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EXISTENCE OF SOLUTIONS TO INFINITE ELASTIC BEAM
EQUATIONS WITH UNBOUNDED NONLINEARITIES

HUGO CARRASCO, FELIZ MINHOS

ABSTRACT. This article concerns the existence of unbounded solutions to fourth-
order boundary-value problem on the half-line with two-point boundary con-
ditions. One-sided Nagumo condition plays a special role as it allows an asym-
metric unbounded behavior on the nonlinearity. The arguments are based on
the Schauder fixed point theorem and lower and upper solutions method. As an
application, an example is given with non-ordered lower and upper solutions,
to prove our results.

1. INTRODUCTION

Fourth-order differential equations can model the bending of an elastic beam
and, in this sense, we refer them as beam equations. They have received increased
interest from several fields of science and engineering, either on bounded domains
[3, 5L 8, 20, 21] either on the real line [, [7, 12}, T3], 17, [18].

We study the fully nonlinear beam equation on the half line,

utD(t) = f(tult), o/ (t),u" (t), " (t)), t € [0,+00), (1.1)

where f : [0,4+00) x R* — R is an L'-Carathéodory function, and the boundary
conditions are of Sturm-Liouville type,

uw(0) = A4/ (0) = B, 4"(0)+au"(0)=C, u"(+00) =D, (1.2)

A,B,C,D eR,a<0and v (+00) := lims—, 400 v (2).

The non-compactness of the interval requires delicate techniques to obtain suf-
ficient conditions for the solvability of boundary value problems on the half-line.
As examples, we refer the extension of continuous solutions on the corresponding
finite intervals under a diagonalization process, fixed point theory in some Banach
spaces and lower and upper solutions method (see [2, [4, [T4] 22] and the references
therein). We present here an approach based on an adequate space of weighted
functions.

Lower and upper solutions method is a very adequate technique to deal with
boundary value problems as it provides not only the existence of bounded or un-
bounded solutions but also their localization and, from that, some qualitative data
about solutions, their variation and behavior (see [6l 9] [I5] [16, 19]). In this paper
we use not necessarily ordered lower an upper solutions, generalizing, in this way,
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the set of admissible lower and upper functions. As far as we know, it is the first
time where such functions are applied to boundary value problems defined on the
half line, to obtain unbounded solutions.

An important tool is the Nagumo condition, useful to get a priori estimates on
some derivatives of the solution. The usual growth condition of the Nagumo type
used in the literature is a bilateral one. However the same estimations hold with a
similar one-sided assumption, which allows unbounded nonlinearities in boundary
value problems. Therefore, it generalizes the two-sided condition, as it is proved in
[8, 10].

In short, this work has the following novelties related to the existent literature
in this field:

e The nonlinearity f is an L'-Carathéodory function, allowing discontinuities
in time;

e From the unilateral Nagumo growth condition assumed on f, equation
can deal with unbounded nonlinearities;

e The lower and upper solutions do not need to be well ordered, or even or-
dered, and, moreover, their boundary conditions are more general, making
easier to obtain lower and upper solutions to the problem.

e The non-compactness of the associated operator is overcome by considering
an adequate space of weighted functions.

The paper is organized as it follows: In Section 2 some auxiliary result are defined
such as the space, the weighted norms, the unilateral Nagumo condition and lower
and upper solutions to be used. Section 3 contains the main result: an existence
and localization theorem, where it is proved the existence of a solution, and some
bounds on the first and second derivatives as well. Finally, an example, which is
not covered by the existent results, shows the applicability of the main theorem.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this work we consider the space

(D) (¢
X = {z € C*0,+00) : lim ﬁ% exists in R, i = 0,1,2,3}

with the norm ||z|x := max{||z|o, [|Z|lo, |=”]|0, ||z"]l0}, where

. (@) (¢
w
W@ = sup |2

L i=0,1,2,3.
0<t<too 1 +t3_’|

It can be proved that (X, || - ||x) is a Banach space (see [10]).
The following definition establishes the assumptions assumed on the nonlinearity.

