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ABSTRACT. This article determines the rate of growth to infinity of scalar
autonomous nonlinear functional and Volterra differential equations. In these
equations, the right-hand side is a positive continuous linear functional of f(z).
We assume f grows sublinearly, leading to subexponential growth in the so-
lutions. The main results show that the solution of the functional differential
equations are asymptotic to that of an auxiliary autonomous ordinary differen-
tial equation with right-hand side proportional to f. This happens provided f
grows more slowly than I(z) = z/logz. The linear-logarithmic growth rate is
also shown to be critical: if f grows more rapidly than [, the ODE dominates
the FDE; if f is asymptotic to a constant multiple of [, the FDE and ODE grow
at the same rate, modulo a constant non-unit factor; if f grows more slowly
than /, the ODE and FDE grow at exactly the same rate. A partial converse
of the last result is also proven. In the case when the growth rate is slower
than that of the ODE, sharp bounds on the growth rate are determined. The
Volterra and finite memory equations can have differing asymptotic behaviour
and we explore the source of these differences.

1. INTRODUCTION

We investigate growth rates to infinity of solutions to nonlinear autonomous
functional and Volterra differential equations of the form

2'(t) = / p(ds)f(z(t+s)), t>0; xo=1v€C(-7,0](0,00)), (L1)
[=7.0]

and
(1) :/ w(ds)f(x(t — ), £>0; (0) = >0, (1.2)
[0,t]

The analysis of stability and convergence to equilibrium of solutions has attracted
considerable attention from investigators in functional, delay, and Volterra equa-
tions, both in continuous and discrete time. Rates of convergence in Volterra equa-
tions are also an important topic of study (see, for example, [7, 12, B0]). Fur-
thermore, the interplay between memory, intrinsic nonlinearity, and positivity or
oscillation of solutions of functional differential equations is a vibrant theme of
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research in nonlinear analysis (see, for example, [1l [I3], 16]). In our work, solu-
tions cannot grow exponentially fast due to sublinear nonlinearity and we obtain
sharp conditions for particular growth rates by exploiting heavily the positivity of
solutions.

Concentrating momentarily on ; we suppose that 7 > 0 and p is a positive
finite Borel measure on [—7,0], so u(E) € [0,00) for all Borel sets E C [—7,0] and
w([=7,0]) =: M € (0,00). In the case of (1.2)), we have M := p([0,00)). If f is pos-
itive, by the Riesz representation theore is equivalent to z'(t) = L([f(x)]:)
for t > 0, where L is a positive continuous linear functional from C([—7,0];RT) to
R*. Uniqueness of a continuous solution of or is guaranteed by asking
that f is continuously differentiable (see [I5] for existence results and properties
of measures); positivity of solutions is guaranteed by the positivity of u and f on
[0,00). Non—explosion of solutions in finite time, as well as subexponential growth
to infinity (in the sense that logz(t)/t — 0 as t — 00), follows from the hypothesis
that f/(z) — 0 as  — oo.

When f is a positive continuous function such that

there exists ¢ € S such that f(x) ~ ¢(z) as x — oo (1.3)

where S is the class
S ={¢ € C'((0,00);(0,00)) NC(RT, (0, 0)) :

lim ¢'(z) =0 and ¢'(x) > 0 for all z > 0}, (14)
then .
im 2@ _
t—o00 t
where
/ Ll 0 (1.5)
F(x) = —du, x> .
IO
(see [] for further details). Furthermore,
lim sup f@F () < +o0 (1.6)
T—00 T
implies

: x(t)
R YD)
The theorems stated above develop results in [2] which require coefficients to
be regularly varying at infinity, and consider only a single fixed delay. Since we
refer often to the class of regularly varying function, we remind the reader of the
definition (see [20], or [8] for a more modern account): a measurable function g :
(0,00) — (0, 00) is regularly varying at infinity with index 3 € R if g(\t)/g(t) — \?
as t — oo, for every A > 0, and we write g € RV (0).
Therefore, under , the rates of growth of solutions of and of

y'(t)=Mfy), t>0; y0)=yo>0 (1.7)
are the same, in the sense that z(t)/y(t) — 1 as t — oco. The non-delay equation
can be considered as a special type of equation in which all the mass
of u is concentrated at 0. On the other hand, if f is linear, collapsing the mass of
1 to zero generates different rates of (exponential) growth in the solutions of
and . The condition holds for f € RV (8) where 8 < 1, but does not
hold if f is in RV (1). Therefore, the phenomenon that solutions of yield the

=1
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growth rate of those of ceases for some critical rate of growth of f faster than
functions in RV () for # < 1, but slower than linear.

In [3], the authors showed (under some technical conditions) that the critical
growth rate is O(z/logx): more precisely, if we define

A= 1 7f(x)

Jim +/ Tog() € [0, 0], (1.8)

and C := f[_T o Islu(ds), then

2(t) _ a0 (1.9)

= )

O
provided f is ultimately increasing and f/ € RV (0), a hypothesis stronger than,
but implying f € RV (1). In this paper one of our main results (Theorem [2.1))
extends the results from [3] by removing entirely the assumption that f’ € RV (0):
instead, we assume that f € S (with S as in (L.4)). As mentioned above

b FEO) L )
t—o00 t t—oo t

In the linear case, the asymptotic relation would mean that z and y share
the same Liapunov exponent, but would not necessarily obey x(t) ~ Ky(t) as
t — oo. Therefore our results identify a subtle distinction in the growth rates of x
and y, which are in some sense closer than Hartman—Grobman type of asymptotic
equivalence embodied by . By contrast, the relation is in the spirit of a
Hartman-Wintner type-result (see [I9, Cor X.16.4], [18]). We note of course, that
there is a huge literature in asymptotic integration and Hartman-Wintner type-
results in determining the asymptotic behaviour of functional differential equations
(see e.g., [Bl 6 @) 14l 17, 2], 26, 27] and the introductions of [9, 25] for reviews of
the development of the literature to date). However, most work in the literature is
concerned with equations whose leading order behaviour is linear, with perturbed
terms either being nonautonomous, or of smaller than linear order. In our work, as
f(x)/x — 0 as © — o0, no leading order linear behaviour is present, necessitating
a different approach.

When A = +o00, equation reads z(t) = o(y(t)) as ¢ — oco. However, we are
still able to determine the rate of growth relatively precisely in this case, under the
additional assumption that f’ is decreasing. In Theorem we show that

z(t) = F~H (Mt — c(t)log F~Y(Mt)), t>1,

= M. (1.10)

where ¢ is a C! function such that ¢(t) — C as t — oco.
We also prove results for the Volterra differential equation (1.2)) where p €
M ([0,00); RT). In this case, with A defined by (1.8)), we obtain

m ii) zexp(—/\ su(ds))7 (1.11)

oo y(t)

except possibly in the case when A = 0 and

/ sp(ds) = o0
[0,00)

(see Theorem . In this last case, we provide necessary and sufficient conditions
under which z(t)/y(t) — 1 or z(t)/y(t) — 0 as t — oo (Theorem [2.5). We do not
believe that the sufficient conditions given in Theorem are sharp in general.

[0,00)
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Hence, when f is regularly varying with unit index at infinity and C' = +o0, we
provide what we believe is a sharp necessary condition under which z(t)/y(t) — 1
as t — oo in Theorem 2.6l

For both and , in the case when the first moment of the measure p is
finite, we show that the critical growth rate f(z) = o(x/logx) as x — oo is a sharp
condition to obtain z(t)/y(t) — 1 as t — co. More precisely in Theorem [2.3| we see
that when f’ is decreasing, then f(z) = o(z/logx) as x — oo and z(t)/y(t) — 1 as
t — oo are equivalent.

The structure of the paper is as follows: in Section [2| we state and discuss the
main results of the paper. Section [3|contains examples. An important lemma which
allows direct asymptotic information about the solution to be deduced is given in
Section [d] The remaining sections of the paper are devoted to the proofs of the
main results.

2. MAIN RESULTS
In what follows, we interpret
e > :=0
in order to streamline the statement of results. We first state our main result for
the solution of the functional differential equation (L.1J).

Theorem 2.1. Let f(z) > 0 for allx >0, f'(z) > 0 for all x > x1, f'(z) — 0 as
x — oo. Suppose f obeys (1.8), let 7 > 0, p € M([—7,0];RT) be a positive finite
Borel measure, with

M= p(ds), C:= |su(ds),
[=7,0] [—7,0]
F is defined by (1.5), and x is the unique continuous solution x of (1.1). Then
F
tlim x(t) = oo, tlim @ =M,
and moreover )
~ ) e

The proof of this result, and others like it, consists of two main steps. The first
step is to show that x obeys

F(x(t)) — Mt
()

t—oo log f(x(t))
Equation (2.2)) is also true for solutions of the Volterra equation (1.2)), even when

the first moment of the measure in that case is infinite. A key step in proving (2.2))
is to rewrite ([1.1)) in the form

a'(t) = Mf(z(t)) — /[ ) p(ds){f (z(t)) — f(z(t + s))} = M f(z(t)) —6(t),
thereby viewing as a perturbation of . Clearly, if the perturbed term §
(which will be positive for large ¢, by the monotonicity of z and f) is small relative
to M f(xz(t)), we may expect z(t)/y(t) to tend to a finite limit. The first main task
is therefore to determine precise asymptotic information on 4.

Remarkably, in spite of the path dependence of = in §, we show that §(¢) ~
—C'log f(x(t)) as t — oo, and from this readily follows. The second step in

e (2.2)
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the proof of Theorem [2.1] can be found in Lemma[£.1] and involves viewing the limit
in as a pair of asymptotic inequalities, from which the implicit asymptotic
information about x can be made explicit, as in .

We note that under these hypotheses we have f(z)/z — 0 as * — oo. Since
f is ultimately increasing it must either have a finite limit or tend to infinity as
x — 00. In the former case, 2'(t) tends to a finite limit, and is trivially true.
Hence we assume, without loss of generality, in all the results and proofs below that
f(x) = o0 as z — oo.

We may take C' > 0 in Theorem the finiteness of the measure automatically
ensures that C is finite. If C' = 0, it must follow that u(ds) = Mdy(ds) a.e. and
SO collapses to the ODE ([1.7)), rendering the result trivial. Therefore, it is
tacit in this result, and in subsequent theorems for Volterra equations, that the
first moment of p, C, is positive. With this in mind, we now see that the solution
of is exactly asymptotic to the solution of when A = 0, because in this

case
(T

im0

t—oo F—1(Mt)

However, a non—unit limit exists once \ is positive or infinite.

