Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 168, pp. 1-19.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

A BIDIMENSIONAL BI-LAYER SHALLOW-WATER MODEL

BRAHIMA ROAMBA, JEAN DE DIEU ZABSONRE

Communicated by Vicentiu Radulescu

ABSTRACT. The existence of global weak solutions in a periodic domain for
a non-linear viscous bi-layer shallow-water model with capillarity effects and
extra friction terms in a two-dimensional space has been proved in [2I]. The
main contribution of this article is to show the existence of global weak solu-
tions without friction term or capillary effect following the ideas of [20] for the
two dimensional case.

1. INTRODUCTION

The shallow-water equations are usually used to model some natural phenomena
such as ocean circulation, coastal areas, rivers, lakes, avalanches, etc. However in
many situations one layer of shallow-water cannot be used to model the system.
In some cases such as the Strait of Gibraltar it is necessary to consider two layers
of shallow-water system to model the flow. For this purpose many derivations of
bi-layers and multi-layers shallow-water system have been done (see [T, [16] [1]]).

In this article we study the existence of global weak solutions of the bi-layer
shallow-water model derived in [16]. In [21], the authors obtained the existence of
global weak solutions for a 2D viscous bi-layer shallow-water model derived in [I6].
In their work they considered in a periodic domain €2, a system composed of two
layers of immiscible fluids with different and constant densities (p; and pa, resp.)
and viscosities (1 and v, resp.) and imposed v; < vp. The system studied in [21]
reads as follows:

8th1 + div(hlul) = O, (11)
p10t(hiur) + p1 div(hiug @ uq) — 2v1 div(h1D(u1)) + p1ghi Vi
cofB(h1)h .
+ pggh1Vh2 — (1 =+ %) frlC(’U,l,UQ) + Coﬁ(hl)ul (12)

— a1h1V(Ahy) — azhy V(Ahy) = 0;

Ohg + div(hausg) = 0; (1.3)
p20:(haug) + pa div(houg ® us) — 2v9 div(he D(uz)) + p2ghaVhs
+ p2ghaVhy + fric(uy, us) — aghas V(AR) = 0.
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where fric(uy, us) = —c1 B(hi, ho)(u; — us) with
hihsy
B(hy; hs) %h1+%h2.
The drag coefficient B is introduced to control the friction terms at the interface.
In their paper the special feature of their definition of weak solution is based on
the test functions depending on the unknowns used for the momentum equations
namely h;p. This one has been introduced in [5] and allowed them to get the com-
pacticity when height limit vanishes. This particular definition of weak solutions
with test functions he was firstly introduced in [6]. With this particular definition
of weak solutions the author in [12] proved the existence of global weak solutions of
quantum Navier-Stokes equations in 3D. The main idea of his paper is to rewrite
quantum Navier-Stokes equations as a viscous quantum Euler system by means of
the effective velocity.

In [I1], the authors proved the existence of global weak solutions for the com-
pressible quantum Navier-Stokes equations by the use of a singular cold pressure.
In [20] the authors, using the “BD-entropy” obtained the existence of usual global
weak solutions for 3D compressible Navier-Stokes equations with degenerating vis-
cosity. They derived “Mellet-Vasseur” type inequality which allows them to get
global solutions in time.

For some fluids like electrorheological fluids which can change from a liquid like
state to a solid like viscous state, another approach to study the existence of weak
solution was developed in [15] [19].

Our analysis takes inspiration from the work developed in [20]. Our contribution
compared with the work performed in [21] is that we obtain the existence of global
usual weak solutions with test functions independent from the unknowns without
friction term and without any condition on the two viscosities coefficients.

In [2, B] the authors obtained global weak solutions for a 2D shallow-water system
and Korteweg system with diffusion term of ttype vdiv(hD(u)). They proved
that the considered system is energetically consistent without any restriction on
the data. The key point of this proof is based on an estimate of a new entropy,
called “mathematical BD entropy”, which gives a bound of the term Vvh. We
denote that to obtain this result in [2] [Bl [7] it was necessary for the authors to add
linear and quadratic terms of the form rou, rih|uju in the momentum equation.
In [I4] without additional regularizing terms, the authors obtained the existence
of global weak solutions for the barotropic Navier-Stokes equations. They proved
an inequality namely ”Mellet-Vasseur” type inequality and obtained a control on
fQ hl(l + |’U,Z|2) ln(l + |U1|2)d$

In [O) and [18], the authors proved the existence of global weak solutions of a
bi-layers shallow-water model without any friction term but with a diffusion term
of the form vAw. This analysis used the method developed in [I7] and the system
is energetically consistent only for small enough initial data.

