w)) (g — w)de

/]RN /]RN \x— |N+23)) 0(x —y)dedy (3.14)

< —by|lv||?* <0,

the last inequality above comes from ([3.10). So, (3.14) contradicts (3.11f). There-
fore, we have proved that us is the unique solution of (1.1). |

Let uy be the unique solution of (1.1). Recall that U(f) is defined by (1.6).
considering the optimization problem (Opt*), we have the following result.

Theorem 3.2. Suppose that (H1-(H4) hold. Then for a fized nonnegative function
fo € L>®°(Q) there exists f. € %(fo) which solves the minimization optimization
problem (Opt*), i.e.,
U(f.) = inf W(f).
(f) FEZ(fo) (f)

Proof. Let A = infpcgp(sy) W(f), then A is well-defined. Indeed, for each f € Z( fo),

we have 2
—us(y))
/]RN /]RN |1’ — y[Ntas O(x —y)dx dy)
dw = d 3.15
+/QH($,Uf) x /quf - ( )

0o
> §||Uf||2 — C(II Flloo lugll + Tl l*).

Noting that || f|lcc = [|folleo and I +1 < 2, we deduce that A must be finite.

Let {fi} C Z(fo) be such that ¥(f;) — A as i — oo and we denote u; = uy,. It
follows from that {u;} is bounded in H*(Q), then it has a subsequence (still
denoted {u;}) which converges weakly to u € H*(Q) and strongly to u in L?(Q).
On the other hand, since ||fillz.. = ||follz., {fi} is bounded in L2(£2), it must
contain a subsequence (still denoted {f;}) converging weakly to some f € Z(fo),
the weak closure of Z(fy) in L?(2). Then

|/ ud:r}—>0 as 1 — 00,
since u € L?(Q). It follows from the Holder inequality that

| [ o= Fayae] < | [ fitws =yt + | [ (5= Fpuds]

(3.16)
<l = ula+ | [ (5= uds| =0
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as i — oo. By (3.5), (3.16) and the weak lower semi-continuity of the norm in
H5(§2), we obtain

—00 )2
=3 /]R{N /RN |CE - |N+2 ( B y) du dy) (3'17)

+/QH(:17,u)dx7/qudx.

From Lemma we infer the existence of f € Z(fy) which maximizes the linear
functional fQ hudz, relative to h € Z(fy). As a consequence,

/qudxg/ﬂfudx.

Combining this with (3.17] m, we obtain

e J X
—y)dxdy)+ | H(x,u)dx — uwdr. (3.18
_2/RN/RN \x—ywm e —yydedy) + | Hads— [ fuds. (313)
By Proposition

v(i)= / ) / SO oy aay+ [ ()~ Foyie)
< 2/RN/RN o |N+25) 0(x — )dxdy+/Q(H(x,u)—fu)dx

It follows from and - that ¥(f) < A.
On the other hand recall that A = lnffe%(fo) U(f) and f € Z(fo), we must

have A < \Il(f) So that A = \I/(f) We complete the proof by letting f, = f. O

(3.19)

4. MAXIMIZATION AND MINIMIZATION RELATED TO (|1.3)

In this section, we consider two optimization problems (Optl) and (Opt2) related

to (L.3). The energy functional of (L.3) is

~3 ey - [ 1)

It is easy to see J € C*( HS(Q) R) and

w)v = /RN /RN |x = )TZ@; v(y))H(x —y)dxdy —/Qf(ac)v(x)dx

u € H?(Q) is a solution of the problem (1.3)) if and only if J'(u)v = 0,Vv € H*(Q).
By proposition [3:1] we have the following result.

Proposition 4.1. Assume that 0 satisfies (H3) and (H4). Then for each f in
L>(Q), has a unique solution uy € H*(S2), and J(uy) = inf,cps(q) J(v).

Remark 4.2. Since J'(uy)uy =0,

/RN /RN |x_;|xi_(2z)) O(x —y)dxdy = /Qf(m)uf(x) dx. (4.1)
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Recall that ®(f) = [, fugdz, we have

(/)
/RN /RN |x;|3iii))29(m—y)dxdy— / f(x>uf<w)dx)

2 f
_— —y)dzd
vEH (Q) AN /RN |$ — y|N+2$ (x Ty~ f

= —QJ(’U,f).

Theorem 4.3. Assume that 6 satisfies (H3) and (H4). Then for each non-negative
function fo € L>(QY), there exists f1 € Z(fo) which solves the mazimization opti-
mization problem (Optl), i.e

)
O(f1)=[ fiurde= sup furdz= sup @(f)
Q FeZ(fo) /2 fFe#(fo)
where uy = uy,. Moreover, if s = % then there exists an increasing function ¢ such
that f1 = ¢(uy) almost everywhere in Q.

