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UNIQUE CONTINUATION OF POSITIVE SOLUTIONS FOR
DOUBLY DEGENERATE QUASILINEAR ELLIPTIC EQUATIONS
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ABSTRACT. We consider quasilinear elliptic equations that are degenerate in
two ways. One kind of degeneracy is due to the particular structure of the
given vector fields. Another is a consequence of the weights that we impose
to the quadratic form of the associated differential operator. Nonetheless we
prove that positive solutions satisfy unique continuation property.

1. INTRODUCTION

This note is a further step in the study of qualitative properties of generalized
solutions of degenerate elliptic PDE’s. Indeed, in the last decades many papers
have been devoted to investigations of qualitative and quantitative properties of
solutions. Among several kind of degeneracy, we focus our attention to the case
where the operator is associated to a non commuting system of vector fields of a
particular kind. Moreover, we also study the possibility of regularity for the weak
solutions where minimal assumptions on the lower order coefficients are assumed
(see [Bl [0l [16] 17, [18]). A different kind of degeneracy has been investigated by
Fabes, Kenig and Serapioni and Gutierrez in [2I] and [25] respectively (see also
[0, 27]). There the degeneracy was given by a Muckenhoupt weight of the class As.
However, degeneracy given by a A, weight is not the only possibility. Studies about
a different kind of degeneracy started in [23] and [24] (see also [10} 1T, T2} 14}, 19} 26] )
where the weight is a suitable power of a function that belongs to the class of strong
Aso weights introduced by David and Semmes in [7].

In this note we prove that the positive solutions of a quasilinear strongly de-
generate elliptic equation satisfy the unique continuation property. To make the
statement precise, we let 2 be a bounded domain in RN (N > 2), let z = (z,y) € RY
and denote points in RY in such a way that z € R® and y € R™, n4+m = N.

Let us consider a quasilinear elliptic equation of the kind

div A(z,u, Vyu) + B(z,u, Vyu) =0 (1.1)
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where A and B are measurable functions satisfying the following structure condi-
tions

Az, 4, )] < aw(2)[|&]? + A2 ()|, [?) T + blufp~!
|B(z,u,6)| < cl|€a]? + N2(@)[€, 217 + dlufP~?
€ Az, u,€) > w(2) |62 + N2 (@) |6, 7% — dlul? .

Here w = v' =%, 1 < p < N, vis astrong Ay, weight, Vau = (V,u(z), Mz)V,u(2))
and A is a function satisfying (H1), (H2), (H3) (see Section 2).

Regarding equation we will show that if u is a non negative solution of
, then u cannot have zeros of infinite order unless it is identically zero in €.

We remark here that the equation we consider is doubly degenerate in the fol-
lowing sense. It is a Grushin operator which exhibits further degeneracy given by
a strong A., weight. Moreover, we assume the lower order coefficients to belong
to suitable Stummel - Kato classes (see Section 4). This kind of assumption is
necessary for regularity of solutions at least in some cases (see []).

We use the following two key ideas. The first is based on a method in [4] to
prove that a suitable power of any positive solution satisfies a doubling inequality.
The other one is the clever use of a Fefferman Poincare’ type inequality

/ V() lu(z)P (=) dz < C / Vau(z)Pwdz, (1.2)
B B

proved in the Section 4 (see also [5], [15] [13]) that is needed in order to handle the
lower order terms. We then get our result because the solution has zeros of infinite
order and, satisfies a doubling inequality at the same time. This is possible if and
only if the solution is identically zero.

2. PRELIMINARIES

To fix the notation we denote by z = (z,y) points in RY, where z and y belong
to R™ and R™ respectively and n +m = N. Let us denote by A = A(x) a function
such that verifies the following assumptions

(H1) A is a continuous nonnegative function vanishing only at a finite number of

points.

(H2) A" is a strong Ao weight (see Definition [2.5)).

(H3) A satisfies an infinite order reverse Holder inequality, i.e. for any xg € R,

r > 0 we have

|z—zo|<r

][ AMz)dz ~ max A(z).
|z—z0|<r

Let u : RY — R be a almost everywhere differentiable function in R"V. We denote its
A-gradient by Vyu(z) = (V,u(z), M(z)Vyu(z)) and |Vaul? = |Vaul> + N2 (2) | Vyul?.

Then, we define the Carnot-Carathéodory metric (C-C metric) p in RY with
respect to V in the following way.