Following [20], we add friction terms 7;,u;, 7, hi|u;|>u; and the Bohm potential

term nihiV(A\/‘{Tz) in the momentum equation. Following [2] and [20] the terms
TioWis Tiy hilui|?u; turn out to be essential to obtain the compactness of v/h;u; in

L2(0,T; L3(Q)) and hju; ® u; in L'(Q2). The Bohm potential r;;V(2322) allows

to deduce an estimate on Vhi/ *in L4([0,T) x Q) (see [20]). Another contribution in
this paper is devoted to the convergence when the coeflicients r;,, ;, and &; go to 0
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for bi-layers shallow-water model. We consider in a periodic domain with periodic
boundaries conditions the system

Oth1 + div(hquq) = 0; (1.5)
p10:(h1uy) + p1 div(hiuy @ ug) — 2vq div(hy D(uq))
+ p1gh1Vhy + pagh1Vhe = 0;

O¢ho + div(haug) = 0; (1.7)
p20:(hausz) + p2 div(hous ® uz) — 2vs div(ha D (usg))
+ p2ghaVhse + paghaVhy =0

(1.6)

(1.8)

with initial conditions:
hiji—o = hiy = 0, hiuiji—o = My, (1.9)
for which we assume the following regularities:

hi, € L*(Q), Vhy, € (L*()?, V/hi, € (L*())?
2 (1.10)
'2—' € L'(Q), log_(hi) € L'(Q).
io
for i = 1,2. We denote by D(u) the strain tensor, defined by D(u) = V“%Vt“, and

by A(u), the vorticity tensor such as A(u) = M
The article is organized as follows In Section [2| l we give the definition of global

weak solutions of the system (I -i and we state the results of the existence of
1-

weak solutions for the system (1.4). And moreover we give some Theorems
which are very useful in this current paper. Section[3]is devoted to the construction
of approximate “Mellet-Vasseur” type inequality for any weak solutions. In this
section we show that we can control (uniformly with respect to &;) this quantity,
for any weak solutions of — with x; > 0. In Section {4f we study the limits
as ay; defined in approaches co. On the other hand, Section [5|is dedicated
to the convergence of terms when r¢,, 71, and k; go to zero. In Section |§| we give
the proof of the “Mellet-Vasseur” type inequality. We denote that in this section
we give also the proof of Theorem by recovering the limit from Lemma

2. MAIN RESULTS

We start this section with the definition of weak solutions.

Definition 2.1. We shall say that (hq, ha,u;,us) is a weak solution of (1.1)-(1.4)
if (T.1) and (1.3 hold in (D’(0,7T) x Q)%; (1.9) holds in D'(Q); the following as-
sumptions are satisfied:

h; € L>=(0,T; L*(Q));
Vhi € L2(0,T; (L*(22))?) and \/hyu; € L=(0,T; (L*(2))?);
VhiD(u;) € L*(0,T; (L*(Q))*);
V/h; € L*(0,T; L*(Q)?);

(2.1)



4 B. ROAMBA, J. D. D. ZABSONRE EJDE-2017/168

for any ¢ € C*°((0,T) x Q)2 with (T, -) = 0, (¢ with compact support), we have

T T
- plhloulo(oo(oa ) - / / plhlulat@ - Pl/ /(h1U1 X ul) : D(Lp)
0 Q 0 Q

T 1 T . T

+21/1/ /hl(D(ul):D(@))+§plg/ /h%dwgp—i—plg/ /h1Vh2<p
o Ja 0o Ja 0o Ja

=0

(2.2)
and

T T
— p2hayuz, (0, -) — / / pahoug0rp — Pz/ /(h2U2 ®uz) : D(p)
0o Jo 0o Ja

T 1 T ) T

v [ [ (D) s D)+ gng [ [ Wiviotpag [ [ hae T
0 Q 0 Q 0 Q

=0.

(2.3)
We will prove the following theorem.

Theorem 2.2. There exists a global weak solution (hi,ho,u1,us) of (1.1])-(1.4)
satisfying the entropy inequalities (2.4) and (2.8)).

In this section, we give the classical energy estimate and the “mathematical BD
entropy”. These two inequalities will allow us to prove the main theorem.

Lemma 2.3. Let (hy, ha,ui,us) be a solution of the system (1.1)-(1.4). Then

1 d 1 d
—pi— | h 24 Zp0— | K 249 /h D :D
5P1o ., 1|uq] +2p2dt A o|ug|® + 211 A 1(D(u1) : D(uy))

1 d 1 d
+2V2/ ha(D(uz) : D(u2)) + 59(p1 *PZ)*/ |ha]? + *Pzgf/ |h1 + hol?
o 2 dt o, 2294 |,

<0.

