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QUALITATIVE PROPERTIES OF A THIRD-ORDER
DIFFERENTIAL EQUATION WITH A PIECEWISE
CONSTANT ARGUMENT

HUSEYIN BEREKETOGLU, MEHTAP LAFCI, GIZEM S. OZTEPE

ABSTRACT. We consider a third order differential equation with piecewise con-
stant argument and investigate oscillation, nonoscillation and periodicity prop-
erties of its solutions.

1. INTRODUCTION

For many years, oscillation, non-oscillation and periodicity of third order differ-
ential equations have been investigated. Kim [I5] studied oscillation properties of

the equation
1

v +py" +ay +ry=0,
where p, ¢ and r are continuous on an interval. Tryhuk [24] established sufficient

conditions for the existence of two linearly independent oscillatory solutions of the
third order differential equation

y" +pt)y +q(t)y =0.

Cecchi [6] investigated the oscillatory behavior of the linear third-order differential

equation of the form
"

y" +p@)y +q(x)y =0,
where the function p(z) changes sign on the positive z-axis. Parhi and Das [I8]
considered the equation

(r(t)y") + q(t)y' + pt)y = F(t),

and gave necessary and sufficient conditions for the existence of nonoscillatory or
oscillatory solutions of this equation. In [I9], they also investigated oscillatory and
asymptotic properties of solutions of the equation

y" 4+ a(t)y” +b(t)y' + c(t)y =0,

where a € C?, b € C', c € C°, a(t),b(t),c(t) < 0 eventually and b(t) # 0,c(t) # 0
on any interval of positive measure. The oscillation of the solutions of

b (a®)y'(®)) + (a®y@) + )y’ (t) =0
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and

b (a®)y' 1)) + a®)y(t) + e()y(r(t) =0
was studied in [§] by Dahiya. Adamets and Lomtatidze [I] analyzed oscillatory
properties of solutions of the third-order differential equation u” + p(t)u = 0,
where p is a locally integrable function on [0, 00) which is eventually of one sign.
Han, Sun and Zhang [I3] deduced new sufficient conditions which guarantee that
every solution x of the delayed third order differential equation

(x(t) — a(t)z(7(1)))" + pt)z(d(t)) =0
is either oscillatory or tends to zero. In [J], the authors stated necessary and
sufficient conditions for the oscillation of the third-order nonhomogenous differential
equation
v +alt)y” + b)Yy + c(t)y = f(1),

under certain conditions given in terms of differentiability, continuity and signs of
the coefficient functions and their derivatives. [10] was dedicated to studying the
nonoscillatory solutions of the equation with mixed arguments

(at)(@'()")" = a(t)f(x(r())) + p(t)g(z(o (1)),
where 7(t) < t, o(t) > t. In 2015, Bartusek and Dosld [2] gave conditions under
which every solution of the equation
2 (t) + q(t)x' () + )|z (t) sgnz(t) =0, t >0,
is either oscillatory or tends to zero. They also studied Kneser solutions vanishing
at infinity and the existence of oscillatory solutions. Shoukaku [21] considered

y"'(t) = a(t)y" (t) = b(t)y'(t) - Z ci(t)y(oi(t)) =0

i=1
using Riccati inequality. Ezeilo [I1] studied the equation
2"+ ax” + ba’ + h(z) = p(t),

where a,b are constants, p(t) is continuous and periodic with least period w. Us-
ing the Leray-Schauder technique, under certain conditions on a,b, h,p, the au-
thor guaranteed the existence of one solution of this equation with least period w.
Tabueva In [22] studied the existence of a periodic solution of

