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ABSTRACT. In this article we show the existence and multiplicity of positive
solutions for the nonlocal problem with a sign-changing weight function,

—(a — b/ |Vul?dz)Au = fx(z)|ul9"%u, inQ,
Q
u =0, on 99,

where € is a smooth bounded domain in R%, a,b > 0, 1 < ¢ < 2. Our technical
approach is based on the variational method.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we are interested in finding the existence of positive solutions to
the nonlocal problem

—M(/ |Vul?dz)Au = Af(z,u) inQ,
Q
u=0, on 01,

(1.1)

where  is a bounded domain in RY with N > 3. When the continuous function
M : RT — RT satisfies certain conditions, has been investigated by many
researchers by imposing different types of hypotheses on f(x,u); see for example
[3, [7, 8 6} 5l @, 10], 12| 15, 11, 14]. However, observing the all above studies, we
see that the function M is assumed to be bounded from below. Recently, Yin and
Liu [13] investigated the existence and multiplicity of nontrivial solutions for the a
nonlocal problem

—(a— b/ |Vul?dz)Au = |ulP~?u, in Q,
Q
u=0, on Jf,

(1.2)

where ©Q is a smooth bounded domain in RY and N > 1,a,b > 0 are constants
and 2 < p < p*. They obtained a nontrivial non-negative solution and a nontrivial
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non-positive solution by using the mountain-pass lemma. Motivated by their work,
we consider the equation

—(a— b/ |Vul|?dz)Au = fr(z)|u|??u, in Q,
Q

(1.3)
u=0, on 9Jf,

where  is a smooth bounded domain in R?, a,b > 0,1 < ¢ < 2, the weight function
fa € L®(R), defined by f = Afy + f—, A > 0, with fi = +max{+f,0} Z0. An
interesting question is whether multiplicity of positive solutions can be established
for . We shall give a positive answer to this question.

Our main existence and multiplicity results for can be stated as follows.

Theorem 1.1. Assume that a,b > 0, 1 < ¢ < 2 and f € L>®(Q). Then there
exists A\ > 0, such that for any A € (0, \,), problem (L.3)) has at least two positive
solutions.

In this article, we use the following notation: The space H}(Q) is equipped with
the norm [|ul|? = [, [Vu[*dz, the norm in L?(12) is denoted by || - ||,. C,C1,Cs, ...
denote various positive constants, which may vary from line to line. We denote by
B, (respectively, 0B,.) the closed ball (respectively, the sphere) of center zero and
radius r, i.e. B, = {u € H}(Q) : ||u]| < r}, 0B, = {u € HY(Q) : ||u]| = r}. Let
S be the best Sobolev embedding constant for the embedding Hg(2) — L5(1Q),
namely

Jo [Vulda

S = i .
u€HF(\{0} ([q |ul®dz)s

2. PROOF OF MAIN THEOREM

2.1. Existence of a first positive solution of (1.3)). We define the functional

a b 1

L(u) = =||ul|* = = u4—f/f,\a: ul9dx.
(W) = 5l = 3l = = [ p@a
A function u is called a solution of (1.3) if u € H}(Q) and for all v € H(Q) it
holds
(a — b||ul?) / (Vu, Vo)dx — / Aa(@)|u|2uv dz = 0.
Q Q

To prove our main theorem, some preliminary results are needed. We first recall
the following lemma from [4].

Lemma 2.1. Letr,s > 1, ¢ € L*(Q) and " = max{t),0} # 0. Then there exists
@o € C§°(Q) such that [, )(x)|po|"dx > 0.

Lemma 2.2. Assume a,b > 0,1 < g < 2 and f € L>®(Q), then I, satisfies the
(PS). condition with ¢ < Z—Z — DX, where

1 1
qg 4
Proof. Let {u,} C H}(2) be a (PS). sequence for I, i. e.,

D= )|f+‘5—q/2|g|(6—q)/6mq_

Iy(uy,) — ¢, Ii(up) — 0, asn— oo. (2.1)
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From (2.1)) it follows that
bllunll* = alfun? / F(@)|un | 1dx
Q

< alfun|? - /Q F—(2)|un|dx

< allun)? + [ f-1S7V2(Q O/ |lu, |,

so that
bllunl*™¢ < allun|® + |f-|S~4/2|Q| =96,
which implies that {u,,} is bounded in H}(2); that is, there is m > 0 (independent

of ) such that |Ju,| < m for every n. Moreover, there exist a subsequence (still
denoted by {u,}) and u, € H}(Q2) such that

U, — u, weakly in H}(Q),
Un — ux  strongly in LP(Q) (1 < p < 6),
Up(z) — ue(z) a.e. in Q

as n — oo. It follows easily from Vitali Convergence Theorem that

fim [ fa (@) dz = / Fa(@)|ua|1da.
Q Q

n—oo

Set w, = u, — ux, then ||w,| — 0. Otherwise, there exists a subsequence (still
denoted by w,,) such that

lim |lw,| =1>0.