Definition 2.1. A function f : [0,+00) x R* — R is called an L!-Carathéodory
function if it satisfies:
(i) for each (x,y,z,w) € R* |t f(t,z,y, z,w) is measurable on [0, +00);
(i) for almost every ¢ € [0,400), (z,y,2z,w) — f(¢,z,y,2,w) is continuous in
R%;
(iii) for each p > 0, there exists a positive function ¢, € L'[0,400) such that
for all (z,y, z,w) € R* with |(z,y, z,w)||x < p, then

lf(t,z,y,z,w)| < pp(t), ae te]0,+00).
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Solutions of the linear problem associated with (1.1)-(1.2) are defined with
Green’s function, which can be obtained by standard calculus.

Lemma 2.2. Let t3n € L'[0,+00). Then the linear boundary value problem
u®(t) +n(t) =0, tel0,+00), (2.1)

with boundary conditions (1.2), has a unique solution in X. Moreover, this solution
can be expressed as

—aD,, D oo
C—a 2+ =+ G(t,s)n(s)ds (2.2)

—A+B
u(t) + Bt + = c i

where

s3_st st2_at2
Glts)={6 .24 2 2 V=ssst
’ at t
- +§, t < s < +o0.

To apply a fixed point theorem it is important to have an a priori estimation for
u””’. In the literature this bound is obtained from a bilateral Nagumo-type growth.
In this paper it is used a more general one-sided Nagumo condition, which allows
unbounded nonlinearities on (for more details see [L1], 21 23]. Remark that,
as it is proved in [I0] a function can verify an unilateral Nagumo condition but not
a two-sided one.

Let v;,T; € C[0,4+00),7;(t) < T;(t),i = 0,1,2 and define the set

E = {(t, 20, 21,22, x3) € [0, +00) X R* :y;(t) < @y <Ty(t),i =0, 1,2}

Definition 2.3. An L'-Carathéodory function f : E — R is said to satisfy the
one-sided Nagumo-type growth condition in FE if it satisfies either

f(t7x7y7 Z’w) S w(t)h(‘w|)’ v(t’x’y7 Z7w) E E? (2'3)
or
f(tJ w?y7 Z7w> Z _w(t)h(le? v(t7 x7 y? z7w) E E7 (2.4)
for some positive continuous functions v, h, and some v > 1, such that
+oo +oo s
(s)ds < 400, sup Y(t)(1+1t)" < +oo, / ——ds =+o0. (2.5)
0 0<t<+oo 0 h(s)

Next lemma provides an a priori bound.

Lemma 2.4. Let f : [0,+00) x R* — R be an L!-Carathéodory function satisfying

23). or @4), and @35) in E. Then for every r > 0 there exists R > 0 (not
depending on u) such that every u solution of (1.1)), (1.2)) satisfying

Y0(t) < u(t) <To(t),n(t) <u'(t) <Ta(t),72(t) < u’(t) < Ta(t), (2.6)
for t € [0,4+00), satisfies |[u"||o < R.
Proof. Let u be a solution of , such that (2.6)) holds. Consider r» > 0 such
that
C —T2(0), ,C —(0)
S 2Dl

a
By this inequality we cannot have |u"’(t)| > r for all ¢ € [0, +00), because

C —u"(0) C —T5(0), C —7(0)
1
=|——= < .
()] = [ < max {| =22 |22 < (29)
and |u"’(+00)| = |D| < r.

r > rnax{| (2.7)
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If |u"' ()| < r for all t € [0, +00), taking R > r/2 the proof is complete as

u//l t

o= sup | 2( )
0<t<+0o0

If there exists ¢t € (0,+00) such that |u’(t)| > r, then by (2.5) we can take
R > r such that

/I/H

\
< - <R
e <1

Iy(t) v M f Y (t) v }

R
S
2 ds>M {M M —
~/r h(s) 5 fmax 1+0Si1<15)-00 1+tv—1 ! 0<t<4+oo 1 +tv—1

with M 1= supg<;« oo ¥(t)(1+1)” and My := supg<;c 4o %finfogk_,_oo %
Assume that growth condition (2.3)) holds. By ({2.7), suppose that there are .,

ty € (0,+00) such that w"”'(t.) =r, v (t) > r for all t € (¢.,¢4+]. Then

u///(t+) S
——ds =
/u.”’(t*) h(S)

—
* ~
i
>
= =
AR
NI
N
=
w |2
=
=
IS
>
=
=
V2
&
Y
&

() ) [ )
=M(q7oy (1+t*>”+/t* o)

o(t) [T
§M(M1+ sup 2()/ v ds)
o<t<too L+t Jo  (1+8)

< /TR ok

So v’ (t+) < R and as t,,ty are arbitrary in (0, +00), we have u"’(t) < R for all
t € 10,400).