(2.4)
Remark 2.4. From the energy estimate , we deduce the following:
Vhiup € L2(0,T; (L*(Q))?);  Vhaua € L=(0,T; (L*(Q))?); (2.5)
hy € L>®(0,T; L*(R));  /h1 D(uy) € L*(0,T; (L*(Q))*); (2.6)
hy € L®(0,T; L*());  v/ha D(up) € L*(0,T; (L*())*). (2.7)

However, it is well-known that these estimates are not enough to pass to the limit
and get the stability of the system. So we are going to obtain further estimates
from the BD entropy that we state in the following lemma, (see [5]).
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Lemma 2.5. If we assume that (hy, ho,ui,us) is a smooth solution of system

LD-E9). then

1 d 1 d
—pa— [ h 21 Vioghi|>+ =p1— [ h 20,V log hs|?
2p2dt/9 1lpiur + 21 Vilog hq|* + 2p1dt o 2|paug + 205V log hy|

1 d 1 d
+ p1p2 (59(01 — ) /Q [hal* + 5292 /Q |ha + h2|2)

+21/2p1p2/9h2(A(uQ):A(uQ))—FZl/lplpg /Q ha(A(uy) = A(ur))

—|—21/1p1p2g/ |Vh1\2—|—21/2p1pgg/ |Vh2|2+2p2g(pgul+plug)/Vh1Vh2
Q Q Q

<0
(2.8)

Remark 2.6. We would like to point out the boundedness of the ‘non usual’ terms
appearing above.

(1) In the energy equality , it remains to control the four last terms on
left-hand side.

(2) The proof of the previous two lemmas takes inspiration in [21].

(3) The classical energy and the BD entropy allow us to find the estimates:

Vi € L2(0,T; (L3(Q))2);  V/ha € L0, T; (L2(Q))2);

Vhy € L2(0,T; (L*(Q))%);  Vhy € L*(0,T; (L?(2))?). (29)

3. CONSTRUCTION OF THE “MELLET-VASSEUR” TYPE INEQUALITY

Following the idea proposed in [20] this section is devoted to the construction
of an approximation of the “Mellet-Vasseur” type inequality for any weak solution
for the system —, with the initial conditions , verifying in additional
hiy > a% for a; > 0 and \/ﬂuio € L*>(9Q).

Proposition 3.1. For any x > 0 and k > 0, there exists a global weak solution to
the system

8th1 + div(hlul) = 0; (31)
plat(hlul) + p1 div(h1u1 ® ul) — 211 diV(th(U1)) + p1gh1Vhy
AVhy (3.2)

+ P29h1Vh2 + rour + T1h1|u1|2u1 — Iﬁ:h1V( ) =0;

Vhi
Oths + div(hous) = 0; (3.3)
p20¢(haus) + pa div(hous ® ug) — 2v9 div(he D(u2))
Ay )= 0 (3-4)
Vho

+ p2ghaVha + paghaVhy + Foug + 71 he|us|*us — KhaV(
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with the initial data (1.9) satisfying (1.10) and —rg fQ log_ h;,dx < co. In particu-
lar, we have the energy inequality

d 2
£ B(1) + 2m1 /Q hl(D(ul):D(ul))+2u2/ﬂh2(D(uQ):D(ug))+co/ﬂ|u1|

+’I”0/ |U1|2+Fo/ |UQ|2+T1/h1‘U1‘4+’F1/h2|U2|4=O,
Q Q Q Q

where
1 o 1 9 1 9 1 2
Eq(t) = [§P1h1|ul| + g p2haluz|” + 59(p1 — p2)[ha]” + S p2glha + hol
Q
K K
+ 5 IVVP + 51V VRl
and the BD-entropy

d
aEQ(t) +p1p200/ |u1|2 + 2V2p1p2/ hg(A(UQ) : A(UQ))
Q Q

(3.5)

+ 21/10102/ hi(A(uy) = A(ur)) + 2p29(p2vi + P1V2)/ Vhi1Vha
Q Q
(3.6)
—l—m/ h1|V210gh1|2+R/ h1|V?log ha|?
Q Q

+ 21/101029/ [Vha|* + 2V2P1p29/ [Vhs|? =0
Q Q

1 1
EQ(t) = / [gpghl\plul + 21/1V10g h1|2 + §p1h2|p21}2 + 2V2V10g hg‘z
Q
— ’Fo 10g_ h2 — 70 log_ hl + g|V\/ h1|2 + g|V\/ h2|2

1 1
+ P1p2<§g(p1 — pa)|ha > + §P29|h1 + h2|2>]-

The proof of the above Proposition takes inspiration in [2I]. Tt takes into account
the additional terms.

Corollary 3.2. The energy inequalities (3.5))-(3.6|) yield the following new esti-
mates

IVEVV bl o,r, 20 < Cy  IVEVV hall 0.1, 12 (0)) < C, (3.7)
|vroutll 20,120 < Cy  [IVTouzl L2 0,7,02(0)) < C, (3.8)

[ rihiurllpaor,or) < €, IV/Fihauz| Lao,r,La)) < C, (3.9)
[VEV?1og ha |20, 0200y < C,  [[VEV?log hall22(0,1,02(0)) < C, (3.10)
IVVRill L= or2200)) < Co IVVhe2]l L= (o,1,02(0)) < C, (3.11)
H\/EA(ul)”L?(O,T,L%Q)) <C, mA(u1)||L2(O,T,L2(Q)) <C. (3.12)

where C' is bounded by the initial data, uniformly on rg, 7, 71,71, K, and K.