2"+ az” + B2 +sinz = e(t).
Ezeilo [12] showed that the equation
e + ()" + ¢(x)a’ + 0(x) = p(t) + q(t, x,2')
has an w-periodic solution, where v, ¢, 8, p and ¢ are continuous in their respective
arguments and p,q have a given period w, w > 0, in ¢. In 1979, Tejumola [23]
proved the existence of at least one w periodic solution of the third order differential
equation
o + f(a)a" + g(x)2’ + h(x) = p(t, z, 2", 2"),
where p is w-periodic in its first argument. In [25], the author gave a theorem
on the existence of 27-periodic solutions of the nonlinear third order differential
equation with multiple deviating arguments

etz (£)+ ) fai(@D) 40DV (=7 4 g(t (t =7 (t), 2 (t—73)) = p(2),
=0
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where a;,b;(i = 0,1,2) and 7;(i = 0,1,2,3) are constants, k is a positive integer.
Chen and Pan [7] proved sufficient conditions for the existence of periodic solutions
of third order differential equations with deviating arguments of the type

() + ax” (t — 72(t)) + bz’ (t — 71 (t)) + cx(t) + f(t, x(t — 7(1) = p(t).

As far as we know, there are some papers on the third-order differential equa-
tions with piecewise constant arguments. The oldest one was published in 1994 by
Papaschinopoulos and Schinas [I7]. They considered the equation

t+1

(y(®) +py(t = 1)" = —ay(2[—~-])

and proved existence, uniqueness and asymptotic stability of the solutions. Here
t € [0,00), p, q are real constants and [-] denotes the greatest integer function. Liang
and Wang [16] stated several sufficient conditions which insure that any solution of
the equation

(r2()(r1()2"(1))") + p(D)2' () + f(£,2([t])) =0, t=0

oscillates or converges to zero. Shao and Liang [20] established sufficient conditions
for the oscillation and asymptotic behaviour of the equation

(r(®)z" (t))" + f(t,2([t])) = 0.
In [5], the authors showed that every solution z(t) of a third-order nonlinear differ-
ential equation with piecewise constant arguments of the type

(r2(t)(r1(t)2"())') + p(t)2'(t) + f (¢, z([t — 1])) + g(t, z([t])) = 0
oscillates or converges to zero, where t > 0, r1(t), r2(t) are continuous on [0, c0)
with 71 (t), r2(t) > 0 and 7} () > 0, p(t) is continuously differentiable on [0, co) with
p(t) > 0.

On the other hand, the first and third authors considered an impulsive first
order delay differential equation with piecewise constant argument in [I4]. They
investigated its oscillatory and periodic solutions. Then in [3], the same authors
studied the oscillation, nonoscillation, periodicity and global asymptotic stability
of an advanced type impulsive first order nonhomogeneous differential equation
with piecewise constant arguments. Also, in 2011, oscillation, nonoscillation and
periodicity of a second order

2" (t) — a®x(t) = ba([t — 1]) + ca([t] + dz([t + 1]
differential equation with mixed type piecewise constant arguments were investi-
gated [4].

In this paper, we extend our results on oscillation, nonoscillation and periodicity
of solutions to first and second order linear differential equations with piecewise con-
stant arguments to a third order linear differential equation with piecewise constant
argument. For this purpose, we consider the following third order linear differential
equation with a piecewise constant argument

2" (t) — a*2'(t) = bx(t — 1)) (1.1)
with the initial conditions
z(—=1) = a_1,2(0) = ag,2'(0) = a1, 2" (0) = az, (1.2)

where a # 0 and a,b, a_1, agp, a1, a5 € R.
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2. EXISTENCE AND UNIQUENESS

First we give the definition of a solution to (1.1). Then we use the technique in
[26] to investigate the solution of this equation.

A function x(t) defined on [0,00) is said to be a solution of the initial value
problem 7 if it satisfies the following conditions:

(i) z is continuous on [0, c0),
(ii) 2 exists and continuous on [0, c0),
(iii) 2" exists on [0,00) with the possible exception of the points [t] € [0, 00),
where one-sided derivatives exist,
(iv) z satisfies on each interval [n,n + 1) with n € N.