By the same technique as in (28), and considering ¢_ and ¢, such that v (t.) =
—r, u"(t) < —r for all t € [t_,t.], it can be proved that u"/(t) > —R for all
t € [0, +00) and, therefore ||u”'|| < R/2 < R for all t € [0, 400).

If f satisfies (2.4), following similar arguments, the same conclusion is achieved.

(]

Next result will play a key role to apply a fixed-point theorem.

Lemma 2.5 ([I, Theorem 6.2.2]). A set M C X is relatively compact if the fol-
lowing three conditions hold:

(1) all functions from M are uniformly bounded;

(2) all functions from M are equicontinuous on any compact interval of [0, 4+00);

(3) all functions from M are equiconvergent at infinity, that is, for any given
€ > 0, there exists a t. > 0 such that

(@) (@)
‘ Y (t) — lim Y (t)
148377 totool + 377

|<e, forallt >t.,z € M and i=0,1,2,3.
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The functions considered as lower and upper solutions for the initial problem are
defined as it follows.

Definition 2.6. Given a < 0 and A4, B,C, D € R, a function a € C4[0, +00) N X
is said to be a lower solution of problem (I.1)),(1.2) if
aW(t) > f(t,a(t), (t),0” (), (), t € [0,400),
and
a'(0) < B, a"(0)+ad”(0)<C, o"(+00)<D, (2.9)
where a(t) := a(t) — a(0) + A.
A function (§ is an upper solution if it satisfies the reversed inequalities with

B(t) = B(t) — B(0) + A.

We point out that o and 3 need not to be well ordered or even ordered.

3. MAIN RESULT

In this section we prove the existence of at least one solution for problem (|1.1)),
2.

Theorem 3.1. Let f : [0,4+00) x R* — R be an L'-Carathéodory function, and
a, B lower and upper solutions of (1.1]), , respectively, such that

a’(t) < B"(t), Vtel0,+00). (3.1)
If f satisfies the one-sided Nagumo condition (2.3)), or , in the set

4&:{@L%%wﬂﬂQﬂMXR%a@Sxﬁﬁ@ﬂﬂﬂgygﬂw,

o(t) <2< B},

and
flta(t), o (t),
for (t,z,w) fized and a(t
has at least a solution

w) = f(t,z,y,z,w0) = f(t,B(¢), 5'(t), 2,w), (3.2)

Z, 2 t
) <@ < Blt), a'(t) < y < F(), then problem (), (3
u € C*(0,+00) N X and there exists R > 0 such that
at) < ult) < Bt),o'(t) < /(1) < F'(1),
o'(t) <ud"(t) <p'(t),-R<u"(t) < R, Vtel0,+).
Proof. Integrating (3.1) and (2.9), we have o/(t) < #'(t) and @(t) < B(t), for
t € [0,+00). Therefore we can consider the modified and perturbed equation
u® (t) = f(t,00(t, u), 61 (t,u'), Sa(t, u'”), d3(t,u"))
1 u () — Ga(t,u”) (3.3)
TR T - s €0k
where the functions §; : [0, +00) x R = R,j =0,1,2,3 are given by

B(t), =>B(t)
do(t,x)=qw,  a(t) <z <pB(t)
a(t), x<al(t),

BI), ;> I

Gi(ty) =Sy, D)<y <O i=12
a®d(t), yi <o),
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R, w>R
d3(t,w) = < w, —-R<w<R
—-R, w< —R.

For clearness, we do the proof in several steps.

Step 1: Every solution of (3.3]), (1.2]) satisfies o/ (t) < w”(t) < B”(¢) for all t €
[0,+00). Let u be a solution of the modified problem (3.3)), (1.2) and suppose, by
contradiction, that there exists ¢ € (0, +00) such that o (t) > v’ (t). Therefore

: AN/
Oggaw(u (t) —a"(t)) <0.