Remark 3.3. (1) The following inequalities hold:
\/EH V h1||L2(0,T,H2(Q)) + 51/4th}/4||L4((]7T7L4(Q)) < (Cy,
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\/E” VhallL20,1,m2(0)) + R1/4|‘Vhé/4||L4(0,T,L4(Q)) < Cy,

where C7 and C5 depend only on the initial data. These inequalities are a conse-
quence of the bound on (3.10))
(2) The inequalities ((3.11) and (2.6) yield
Vhi € L®(0,T; LP(Q)), +he € L>®(0,T;LP()) for p > 1. (3.13)

(3) The weak formulation reads as follows

T T
R (R / / prh1udsp — pr / / (hiur ® ur) : D)
0 Q 0 Q

T T T
—|—r0/ /u1+21/1/ /hl(D(ul):D(w)H—rl/ /h1|u1|2u1<p
0 Q 0 Q 0 Q

T T (314)
—m/ /A\/hl\/hjdiwp—%/ /A\/hlv\/hw
0o Ja 0o Ja
1 T T
+§Plg/ /h%di‘“ﬂ‘f'mg/ /h1Vh2<P=0
0o Ja 0o Ja
and
T T
— p2hayuz, (0, ) —/ /P2h2U23t<P—p2/ /(h2u2®u2) : D(p)
0o Ja 0o Ja
T T T
+770/ /UQ(P+2V2/ / hQ(D(UQ) : D((p)) +’Fl/ / h2|U2|2’LL2Q0
0 Q 0 Q 0 Q (315)

T T
—R/ /Am@dw_%/ /A@W@
0 Q 0 Q

1 T . T
+§P29/ /hngVSDJFP%J/ /hz(SD'Vhl) = 0.
0o Ja 0o Ja

for any function test ¢.

Next we consider €1 =7, €9 =1, 11, =70, T2y =T0, 71, =71, T2, =T1, K1 =K
and ko = K.

Our first main result is the next theorem which gives the “Mellet-Vasseur” type
inequality (see [20]).

Theorem 3.4. For any §; € (0,2), there exists C; depending only on &;, and the
weak solutions (hi, ha,u1,us) to — with k; = 0 verify all the properties of
Proposition[3.1], and satisfy the following “Mellet-Vasseur” type inequality for every
T > 0, and almost every T > t:

/hi(1+ g 2) In(1 + Jus ?)
Q

Rig |uig|* | 1
< [ g fus P+ Py + 6 [ (P2 e o)

+ci/OT(/Q(hf—?)z2%)“(/th(aﬂn(lﬂuﬁ))?),

fori=1,2.
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Remark 3.5. (1) The right hand side constant C; of the above inequality does not
depend on r;, and r;,. This theorem will be crucial to prove the strong convergence
of V/h;u; in the space L?(0,T; L?(Q2)) when r;, and r;, converge to 0.

(2) For a global weak solution of —, under hypothesis of Definition
we need that (3.1)-(3.4) hold in D'([0,T] x ) and the following be satisfied

hi >0, h; € L>(0,T; L*(Q)),
Ry (14 Jug|*) In(1 + |ug ) € L™(0, T; LY(2)),
Vh; € L*(0,T; L*()), V+v/h; € L=(0,T; L*(2)),
Vhiui € L=(0,T; L2()), /hiVu; € L2(0,T; L*()),
As a sequence of Theorem we have the same result as in [20]:
Theorem 3.6. Let (h;,,m;,) satisfy and

/ hio (1 + |ui0|2) In(1+ |ui0\2)d:v < 0.
Q

Then for T > 0, there exists a weak solution of (3.1))-(3.4) on (0,T).

The “Mellet-Vasseur” type inequality does not work for the solutions of —
for k; > 0. The idea is to construct as in [20] an approximation of the
“Mellet-Vasseur” type inequality. We define four C* non-negative cut-off functions
®a, and ¢g, as follows.

1 1
Go;(hi) =1 for any h; > —,  ¢q,(hi) =0 for any h; < 2 (3.16)
(67} Q;
where a; > 0 is any real number, and otherwise, |¢r, | < 2a;; and ¢g, (hs) € C*(R)
is a non-negative function such that

(,2551, (hz) =1 for any h; < ﬁi, (]551 (hz) =0 for any h; > 2/8“ (317)
where 3; > 0 is any real number, and |¢j; | < Bl

We define v; = ¢;(h;)u;, and ¢;(h;) = q’)ai(h;)qbgi(hi). The lemmas will be very
useful to construct the approximation of the “Mellet-Vasseur” type inequality.

Lemma 3.7. For any fized k; > 0, we have
IVvillLz0,15120)) < Ci,
where the constant C; depends on k; > 0, r;,, Bi and o;; and
dyhi € L*(0,T; L8 (Q)) + L*(0,T; L ().