Definition 2.1 (A sub unit curve). An absolutely continuous curve v = (1,72, ..., YN) :
[0, 7] — RY is said to be a A-sub unitary curve if the following inequality holds

(V' (1), 2)? < e + A (), - (O)]yl?
for any z = (x,y) € RY, and almost any ¢ € [0, 7.
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Definition 2.2 (\ Carnot-Caratheodory distance). If 21,25 are points in RY, let
us consider the set of all A-sub unitary curves connecting z; and z,. We set

p(z1,22) = inf{T > 0 : 3 a sub-unit curve v : [O 7] — RY,
such that v(0) = 21 and v(T) = 22 }.

If there are no such curves we set p(z1, z2) = +00.
We denote by B(zg,7) the A Carnot-Caratheodory metric ball centered at zg of
radius r. We also write B or B, if the center of the ball has no relevance.

We recall the definition of the A, and the strong A., weights with respect to the
A metric (see [23] 24]).

Definition 2.3 (A4, weights). Let ¢ > 1 and let v be a nonnegative locally inte-
grable function in RY. We say that v is a weight of the Muckenhoupt class Aq

if
sup / dz / |7 T dz =Cp <+
|B] |B\

the supremum being taken over all Carnot—Caratheodory metric balls B in RV,
The number Cj is called the A, constant of v.

We recall the doubling property.

Lemma 2.4 (Doubling property). Let v € A,. There exists a positive constant ¢
such that for any C-C metric ball B,.,

v(B,) < cv(B,2)-

For a proof of the above lemma, see [3]. Now we give the definition of strong
Ao weight with respect to the function .

Definition 2.5. Let v be a A, weight for some ¢ > 1. For any z1, 23 in RY we set

d(21,22) = inf (/BU(Z) . (CC)dz) 1/N

where the infimum is taken over the C-C balls B such that z;,z5 € B.
For any curve v : [0,T] — R¥, we define its v-length as

p—1
l(y) =liminf » 6(y(tiy1),7(t:))
lo1=0 335
where o = {to,...,t,} is a partition of [0, T].

Then we define a distance d(z1,22) as the infimum of the v-lengths of A-sub
unitary curves connecting z; and zs. If there exist positive constants c¢; and co
such that

c10(21,22) < d(21,22) < c20(21, 22)
we say that v is a strong A, weight for the metric p.

Example 2.6. A strong A, weight is the function v(z) = p(z,20)* with a > 0
and zg € RY (see [24]).

Proposition 2.7. Let 0 < a < 1 and let v be a strong Ao weight. Then the
measure v satisfies the doubling property.

Proof. Since v is a strong A there exists ¢ such that v € A,;. This implies that
v € Ag—1)a+1 and, as a consequence, v* satisfies the doubling property. [
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Lemma 2.8. Let v be a strong Ay, weight. Then for every compact set E there
ezist two positive constant ro and v such that

v(B(z0,7)) <™
for all zo € E and for all0 <1 < rg.

The above lemma is a consequence of [22] Theorem 2.3]. We can define Lebesgue
and Sobolev classes with respect to the strong A., weights.

Definition 2.9. Let v be a strong A, weight and w = v' 7V, Q ¢ RN. For any
u € C§°(Q) we set

1/p
oy = ([ P wlrd) " 1<p <.

We define L2(Q2) to be the completion of C§°(€2) with respect to the above norm.
In a similar way we define Sobolev classes. Let 1 < p < N. For any u € C*(Q) we
set

ol gy = (/Qu(zﬂpw(z)dz)l/]”_i_ (/wa(z)w(z)dz)l/g o

We define Héf}’(ﬂ) to be the completion of C§°(Q2) with respect to the norm (2.1))
and H!?(Q) to be the completion of C*°(Q) with respect to the same norm.

Now, to recall the Sobolev embedding theorem and the representation formula
proved in [24] Theorem I and Corollary 3.2], we need another assumption on strong
Ao weights.

A strong A, weight v satisfies the local boundedness condition near the zeros
of X if the following condition holds

(H4) if A(x1) = 0, then v(z,y) is bounded as © — x; uniformly in y for y in any
bounded set.
Theorem 2.10. Let uy, us € LllOC be positive functions such that ui is doubling,
1 <p<qg<+oo. Assume that there exist positive constants c¢; and co such that,
for all C-C balls By = B(z0,70) and B, = B(z,7) C ¢1 By, we have

r (“1(Br))1/q <ec (UQ(BT))UP
7o \u1(Bo) = " \uy(Bo) ’
where u1(Bo) = [ u1(2)dz.