By (2.9) this infimum can not be attained at 4o0o. If

. Mg\ N oY _ A0
Ll (W) — (1) == 0 (0) — " (0%) <,
then the following contradiction is achieved

0 < u///(0+) _ a///(OJr) _ C—u (O) « (0) -C

1
= —g(u”(O) —a"(0)) <0.
If there is t, € (0,400) then, we can define

: 1 _ 1 o 1 _ 1
omin (u(t) —a(1)) = w7 (L) — o"(t) <0,

with u"(t,) = o/ (t.) and u® (t,) — ¥ (t,) > 0. Therefore by and Definition
[2:6] we get the contradiction
0 <u®(t,) — aP(t,)
:f(t*750(t*7u(t*)) ( u/( *))7 Q(t*vu ( )) 63(t*7 ”/(t*)))
L u(t) = da(te, u(E0)) @)
T+82 1+ Ju’(te) — 62(t*,u”(t*))|
= f(te; 0t ults)), 01 (e, 0 (1)), " (£4), 2 (L))
1 u”’(t,) — o' (t,
1+121+ 15”(35*) - 05’(35*)| — o)
- 1 u’(t.) — o (ts)
T+ () = o(E)]
So u'(t) > &"(t),Vt € [0,400). Analogously it can be shown that u”(t) <

(), ¥t € [0, +00).
As o/(0) < B < f(0) and '(0) = B, integrating on [0, +00),

o/ (t) — o/ (0) = /0 o (s)ds < /O W (s)ds = /() — B

t

+

< 0.
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Step 2: Problem (3.3)), (1.2) has at least one solution. Let us define the operator
T:X — X by

—aD D oo
Coabp | Dy G(t,s)F(u(s))ds,

Tu(t) = A+ Bt+ 3 5
0

with
F(u(s)) := f(s,00(s,u),01(s,u"),d2(s,4u"), 3(s,u""))
1 u”’(s) — da(s,u’)
14821+ [u'(s) — das,u”)|
By Lemma the fixed points of T are solutions of problem , . So it is
sufficient to prove that T has a fixed point.

(i) T: X — X is well defined. Let u € X. As f is an L!'-Carathéodory function,
so, for

p > max{||ul x, [l x, |8l x},
we obtain

Foo +oo 1 u”’(s) — d2(s,u’")
/0 |F(u(5))|ds < /O ¢p(5) + 1+s21+ \u”(s) — 52(s,u“)| s

+oo
1
< —— _ds < +oo,
_/0 ¢p(5)+1+82 s < 400

that is, F is also an L!-Carathéodory function.
By the Lebesgue Dominated Convergence Theorem,

(Tw(t) _ D [* L Glts)

dm o T ), g Fluls)ds
D 1 [+
=5~ 6/0 F(u(s))ds < +o0,
and analogously for
! " "
oyt o T T
t—too 1412 7 t—to0 14t t—+o00 2

Therefore Tu € X.
(ii) T is continuous. For any convergent sequence u, — wu in X, there exists
p > 0 such that sup,, ||us|lx < p, we have

[Tun = Tul| x = max {llTun = Tull, [[(Tun)" — (Tw)',

[(Tun)"” = (Tw)"||, 1(Tun)" — (TU)”'H}
+oo
< M|F (un(s)) — F(u(s))|ds — 0,
0
quadn — 400,
where
G(t,s) 1 0G(t,s)
M= { G, s)
s 052300' 1+3 |’ ogiggoo | 1+t2 0Ot I
1 0%G(t
sup |78G7(2’$)|, 1}.
0<t<too 1+t Ot
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(iii) T is compact. Let B C X be any bounded subset, therefore there is R > 0
such that ||u||x < R for all u € B. For each u € B, one has

[Tu(t)|
Tul| = su <|A|+ |B|+|C —aD|+ |D
ITul = swp S <141+ 1] +1C —aD| +|D)
e |G(t,s)|
+ su L F(u(s))|ds
/0 0<t<5)-oo 1+t3 [F(u(s))
—+oo
<|A|+|B|+|C —aD|+ |D| + M(¢R(s)+—1+52) < +o0.
0