For a proof of the above lemma, see [20]. Following the ideas in [20], we introduce

a new C*(R?), non-negative cut-off function ¢;,(h;) which is given by
1+ |z In(1 + |2]?) if0 < |z| < n,
oy [P BOaP) 0 <o 1s)
(14 8n)In(1 +4n?) if |z| > 2n

where n > 0 are large, and
C.
Pha@)] + 16" @) < 5 for any || > n.
The first step of constructing the approximation of the Mellet-Vasseur type inequal-
ity is the following lemma.
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Lemma 3.8. For the weak solutions to (3.1))-(3.4) constructed in Proposition
and any ;(t) € D(—1,+00), we have

T T
/ Do () hspin (1) dr it — / Gt (00 F da dt
0 Q 0 Q
T
+/O /Qw) (¢l (1)) da dt

where

— ho(h o, AV
Si = higi(hi)(D(ui) + Z\/E)’

F; = hiu;¢)(hi) divus 4+ gh; Vhigi (hy) + h; Vs (hi)D(w) + geihi Vhjo (hy) (3.20)
+ iy i (ha) + 7, halwPuidi (he) + win/hi Vi (hi) Ay hy
+ 203 (i) V/hi AV By,
where 1 is an identity matriz.

Proof. To obtain the result it suffices to multiply equations and by ¢1(h1)
and ¢2(hs) respectively; we have

Or(hivi) — hiuidy(hi)Ochi 4 div(hiu; @ vi) — hiug @ w;Vi(hi) + hiVhigi(h;)

— div (¢ (hi)hiDu;) + hiV i (hi)Du; + 7ig hivii (hs) + 73, hilui|*wi i (i)

+ geihiVhydi(hi) = w5V (Vhidi(hi) A/ i)

+ ki hi Vs (h Af+ 2kipi(h v\FAf =0.

Here we did a successive integration. O

Remark 3.9. Both V+/h; and 9k, are functions, so the above equalities are justi-
fied by regularizing h; and passing into the limit. We can rewrite the above equation
as follows

8t(hﬂ/i) + div(hiui X Vi) —divS; +F; =0 (321)
where S; and F; are as in (3.20), and we used

hiwi @i (hi)O(hi) + hiw; ® wid(hi)Vhy = hyu ¢ (hi)(Oehi + Vh - u;)
= —h2u;d(hy) div ug.

We should remark that, thanks to Corollary [3.2] and Remark

IE5ll 3 o ey S Cor ISillzzo,mizz ) < i,

since v/h;¢;(h;) and h;¢;(h;) are bounded. Those bounds depend on f3; and ;.

We first introduced a test function ;(t) € D(0,+00). Essentially this function
vanishes for ¢ close t = 0. We will later extend the result for ¢;(t) € D(—1,+00).
We define a new function ®; = 9;(t)¢;, (v;), where f;(t,x) = fi * nix(t,2), k is a
small enough number. Note that, since ¢;(¢) is compactly supported in (0,00). ®;
is well defined on (0, 00) for k small enough. We use it to test to have

T
0 Q
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which in turn gives us

T
0 Q

The first term in (3.22)) can be calculated as follows:

A Vi ()@}, (0:) 0 (hiv;) da dt

= / Vi(t) @l (0:) 0 (hiv;) daw dt + / Ui ()P () [0 (Rivi) — Oy (hiy)] da dt
Q Q

=/sz(t)wén(@i)(ﬁt(hi)m+hiat(m))dxdt+R1

T
Q o Ja
where
T [—
o Ja
Thanks to equation (3.1)), we can rewrite the second term in ((3.22)) as follows
T
/ ()l (0 TV gty @ 07) da dit
0 -0 . (3.23)
0o Ja 0o Ja
and
T S —
0o Ja
By (8:22)-(3:23), we have

T T
/ / V()0 (hipin (0;)) dz dt + Ry + Ry — / Vi (1)@ (3;)div S; da dt
0 Q 0 Q

T
o Ja
Notice that v; converges to v almost everywhere and
hipin (0:) 00 — hipin (v:)0s  in L'((0,T) x Q).
So, up to a subsequence, we have

T T
/ / h,@,n(@)atwl dx dt — / / higpm(vi)&gwi dedt as k — 0. (324)
0 Q 0 Q

Since ¢!, (v;) converges to ¢}, (v;) almost everywhere, and is uniformly bounded in
L>((0,T) x ), we have

T T
/ / G ()l (50 F dar dt — / / (e () Fs ask—0.  (3.25)
0 Ja 0 Ja
Noticing that Vv; € L?(0,T; L*(9)), we have
YVu; — Vu; strongly in L2(0,T; L*(Q)).
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Since S; converges to S; strongly in L2(0,T; L?*(Q2)), and ¢;”(?;) converges to
©;” (v;) almost everywhere and uniformly bounded in L*((0,7") x §2)), we obtain

T T
o Jao 0o Jao
which converges to

T
- / / Bit)Si < V(g (0r)) da dt (3.27)
0 Q

To handle R; and Ry, we use the following lemma due to Lions [I3].