If there exists a strong A weight w satisfying condition (H4) such that ugw =N~

belongs to the class Ay, with respect to the (doubling) measure wN=D/Ndz then the
following Sobolev-Poincaré inequality hold

1/q 1/p
(f o) <or(f  VagPuseiz)
B(zo,r) B(zo,r)

for any Lipschitz continuous function g, where pu can be chosen to be the uy-average
of g over B(zp,r).

1)/N

If v is a strong Ao weight, by taking u; = us = v*“P/N in Theorem the
result follows by observing that a positive power of a strong A., weight is doubling.



EJDE-2017/158 UNIQUE CONTINUATION 5

Theorem 2.11. Let 1 <p < N and let v be a strong Ay,. If there exists a strong
Ao weight w satisfying (H4) such that v'=P/Nw~N=1/N belongs to A, with respect
to the (doubling) measure wWN=D/Ndz  then there exists a constant ¢ > p such that

1/ 1/
(][ g — u|qv1_p/N(z)dz) qgcr(][ |VAg|pv1_p/N(z)dz) " (22
B(zo0,7) B(zo,m)

for any Lipschitz continuous function g, where ji can be chosen to be the v'—P/N-

average of g over B(zo,T).

Remark 2.12. We stress that if we take the weights v = w = p®(0,2) and the
function A(z) = |z|?, (o, 0 > 0), the assumptions of Theorem are satisfied
(see also [23]).

3. BMO,,, A2(w) AND FUNCTIONS WITH ZEROS OF INFINITE ORDER

In this section we denote by v be a strong Ao weight, 1 < p < N andw = v!~?/N,

Definition 3.1. Let f be a locally integrable function in RN with respect to w. We
say that f belongs to the class BMO,, if
1
su — felw(¢)d( < 40,
w7 [ 110 = Folu(Odc

where the supremum is taken over the balls B.

Definition 3.2. A locally integrable function u such that % is also locally integrable
u belongs to the class As(w) if

1 2
[ 0w [ (e < cn)
for any C-C ball B.

Theorem 3.3. Let u be a function in the class As(w). Then

/ uwszC/ uwdz
B, B,

The proof of the above theorem is similar to that of [20, Theorem 4.5], and is
omitted.

for any C-C ball B,..

Definition 3.4. Let Q be a bounded domain of RY. Let x be a locally integrable
function such that % is locally integrable and u € L%OC(Q). We say that u has a
zero of infinite order at zg € Q if
lim fB(zmg) u(z)p(z)dz
o=0  (u(B(20,0)))*

Theorem 3.5. Let u € LL (), u > 0 a.e. in Q, u # 0. If there exist positive

loc
numbers C and oq such that

/ uwwdz < C/ uwdz
B(z,20) B(z,0)

for any 0 < o0 < o9 and any z € Q then u cannot have zeros of infinite order in €.

=0, Vk>0.
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Proof. We argue by contradiction. Let zg € €2 be a zero of infinite order for wu.
Using Theorem k times, Holder inequality and Lemma k times we obtain

/ uwdz < Ck/ uwdz
B, B

2

— C*w(B, o) 1/(@(By1)”) / o d (3.1)
BT/2;‘A’

B(N—p) »
< Crypoe) (1) 1By ¥ 1/w(B, j50)" / e dz.
2 B, ot
Now, if we choose 8 = logyn—» C, we obtain
/ uwdz < 76(1_7"/]\’)7“5(1\7_”)|Br|5p/Nl/w(BT/2k)5/ uw dz.,
B Br/Zk

from which, as k — oo, we have that ww =0 in B, and, since w # 0, u = 0. (I

4. STUMMEL- KATO CLASSES AND EMBEDDING THEOREM

In this section we give the definition of Stummel-Kato classes with respect to a
strong A,, weight and then prove our embedding result. Our starting point is a
representation formula (see [24, Corollary 3.2]) proved by Franchi, Gutierrez and
Wheeden.

Lemma 4.1 (Representation formula). Let Q be a bounded domain in RY, v a
strong Ao weight satisfying (H4) and u a compactly supported smooth function in
a metric ball B = Bg C ). Then there exists ¢ independent of u such that

()] < e /B IV aul©)lo ¥ (E)k(z, £)de

for almost all z € B, where

HaO=(f o)

1-N
N

Definition 4.2. Let V be a locally integrable function in €, » > 0, and p €]1, N|.
Let v be a strong Ao, weight. We set w(z) = v'~ ¥ (z) and

o(V:r) = sup ( /B 0w /B . VOIRC. wlc)d) ™ de)

z2€Q

We say that V belongs to the class S, (Q) if ¢(V;r) is bounded in a right neighbor-
hood of the origin.