When A = 400, and C' > 0, we should interpret (2.1]) as
. x(t)
lim ———— =0.
% F1(Mt)
This leads us to ask: can we still get direct asymptotic information about the slower

rate of growth of x in this case? The next result shows that we can, at the cost of
assuming f’ is decreasing.

Theorem 2.2. Let f(x) >0 for all z >0, f'(x) >0 for all x > z1, f'(x) — 0 as
x — 00. Suppose [ obeys (1.8), with A\ = +o0, and f' is decreasing on [x2,00). Let
7>0, u € M([-7,0];R") be a positive finite Borel measure, with

M = wu(ds), C:= [s|u(ds) < 400,
[—7,0] [—7,0]
F is defined by , and x 1is the unique continuous solution x of . Then
there is a ¢ € C((1,00); R) with lim;_, o ¢(t) = C such that

x(t) = F~1 (Mt —c(t)log F~1(Mt)), t>1. (2.3)

The assumption that f’ is decreasing is used for showing that log f(x(t)) ~
log f(F~1(Mt)) as t — oo (using Lemma . Once this is achieved, imme-
diately gives

. _ F(x(t) — Mt

t—oo log F~1(Mt)

because log f(z)/logz — 1 as x — oo when A = +00. Defining ¢ to be the function

in the last limit now gives (2.3)). This approach could be used to prove all cases

in Theorem [2.1] directly, rather than by appealing to the implicit arguments used

in Lemma (i.e., in the second step of the proof of Theorem [2.1)). The direct
argument would then proceed by means of Lemma [8:3] and related results.

Given the asymptotic taxonomy established in Theorem one might ask
whether the condition that f(z)/(z/logz) — 0 as @ — oo is necessary in or-
der to preserve the asymptotic behaviour of . The next result shows that it
is.

=C,
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Theorem 2.3. Let f(z) > 0 for all x > 0, f'(z) > 0 for all x > 1, f'(z) — 0
as * — oo. Suppose in addition [’ is decreasing on [r9,00). Let 7 > 0, u €
M([—7,0];R") be a positive finite Borel measure, with

Mo [ s 0= [ jslutas),
[—7,0] [—7,0]

F is defined by (L.5]), and x is the unique continuous solution x of (1.1)). Then the
following are equivalent:
(a)
f(=@)

im
z—oo x/logx

)

(b)
x(t)

lim =1.

t—oo F'—1(Mt)

The extra hypothesis that f’ is monotone is needed to prove that (b) implies
(a): the proof that (a) implies (b) can still be established using the hypotheses of
Theorem 211

We now state the result analogous to Theorem 2.1]for the solution of the Volterra
differential equation .

Theorem 2.4. Let f(z) > 0 for all x > 0, f'(x) > 0 for all x > 1, f'(z) — 0
as © — oo. Suppose f obeys (1.8), p € M([0,00);RT) is a positive finite Borel
measure, with

M = wu(ds), C:= su(ds),
[0,00) [0,00)
F is defined by (1.5), and x is the unique continuous solution x of (1.2)).
(a) = obeys

lim x(t) = +o0,

t—o0 t—o0

(b) If C < 400, then

i 00y

. o(t)
tlggom = e 20, (2.4)

(c) If C =400 and X € (0,00] then (2.4) still prevails.

In the case when C is finite, we can prove a result for exactly analo-
gous to Theorem for (L)), namely that z(t)/F~'(Mt) — 1 if and only if
f(z)logz/x — 0 as  — oo, under the additional assumption that f/(z) tends to
zero monotonically. Moreover, we also have a result for which is an exact ana-
logue of Theorem for (L.1), again assuming f’(z) tends to zero monotonically.

In the functional differential equation , C' is always finite. However, if u is
a non—negative nontrivial finite measure in M ([0, 00); R™), the first moment C can
be infinite. In this situation, if A € (0,00), it can now happen that

x(t)

lim —__—¢
i FoL(Mt)
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which is in contrast to the finite memory case. Of course, if A = +00, it does not
matter whether C' is finite or not, and we have

x(t)
lim
t—oo F'~ (M t)
which is the same as we see in the finite memory case.
It can therefore be seen that Theorem addresses all cases except for that

when A = 0, C = co. Again, the different effect that unbounded memory can have
on the asymptotic behaviour is demonstrated: for (1.1, if A = 0, it must follow

that 0
x(t
5
o F-L(Mt)

However, this is not guaranteed to be the case for solutions of (|1.2)). The condition

=0,

lim sup — — du < 400 (2.5)

r— 00

is nevertheless sufficient to ensure the existence of a unit limit in , and roughly

speaking, this condition is true for functions which grow more slowly that z'=¢ for

some € € (0,1) (more precisely it is true, if f € RV (1 — €) for some ¢ € (0,1)

or if x — f(x)/z17¢ is asymptotic to a decreasing function) [4]. In the case that
f(@)/z — 0 as x — oo, and f in RV (1), it is true that

lim —/ —du +o0, (2.6)

so the potential arises for a limit less than umty in (2.4) even when
x
lim /()

z—oo 2/ log x

and C = 4oc.

Our last result shows that different limits can indeed result in the case when
A =0, C = oo, depending on how slowly fo f[s 00) p(du)ds — oo as t — oco. We
do not give a classification in all cases, but merely give sufficient conditions for
the limit in to be zero or unity, and briefly show that some of our sufficient
conditions are also sometimes necessary. To simplify proofs, we assume here that
f is increasing on [0, 00).

Theorem 2.5. Let f(x) > 0 for allx >0, f'(x) >0 for allz >0, f'(x) — 0 as
x — oo. Suppose f obeys (1.8), and p € M([0,00); RT) is a positive finite Borel
measure, F is given by (1.5), M := f[o 00) wu(ds) and let x be the unique continuous

solution x of (1.2).

(i) If
lim /() / su(ds) =0, (2.7)
z—oo z/logx Jio p(a) /M)
lim f@) / / u(du)ds =0, (2.8)
Fmee T J{o,F(x)/M] J[s,00)
then
lim —20 g, (2.9)

t—oo F=1(Mt)
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(i) If
lim M/ / p(du) ds = +o0, (2.10)
rmee T J10,F (@) /M) I [s,00)

: x(t)
lim am =" (2.11)

(i) If f' is decreasing on [xq,00), then (2.9) implies (2.8).

We note that the condition (2.8]) is a consequence of the condition (2.5)), and if
(2.10)) holds, then ([2.5) cannot: indeed (2.10]) implies (2.6]).

We give some examples in the next section which illuminate the sufficient con-

ditions (2.7, (2.8]), (2.10) under which we obtain unit or zero limits. However, it

can be seen that if the rate of growth of

t— / / pu(du)ds =: T(¢t)
[0,t] J[s,00)

to infinity as ¢ — oo is faster, it is more likely that the solution of (1.2)) will grow
strictly more slowly than that of (1.7, and the slower that T' grows, and the faster

that
@)
z/logx
tends to zero as x — oo, the more likely it is that the solution of will inherit
exactly the rate of growth of the solution of .

We do not attempt to improve the sufficient conditions in Theorem here.
As the discussion above suggests, when f grows more slowly than a function in
RV (1), a unit limit in is usually admitted. However, when f is in RV (1)
with A = 0, it is interesting to speculate how close is to being necessary in
order to obtain a unit limit in (part (iii) confirms that is necessary if f
is ultimately concave).

Theorem 2.6. Let f'(z) > 0 for all x > 0 and f'(z) — 0 as © — oo with f’
decreasing. Suppose that f € RV (1) such that
!
lim zf(z)
2 )

then

=1.

Let € M([0,00);RT) be a positive finite Borel measure, F is given by ,
M := f[o 00) wu(ds) and let x be the unique continuous solution x of (1.2)). Define
x
K(x):/ {f(”)/ u(ds)}dv. (2.12)
1 U J[F(x)/M—F(v)/M,F(z)/M]
If x obeys (2.9)), then (2.8) and
- f(=z) / ’ 1
lim ——= K du = 2.1
Jm == By du=0, (2.13)

hold.

We have not made extensive use of the theory of regular variation in this paper,
even in Theorem [2.6] However, it seems that extracting good asymptotic informa-
tion along the lines needed to prove a converse of Theorem [2.6] may make greater
requests on this theory. The literature regarding the application of the theory of
regular variation to the asymptotic behaviour of ordinary and functional differential
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equations is extensive and growing (see for example the monographs of Marié [22]
and Rehék [29] and recent representative papers such as [10, 23}, 24} [31]). Regular
variation has also been successfully utilised in the analysis of problems in partial
differential equations (see, for example, [11] and [28]).

3. EXAMPLES

Example 3.1. A simple example of a function f which obeys the hypotheses of
all theorems is now given. We use it throughout this section to illustrate the scope
of our general results. Let g(z) = (x4 1)/log’(2 + x), for § > 0. Clearly g(z) > 0
for x > 0 and
) — 1 (1_ (1+x)6
log? (2 + ) (24+z)log(2+

It is easy to see that ¢'(x) — 0 as * — co. Moreover,

fwﬁ:emgwwkx+m«e+U@+1y4x+$mgx+m}
(x4 2)2

Since 43 > x+1, by considering the term in the curly brackets, we have ¢ (z) < 0
for all z > /1 — 2 =: 5(0) > 51(0). Now, define f(z) = g(z + s(0)) for x > 0.
Then by the definition of g, we see that f(z) > 0 for all x > 0, f/(x) > 0 for all
x>0 and f”(x) < 0 for all & > 0. This function f fulfills the hypotheses of all
main results, but notice that taking f = ¢ still suffices for all results in which we
only require f/(z) > 0 for x sufficiently large.

By construction, A in is 0, 1, or 400 according to whether 6 is greater than,
equal to, or less than, unity. Computing F' simply involves making a substitution
and splitting the resulting integral; doing so yields the formula

F(z) log"™! (z + ) — log"™ (14 €/t1)

))>0, z>e’ —2=:5(0) > 0.