Proof. Let
M = sup /fuf dx.
fe€Z#(fo) JQ

We first show that M is finite. Let f € Z(fy). From (H4), and Holder’s
inequality we find

. 2) — us(y))?
oolurl? < [ [ AR gy

- / fupdz < | fllollug 1.

Since || flloo = [/ folloo, it follows from and Lemma [2.1] that M is finite.

Let {f;} be a maximizing sequence and let u; = uy,. From it is clear
that {u;} is bounded in H*(2), hence it has a subsequence (still denoted {u;})
that converges weakly to u € H*(Q). We also infer that {u;} converges strongly
to u in L2(RY). On the other hand, since {f;} is bounded in L°°(£2), it must
contain a subsequence(still denoted {f;}) converging weakly to f € L?(Q2). Note
that f € Z(fy), the weak closure of Z(fy) in L?(2). Thus, using the weak lower
semi-continuity of the H*(£2) norm and we obtain

(4.2)

M = lim fzul dz

1—00

. 2
:i]i)rgo(/ 2f1uzdx—/RN /RN |x7 ﬂg) 0(x — y) dx dy) (4.3)

/2fudx /]RN/]RN P N+2)§)2 0(xz —y)dx dy.

Note that from Lemma we infer the existence of f € # (fo) that maximizes the
linear functional [, hu dm relative to h € Z(fy). As a consequence we obtain

/ Fuds < / Fuds. (4.4)
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Applying -, and (4.4) we find

M</2fudac /]RN/RN :cy|N+2)S)2 (x —y)dxdy

:/fadng
Q

where 4 = ug . Thus let f; = f we complete the first part of the proof.
We then bhOW that f; is also a maximizer of the functional fQ huydx, relative to
h € Z(fo). In fact, we notice that for each g € Z(fo),

/ fluldacZ/ gugdx
Q
—ui(y))”
/quldx—/RN/RN \x—y|N+2‘; ————— f(x—y)dxdy

:/quldx—/fluldm,
Q Q

fruirdr > / gurdx, Vg€ Z(fo). (4.5)
Q Q

which implies that

If g € Z(fo) then we may choose a sequence {g,} C Z(fo) such that {g,} converge
weakly to g in L?(Q). By (4.5)), we obtain

/fluldxz/gnu1dx—>/gu1 dz
Q Q Q

/ frug dax > / guy dz, Ng € Z(fo) (4.6)
Q Q

as n — 00. So that

and our claim is valid.

Let E = {x € Q: fi(x) = 0} and define S = sup,ecp(ui(z)), we claim that
ui(z) > S on E€ almost everywhere. Arguing by contradiction suppose the claim
is false. Therefore there exists a number S; < S and a subset A of E° with |A| > 0
such that u;(z) < Sy on A almost everywhere. Now let S; < Sy < S. We can
find a set D of positive measure contained in F such that uq(z) > Sz on D almost
everywhere. We can assume |A| = |D|. Next, consider a measure-preserving map
T :A — D. Using T we define a particular rearrangement of f;, denoted by f, as
follows:

f1(Tx) x €A,
f = fl( -1 ) T e Dv
fi(z) xz € QN\(AUD).

/fuldx—/fluldx

—/ fuldx—/ frurdx
AUD AUD

Thus
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:/A?mdw-l-/A(ulOT)fldx—/Afluldx—/A(ul oT)fdx
:/(uloT—ul)(flff)dx>(52—51)/ fidx > 0.
A A

Therefore [, fuidz > [, fruidz, which contradicts (4.6).

Since s = %, by Lem we know that u; has no level set of positive measure
on F° then by Lemma we infer the existence of an increasing function ¢; such
that ¢1(uy) is a rearrangement of f; on E°. Now we define an increasing function

02 as
0 t< S,
Pa(t) =
o1(t) t> 8.
It is easy to check that ¢o(uq) is a rearrangement of f; on Q. By (4.6)) and Lemma
we infer that f1 = ¢2(uq1), so that we complete the proof. O

Theorem 4.4. Suppose that fo is positive, O(x) = m > 0y and s = 1/2. Then there
exists fo € X(fo) which solves the minimization optimization problem (Opt2), i.e.,

()] = dr = inf dr= inf @
()= [ powsde = int [ pugde= int a()

where uy = uy, .
We need some lemmas before we give the proof of the above theorem.

Lemma 4.5. The functional <I>|M is strictly convex.

Proof. Let g,h € Z(fo) and v € H*(Q2), then for all ¢t € (0,1), we have

Q/Q(tg + (1 H)h)vdz — mljv|

:t(/ﬂ?gvdw—mHvHQ) +(1—t)(/92hvdx—mHv||2).