Lemma 3.10. Let f € WHP(RY), g € LY(RY) with 1 < p,q < oo, and + +% <1.
Then we have

| div(fg) * we — div(f(g * we))|lLr@ny < Cll fllwre@syllgll a@yy

for some C > 0 independent of €, f and g, r is determined by % = =+ In

addition,

SR

1
P
div(fg) * we — div(f(g *w.)) — 0 in L™(RY)
as e — 0 if r < 0.
This lemma includes the following statement.

Lemma 3.11. Let 0;f € LY (0,T), g € L4(0,T) with 1 < p,q < oo, and %4—% <1.
Then we have

10:(fg) * we — 0t (f(g * we))llzr 0,7y < Cllfllzeco,r)llgllLaco,r)

for some C > 0 independent of e, f and g, v is determined by % = =+ In

addition,

Q=

1

p
O(fg) xwe — 0 (f(g*w.)) — 0 in L"(0,T)

ase — 0 if r < 0.

With Lemmas and in hand, we are ready to handle the terms R; and Rs.
For x; > 0, by Lemma [3.7| and Poincare inequality, we have v; € L?(0,T; L5(f)).
We also have, by Lemma [3.7]

dyhi € L*(0,T; L8 (Q)) + L*(0,T; L ().
Thus, applying Lemma |3.11]

T
Rl < [ [ [og @B - o) de

SC(%’)/OT/Q

By a similar reasoning and using Lemma [3.10] We deduce that Ry — 0 as k — 0.

By (3:24)-(3:25). we have
T T
0 Q 0 Q

(3.28)

ga’(z_)l)[&(hlvl) - at(hﬂji)] drdt -0 ask — 0.

T (3.29)
+/0 /Q%(t)si : V(@h, (v3)) de dt = 0,

for any test function i; € D(0, c0).
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We need to consider the test function ¥; € D(—1,00). For this, we need the
continuity of h;(t) and (v/h;u;)(t) in the strong topology at ¢ = 0. In fact, thanks
to Proposition [3.1] we have

d/hi € L2(0,T; L*(Q)), /hi € L*(0,T; H*(Q)).
This gives us
Vhi € C([0,T]; L(Q)) and  Vv/h; € C([0,T]; L*(2))
thanks to [8, Theorem 3 p. 287]. Similarly, we have
h; € C([0,T); L*(Q)) (3.30)
due to
IVhill20.7:020)) < IVVhill om0 @) IV il L4070 @) -
We have /h; € L>(0,T; LP(Q)) for any p > 1, and hence

Vhi € C([0,T); LP()) for any p > 1. (3.31)
An analogous reasoning as in [20] gives us
Vhiu; € C([0,T]; L*(2)). (3.32)

Indeed: we have

esshmsup/ p|V hiur — \/h10u10|2dx+esslimsup/ p2|\/ haug — \/h20U20|2dx
t—0
<e(t,x) —e(0,z) —|—2esshmsup/ P11V higui,(V higu1, — vV hiu)de
—|—esshmsup/ P2/ hayta, (/ hogtia, — / housg)dx
t

+ ess limsup/ g(p1 — p2)|h1 — h1,y|*da
Q

t—

+ 2ess 1imSUp/ 9(p1 — p2)hi(h1, — ha)dz
Q

t—0

+ ess limsup/ gp2lh1 + he — h1, — h20|2dx
Q

+ 2ess limsup/ gp2(h1 + h2)(hy + hy — hy, — ha,)dx
t—0
3K
- —esshmsup/ IVv/hi — V/hy,|?dzx
Ko
_ 7esshmtw Sup/ \Vv/hy — V\/ha,|*dz
Q

+ 3Ky esslimsup/ V/h1,(Vvhi — V/hi,)dz
Q

t—0
+ ko esslimsup/ V/ha, (Vv he — V/ha, )dz
t—0 Q
where

1
e(t,z) =+ / prhalus]? + poholusl® + g(pr — p2)lhal® + palha + hof?
Q

2
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+ 2/{1|V\/ h1‘2 + 2H2|V\/ h2|2.

We have

3K, ess limsup/ Vv hi, (V\/hj —VVhi)de =0 fori=1,2. (3.33)
Q

t—0

So, using (3.5), and the convexity of h; — h?, we have
esshmsup/ p1| \Ful \/Eu10|2dx—&-esslir;lsglp/ﬂpg\\/aw — \/Eu%Fdx
<2esshmsup/p1\/ﬁu10 \/Eulo \Ful

—|—2esshmsup/ par/ oy tia, (\/ Ty iz, — Vhaug)dz

Following the line of [20] the right terms tend to 0 and we deduce that

esshmsup/ IV higi, — V/hiui)> =0 fori=1,2,

which gives us vh;u; € C([0,T]; L*(2)). By (3.30) and (3.32), we obtain

hrr%) / / iin(vi) dzdt = /hiogom(vio)dx
T T

Considering ([3.29)) for the test function,

Wrs(t) = Ws(t) for t > 7, Pma(t) = (T)é for t <7,

/f/g@ﬂ/hhi%n(w)dxdt/()T/Qwﬂ(t)%n(vi)ﬂ du dt

* /OT/Qw”(t)Si s V(i (vi)) da dt

= M / higom(vi) dx dt.
0 Q

Passing into the limit as 7 — 0, this gives us

/f/ﬂat%his@m(vi)dxdt—/OT/sz‘(t)@;n(vi)Fi dz dt

T
+/0 /sz'(t)sifv(s@;n(vi))dxdt (3.34)
:/ hioyi(0)@in (viy) da dt

0 Jo

we obtain

4. RECOVER THE LIMITS AS «; — 00O

In this section, we want to recover the limits in (3.19) as a; — oo. Here, we
should remark that (hy, ha, u1,us) is any fixed weak solution to (3.1])-(3.4) satisfying
Proposition with x; > 0. For any fixed weak solution (hq, ha, u1, us), we have