1190 146

log(aereg'H) '(1)9
+ - dw, = >1.
log(1+ef+1) ev —1

From here it is straightforward to show that
F(x) ~ ﬁ log?t(z), F~(x) ~ exp ((6+ 1)ﬁxﬁ), as T — oo.
Using the notation for M and C' in Theorem the solution of obeys
o(exp ((6+ 1)9%1(Mt)ﬁ)), 0<1,
w(t) ~ § e Cexp ((6+ 171 (Mt)71), 6=1,
exp ((6+ 1)77 (Mt)77), 0>1,

as t — oo. Naturally, one can obtain the same asymptotic representation for the
solution of ([1.2) by Theorem [2.4]in the case where C' = f[o o) SH(ds) is finite.

Example 3.2. In this example, we show, in many cases of interest, that (2.7
implies (2.8). We can see, roughly, that a claim of this type would follow from
information about the relative asymptotic behaviour of

t— up(du) and t— t/ p(du) as t — oo
[0,t] [t,00)
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because, for any t > 0, we have

/ot /[s,oo> plde) ds = /[o,t] up(du) 1 /[t,oo) p(du). (3.1)

We specialise to the case when p € M ([0, 00); RT) is absolutely continuous and
therefore we have u(ds) = k(s)ds where k is continuous, non-negative and inte-
grable. Hence for every Borel set E C [0,00) we have

B) = [ Ks)ds

Now suppose further that k € RV, (—«). Then integrability forces o > 1. Also, if
a > 2, it follows that

C= / sp(ds) = / / pu(ds) dt < 400,
[0,00) 0 [t,00)

so to be of interest in Theorem [2.5] it is necessary for a € [1,2].
In the case @ € (1,2), we have by Karamata’s theorem (see e.g. [8, Theorem
1.5.11])

1 1
t/ p(ds) ~ ——t2k(t), / sp(ds) ~ k(t), ast— oo.
[t.50) a-l 0.4 2-a
Hence by (3.1,

t 2—-«a
w(du)ds ~ |1+ / su(ds), ast— oo. 3.2
/O/M< s~ (14 2=7) | sntas) (3.2

Therefore, for o € (1,2), if . holds, then so does Karamata’s theorem
applied to t — fo (0,] SH ds) also shows that this 1mphcat10n is true if @ = 2 and
C = +o0.

Example 3.3. Let f be as in Example [3.1] Suppose that § > 1 and note that
f € RV4(1), so

o J@F@)

T—00 x
and A = 0 in (L.8). Therefore, in order to check whether z(t)/F~'(Mt) tends
to a non-unit limit, it is necessary to appeal to Theorem in the case when
C = +o00. We saw in Example [3:2] that choosing p to be absolutely continuous
with p(ds) = k(s)ds and k € RV (—a) for a € [1, 2] allows us to consider the case
when C' = +o00. Therefore, let k£ € RV (—a) for « € [1,2].

We now show, using Theorem that

2 t

ae (1+ 10 2] implies 1l>ngo Fx((Jzﬁ) =1 (3.3)
while 0
oy, x(t

€ [1, 1+ m) implies tlirrolo F1(0MD) 0 (3.4)

in the case that k € L1(0, 00).

Therefore, the slower that f grows, the larger is 6, and the greater the range
of a for which holds: hence, less rapid growth in f makes it easier for the
asymptotic behaviour of to be preserved by the solution of . On the
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other hand, as 6 | 1, the range of values of a for which holds narrows, and
indeed collapses to the singleton o € {2}.

Viewing 6 as fixed, we see that the larger the value of o, and the more rapidly the
memory of the past fades, the more likely it is that (3.3]) holds, and the asymptotic
behaviour of to be preserved by the solution of. Turning to , similar
considerations connect the relative strength of the nonlinearity and the rapidity at
which the memory fades, leading to growth in = which is slower than that in the
solution of .

We prove the claims and . With F defined by , we have

1

- 146 f(x) - 1-0
F(x) ] (logz)" ™Y, 2/ log (logz)' =" asxz — oo. (3.5)
By Karamata’s theorem,
t— sp(ds) €E RV (2 — @), t+— p(ds) € RV (1 — a). (3.6)
[0,¢] [t,00)

Hence by (3.6 and (3.5]), as © — oo,
1+6 T

/ g [T s () [ skl
sp as) ~ SK\§)as ~ |\ ————~ SK\S S,
(0,7 (x)/M] 0 M(0+1) 0

so (2.7)) is equivalent to

10g1+9 T
lim (log m)l_e/ sk(s)ds = 0.
0

T—00

This in turn is equivalent to

¢
tlim ¢ / sk(s)ds = 0. (3.7
— 00 0

Therefore, by the last example and Theorem for a € (1,2), implies
x(t)/F~1(Mt) — 1 as t — oo. By Karamata’s theorem, the function in the limit
in is in RV ((1 —0)/(1+6)+ 2 — ), and the index is negative for the range
of a € (1,2) stated in . When a = 2, is still equivalent to , and the

index of regular variation is negative because 6 > 1. Hence we have shown ({3.3)).

We now prove (3.4). By (3.6)) and (3.5)), as z — oo
oo 1 11—« o0
wu(ds) ~ / k(s)ds ~ (7> / k(s)ds
»/[F(z)/M,oo) i log'to M(g + 1) log*f z

M(OF1)
and

(@) 1 .
FM /[F(m)/M,oo) pldu) ~ (log ) +6<J\4(91_,_1))2 /1 k(s)ds.

oglt? ¢
Therefore by (3.1]), (2.10]) is equivalent to

i 1
min (log x - / k(s) ds,

log!*f x 10g9 x

Hence ([2.10)) is equivalent to

eS] t
min (tl/(He) . / k(s) d&t’ﬁ / sk(s) ds) — 400 ast— oo, (3.8)
¢ 0

10g1+9 T
/ sk(s) ds) — +00, T — 00.
0
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and this implies z(t)/F~1(Mt) — 0 as t — co. Both functions in the minimum are
in RV (1/(14 60) — o+ 1). Therefore, if o is in the interval specified in (3.4)), we
have that the index of regular variation is positive, and therefore holds. This
proves the required asymptotic behaviour in .

Example 3.4. We now present a simple application of Theorem again with f
as in Example Since Theorem deals with the case when A = co we must
have 6 € (0,1). We have shown already that f obeys both 0 < f'(z) — 0 asx — o0
and f decreasing on [z, 00) for some x2 > 0. Hence the unique continuous solution,

x, of (1.1]) obeys
z(t) ~ F~1 (Mt — c(t) log F~1(Mt))
~ exp ((0 + 1) [ Mt — c(t) (M) T T) as t — 00,

where lim; o c(t) = C(1 + 0)/+9) | Tt is instructive to rewrite the above expres-
sion in the form

z(t) ~ exp ((9 + 1) T (M) OF0) E(t)(Mt)U—@)/(H@)])
1 (3.9)
— y(t) exp ( 0+ 1)ma(t)(Mt)<1—9>/<1+9>), 88 £ — 00,

where a simple application of the mean value theorem shows that
&(t) ~ C{(0+ 1)}
and y(t) is the solution to ([1.7]) with unit initial condition. Restating the conclusion

of Theorem in the form (3.9) shows explicitly that the solution of (1.1]) is

asymptotic to the solution of (|1.7) times a retarding factor which tends to zero as
t — oo. Notice that the main term in the exponent in the retarding factor is of
the order t(1=9/(+0). from Example the corresponding growth term in y is
of the order t*/(+9  Since § € (0,1) the solution z still grows, at a rate roughly
described by exp(Kt?/(1+0),

4. AN IMPLICIT ASYMPTOTIC RELATION

We state and prove two key lemmata which enable direct asymptotic information
to be obtained for solutions of (|1.1)) and (|1.2) from the indirect asymptotic relation

F(x(t)) — Mt
im ————— =
t—oo log f(x(t))
In the first result, C is finite: in the second, C = +oc.

—C. (4.1)

Lemma 4.1. Let M > 0, C € (0,00). Suppose z(t) — oo ast — oo is such that
(4.1) holds with C € [0,00) and f is increasing on [x1,00) and obeys (L.8) with
A €[0,00]. If z also obeys

: z(t)

1 —7 <1 4.2

P ET (v = (4.2)
then

lim 71:(75) = e N,

t—oo F=1(Mt)
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Proof. We consider separately the cases where A € (0,00), A =0 and A = +oc.

Case I: A = 0. In this case we have

lim sup log f(z) <1.
T—00 10g X
Therefore by (4.1])
limsup 2 = FE®) _ o MEZFE®) og fx(t)) _
t—00 log (1) t—oo  log f(z(t)) log z(t)
Hence
t—00 log z(t)

Thus, for every € > 0, there is 75 > 0 such that for ¢ > T3 we have (F(z(t)) —
Mt)/logx(t) > —C —1 = —(C 4+ 1). Hence with 3u*/4:= C +1 > 0 we have

F(x(t) + %u* logz(t) > Mt, t>T;. (4.4)

Recall the estimate (4.2). Suppose, in contradiction to the conclusion when A = 0,
that

o
Since A € [0,1), there is ¢g > 0 such that
Ate<e ™| e<e.

Define ¢(e) = e~* . By (&.5), if A € [0,1), for all € € (0, €) there is a sequence
75 T 0o as n — oo such that

(t8) < (A+ e )F Y (M7E) < o(e)FH(MTE) =: vf,.