n—oo

From (2.1)), for every ¢ € H}(R), it holds
(@=Vlual?) [ (T Vo)t = [ fr@lunlt 2unids = o).
Letting n — oo, by using the Brézis-Lieb’s lemma (see [2]), it holds
(a — bl — blju.||*) /Q(Vu*, Vo)dr — /Q (@) |us| T 2uspdr = 0. (2.2)
Taking the test function ¢ = u, in , it holds
(@ = b0 = bl *) sl * — /Q (@)l |*dz = 0. (2.3)
Note that (I} (up),un) — 0 as n — oo, it holds
alwn I+l |2 = w4 = 26w [ =Bl = | e = of0). (24

It follows from (2.3)) and (2.4]) that

allwa|* = bllwn |* = bllwn*|lusl* = o(1). (2.5)
Consequently 1%(a — b|ju,||?> — bl%) =0, [ > 0, so that
2= =

On the one hand, recalling that ||u,|| < m and using (2.3)), it follows

a b 1
D) = Gl =l = 3 [ . rda
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a 2, Op
= P+ 3Bl = G = ) [ Al s

a
> 2l + ZIQIIU*II2 — A = DI lS7 20| D6 1

»-lk\H

)| f41579/210| O~/ O

Q\HQ\H

a 9, by 2
> el + 2B = A(

%\H

b
= Zlul® 4+ 202 ]|? = DA,

where D = (f — —)|f |S— q/2|Q‘(6 a)/6y4.
On the other hand, by (2.1)) and ., it holds

I (ux)

a b b
= In(un) = 5 [lwn | + ZHwnH4 + §HwnH2llu*H2 +o(1)

1 b
lwall? + 5 (@llwnll* = llwnl*llw]®) + 5 llwnl*[lw* + o(1)

b
= ¢ = Zllwal? + 7 lwnl? w2 + 0(1)
a? a/a b
7_D>\_7<7_ *2) 712 *2
<% 7 (5~ lwl?) + 20w

b
= el + 2] 2 = DA

This is a contradiction. Therefore, [ = 0, it implies that u, — wu, in H} (). The
proof is complete. O

Lemma 2.3. There exist R, p,Ag > 0, such that for each X € (0, o), we have

inf In(u) <0 and 1]
uGBR(O)

wedBr(0) = P
Proof. For u € H(Q), it holds
a b 1
I I 2_ Y 4 _ = q
) = Sllufl® = o llull q/ﬂfx(l‘)IUI da
a b A
> _ 2 _ 4 _ q
> Sl =l =2 | fofultda

a b A _ _
> §IIUH2 - 1||U||4 - E\f+|5 97210 6=/ |y ||

a _ b _ A _ _
||UH""{§||U||2 ¢ — ZHUH4 7 — E|f+|5 4/2|q| (6-0)/6},

1/2
Set h(t) = 2¢2=9 — b44=4 e see that there exists a constant R = ( 242=4) >0
2 1 b(4—q)

such that max;soh(t) = h(R) > 0. Letting Ay = Q‘J?j]?g%, it follows that
I\|jjuj=r > 0 for each X € (0, Ao).
By Lemma [2.1] there exists ¢o € C§°(Q2) C H}(2) such that

/ a(@)|po|?dz > 0.
Q
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Applying the result, it holds

. I\ (tpo)
im
t—0+ t4

= /fA )po|?dz < 0.

therefore, when ¢ is enough small, we have I (tpp) < 0. Thus there exists u small
enough such that I(u) < 0. Then we deduce that

d= inf Iy(u) <0< inf Iy(u). (2.6)
u€BRr(0) u€dBR(0)

O

Theorem 2.4. Assume a,b > 0,1 < q <2 and f € L>®(Q), problem (1.3) has a
positive solution uy with Iy(uy) < 0.

Proof. From ([2.6)), by applying Ekeland’s variational principle in Br(0), there exists
a minimizing sequence {u,} C Br(0) such that

1 1 —_—
Iv(up) < inf  Lv(u)+—, I\(v) > Ix(up) — —|lv—unl, v € Bgr(0).
uGBR(O) n n

Therefore,
I(up) — 0 and Iy(u,) — d.

Since {u,} is bounded and Bg(0) is a closed convex set, there exist uy € Br(0) C
H}(Q) and a subsequence still denoted by {u,}, such that u, — uy in Hg () as
n — 00.