Theorem 2.1. Equation (L.1) has a solution on [0, c0).
Proof. Let z,(t) be a solution of ([1.1) on the interval [n,n+ 1) with the conditions

z(n) =cp, z(n—1) =cp_1, 2'(n) = dp, 2"(n) = e,.

Then (1.1]) reduces to
2" (t) — a®a'(t) = bax(n — 1).

The solution of the above equation is found as
b
Ty (t) = Kn + Ly cosha(t —n) + My, sinha(t —n) — —tz,(n — 1) (2.1)
a
with arbitrary constants K, L, and M,. Writing t = n in (2.1), we obtain
b
cn =K, + L, — ?ncn,l. (2.2)

If we take t = n in the first and second derivatives of (2.1)), respectively, we find
dp, b en

Mn = ; + Ecn_l, LTL = ? (23)
From (2.2) and (2.3),
n b
K, =c¢,— 2—2 + ~37Cn—1 (2.4)
is obtained. Substituting (2.3)) and (2.4)) in , we have
o (t) = -1+ cos};a(t —n) o + sinha(t — n) i+ e
a a (2.5)
b b b .
+ [?n — a—Qt + e sinha(t — n)]c,—1.
First and second derivatives of (2.5 are found as
inh a(t — b b
x(t) = wen + cosha(t — n)d, + [— cosha(t —n) — —Jcn-1, (2.6)
a a
b
zh(t) = cosha(t — n)e, + asinha(t — n)d, + — sinha(t — n)c,_1. (2.7)
a

Writing ¢t = n + 1 in (2.5), (2.6) and (2.7), it follows that

sinh a cosha 1 bsinha b
Cn+l = Cn + dn + (7 - aﬁ)en + ( e - ?)Cn—la (28)
inh b cosh b
dpi1 = (cosha)d, + S aen + (( C?; ¢ _ g)cn_l, (2.9)
bsinh
én+1 = a(sinha)d, + (cosha)e, + S acn_l. (2.10)

a



EJDE-2017/193 THIRD-ORDER DIFFERENTIAL EQUATIONS 5

Now, let us introduce the vector v, = col(cy, d,, e,) and the matrices

1 sinh a cosha _ 1 bsinha _ b 0 0
2 ag@inh a a? bcg:ha 0?12
A=10 cosha Sl , B= e _ 0 0
0 asinha cosh a % 0 0
so we can rewrite the system ([2.8)-(2.10) as
Upt1 = Avp + Bug,_1. (2.11)

Looking for a nonzero solution of this difference equation system in the form of
v, = kA", with a constant vector k, leads us to

det(\I — XA — B) =0,
and characteristic equation

b b
A (=1 —2cosha)\® + (1 + — — —zsinha + 2 cosh a)\?
a®  a

(2.12)

b — isinha) =0.

2b 2b .
+(-1- Ecosha—l— a—Bsmha))\—i- (ﬁ e

Assuming that these roots are simple, we write the general solution of (2.12]),
Uy = )\?kl + )\gkg + /\gk’g + /\2]{14, (213)

where v, = col(cy,, dn, €,) and k; = col(k;;), i = 1,2, 3,4 which can be found from
adequate initial or boundary conditions. If some A; is a multiple zero of (2.12)),
then the expression for v, also includes products of A7 by n, n? or n3. Finally,

the solution z,(t) is obtained by substituting the appropriate components of the
vectors v, and v,_1 in (2.5). O

Remark 2.2. From (2.8)), (2.9) and (2.10)), we obtain
- a(l + cosha)
sinh a

Cn+2 Cn+1

"~ 9sinha
N (—a® — 2a® cosh¢.z — ab+ bsinha) . (2.14)
2a? sinh a
ab + 2abcosh a — 3bsinh a
2a? sinh a
—a? a?cosha
2(1 — cosha) Cnt2 + 1—cosha ™!
_ (=a® 4 2a® cosha + ab — bsinha) o (2.15)
2a(1 — cosha)
ab — 2abcosh a + bsinh a