Since 75, T 00, it follows that there is Ny € N such that 75 > T for all n > Nj.
Hence for n > Ny we have from (4.4)

F(z(rs)) + %u* log z(ry) > Mry,.
Now z(75) < vg. Hence for n > N,
Mrti < F(z(ry)) + Zu* logz(rs) < F(vy) + %p* log vs,.
Since M 15 = F(vS/¢(€)), so
F(vs,/p(e)) < F(v;,) + %u* logvy,, n > Nj. (4.6)
We wish to show that is impossible. If we can show that
There is x3(€) > 0 such that F(x/p(€)) — F(z)— Zu* logz >0, x> x3(e), (4.7)

we may take v > x3(e) (which will be true for all n > Nz(¢)), so that for n >
N3 = max(Np, Na) we have
3 * €
w*log vy,

P /() — Flus) — Su* logvf, > 0> P /() F(u5) — >

where we used (4.7)) to get the first inequality, and (4.6]) to get the second. This
generates the required contradiction. Therefore, it suffices to prove (4.7]).
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Since f(xz) = o(x/logx), for every ¢ € (0,¢p) there is an x3(e) > 0 such that
f(z) < ex/logx for © > x3(e). Thus for x > z3(e) we obtain

2/0(e) 2/0(e) 2/0(e)
/ iduzl/ IOgudUZIng/ ldu.
- w) € Jy u e J, u

I

Hence for x > x3(€), from the fact @(€) = e=# ¢, we obtain that

1 z/p(e) 1 1 ) ) *
log /x 7w du > - (log(z/p(€)) —log(x)) = - log (M) _—

Since

3 % 1 z/p(e) 1 3 .

for x > x3(¢) we have

*

3
F(z/p(e) = F(z) = Ju" logw > logac“Z > 0.
This is (4.7)). Hence, in contradiction to (4.5) we have

)
_ >
il = = b
Combining this with (4.2)) we obtain
: a(t) . _xe
.

because A = 0. We have therefore proven the result in the case A = 0.
Case II: )\ € (0,00). In this case, we have that

limwzl

T—00 1ogq;

Therefore, from , we obtain
F M
i S -
and so, for every € € (0,1) there is a T5(e) > 0 such that
—C(l+¢€)logz(t) < F(z(t)) — Mt < —C(1 —e)logx(t), t>Ts(e). (4.8)
By (4.2), we have A := limsup,_, ., z(t)/F~*(M¢t) < 1. Suppose that
e M <A< (4.9)
Since A > e~*C there is €y < 1/2 such that

-,

eSCe)\

o € < €. (4.10)

By (4.9), for every € € (0, €y A 1/2), there is a sequence tS, T oo such that
z(t8) > Ae " CAFL (M),

so by ([.10), z(t) > e” X CAFT(MLS). Put ¢(e) = €A, Since t5 1 oo, it
follows that there is Ni(e) € N such that t, > T3(¢). Thus t;, > T3(e) for all n >
Ni(e). Define uf, = e *“p(e) F~H(MtS). Then z(t5) > uf, and F(e*us, /o(e)) =
Mts,. We see also that uf, — oo as n — oo.
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Next, as f(x) ~ Az/logzx as x — oo, we can show that

lim — /r L 1g(ew) AC +260C
1m ——F—— —— au = — 10, — | = — € .
T—00 m/f(x) zerC /p(e) f(u) 90(6)

Therefore

1 x
lim ¢ —— du+C(1 = Ce.
xl—>oo {logx /xPAC/W(e) f( ) vt ( >} ¢

Thus for every n € (0,1/2) there is Z3(n, €) > 0 such that z > Z3(n, €) implies

1 ¥ 1
Cc(1— — —d Ce(1 —mn).
( 6) * logz /CEEAC/LP(E) f(u) v 6( n)

Put n =1/4 and let x3(¢) = T3(1/4,€). Then for x > x3(e) we have

Cl—¢)+

x 1
/ —du>067>0

logz zerC /p(e€) f( )

Next, as uf, — 0o as n — 00, there is Na(e) € N such that u, > z3(e) > 1 for all
n > Na(e). Let N3(e) = max(Ny, N2). Then for n > N3(e) we have

It 1
C(l—¢)+ Tog i, /71;e>‘c/gp(e) T du > 0. (4.11)
Since t, > Ty(e) for all n > N3(e), z(t5) > e () F~H(MtS), and so z(t5) > uf.
By , as t& > Ts(e) and F and x +— log(z) are increasing, we have

0> F(:l:( o)) — Mt;, + C(1 — €) log x(t;,)

F(uy,) — Mt;, + C(1 — €)log u;,

F(uf,) = F(eXuf, /¢(€) + C(1 — ¢) log uf,

. ——du+C(1—¢)logus
\/u;ekc/go(e) f(u) "

€
Unp,

1
:logufl{C(l —€)+ —— / du}
log Uy, ug erC /o(€) f( )
where we used (4.11)) at the last step. This gives the desired contradiction to (4.9)).

Hence we must have

z(t) Vel
li — < . 4.12
P FT) = € (4.12)
Next we suppose that
x(t) _. Vel

Recall from (4.8)) that
F(z(t)) — Mt+ C(1+¢€)logx(t) >0, t> Ts(e).

Let pa(€) = e72¢C*. Since A < ¢ and pa(e) — 1 as e — 0T, there is ¢; < 1/2
such that ¢ < €; implies A + ¢ < e *“py(e). By (4.13), it follows that there is
75 1 oo such that

z(t8) < (A+ ) F (M7 < e*ACgoQ(e)F*l(MT;)
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Since 77 — o0 as n — oo, there is an Ny(e) € N such that 75 > T3(e) for all n >
Ny(e). Define v§ = e pq(e) FH(MTE), so x(75) > v, and F(e*v /pa(e)) =
Mrf. Next, v, — oo as n — oo and we obtain as before

T

1 1
i [ L
T—=o0 x/f(x) e C /s (€) f(u)
Thus, as f(x)/(z/logz) — X\ as x — oo, and log pa(€) = —2C \e, we obtain

du = —AC + log s (e).

1 x
lim / du+C(l1+¢€)p =—Ce.
T=oo {1Og$ zerC /s (€) f( ) ( )}

Therefore, for every n € (0,1/2) there exists Z4(n,€) > 0 such that © > Z4(n,€)

implies
x

1 1
C(l+e —&—7/ du < —Ce+ Ce
( ) logz zerC /pa(€) f( ) T

Put n = 1/4, and let x4(€) = Z4(1/4,€). Then for & > x4(e)
1 CE 1 3
C(1+6)+7/ ——du < —-Ce <.
logx zerC /g (€) f(u) 4
Since v, — oo as n — oo, there is N5(¢) € N such that v§ > z4(e) > 1 for all
n > Ns(e). Let Ng(e) = max(Ny(e), N5(€)). Then for n > Ng(e) we have
vy,

1 1
Cll+e)+—— / du < 0. 4.14
( ) log vy v e rC [pa(e) f( ) ( )

Since 75 > Ts(e) for all n > Ng(e), z(75) > vf,, and F and x — log x are increasing,

by (4.8) we have

0< F(z(ry)) — M1, + C(1+¢€)logx(r))
< F(vy,) — M, + C(1+¢€)loguy,
= F(vy,) = F(Xv5, /pa(e)) + C(1 + €) log vy,

’U; 1
= + C(1+¢)logur,
/v cerC /pa(e) f( ) ( )

1 Un
= log vy, { / —+C(1 } <0,
IOg”U ve erC /o (€) f( ) ( )
by (4.14)), a contradiction. Hence the supposition (4.13) is false. Thus

o z(t) ~AC
it Ty = ©
Combining this and (4.12)) gives
. ) e
Mo = (4.15)

as desired. This completes the proof when A € (0, c0).

Case III: A = +oo. In this case, we have that f(x)/z — 0 as z — oo and
f(@)/(z/logx) — oo as x — 00, so therefore log f(x)/logx — 1 as x — oo. Hence,

from (4.1), we obtain
lim F(xz(t)) — Mt

t—oo  logx(t) ==
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and so, for every € € (0,1/2) there is a T3(¢) > 0 such that (4.8)) holds, i.e.,
—C(1+4¢€)logx(t) < F(z(t)) — Mt < —C(1 —€)logz(t), t > Ts(e).

Recall the estimate (4.2). Suppose, in contradiction to the conclusion when A\ =

400, that

1 () I
htrgggf T A€ (0,1]. (4.16)

There is a sequence ¢, T 0o as n — oo such that
z(ts) > A1 — ) F~H(MtE) > K(e)F~H(MtS) =: us,,
where K (€) € (0,A(1—¢€)) C (0,1). Since t5 T oo, it follows that there is Ny (e) € N
such that t¢ > T5(e) for all n > Ny (e). Hence for n > Nj(e) we have
F(z(t;)) — Mt;, < —C(1 —€) log x(ty,)- (4.17)
Since K(e) < 1 and f is increasing, we have
—d K™ —1)——.
ner ) Tt KO
Since f(z)/(x/logx) — oo as x — o0, letting x — oo gives
1 w/K(e)
lim —/ ——du = 0.
Mgz ), Tl
Therefore, for every n € (0,1/2), there is Z5(n, €) such that x > Z5(n, €) implies
1 z/K(e)
——du < Ch.
ol O
Pick n = ¢, and set x5(€) = Z5(€, €). Then for x > x5(e) we have
1 z/K(e)
7/ ——du < Ce.
logz J, f(u)
Since u, — 0o as n — oo, there is Na(e) € N such that for n > No(e) we have
uf, > x5(€e). Hence

LI
—_— — > Ny (e). 4.1
Tog ut /u; ) du < Ce, n > Na(e) (4.18)

Finally, let Ns(e) = max(Ni(e), Na(€)). Since uf, < x(t5), we have F(uf) <
F(z(t5)) and log u, < logx(tS). Therefore by and
0> F(x(t;,)) + C(1 —€)log z(t;,) — Mt
> F(uy,) + C(1 — €) logu;, — Mt
= F(u;) + C(1 —¢€)logus, — F(u;,/K(€))
/K@) q

:C(l—e)logu;—/e mdu

L /K@
—logus{C(—e)— —— o
ogun{C( €) logug/ o du}

> logu;, (C(1 —€) — Ce)
= logu;,C(1 — 2¢) > 0,
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a contradiction. Hence the supposition (4.16)) is false, and we have x(¢)/F~*(Mt) —
0 as t — oo as claimed. (]

For the Volterra equation (1.2), we will need a new variant of Lemma to

cover the case when
/ sp(ds) = 4o0.
(0,00)

Lemma 4.2. Let M > 0. Suppose x(t) — 00 as t — oo is such that
r _
L F(a) - Mt
t—oo  logx(t)
Suppose also f is increasing and obeys (1.8) with A € (0,00] and f'(x) — 0 as
x — oo. If x also obeys (4.2)) then

(4.19)

) x(t)
R D)

Proof. From (4.19), we are free to prepare the estimate: For every e € (0,1) there
is T3(e) > 0 such that

=0.