By (1.4) and (1.5), and taking the superior relative to v € H*(2) in both sides of
the above equality, we obtain

P(tg+ (1 —t)h) < t®(g) + (1 — t)@(h);

that is, the convexity of ® has been proved. Now, suppose that equality holds in
the above inequality for some ¢ € (0,1). Then, denote by u; the solution of the
problem (1.3]) corresponding to tg + (1 — t)h, we have

t(/ 2gu dar — mjug]|?) —|—(1—t)(/ 2huy d — [ )
Q Q

:t(/ 21, dz — mu, ) +(1—t)</ 2hu, d — g ).
Q Q

It follows that

[ 2gude =l = [ 290, do = miju,
Q Q

/2hutdxmeut||2:/2huhdxmeuhH2.
Q Q
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By the uniqueness of the minimizer of the functional J, we must have u; = ug = up.
Moreover, since

m/ / (ug(x) —ug(y))(v(x) _U(y>) d(Edy _ / g(x)v(x)dx, = I{S(Q)7
RN JRN Q

o — gl
m/ / (un(w) = uh(y))lgz(f) — () dx dy = / h(z)v(z)dz, Yve H*(Q),
RN JRN |z — y|NH2s Q
if ug = up, we must have g(z) = h(z) a.e. in Q, and the strict concavity is
proved. O

Lemma 4.6. The functional (I)|W is weakly continuous.

Proof. Suppose {g;} C Z(fo) and g; — g € Z(fo). If u; and u, are the corre-
sponding solutions of (|1.3]) we have

®(9) +/Q2(gz- — g)ugdr = /Q2giugdx — m/ug?
< ®(g;)

= / 2gu;dr — m|u;|| +/ 2(g; — g)u; dw
Q Q

< B(g) + /Qz<gi ~ gJuy d.

We have
lim [ (g; — g)ugdz = 0.

11— 00 Q

We only need to prove that

lim [ (g; — g)uidz = 0. (4.7)
11— 00 Q
Since J(u;) < J(0) =0 and
m
T(us) = S llusll* = Cllgilui],

it follows that {u;} is bounded in H*(2). Hence,

|/Q(gz - g)uidz| < Cllu;|| < C.

Now we can choose a subsequence {uy, } such that

lim | /(gnj — g)Un, dz| = lim sup| (9; — 9)u; dx|.
J— (9] 1—00 Q

Noting that {u,,} is also bounded in H*(£2), going if necessary to a subsequence,
we may assume that u,, — u in H*(Q) and u,, — v in L*(Q) as j — oco. By the
Holder inequality, we obtain

| /Q (gn; — G)ttm, dt| < | /Q (gmy — 9)(um, — w)de| + | /Q (6n, — g)udz|

< g, — gllzzln, — ullze + | /Q (gn, — g)udz| — 0
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as j — 0o. So that
0 < liminf | / (9i — 9)u; dz| < limsup | / (9i — g)uidz| <0,
1— 00 (9] 71— 00 O

which implies (4.7, and then ®(g;) — ®(g). O

Proof of Theorem [[.4} Denote by Z(fy) the weak closure of Z(fy) in L?*(Q), then
Z(fo) is convex and weakly compact in L?(2) by Lemma By using Lemma
and Lemma one can prove easily that ® has a unique minimizer in Z(fy).
Let g € Z(fo) be the minimizer of ®. If g € #(fo) and 0 < t < 1 we have

gt =tg+ (1 —1t)g € Z(fo). By the minimality condition, we have
D(g) < P(g¢)- (4.8)

If ug, ug and u; are solutions of (1.3 corresponding to g, g and g¢, respectively, we
have

up = tug + (1 —t)ugy

Therefore, by (1.4 m and g we have

_u 2
/]RN /RN |aj — Ni-(zys)) dx dy
< /RN /]RN ug _ ug(y)) +( ;Ji)s( ug(z) — ug(y))>2dac dy.

le —y| =

After simplification, we obtain

o(¥)?
e [ e
(ug (@) — ug(y))(ug(x) — ug(y))
< 2t/RN /]RN dx dy

|x— |N+2s

(ug(x) — ug(y))?
dxd
/]RN/]RN \x*le“s S
Letting t — 1, we find

) —u (ug(z) —u g (z) — u
/ / ol d dy </ / g g(y))(ug(z) g(y))dscdy.
RN JRN |3C - |N+2s RN JRN | — y|N+2s

We can rewrite the latter inequality as

/gugdfvS/gugda Vg € Z(fo)-
Q - Q -

Since fo is positive it is easy to deduce that g > 0 a.e. x € Q. By Lemma
we have that each level set of u, has zero measure. By Lemmas and [2.4 ., there
exists a decreasing function ¢ such that ¢ o ug is a rearrangement of g and the

unique minimizer of the linear functional [, gugdz, related to g € # Z(fo). So that
g=¢oug € Z(fo). We complete the proof by letting fo = g. O
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