2a(1 — cosh a)
Substituting (2.14) and (2.15) in (2.8)), gives us the difference equation

b b
Cnts + (=1 —2cosha)epio + (1 + ol sinha + 2 cosha)c,41

Cn—1,

€p =

Cp—1-

2 2% boob - (2.16)
+(-1- 2 cosha + e sinha)c,, + (E 3 sinha)c,—1 =0

whose characteristic equation is the same as (2.12).
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Theorem 2.3. The boundary-value problem for (1.1) with the conditions
z(—1) =c_1,2(0) = cg,z(1) = c1,2(N — 1) = cn-1 (2.17)
has a unique solution on 0 <t < oo if N > 2 is an integer and both of the following

hypotheses are satisfied:

(i) The roots of Aj (characteristic roots) are nontrivial and distinct,
(i) AN A2A3AL(=AIA A + AaAAZ + A2A A3 — A A203 — A A2 + A 002)
+ A A AL (AIA A3 + A3 + A2 a3 — A2h2A3 — AaddAs + A A3)s)
=+ )\1)\2)\3/\;]1\[(—)\4)\%)\Q + )\4)\1)\% + )\4)\%)\3 — )\4)\%)\3 — )\4)\1)\% + )\4)\2)\3)
+ )\1A§V)\3)\4(—)\i)\1)\2 + )\4)\%)\3 + )\Z)\Q)\;), — )\%)\2)\3 — )\4)\2)\% + )\1)\2)\%)

Proof. The first row of the vector equation (2.13)) gives us
Cp = )\?kll + )\gkgl + )\gkgl + )\Zk41. (218)

We get following system by applying the boundary conditions (2.17)) to (2.18]),
respectively.

M Yei Ay Yo A3 ks A Tk = e, (2.19)

k11 + k21 + k31 + ka1 = co, (2.20)

Atk + Aakar + Asks1 + Aakar = e, (2.21)
ATy A+ N T ey A T sy A MY T e = envy (2.22)

From hypothesis (ii), the determination of the coeflicients of this system is different
from zero. Hence, we can find k;; and also ¢,, uniquely. Furthermore, once the values

¢n, have been found, we calculate d,, and e, from (2.14) and (2.15), respectively.
Substituting ¢, d,, e, in (2.5, the unique solution x,,(t) is obtained. O

The following four theorems depend on the characteristic roots. Their proofs are
omitted because they are very similar to the proof of Theorem

Theorem 2.4. Let us assume that all characteristic roots are nontrivial and two
of them are equal (A1 = \2), others are different from each other (As # Ay). If

AN [(1 — N)AAA] + (N = 2)ATA30\] + NAIAZ + (2 — N)AIAIN,
CNA2A (N — 1)>\1)\§)\4]
# A5 A1 AsA] — 20437 4+ AfAsAa] + AL [2ATA50 — A A3 — AP As Ay,

then the boundary-value problem for (L.1)) with the conditions (2.17)) has a unique
solution on [0, 00).

Theorem 2.5. If the characteristic roots \; are nontrivial, A1 = A2, A3 = Ay and
AV [(N — A2y +2(1 = N)M A2 + NAg]
#2[(2= M)A+ 2(N = DARA + NAY),

then the boundary-value problem for (L.1)) with the conditions (2.17)) has a unique
solution on [0,00).
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Theorem 2.6. If the characteristic roots \; are nontrivial, A1 = Ao = A3 and
AN [(—N2 3N — 2)A3Ng + (2N2 — 5N + 2)A2X2 + (2 — N)AIA2Z
(N2 £ 2N — DM + (N — 1))\{’)\3} £\ [A?Az - /\i')\g},
then the boundary-value problem for with the conditions has a unique

solution on [0, 00).
Theorem 2.7. If \y =Xy =A3=Xy =\ and
2N —3N? 4 N3 + (=2N +3N? — N®)\? £ 0,
then the boundary-value problem for with the conditions has a unique

solution on [0,00).