Fla() + glogm(t) _Mt<0, t>Tye) (4.20)

for later use. We now proceed to derive the result that x(t)/F~1(Mt) — 0 as
t — oo by emulating the proof of Lemma Suppose not. Then, in view of (4.2]),
we have

liirlsolip ng((tzzﬁ) = A €(0,1]. (4.21)

Then there is a sequence t,, T 0o as n — oo such that z(t§) > A(1 —e)F~1(MtE) >
K(e)F~1(Mts) where K(€) € (0, A(1 —¢€)) C (0,1). Since t& T 0o as n — 0o, there
is Ni(e) € N such that t& > T3(e) for all n > Nj(e). Define uf, = K () F~1(MtS).
Then z(t5) > uf, and F(uS/K(e)) = Mt,,. Moreover ui, — oo as n — oo. If
A = +oo, take K(e) = A(1 — €)/2, while if A € (0,00), take K(¢) = e~ 1/e=1),
There is ¢y € (0,1) such that e /<=1 < A(1 —¢) for all € < ey A 1.

In the case that A € (0,00), it is a direct calculation to show that

.1 vEe 1 1

If A = +o0, since f is increasing on [z, 00), for > x1 we have

1 o/ K 1 x/logx
0<@/I o< (7w ) e

so as (z/logx)/f(x) — 0 as x — oo, we obtain
1 z/K(e)
im —— / ——du =0.
z—oc logz /, flw)
Hence combining this estimate with (4.22)) we obtain

1 /x/K(e)ld _ —%IOgK(e)a AE(O7OO)’
z f(u) 0, A= +0o0

lim —— 4.23
5o log x ( )
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We seek to obtain a consolidated estimate covering these cases. Let € € (0,e9 A 1).
When A = 400, it is clear that there is x3(€) > 1 such that

du <1 < -1 > .
/$ ) u<logz < —logz, 2 x3(€)

For A\ € (0,00), there is x3(€) > 1 such that for z > x3(¢) we have
/m mdu< (17X10gK(e)) logfczglogx,

where we used the definition of K (€) to obtain the last equality. Therefore we see
for every e < eg A 1 that there is x3(e) > 1 such that

z/K(e) 1 2
/z T du < - logz, x> x3(e), (4.24)
regardless as to whether A € (0, 00]. Therefore this implies for & > x3(e) that
) z/K(€) 1 9
F(x/K(e))—F(m)—glogw:/m mdu—zlogaﬁ<0.

Therefore as uf, — 0o as n — oo, there is Na(e) € N such that for n > Na(e) we
have u§, > xz3(€¢). Thus with n > N3(e) := max(N1(€), N2(¢)) we have
2
€
On the other hand, as n > N3(e) > Ni(e) and t§, > T5(e) for n > Nj(e), we have

from (4.20) that

F(u,/K(€)) — F(uy,)

n

log us, < 0. (4.25)

2
F(x(t;,)) — Mt;, + —log z(¢5,) < 0. (4.26)
€

Therefore for n > N3(e), since F(uf,/K(e)) = MtS, and x(t) > uf, we obtain from

and that
0> F(x(t,)) — Mt;, + glogx(t;)
= —F(uS/K(e)) + F(x(ts)) + glogx(t;)
> —F(uy, /K (e)) + F(uy,) + glogu; >0,

which is a contradiction, and the monotonicity of # — F(x) + ¢ !logz was used
at the penultimate step. This implies that (4.21) is false, so we must have that
limsup,_, ., z(t)/F~Y(Mt) = 0, as claimed. O

5. PROOF OF THEOREM [2.1]

Our hypotheses on ¢ and the positivity of f immediately yield that x(t) — oo as
t — o0o. Thus there exists T} such that z(¢) > xzy for all t > Ty. Letting t > T + 7,
and noting that ¢ — z(t) is increasing on [0, 00) we have

0 < a/(t) = /[ ) ) < /[ u(ds) fx(t) < Mf(a(t)), t>Th+r

7,0]
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This means that 2'(t)/xz(t) — 0 as ¢ — oco. Notice also that integration of the
inequality @'(s)/f(z(s)) < M for s € [Ty + 7,t) yields F(z(t)) — F(x(T1 + 7)) <
M(t— (Ty + 7)) for t > 7, from which the elementary estimate

x(t)
hgris;lp F1(MD) <1 (5.1)
results. In deducing , we have used the fact that the sublinearity of f implies
that F~*(y +¢)/F~(y) — 1 as y — oo for any ¢ € R.

Furthermore, for ¢t > T + 7, f(z(t +s)) > f(x(t — 7)) for s € [-7,0]. Thus
2'(t) > Mf(x(t — 7)), t > Ty + 7. Applying the Mean Value Theorem to the
continuous function f oz for each ¢ > Ty + 7 there exists §; € [0,7] such that
flz@) = f(x(t — 7)) + f'(x(t — 6;))7. Combining this identity with the fact that
f'(x) — 0ast — oo, we see that f(x(t —7))/f(x(t)) — 1 as ¢ — oco. Hence
limy 00 2'(¢)/ f(2(t)) = M. Now for every € € (0,1/2) there exists Tz(e) > 0 such

that
z'(t)
f(

M1 —e¢) < 2@)

<M, forallt>Ts(e).

Define next

For t > 7, we have

o(t) = . M(t —s)f'(z(s))z'(s)ds, t>T.
Therefore, if we take T5(¢) = max(T} + 7,T2(¢)) we have
30 < [ W =) ()M f(als)) ds < [ N0 = 5)f (a(s) dsM f (1)

> / NI ) (@) M1 = f(als) ds

> M(t —s)f'(x(s))ds - M(1 — ) f(z(t — 7).

t—T
Since f(x(t—7))/f(z(t)) — 1 as t — oo, taking the limit superior and limit inferior
as t — oo, and then letting € — 07 we obtain I1(t)/I(t) — 1 as t — oo, where we
have defined

_ 0 —5) s.
hO = g 10 = [ - oree
With this notation,
10
M) 1—L(t). (5.2)
We also define J and J; by
Jt)=M t I(s)ds, Ji(t)=M t Li(s)ds, t>T(e), (5.3)

T(e) T(e)
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Next, for every € € (0,1/2) define T'(¢) > T} + 7 such that for ¢ > T'(e)

z'(?) -7 —€)f(x
@) <M, flz(t—7))>1—¢€f(z())

Integration of (5.2) over T( ), t], and using (5.3)) yields
Fa(t) - Fa(T ()))—MT()—J1()7 t = T(e). (5-4)

M1 —¢) <

Next, set
T(e) utT
J'=M (/ M(s—u)ds)f’(x(u))du.
T(e)—T T(e)Vu
We will now prove for ¢ > T'(e) + 7, that

J*+M/ / M (v) dvf(z(u)) du
+M/t_T /Ot uM(v)dvf’(x(u))du

First, for t > T'(¢) + 7 we have

J(t)=M t I(s)ds =M o M (s —u)f'(z(u)) duds.
T(e) T(e) Js—T

By reversing the order of integration we obtain

J(t) =M t ( / v M(s—u)ds)f'(x(u))du.

T(e)—T7 T(e)Vu
Splitting the integral gives

M / T: T / W1(s — u) ds ) ' () o

+M/ /T(E g (sfu)ds)f’(x(u))du

+M - </(e)\/uM(S_U) ds)f’(x(u))du,

and noting that the first integral is J* and tidying up the limits of the integrals
yields

t—1 utr /
J(t)=J + M » (/ M(sfu)ds>f(x(u))du

+M tiT (/ut M(s — u) ds)f’(x(u)) du.

Substituting v = s — w in the inner integrals now gives (|5.5)).
Now that we have proven (5.5)), we will use it to obtain asymptotic estimates on
J. Since each of the integrands in (5.5 are positive for ¢ > T'(e) + 7, we have

J(t) > MC /T T e du, £ T(O) 41, (5.6)

because



22 J. A. D. APPLEBY, D. D. PATTERSON EJDE-2017/21

We now need a corresponding upper estimate for J. Since M : [0,7] — R*, for
€ [t — 7,t], we have

t uM(v)dvg/OTM(v)de.

0
Therefore,
J(t) = J* + MC T(e)f du—i—M/tT/ N (v) du ' (x(w)) du
< J*+ MC T(F)f du—i—M/tT/ N (v) dv ' (2(w)) du
Thus ,
J(t) < J +MC [ (z(u))du, t>T(e)+ . (5.7)

T(e)
Next, we estimate the integrals on the righthand sides of (5.6, (5.7). For ¢ >
T(e) + 7 we have

) ;o Mf(z(u)
/ M f'(x du—/T(E) ( )x(u) , du
)

f(@(u) a'(u)

)
2 [, Fty
=log f(x(t — 7)) —log f(x(T'(¢)))
> log(1 —€) 4 log f(z(t)) — log f(z(T'(€))).
Therefore, from , we have

a0
R o swm) ~

Similarly, for ¢ > T'(¢) + 7 we have

e PG, Mia)
o M@ du= |ty T W ey
Lo )
ST Jo Tlatuy) © W1

%_6 (log f(z(t)) — log f(z(T(e)))).

Therefore, from (5.7), we have
. J(t)
limsup ————= < C
t—oo log f(z(t))
Combining this with the limit inferior, we obtain
. J(t)
lim ————
t—c log f(2(t))
Therefore, as we have assumed f(x) — oo as © — oo, we see that J(t) — oo as
t — o0. Thus by (5.3), (5.8) and L’Hopital’s rule, we obtain
: Ji(t)
lim ————
t—oo log f(z(t))

=C. (5.8)

=C.
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Putting this limit into (5.4) yields (4.1). The result now follows from Lemma

6. PROOF OF THEOREM [2.4] WITH FINITE FIRST MOMENT

Define €1(t) = [, .y p#(ds) for t > 0 and

51(t) = a1 (D (1), 20,
Clearly 61(¢) > 0 for all ¢ > 0. Define also d2 by

@uwaéﬂM@Mﬂam—fua—@»,t>u

We have that a/(t) > 0 for all t > 0, and z(t) — oo as ¢ — oo. Therefore there
is T{ > 0 such that x(t) > @1 for all ¢ > T{. Define f* = max,co,] f(x). Since
f(x) — o0 as x — o0, it follows that there is xo > x1 such that f(z) > f* for all
T > x9, and there is also T{! > 0 such that x(t) > x5 for all t > T{!. Define T{!! =
max(T{, TH), and let ¢t > T{!1. Then as f is increasing on [rg,0) D [z1,0), we
have

f(@(t) > f(z2) = f* = max [f(y).

y€[0,21]
Now, let u € [0,t). If z(u) < x1, then f(x(u)) < f* < f(z(t)). If 2(u) > x1, then
x(t) > x(u) > z1 and f(x(t)) > f(z(u)). Therefore

f@) > fz(), 0<u<t, t>T{
Thus 82(t) > 0 for all t > T{!!. Notice for ¢ > 0 we have
a'(t) = M f(x(t)) — 61(t) — da(t).