Note that Iy(|un|) = Ix(un), by Lemma[2.2] we can obtain u, — uy in H}(Q)
and d = lim,— o Ix(u,) = In(uy) < 0, which suggests that uy > 0 and uy Z 0.
Since uy € HE(Q), by the embedding theorem we get uy € L°((2). Besides, as
fr € L>=(00), by the regularity of weak solutions, it holds uy € WQE(Q) By the
embedding theorem again, it holds that uy € C1*(Q). Therefore, by the Harnack
inequality, we obtain uy > 0 a.e. in 2. The proof is complete. (]

2.2. Existence of a second positive solution of (1.3).

Lemma 2.5. Assume that A € (0,Ay), for given R, the functional I, satisfies the
following conditions:

(i) IA(U) >0 qu S SR,

(ii) there exists e € H}(Q) such that I(e) < 0 when |le| > R.

Proof. (i) The conclusion follows from Lemma when A < Ag.
(ii) For u € H&(Q)\{O} it holds

e = Sl = 2l = [ @l

at? bt*
< < llu 1> - IIHH4

b Qfr —y _
+Z /Qm(x)nu\ dz — —co

as t — +00. Therefore we can find e € H}(Q2) such that I)(e) < 0 when |le| > R.
The proof is complete. O

It is well known that the function

v =

_ leem) 3
@1 )2 r€eR’ >0
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satisfies
~AU. =U? inR?,

/ ‘U8|6 :/ |VU5|2 = §9/2.
R3 R3

Let n € C§°(€2) be a cut-off function such that 0 <n <1, |Vy| < C and n(z) =1
for |x| < Ry and n(z) = 0 for |z| > 2Ry, we set us( )= ( )Ue(z). Then it holds

el = S3/2 + O(e),
luc| = S3/2 + O(e?).

Lemma 2.6. Assume a,b>0,1<q <2 and f € L*=(Q), it holds
2
sup I (uy + tue) < 2 _ D
>0 4b
Proof. Since uy is a positive solution of (1.3 and Iy (uy) < 0, it holds

I)\(U)\-i-tus)
a 5 b 4 1 q
= §||u,\ + tu||” — f||u,\ + tuc ||t — - f,\(:c)|u>\ + tu.|?dx
a 2 2 4 bt! 4
= Sllurll” +at Q(VuA7Vu5)dx+—||u5|| —*|| Al = = lue|
—bt||u,\|\2/(Vu,\,VuE)dx—th(/(Vu,\,VuE)dx)
Q Q

bt? 1
—fllwll Hus||2—bt?’llust/(VuMVus)d:c—7/ Ialux + tue|?dz
Q

bt bt?
< In(uy) + 7\\%”2 - fll ot - *||UAH [Jue?

# L1 [ o+t =g i)
a,t2 bt t2 tue B
< el = P el = P P+ [ 15 [ o tanfo
Q 0

a 4 t2
AﬁmwrﬂmnrmemwﬂwL@w

Set
at? 2 4 2 q q
9(t) = - [luel] **II |l **IIUAII [ue|® + Ct Qusdx-

We prove that there exist t. > 0 and positive constants tq,ts independent of e, A,
such that sup,~ g(t) = g(t:) and

0<t; <t. <ty <o0. (27)

In deed, since lim;_, o+ g(¢) > 0, lim;—, o g(t) = —00, there exists . > 0 such that

d
QMZWW)W1%MfQ
>0 t
As in [9] it follows that holds. Note that [, uddx < ce?/?, then it holds that

sup Iy (ux + tus) < sup g(t)
t>0
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at? bt

< sup { w2 = - e[ = Collucl|? + Coe/?
156 U2 4
a2

<5t Cse — C18%/2 4 Cype?/?
CL2

<+ (Gt Cy)et? = 1872,

where C; > 0,7 =1,2, 3. Letef)\q when 0 < A < Aq = _C1S*2_ it holds

Co+Cs3+D?
(Cy 4+ C3)A — C15%% < (Cy + C3)A — (Cy + C5 + D)X = —DA.
Consequently, sup;~q Ix(ux + tue) < Z—Z — DA. The proof is complete. O

Theorem 2.7. Assume that b > 0,1 < g <2 and f € L*>®(Q), there exists A\, >0
such that for each A € (0, ), problem (L.3)) admits a positive solution vy with
I)\(U)\) > 0.

Proof. Let A, = min{Ag, Aq, 4bD} then Lemmas !, m and 2 . hold for
(©2)

A < A«. Applying the mountain-pass lemma [I], there is a sequence {u,} C H,
such that
I\(up) —¢>0 and I4(u,) — 0,

where

= inf I
¢ = Inf max L(y()),

I'= {'7 € ¢([o, 1]7H0 (©2)) : 7(0) = up,v(1) = e}'

From Lemma [2.2] {u,} has a convergent subsequence (still denoted by {u,}) and
there exists vy € Hg () such that u,, — vy in Hg (). Moreover, we can obtain vy
is a non-negative weak solution of (1.3) and

In(vy) = nlLH;oI)‘(u”) =c>0.

Therefore, we infer that vy #Z 0. It is similar to Theorem that vy > 0 a.e. in Q.
The proof is complete. O
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