¢a,(h;) — 1  almost everywhere for (¢, z),
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and it is uniformly bounded in L*°(2); we also have
ro,¢p, (hi)u; € L*(0,T; L*()),
and thus
Va; = Po,; O, Ui — Gp,u;  almost everywhere for (¢, x)
as a; — 00. By the Dominated Convergence Theorem, we have
Va; — dg,u; in L2(0,T; L*(9)),
as a; — 00, and hence, we have
Pin(Va;) = @in(Pgui) in LP((0,T) x Q)
for any 1 < p < oco. For any fixed h;, we have
¢, (hi) — 0 almost everywhere for (¢, )
as o — oo. for any fixed h;. Since |¢f,, (h;)| < 2a; as % <h; < O% and otherwise,
¢, (hi) = 0, we have
|hidg, (hi)] <1 for all h;.
We find that

//w (hipin(ve) dxdt—>/ /w (hispin (0, (hiYus) de dt

/hz‘o@m(vaio) H/hioSOin(fbm(hio)uio)
Q Q

an

as a; — 0o.
To pass into the limits in (3.34]) as a; — oo, we rely on the following lemma.

Lemma 4.1. If ||laq, |z~ 10 < C, Ga, — a as a; — 00 a.e. for (t,x) in
LP((0,T) x Q) for any 1 <p < oo, f € LY((0,T) x Q), then we have

T T
/ /¢ai(hi)aaifdxdt—>/ /afda?dt as o; — 00,
0 Ja o Ja

/ /|h1¢ i)0a; fldzdt -0 as a; — 0.

and

For a proof of the above lemma see [20]. Now we prove that

T T
/ / Bi(0)Sar  V(pim(va,)) de dt — / / B(0)S < V(e (0, (he)us)) e dt
0 Q 0 Q (41)

as a; — 0o, where S; = g, (hi)hi(D(u;) + ki A\/\{?H) and

T T
| [ otrenta)Fudzdr— [ [ withpinton b Frdzar (@2)
0o Jo 0o Jo
where
+ geihiVh;ds, (hi) + riouids, (hi) + rihilui|*uigg, (hy)

+ ki hiV g, (hi) A/ hi + 26565, (hi) V/ hi AV B,
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For the proof of (4.1)) the reasoning is similarly as in [20]. Concerning (4.2]) we just
notice that h;Vh; € L((0,T) x Q). Letting o; — 0 in (3.34), we have

T T
/ / G hapom (D, (hsus)) dae dt / / D)@ (6, (hiyus) F de dt
0 Q 0 Q
T
+ / /Q Gi()S: = V(e (05, (hiyus)) dad
- /Q i (0)hiopin (65, (hig s, ) da dit

which in turn gives us the following lemma.

Lemma 4.2. For any weak solutions to (3.1)-(3.4) satisfying Proposition we
have

T T
| [ wi0mpnton o dsa— [ [ uet,@atur deas
0 Q 0 Q
T
+ /0 /Q Gi(0)Ss 2 V(! (69, (ha)us)) das it (4.3)

- /Q i (0) ho @ (S5, (i sy ) it

where: S = g, (hi)hs(D(w:) + s 242T) and

+ geihiVhjdp, (hi) + riguids, (hi) + rahilwi | uigg, (hs)

+ ki iV s, (hi) AN/ By + 26565, (h)V /R A/ s,

where I is an identity matrix.

5. RECOVER THE LIMITS AS K;, 75, AND r;; APPROACH 0

The objective of this section is twofold. Firstly, to recover the limits in (4.3)) as
k; — 0 and B; — oo. Secondly, to apply Theorem to prove Theorem by

letting as in [20] r;, — 0 and r;; — 0. We assume that 3; = n;3/4, thus 3; — oo

when k; — 0. First, we state the following lemmas.
Lemma 5.1. Let k; — 0 and 3; — oo, we have
Riw, — hi strongly in L*(0,T; L*(2)),
Vhix, — Vh; weakly in L*(0,T; H'(Q)),

him@in(gbﬁi(him)uim) - hl@ln(ul) strongly n Ll((O,T) X Q)a
Rir, Pin (03 (hin, Vin,) — higi, (ui)  strongly in L*(0,T; L*(2)).
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Lemma 5.2. Let §; = n;3/4, and k; — 0, we have

/T/ |03 (t)[hipin (u;) da dt

T
< 7+‘/ /1/)1 Vh2p),, (u;) d:vdt‘—i—‘/ /Qwi(t)hthjcpgn(ui)dmdt (5.1)
0

+ C/ (§hio|uio|2 + ighfo + [V v/ hio|*)dx + %‘(0)/ hiopin (ui,)dx
0 Q Q

For a proof of the above lemma see [20]. With above two lemmas in hand, we
are ready to recover the limits in as k; — 0 and (; — oo.