Since §; and Jy are positive on [T, o), it follows that

o (t) < Mf(x(t), t>T{". (6.1)
Integration leads to
. (t)
1 —— < 1. 6.2
HSP FIM) S (62)

Define for 0 < a < b < +00
M(a,b) :/ wu(ds).
[a,b]

By Fubini’s theorem

5o(t) = /0 M(t —u,t)f'(x(u))z' (u) du.

It can be proven, as in the proof of Theorem [2.1] that z'(t)/ f(z(t)) — M ast — occ.
The details are given in [4, Theorem 1]. From this limit, we have for every € € (0,1),
that there is 7V (€) > 0 such that

a'(t) > M1 = o) f(z(t), t>T{"(e). (6.3)
Define T (¢) = max(T{V (¢), T{*T), and finally

Ti(€)
53(t) = /0 M(t —u,t) f (x(u)x’ (u) du, t>Ti(e).
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Then for t > T (e) we have

da(t) = 63(t) + o M(t —u,t)f'(x(u))z' (u) du (6.4)
Also define
B0 = gralth RO = gm0
Define

Then for t > Tj(¢€), we have

B0 <K [ p(ds) =i aule) (6.5)

[t—T1 (€),t]

Since t — f(x(t)) is increasing on [T}, 00), we obtain from (6.1), (6.4]), and (6.5)
the bound
¢
G2(t) < da(t) + M Mt —u, ) f'(2(w)) du - f(z(t)).
Ty (e)

Since

lim sp(ds) = C € (0, 00),

t=0 Jio,1]

it follows for every e € (0,1) that there exists T5(e) > 0 such that
/ sp(ds) > C(1 —e).
[0,T2(e))

We also have that
L f(a(t = Ty(0)
t=oo f(a(t))
Therefore, for every n € (0, 1) there is T4(n, €) > 0 such that for all ¢t > T5(n,€) we
have f(z(t — Tz(€))) > (1 —n) f(x(t)). Fix n = € and set T4(e) = T4(e, €). Then for
t > Ti(e) we have f(z(t—Ta(€))) > (1—¢) f(z(t)). Now, let ¢ > Ty (€)+T2(e)+T45(e€).
Then from , and we have

t

8o (t) > —|05(t)] —|—/ Mt —u, t)f' (x(u)x' (u) du

t—Ts (6)

=1.

t

> a0+ [ M) ()M~ e d

t

> —04(t) + M(1 - e)/ M(t —u,t)f'(x(u)) du - f(z(t — Ta(c)))

t—T3(e)
> —54(t) + M(1— ¢)2 /t_T MO w0 @) du ),

Define
I(t) = Mf;‘((gfzt)) >0, t>Ti(e)+ Tale).
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Then for t > Ty (€) + Ta(e) + T5(e) =: T3(€), we have

ffg(t)Jr(l—e)Z/ M(t — u,t) f'(x(u)) du
t—T5(€)
< I(t) < I3(t) + Mt —u,t)f'(x(u)) du.
T (€)
Since 2/(t) /(M f(x(t))) = 1 — I,(t) — I5(t), by defining
J(t) = MIy(s), t>Ts(e)
T3(e)

integration yields
t

F(x(t))—MtzF(x(Tg(e)))—MTg(e)—/T()el(s)ds—J(t), t > Ts(e). (6.7)

We can readily estimate the third term on the right-hand side: for t > T5(e) we
have by Fubini’s theorem

t
/ €1(s)ds = / / ds p(du)
T (e) [T53(e),00) J[T5(e),tAu]

- / (t Nu—Ts(e)) p(du)
[T3(€),00)

< u— Ts(€ du) < C.
< /[Tg(e)m)< 3(€)) p(du) <

We estimate for ¢t > T5(e) the integral

t
Mig(s) ds.
Ts(e)

Since f and z are increasing, by (6.5) and Fubini’s theorem we obtain
t

I. 7}(1(6) t U S
Ts(e) Mly(s) ds < f(z(Ts(€))) /TS(G) /[s—Tl(e),s] uldu)d

_ Kl [ W) ds
< T o iy M8

i o
B f(l'(Tg(E))) /[Ts(e)—T1(e),oo)( +T1( ) T3( )) M(d ) 'Cl( )

Therefore

t t
0< / €1(s)ds<C, 0< MIs(s)ds < Ci(e), t>Ts(e). (6.8)
T (e) Ts(e)

From the definition of J, and (6.8)), for t > T3(e) we have
t s
J(t) > -Ci(e) + M(1 —6)2/ / M(s —u,s)f'(x(u)) duds, (6.9)
Ts(e) Js—Ta(e)

J(t) < Ci(e) + M/T " TS( ) M(s —u,s)f (x(u)) duds. (6.10)
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Next, set Ty(€) = To(e) +T5(¢€), and let t > Ty(¢). By reversing the order of integra-

tion in (4.17) and splitting the integral, and using the positivity of the integrands,
we obtain

T3(€) tA(u+T%)
J(t) > —C1(e) + M(1 —¢)? / / M(s —u,s)dsf' (z(u)) du

T3(e)—Ta(e) JT3(e)Vu
tA(u+T2(€))
M(1—c¢) / / M(s —u,s)dsf (z(u)) du
T3(e€)
t—Ta(e) ptA(u+T2(€))
> _Ch(e) + M(1—e)? / M(s — u, s) dsf'(a(u)) du
T3(E

M(1—e¢) /ME/MSUS dsf (z(u)) du

t—T2(e) put+Tz(e)
> —Cy(e) + M(1 — ¢)? / M(s —u,s)dsf(x(u)) du
T3(6

For u € [T5,t — Ts], by making the substitution v = s — u and reversing the order
of integration we obtain

u+T5(€)
/ M(s—wu,s)ds

T2(5) T2(€)
:/ M(v,v+u)dv:/ / p(dw) dv
0 0 [v,v+u]

_ / (w A Ta(e) — (w — ) V 0) pu(dw)
[0,T2(e)+u]

= / wp(dw) + / (Ta(e) — (w — u) V0) p(dw).
[0,T>(e)] (T2(€), T2 (€)+u]

Since the integrand in the second integral is non—negative, we have by the definition

of Tg,
u+Ts>(€)
/ M(S*U,S)CLSZ/ wp(dw) > C(1 —e).
u [0,T%(¢€)]

Therefore for t > Ty(e) we have
t*Tz(e)
J(t) > —Ci(e) + MC(1 — 6)3/ I (z(u)) du. (6.11)
Tg(e)
For t > Ty(¢€), because T3 > T} we have from (6.10)) and an interchange of integra-

tion order

J(t) < Ci(e) + M M(s —u,s)f (x(u)) duds
T3(e) JTi(€)

< C(e +M/ / M(s —u,s)dsf (z(u)) du.
T1 6) T3(6
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Splitting the integral gives for ¢t > Ty(¢)

Tg(E) t
J(t) < Ci(e) + M M (s —wu,s)dsf'(x(u)) du
Tl(e) T3(€)

o (6.12)
+M/ / M (s —u,s)dsf'(z(u)) du.
T3(e) Ju
It can now be checked that
¢
/ M(s—wu,s)ds < / wp(dw), t>2u,t > u > Ts(e), (6.13)
u [0,2]
and likewise that
t
/ M(s—u,s)ds < / wp(dw), t<2u,t>u > Ts(e). (6.14)
u [Ovt]

We defer the proof of these estimates to the end. Putting (6.13) and (6.14) into
(6.12)) yields for ¢ > Ty(e)

t

J(t) < Ci(e) + MC (@ (u)) du

Ts(e)
o (6.15)
+M M(s —u,s)dsf'(z(u)) du.
Ti(e) JTs

Next for u € [T1,T5] and t > Ty, we obtain, by making the substitution v = s — u,
and an exchange of order of integration

T: M(s —u,s)ds = /T:Z /[E’Hu] p(dw) dv
= /Ot“ /[Mﬂ] p(dw) dv
- [ = wrw waw)
+ /(] (- ) Ao — (10 — ) (o).

Again, considering the cases t > 2u and t < 2u, we arrive at the estimates

t
M(s —wu,s)ds < / wp(dw), t>2u, t > Ty(e), u e [T1,Ts), (6.16)

T 0.4
t
M(s—u,s)dsg/ wp(dw), t<2u, t > Ty(e), ue [Ty, Ts]. (6.17)
T3 [O,t]

We postpone the justification of these inequalities to the end. Using the fact that

f[O,t] wp(dw) < C for all t > 0, and putting (6.16) and (6.17) into (6.15), yields

J(t) < Ci(e) + MC Tt( )f’(x(u)) du, t>Ty(e) (6.18)
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Next for ¢ > Ty we estimate the integral in : using (6.1)) and the fact that
for t > T5(e) we have f(x(t — Ta(e))) > (1 — e)f( ( )) we obtam
e RO () M)
M du = d
o Tt [y ey
t— T2 6)
[T

Ty (€) fz(w)
(z(t — To(e))) — log f(z(T3(e)))
(z(t)) +log(1 —€) — log f(z(T5(e))).