3. MAIN RESULTS

This section deals with the oscillation, nonoscillation and the periodicity of the
solutions of (|L.1]). Also, we give an example to illustrate our results.

Theorem 3.1. If
0< i < 1+ 4cosha
a? " 2cosha—2’
then there exist oscillatory solutions of (1.1)).
Proof. Equation ([2.12)) can be written as a polynomial of A,
FO) =AY+ BiXA% + 82X + B3 + B, (3.1)

where
(1= —1—2cosha,

b b
ﬂ2:1+—2 ——Bsinha—i-Qcosha,
a a

2b 2b 3.2
ﬁg:—l—ﬁcosha+a—z)’sinha, (3:2)
b b .
64 = ? — G?Slnha.

To prove the oscillation of solutions, we need to show that there exists a unique
negative root of the characteristic equation . For this reason let us take the
polynomial

F(=X) =M = BN + BoX® — B3A + B

Now, if hypothesis is true, then we find that
B <0,82>0,0 <0,04 <0.

By using Descartes’ rule of signs, we conclude that there exists a unique negative
root of (2.12). Let us take A; as this root. Now, consider the following boundary
conditions

z(0) = co, x(=1) = c_1 = coA7 L, (1) = ¢1 = coA1, 2(2) = c2 = coAl.
Applying these conditions to 7 the coefficients k;1, 1 = 1,2, 3,4 are found as
ki1 =co, k21 =ks1 =ks =0
and therefore, becomes ¢, = z(n) = cpA}. Since A\; < 0, we see that

z(n)x(n +1) = M2\ < 0,¢0 £ 0



8 H. BEREKETOGLU, M. LAFCI, G. S. OZTEPE EJDE-2017/193

and so the solution z(t) of (1.1]) has a zero in each interval (n,n+1). So there exist
oscillatory solutions. ([

Theorem 3.2. If
0<b< a3(1.—|— 2cosha)
sinha —a

or

a3

< 2(sinha — acosha)

is satisfied, then there exist nonoscillatory solutions of (|1.1)).

Proof. From (3.3), we have 51 < 0,02 > 0,083 < 0,04 < 0. Also, we obtain
B1 < 0,082 > 0,83 > 0,84 <0 by using (3.4) where 31, 32, 33, B4 are given by (3.2).

So, from Descartes’ rule of sign, if any of the above conditions is satisfied, then
we obtain that the characteristic equation (2.12)) has at least one positive root.
Therefore, there are nonoscillatory solutions of (1.1)). O

Theorem 3.3. If

a3(1 + 2cosha)
sinha —a

then there exist both oscillatory and nonoscillatory solutions of .

Proof. Condition (3.5) implies that 8; < 0, 82 < 0, 83 < 0, B4 < 0, where 1, 5,

B3, B4 are given by (3.2]). Hence, from Descartes’ rule of sign, we conclude that
there exists a single positive root of . So, the other roots are negative or
complex. Positive root generates nonoscillatory solutions, and others give us the
oscillatory solutions of . (Il

b> , (3.5)

Theorem 3.4. A necessary and sufficient condition for the solution of problem

(LI)-(T-2) to be k periodic, k € N — {0}, is
c(k) =¢(0), c(k—1)=c(-1), d(k)=d(0), e(k)=e(0). (3.6)
Here {c(n)}n>_1 is the solution of with the initial conditions
c(-1)=a_1, ¢0)=ay, d0)=ai, e0)=a.