Let r; = r;y = 14y, we use (hi', ho?, ul', us?) to denote the weak solutions to
— verifying Proposition with x; = 0. Here, we remark that the initial
data should satisfy the following conditions, more precisely,

hli — h;, strongly in L*(Q),

\/@ Uiy — \/Euio strongly in L*(f)

asr; — 0 and

1s bounded 1n N , i, = 0 a.e. In (),
hi, is bounded in L'(Q) N L*(Q), hy, >0 in

()

N

hi0|ui0|2 = 7;;% is bounded in Ll(Q)7

w0 (5.2)
V/hi, is bounded in L?(Q),

1
2
By (3.5)-(3.6|) one obtains the following estimates:

[ i1 a2 a1+ [ < € < o0
Q

I\ hiiwi | Lo 0,02 < €, hi o 0,m501 L2 (0)) < C,

VR | L20,L2()) < Oy IVA/RT

(5.3)
| 0,m502(0)) < C,
/i Vuit || L2 0,12 0)) < Cs
and by Theorem we have
sup / R |l In(1 + |uff|*)dz < C. (5.4)
te[0,T]

In line with the ideas developed in [20], we have

/ /n|u“|2d:pdt<C / /mh’" ul|*da dt < C, (5.5)

where the constant C' only depends on the initial data and we can pass into the
limits as r; — 0. In particular,

AT — Vhi almost everywhere and strongly in L .((0,T) x ), (5.6)
T — by in CO(0,T; L (9)), (5.7)
h;iz — h? strongly in Li.((0,T) x Q)), (5.8)
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\ Rl — \/hiu;  strongly in L ((0,T) x Q)), (5.9)

- 3
hliul* — hju; strongly in L*(0,T; L} () for p € [1, 5) (5.10)

and the convergence of the diffusion terms
h*Vu.* — h;Vu; inD,
RNVl — hi(V)'u; in D’

For the proof of the convergence of the terms r;u;" and r;h;*|u
r; — 0 we refer the reader to [20)].

6. RECOVER THE LIMITS AS n — 00

We want in this section to recover the “Mellet-Vasseur” type inequality by letting
n — oo. In particular, we prove Theorem [3.4] by recovering the limit from Lemma
In this section, (hi, ho,u1,us) are the fixed weak solutions. Following the ideas
proposed in [20] we only have to control the term

’/OT/Qiljz‘(t)hthjgagn(ui)dmdt’ (i #7)

in the right term of (5.1]) for the other terms the proof is the same as in [20]. We

have
T
‘/ /ﬂ%(t)hthjw;n(ui)dxdt‘
0o Ja

T
< ’/ /wi(t)h¢th<p'i,L(ui)1‘ui|Zndxdt‘
0 Q

T
] [ ] oom It e,
0

where 14 is the indicator function that yields on A and zero outside A. So we have

T
C
‘/ /Qwi(t)hthijn(uz‘)1|ui|zndwdt‘ < —lhillzzo,m5220)) VAl 20,702 (92) -
0
T
[ ] tmThsgtnwi o dod
0 Q
T
< ‘/ /¢z‘(t)thhM§n(uz‘)1|ui\§ndmdt’

2uu;
+C’/ /1/% ]1+l| TQalek1|ul\<ndl'dt’

+C‘/O /Qwi(t)hihj(l-l-ln(l—l-|ui\2)div(ui)l‘ui|§ndxdt‘
< %”hj”Lz(O,T;LQ(Q))||Vhi||Lz(0’T;L2(Q))

+ ClIVRiDuil 20 7@y hall 2o, msna ) 1l s 0 72009

+C‘/()T/Q¢i(t)hihj(1+ln(1+ ws[?) div(w) Ly, <n
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T
) / / Yi(t)hih;(1 4+ In(1 + \ui|2> diV(ui)1|ui\§n dz dt‘
0 Q
T
< C)/ /<1+1n(1"l‘|Ui‘2)hi‘ﬂ)ui‘21‘ui|§ndl‘dt)
0 Q

T
+C"/ /hih§(1+ln(1+\ui\z)lwi‘gnd:pdt‘,
0 Q

where

(1
2]

(3]

(4]

(5]
(6]
(7]

g

(9
[10]
1]
[12)

(13]

14]

(15]

[16]

(17]

T
’/ /hih?(1+ln(1+\ui|2)1|ui‘gnd:z:dt’
0 Q
< Ol hiwil| 20,7522 ) 1Rl L2 0,72 () |1 P 28 (0,7528 ()
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