=log f
> log f

Therefore from ([6.11)), we obtain

lim inf J(t)

— —e)>.
i ey = C1

Letting € — 07 yields
t
lim in fL >
t—oo log f(x ( ))
For t > Ty(e€), we estimate the integral in . Using (6.3)) we obtain

J(t) < Ci(e) + MC f'(@(u)) du
Ty (€)

— (e bof(a(w) Mf(z(w)
= C4( )JFC/TI(G) f(@(u)) '
c [t f(z(w)
L—€Jr flz(u))
(

= C1(0) + 7o (log f(x(t)) ~log F(x(T(c))

Dividing across by log f(z(t)), taking the limsup as ¢ — oo, and then letting ¢ — 0
yields

(6.19)

< Ci(e) + z'(u) du

J(t)
limsup —————— < C.
t—oo log f(x(t))
Combining this with (6.19)) gives

J(t)

Jlim Tog @)~ C. (6.20)
For t > T3(¢), by (6.7] ., we have
Flat)) — Mt P@(Ts(0) = MT3(e) = [p, (., e1(s) ds I
log f(z(t) log f (x ( ) log f(x(t))”

Since 0 < fé(e) e1(s)ds < C, log f(x(t)) — oo as t — oo and holds, we
immediately get
lim F(x(t)) — Mt
t—oo log f(z(t))
Recall that x obeys , and f obeys (1.8) with A € [0,00]. Therefore, we may
apply Lemma to x obeying and (6.21)), from which we conclude that
a(t) -AC

M am ¢

= —C. (6.21)
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as required. This completes the proof of Theorem 2.4 when C' < +o0.
It remains to dispense with the estimates (6.13) and (6.14]), as well as (6.16) and

(6.17). We start with (6.13)) and (6.14]). For ¢ > u > T5(e) we have
t
/ M(s —u,s)ds

t—u
= / / p(dw) dv
0 [v,v4u]

= {t—u)ANw — (w—u)VO0}u(dw)
[0,¢]

= o ){(t—u)/\w}u(dw)Jr : t]{(tfu)/\w—(w—u)}u(dw).

We now use (6.22)) to prove (6.13]) and (6.14]).

Ift>2u,t—u>u,so

(6.22)

(6= w Awhulde) = [ wntdw)

[0,u) [0,u)

Similarly,

[ t]{(t —u) Aw = (w —u) pu(dw)

/[ o~ ]{(tu)/\w(wu)}u(dw)+/ {(t —u) Aw — (w — u) }u(dw)

(t—u,t]
— [ wtdw)+ [ - wud)
[u,t—u] (t—u,t]
Since w > w in the first integral, and w > ¢t —w and w —u > t — 2u > 0 in the
second, we have

(t=whw= - < [ wudw)
[u,t] [u,t]

Combining this with the expression we have for the integral on [0,u) in (6.22)) now

gives the estimate in (6.13]).
Now suppose that ¢t < 2u so t — u < u. Then the first integral in (6.22)) is

{(t —u) Nw}p(dw) < / u A wp(dw) = / wp(dw).
[0,u) [0,u) [0,u)
For w € [u,t], t <2u we have t —w <t —u < u < w, it follows that
(=) Aw — (w — w)}p(dw) < / wp(dw).
[u,t] [u,t]

Combining this with the first identity in this paragraph gives (6.14)).

Now we turn to the proof of (6.16)) and (6.17): for v € [T1,T5] and t > Ty, we
obtain

t t—u t—u
M(s—wu,s)ds = / / w(dw) dv < / / w(dw) dv.
T3 T3—u J[v,v+u] 0 [v,04u]

t

t—u
M(s—u,s)ds < / / wu(dv) dw =: My (u,t). (6.23)
T3 0 [w,w4u]

Hence
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Now for t > u we have

vA(t—u)
My (u,t) = / / dwp(dv) = {vA(t—u)— (v—u)V0}u(dv).
0,¢] J (w—u)vo (0,¢]

If ¢ > 2u we have

Mi(u,t) = vp(dv up(dv t—v)u(dv
(ust) /H (dv) + /[) u(dv) + /[ o)

< / vu(dv) + / vu(dv) + / (t — v)p(dv).
[0,u) [u,t—u) [t—u,t]

In the last integrand v >t —u > u, so t — v < u < v. Hence
M (u,t) < / vu(dv), t> 2u.
0,1]
If t < 2u, we have

My(ut) = /[) opldv) + /[ )+ [ =)

[u,t]

§/ vu(dv) +/ vu(dv) +/ (t —v)p(dv).
[0,t—u) [t—u,u) [u,t]

In the last integrand we have t > v > u, sot —v <t —u < u < v. Therefore
M (u,t) < / vu(dv), t < 2u.
[0,¢]
Combining the cases where ¢t > 2u and ¢ < 2u we have the consolidated estimate
M (u,t) < / vu(dv), t>u. (6.24)
[0,¢]
Thus .

M(s—u,s)ds §/ vp(dv), t>u>Ts.
Ts [O,ﬂ

establishing both (6.16)) and (6.17). This completes the proof.

7. PROOF OF THEOREM [2.4] WITH INFINITE FIRST MOMENT
By the same considerations made in the case when C' < 400, we have
M
P(t) < Mfat), t=T", () > @), t=T7(1/2),

and (6.2) holds. We take 77 = max(T{!! T[") recalling the definition of T/ in
the case when C' < 4+o00. For t > T}, we still have the estimate

165(8)] < /[ ORISR0
where .
K = / | (o) () s

Next, as f[o 1l sp(ds) — 0o as t — oo, for every N € N there is T = T5(N) such
that

/ su(ds) > N. (7.1)
[0,T2(N)]
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Since To(N) is fixed, the limit
fx(t — To(N)))

lim ————————= =1

t—oo f(x(t))
prevails. Therefore, for every n € (0,1) there is T3(n, N) > 0 such that ¢ > Ts(n, N)
implies f(x(t — T2(N))) > (1 —n)f(x(t)). Set n = 1/2. Then, with T3(N) =
T5(1/2,N), we have

Flalt ~To(N) > S Fa(D), ¢ > TH(N).

Hence, for t > T1 + To2(N) + T45(N), we can argue as above to obtain
t

b(t) > o)+ 5 [ M~ 1)7 () du,
t—Ts

where Ip(t) = 82(t)/(M f(x(1))), I3(t) = 8a(t)/(M f(2(t))). Define T3(N) = T +
To(N) + T4(N). For ¢t > T3(N) we have

Fla(t)) — Mt = F(z(T})) — MTy —/T (o) ds— | ME(s)ds
Hence for t > T5(IN) we have

F(x(t)) — Mt < F(x(T3)) — MT3 + M t I3(s)ds

T3

M t s ,
- /T ), MG = ) ) du

Next, we estimate the third term on the righthand side of ([7.2]). By definition for
t > T3, we obtain

(7.2)

t

t t 1 1
M Ig(S)dS:Kl . mds

Ts Ts f(z(s))

Since t > T3 > T{" we have

/ u(du)ds < K1M
[s—T1,s]

‘. Cps) Mfa(s)
M B ds < I | iy o) @
t /(S) B z(t) L y
=2 ) P <s>>ds‘2Kl/x<T3> P ™

Now, as lim,_,o f(x)/(z/logz) = X € (0,00] and f(x)/z — 0 as z — oo, it follows
that log f(x)/logx — 1 as x — oo. Hence

o JoB(L/ (@)

= —2.
2—00 log x
Therefore [ f~%(u)du < 400, and so as z(T3) > z1 we have
t oo 1
M 13(8 ds S 2K1 -5 du, t Z T3. (73)
T3 ) x1 fQ(U)

Letting

<1

o fP(u)
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we have from (7.3) and (7.2) that
Pla(t)) — Mt < Ky(N) — Z/ M(s—u,s)f/(x(w) du, ¢ > Ty(N). (7.4)
Ty Ts
Let T4(N) = To(N) 4+ T5(N) and t > Ty(N). We estimate the second term on the
righthand side of (7.4) as in the proof of the lower bound of J in Theorem [2.4] after
(6.9). Noting that f’'(z(w)) > 0 for all u > T5 — Ty, for t > T4(N) we obtain

M o M(s —u,s)f' (z(u)) duds
T3 Js— T2

t/\(u+T2
/ (s —u,s)dsf'(z(u)) du

T3Vu

Y th/M M(s — u,s) ds ' (x(w) du
+M/T2[+T2 (5 — ) ds " (x(w)) du

t—T5 u+Ts
oM / M(s — u,5) dsf (2(u)) du

For u € [T5,t — Tz we have as before that

u+Ts
/ M(sfu,s)dsZ/ wp(dw) > N.
m [0,T%]
Therefore, from (7.4) for ¢t > T4(IN) we have
F(z(t)) — Mt < K3(N) — —— f(x(u)) du. (7.5)

Finally, for ¢ > T4(N) we obtain

M TK_ 2f’(:v(u))du:/TK_ ’ 5{;{5;; . Mj;lfi?)))x’(u) du
T (u)
= /T Flatuy) )

> log (;) T log £(x(t)) — log f(x(T3)).

Since f(xz(t)) — oo as t — oo, taking this estimate together with (7.5 and letting
t — 00, we obtain
F(xz(t)) — Mt < N

liminf ——2————— —.
in log fx(t) 4
Since N is arbitrary, we obtain
F(xz(t)) — Mt

= —007

.
e log f(z(t))

and because log f(z)/logx — 1 as  — oo, we have
lim F(z(t)) — Mt _
t—oo  logx(t)
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Notice that the estimate z’(t) < M f(x(t)) for t > T}’ holds, so asymptotic
integration yields
t
lim sup z(?) <1

t—00 Fﬁl(Mt) -
Therefore all the hypotheses of Lemma [4.2| hold, and therefore x(t)/F~1(Mt) — 0

as t — oo, as claimed.

8. PROOF OF THEOREMS [2.2] 2.3 AND

The proofs of these results rely upon some preliminary lemmas. The first several
results will be employed in the proof of Theorems [2.3] and although Lemma [8.3
is also needed for the proof of Theorem

Lemma 8.1. Suppose that f(x) > 0 for all x > 0, f'(z) > 0 for all z > x1,
f'(x) = 0 asz — oo and f(x) — 00 as x — oo. If f' is decreasing on [z2,00),
then for every € > 0 there is xo(€) > 0 such that x >y > xo(€) implies

1@ 4ol (8.1)
€ Yy
Proof. Let u > max(xy,x1) =: x3. Since f’ is decreasing, we have

fu) = f@3) = f'(u)(u — z3).

Rearranging and integrating over the interval [y, x| (for x > x3) yields

f(@) = flas) _ fy) = flas)
T — T3 o y—x3
Deline F(@) = Flws)\ /¢ f(@)
x) — f(xs x
a(x):z( x— T3 )/( x )’ v T
Then
@) o) o

N TC
Since f(x) — oo as x — o0, it follows that a(x) — 1 as * — oo. Therefore, for
every € > 0 there is z4(¢) > 0 such that

<a(z)<vV1i+e x>z4(e).