Proof. In this proof, we use technique in [14]. If 2(¢) is periodic with period k, then
x(t+ k) = x(t) for ¢t € [0,00). This implies that the equalities (3.6]) is true.
For the proof of sufficiency case, suppose that (3.6]) is satisfied. From ([2.5)),

—1+ cosha(t — k)e n sinha(t — k)
= k

.%‘}g(t) 22 4 di + ¢y,
b b b (3.7)
+ (?k — —t+ —sinhaf(t - k))c,H, k<t<k+4l,
—1 hat inh at
xo(t) _ —|—0208 a eo + sinh a do + co
a a

b b
+ (— —t+ —3sinha?f)c_17 0<t<l.
a a
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So zi(t) = zo(t — k), k <t < k+ 1. Moreover

T4 (1)
—1+cosha(t—(F+1 sinha(t — (F+1
_ (=), | sihal—(keD), o)
a? a
b b b .
+ (?(kﬂ)— ?t—k@smha(t—(k—kl)))ck, k+1<t<k+2,
-1 ha(t—1 inha(t —1
1(t) = +0052a( )€1+Sm a( )d1+cl
a a
b b b (3.10)
+ (ﬁ -t gsinha(t —1))cy, 1<t<2
To show that
Tpr1(t) = z1(t — k), (3.11)

we need to show that
clk+1)=c(l), dk+1)=d(1), e(k+1)=e(1). (3.12)
For this purpose, by using the continuity at ¢ = k + 1, we obtain
rp(k+1) =apa(k+1), k<t<k+1

Here, zi(k+1) and z41(k+ 1) are obtained by taking ¢ = k41 in (3.7) and (3.9)),
respectively. Hence

-1 h inh -b b
2k +1) = +(2;os aekJr Sin akorckJr (—2+—3sinha)ck_1 (3.13)
a a a a
where z(k + 1) = zg41(k + 1).
By using the same procedure at ¢t = 1, we find
—1+cosha sinha —b b .
z(1) = 5 eo + do + Co(ﬁ + pe; smha)c,l. (3.14)

a a

Considering (3.6]) in (3.13) and (3.14), we obtain x(k + 1) = x(1), that is
c(k+1) = c(k).

Taking the derivatives of (3.7)) and (3.8]) gives us

inha(t — k
xy(t) = wek + cosha(t — k)d
b b (3.15)
+ (? cosha(t — k) — a—2>ck,1, E<t<k+1,
inh at b b
2(t) = sinha eo + (coshat)dy + (—2 coshat — —2>c,1, 0<t<l1. (3.16)
a a
Using continuity at ¢t = k+ 1 and ¢t = 1 in (3.15]) and (3.16)), we find
inh b b
2 (k+1)= Sl aek + (cosha)dy + (—2 cosha — —Q)Ck_l, kE<t<k+1,
a a a
(3.17)
inh b b
(1) = sma Lo+ (cosha)dg + (ﬁ cosha — ﬁ)c_l’ 0<t<l. (3.18)

Considering (3.6]) in (3.17) and (3.18)), we have z/(k + 1) = 2/(1) i.e.
d(k+1) =d(1).
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Similarly, from the continuity at t = £+ 1 and ¢t = 1 in the following derivatives
b

z}(t) = (cosha(t — k))er + a(sinha(t — k))dy + —(sinha(t — k))cx—1, k<t <k+1,
a

z((t) = (coshat)eg + (asinhat)dy + S(Sinh at)e_1,0 <t <1,
of and (3.16), we obtain e(k + 1) = e(1). Therefore, we find (3.12). By
induction, gy, (t) = z,(t — k). O
As an example we consider the differential equation
2" (t) —2'(t) = (0.1)x([t — 1]), (3.19)

which is a special case of (|1.1)) with a« = 1, b =0.1. Tt is easily checked that (3.19)
satisfies the condition of Theoremm Thus there are oscillatory solutions of (3.19)).
The solution z,,(t) of (3.19) with the initial conditions

z(=1)=—-64.91, =z(0)=1, 2/(0)= —1.76448, z"(0)= 1.94854
forn=0,1,...,13 is shown in Figure

X
1.x10710

1

5.x 10711 |

T
>
e
o]
5_
—
\S]

—5.x 10711

“1.x10710 b

FIGURE 1. Solution of of (3.19)
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