By the same arguments it can be proved that ||(Tu)®|| < +o0, for i = 1,2,3, and,
therefore,

1Tl x = max {[|Tull, [|(Tw)'|l, | (Tw)" ||, [|(Tw)™||} < +o0,

that is, T'B is uniformly bounded.
T B is equicontinuous, because, for L > 0 and t1,ts € [0, L], we have

|Tu(t1  Tu( t2| |A+Bt1+c—2“Dt§+%tif7A+Bt2+c—2“Dt§+%t§
1+¢ 1+~ 1+t 1413
Foo G(t1 8) Gtg
Y _ 7 F d
+/0 ’1+t3 1+13 “ (s))lds
|A+Bt1+c L3 + 218 A+ Bty + S22 13 + 243
- 1+t 1+1¢3

e G(tla ) G(tg,s) 1
+/0 ’ 1+t:i’ B 1+t% |(¢R(S)+1+752)d8—>07

as t; — to. By the same technique one shows that

’ (TU)(i)(tl) _ (TU)(i) (t2){
1437 14t

— 0,

uniformly, for i = 1,2,3, as t; — t».
Moreover T'B is equiconvergent at infinity, because

|1+t3 t_}+ool+t3

Tu(t) lim Tu(t |

<‘A+Bt+c2“Dt2+%t3 D, /+°°G( s) || Did
= 1+ 63 6 T+ glfe)lds
A+ Bt+ 95224+ 243 p > G(t,s) 1
S’ 1+t3 _7’—’_/ |1+t ‘(¢pl )dS_)O

as t — 400, and analogously for

(Tw)D(t) o (Tu) ()

|1+t3—i - Jim 1+t31|%0 as t — +oo.

So, by Lemma [2.5] the set T'B is relatively compact.
As T is completely continuous then by Schauder Fixed Point Theorem, T has at

least one fixed point u € X. (]
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4., EXAMPLE

Consider the fourth-order differential equation
(1+ ) u® (1) = —u() " () — 6" O — et (6t +2 —u"(t)), t>0, (4.1)
with the boundary conditions
u(0) = A, «'(0) =0, u”(0)+au(0)=0, u"(+00)=D, (4.2)

where A > 0, —%§a<0andO<D<6.
We remark that the above problem is a particular case of , with B =
C =0 and
—xw — 6le¥ —e (6t + 2 — 2)
14 ¢2
Moreover the functions a(t) = 0 and () = t3+t2—1 are, respectively, non ordered

lower and upper solutions for (4.1)), (4.2)), with @(t) = A and B(t) = > + % + A,
(2.3}

flt,z,y, z,w) = . (4.3)

f satisfies the Nagumo condition ([2.3]) with
1

’(/)(t) = m,l <rv < 2,h(|’l,UD = 1,

on

Ey = {(t,x,y,z,w) €0, +o00) xR : A<z <34+t + A, 0<y <3t +2t,

0§z§&+2}

and satisfies the assumptions of Theorem
Therefore, there is at least a non trivial solution w of (4.1]), (4.2)), and R > 0,
such that

A<ult) <P+ + A, 0<d/(t) <3t 421,
0<u’(t) <6t+2, [u”llo <R, Vte0,+o0).

We remark that, this solution is unbounded and, from the location part, we notice
that u is nondecreasing and convex. It is important to stress that the nonlinearity
does not satisfy the usual two-sided Nagumo-type condition. In fact, if there
exist 1o, ho € C(R,RT) satisfying

\f(t,$7y,27w)| < wO(t)hO(WD, V(t,x,y,z,w) € EO’

with f0+°° Fio(s @8 = +00, then, in particular,

_f(t7$7yaz>w) S w()(t)h’o('wD’
and, for t € [0,+00), 2 =1,0 <y < 3t2 +2t, 2 =6t + 2, and w € R,
w — 6|e"
—f(t,1,y,6t +2,w) = % < Po(t)ho(|w]),

For 1o(t) = 1/(1+t?) we have |w — 6|e® < ho(|w|) and the following contradiction

holds
/+°° s d too g d
+00 > ——ds > / ——as = +o0.
o (s—06)es o ho(s)
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