Remark 4.3. If v(z) = 1, AM(z) = 1 and p = 2 the previous definitions give back
the classical Stummel-Kato class (see [I]).

By using the representation formula we now prove an embedding Theorem re-
lated to the Stummel-Kato classes.

Theorem 4.4. Let v be a strong As weight satisfying (H4) and 1 <p < N. IfV
belongs to the class S, (Y), then there exists a constant C' such that Vu € C§ ()

( /B V() u(2) Peol) dz)l/p < ol (v;2R) /B |V>\u(z)|pwdz)1/ RRRY
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where w(z)

of u.
Proof. From the representation formula in Lemma |4.1| it follows that

[ Iv@lu)pats) a:

< [ WEIEP ([ 9@l 0% () de)ul:) dz
—c [ @O [ IV k¢ w) dz) de
<o [ IvtopeFea)

([ ([ weer ke gue) =) v i) "

By considering the last integral we can write

(f |v<z>||u<z>\p*1k<z,f)w(z)dz)”

< ([ weme ””’/W ()P (s, E)wlz) dz

and then, we obtain

[ velroe
< ([ maore-F©a) ([ ([ weomeosow) "

< [ WOz Olutar ol dzvie) de)

[ e a:
= ([ watereF@a) " [ el [ e
< ([ VG £0(6) ) o) de i) =
([ watraterae) ([ ¢ﬁ<v;R>|v<z>|\u<z>|”w<z> a:)”"

/p
fqﬁl/”VR /\vw &) Pw(¢ dg /|v e |pwdz)
from which . 4.1]) easily follows.

=yl-% (2) and R is the radius of a metric ball B, containing the support

’

SO

5. UNIQUE CONTINUATION PROPERTY

In this section we show how to apply the results obtained in the previous section
in order to get unique continuation property for positive solutions of equation .
Let 2 be a bounded domain in RY and A be a function satisfying (H1), (H2), (H3).
Moreover, let v be a strong A, weight satisfying (H4).
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We consider the quasilinear equation
div A(z,u, Vau) + B(z,u, Vyu) =0 (5.1)

where A and B are given measurable functions that satisfy the following structure
conditions

A(z,0,6)| < aw(2)[|€[? + X (@)[&1"T + b(z)lul~!
|B(z,u, )| < e(2)[|Gal® + N2 @)I& 71T +d(z)[ul ! (52)
€-Alz,u,6) 2 W)l + N (@)[&1%])F — d(z)lul”,
where w = v!'"%, 1< p < N.
Definition 5.1. A function u € H}'?(Q) is a local weak solution of in Qif

/A(z,u(z),VAu(z))V,\go(z) dz—i—/ B(z,u(z), Vau(z)) ¢(2)dz=0, (5.3)
Q Q

for every ¢ € Héf(Q)

Theorem 5.2. Let u be a non negative weak solution of (5.1)) that is not identically
zero in §2. Let us assume that the structure conditions (5.2)) hold assuming that

byr/P—1 ,scNP d ~
a€R, (;) (;) =€ 8.(9). (5.4)
Then u has no zero of infinite order in 2.

Proof. Let zg € Q and B(zp, ) be a ball such that B(zg,2r) C Q. Let By, C B(zo,)
and n € WOI”’(Q) be a non negative function supported in Byj,. Using ¢ = nPu!~?
as test function in (5.3) we obtain (see [12])

/np|V,\logu|pwdz§Cl{/ |V>\n|pwdz+/Vnpdz}, (5.5)
Q Q Q
where )
br—1 p
Vel
wr-1 wP

From (5.4) £ € S,(€2) and by Theorem |4.4| we obtain

/ VnPdz < 02/ |Van|Pwdz
Q Q
and then, from (5.5)), we have
/ nP|ValogulPwdz < C’g(p,a,qﬁg,diamQ)/ [VanlPwdz.
Q © Q
Choosing 7(z) so that n(z) =1 in By, 0 <n <1 in By, \ By and |V n| < 3/h, we

obtain
w(Bh)

hp
Therefore, by Poincaré-Sobolev inequality and John-Nirenberg lemma (see
[2]), we have logu € BMO,,.

Then there exists a constant § > 0 such that u® € Ay(w). By Theorem [3.3
u® has the doubling property. Then from Theorem u® and v have no zero of
infinite order. O

/ |[ValogulPwdz < Cy(p, a,pv,diam Q)
By, ¢
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