Now, set xo(e) = max(zg + 1,24(€)). Then for z > y > zg(e) we have (8.1) as
claimed. g

The following result, which was established in [4] for increasing, concave func-
tions, will also be used. Scrutiny of the proof in [4] shows that the monotonicity
restrictions can be relaxed to the ultimate monotonicity hypotheses imposed here.

Lemma 8.2. Suppose ¢ is such that o(x) — 00 as x — 00, ¢'(x) > 0 for x >
and ¢'(z) is decreasing on [xq,00) with ¢'(z) — 0 as x — oco. If b,c € C(RT,RT)
obey limy_, 00 b(t) = lim_, o0 ¢(t) = 00, and b(t) ~ c(t) as t — oo, then @(b(t)) ~
o(c(t)) ast — oo.

Lemma 8.3. Let M > 0. Suppose that f(z) > 0 for all x > 0, f'(x) > 0 for all

x>z, ff(x) = 0 asz — co. Define F as in (L.5)). Suppose that a is a measurable
function such that a(t) > 0 for all t > T*.
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lim @a (F(x)/M) =0, (8.2)

F~Y(Mt — a(t))
t—00 F-1(Mt)
(b) If f' is decreasing on [x2,00), and f(x) — 0o as x — oo, then (8.3)) implies
=)

Proof. We start by proving that (8.2)) implies (8.3)). Since f is increasing, for x > x;
we have

~1. (8.3)

Thus
liminfM > 1.

xr—00

T

Thus for every € € (0,1) there is xzo(e) > 0 such that f(z)/z > (1 —¢€)/F(x) for
x > zo(€). Now, since F(z) — oo as & — 0o, we have that F(z)/M > T* for all
x > x9. Let x3(e) = max(zg(€),xz2). Therefore for x > x3(e) we have

@Q(F(x)/M) > (1- B2 (FF@(%M).

By (8.2) we therefore have

and so

Therefore there exists To > 0 such that a(t) > 0 and Mt — a(t) > 0 for all ¢t > Tb.
Also, since Mt—a(t) — oo ast — oo, there is T3 > 0 such that F~1(Mt—a(t)) > z;
for all ¢t > T3. Let Ty = max(Ts,T3).

Let y be the solution of with y(0) = 1. Then y(t) = F~1(Mt) for t > 0.
Hence for t > Ty, by the mean value theorem there exists 6; € [0,1] such that

= FH(Mt) - f(y(t— eﬁt))) ~a(t).

Next, since a(t) > 0 for t > T, and 6, € [0,1], we have that t > ¢ — 6,a(t)/M >
t—a(t)/M > 0forall t > Ty. Since y is increasing, we have y(t) > y(t—0;a(t)/M) >
y(t —a(t)/M) = F~Y(Mt — a(t)) > z; for t > Ty. Therefore we have

Flu(t=“0)) < p(u (- "9 < o) = pE (2.

Therefore
F=Y(Mt) > F~Y (Mt —a(t)) > F~Y(Mt) — f(F~Y(Mt))a(t), t>Ty,
F~Y Mt —a(t)) < F7YMt) — f(F~Y (Mt — a(t))a(t), t>Ty.

To finish the proof of part (a), we divide by F~1(Mt) across the first inequality,
let ¢ — oo and apply (8.2)).
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To prove part (b), divide the second inequality by F~*(Mt—a(t)) and rearrange
to obtain

(M) FF-1 (M~ a(t)))
FiOit—a) 2 Fion—a) @020 2T

Letting ¢ — oo and using (8.3)) we see that
 fETHME - a(t)))
1 t) = 0.
i F-1(Mt — a(t)) a(t)

By Lemma we have that holds. Since F~Y(Mt) ~ F~Y(Mt — a(t))
and F~1(Mt) — oo as t — oo, for every € > 0 there is Ti(¢) > 0 such that
F=Y(Mt — a(t)) > xo(e) for all t > Ti(e). Since a(t) > 0 for all t > T*, for
t > max(T*,Ti(¢)), we have

fE—H (M) JFEH (ML — a(t)))
_ 1 .
0<Fam T TFTar—a)
Hence
- fFN(MY))
lim 2o W gy = .
A == ¢ =0
Making the substitution v = F~1(Mt) gives (8.2, completing the proof of part
(b). 0O

We are now in a position to prove Theorem

Proof of Theorem[2.3. The proof that (a) implies (b) is the subject of Theorem [2.1
when A = 0. We now prove that (b) implies (a), with the additional hypothesis that
f’ is decreasing on [z3,00). Without assuming the rate of growth of f (i.e., absent
the hypothesis that f obeys ), we can proceed as in the proof of Theorem [2.1
to show that

o F(xz(t)) — Mt _

t—oo log f(x(t))

Since z(t) — oo as t — oo, there is 7/ > 0 such that the functions

F(x(t)) — Mt /
C(t):=—————, at):=C(t)]log f(x(t)), t>1T',
(1) = T st alt) = C(0)log F(a()
are well-defined. Moreover, granted the usual tacit assumption that f(z) — oo as
x — oo, we have that there is T” > 0 such that a(t) > 0 and C(t) > 0 for all
t>T" and C(t) — C as t — oo. By the definition of C' and a, we obtain

x(t) = F~Y(Mt —a(t)), t>T.

Therefore, by part (b) of Lemma since x(t) ~ F~1(Mt) by hypothesis, we have
that

—C.

lim Ma (F(xz)/M)=0.

r—o0
Now, since z(t) ~ F~1(Mt) as t — oo, and f is ultimately increasing with ulti-
mately decreasing derivative, and f(z) — oo as ¢ — oo, we may put f in the role
of ¢ in Lemma x in the role of b and ¢t — F~1(Mt) in the role of ¢ to obtain

f(z(t) ~ f(F~Y(Mt)) ast— oo.
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Therefore log f(x(t)) ~ log f(F~1(Mt)) as t — oo (by elementary considerations,
or by identifying ¢ = log in Lemma for example). Hence

a(t) ~ Clog f(F~Y(Mt)) ast — oo.
Since F(z)/M — oo as © — 0o, we have
a(F(z)/M) ~ Clog f(x), asx — oo.
Therefore f(x)/x - log f(x) — 0 as © — oco. Finally, by using the identity

%loga: = _f@) log (f(;)) + £ log /(@)

T €T

(which holds for all z sufficiently large) and noting that ylogy — 0 as y — 01, and
f(@)/x — 0 as © — oo, we see that f(z)/x -logz — 0 as x — oo, as required. [

We are also in a position to prove Theorem [2.2]

Proof of Theorem [2.2. Define () = log f(F~!(x)). Since f is ultimately increas-
ing and F~! is increasing, ¢ is ultimately increasing and p(x) — oo as  — oo.
Now ¢'(z) = f/(F~1(x)). Therefore, as f’ is ultimately decreasing, ¢’ is ultimately
decreasing with ¢’(z) | 0 as  — oo. As part of the proof of Theorem it was
shown that the solution = of obeys F(z(t))/t — M as t — oo. Now we apply
Lemma [8.2] with b(t) = F(z(t)), c(t) = Mt and ¢ as defined to obtain

o f(a(1)
2 Tog F(F-1(M)
In the proof of Theorem [2.1]it was shown that the limit
r _
- (z(t)) — Mt _
1% og F(x(0)
holds. Furthermore, as f(x)/(x/logz) — oo and f(z)/x — 0 as * — oo, we have
that log f(x)/logz — 1 as * — o0, so taking these limits together, we arrive at

F(x(t) — Mt

—C

— =C.
2% log F-1(Mt)
Finally the function ¢ : [1,00) — R given by
F(x(t)) — Mt
t) i =——FF——, t2>1
() log F-1(Mt)" ' =
is well-defined, in C!, and obeys c(t) — C as t — co. Rearranging this identity in
terms of x yields the result. O

In addition to Lemma [8.3] we will need one more preparatory result in order to
prove Theorem we state and prove it now.

Lemma 8.4. Let M > 0. Suppose that f(x) > 0 for all x > 0, f'(z) > 0 for all
x> x1, f'(x) = 0 as ¢ — oo. Define F as in (1.5)). Suppose that € is a positive,
non—decreasing and measurable function with e(t) — 0 as t — oo. Then

F(z)/M
lim %x)/ €(s)ds = 400 (8.4)
Tr— 00 0

implies

o F=Y (Mt — [ e(s)ds)

=00 F-1(Mt) =0
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Proof. Let y be the solution of (1.7) with y(0) = 1. Then y(t) = F~Y(Mt) for

t > 0. Define
1 t
= M/o e(s)ds, k(t)=t— K(t).

Then K is non-decreasing. Also as €(t) — 0 as t — oo, we have K(t)/t — 0 as
t — oco. Hence k(t) — oo as ¢ — oo and indeed x(t)/t — 1 as t — oco. Since
€(t) — 0 as t — oo, it follows that 0 < e(t) < M/8 for all ¢ > Ty. Thus for
t > s > 1Ty, we have

K(t) — K(s) —t—s——/ u)ds > = t—s).

Hence & is increasing on [T}, 00), so k! is well-defined and k=1(¢)/t — 1 as t — oo.
Also, as k(t) < t for all ¢ sufficiently large we have x~1(t) > ¢ for all ¢ sufficiently
large (say t > Tb). Thus for ¢t > T5, as € is non—increasing, we have

-1

KT (t)
0< K(k™ (1) — K(t) = /t e(s)ds < e(t)(k™H(t) —t).

By the definition of &, there is T3 > 0 such that t = k=1 (¢t) — K (k7 1(t)) for t > T5.
Also, there is Ty > 0 such that €(¢) < 1 for all ¢ > T,. Thus for t > T5 =
max(Ts, T3, Ty) we have

0< K(k~1(t)) — K(t) < () K (5~ 1(1)).

and indeed .
Kk (1)) 1
1< t>Ts.
=K@ T 1—€@) °
Therefore
. K(kT'()

Since k(t) — oo as t — oo, and « is increasing, we have

i ZOE KON ) g SO0 1) gy S0 e mn

t—oo  y(t — K(t)) t—oo  y(k(t)) z—oo y(2)
o W) o KGN
=0T KO TR
o J(FTN(Mz)) K(k'(2)
I Semon) KB TRy ot

where we have used (8.4]) and (8.5 at the last step. Hence

(- K1)
T YO I

By hypothesis, there is T > 0 such that ¢t — K (¢) > 0 for all ¢ > T and also that
F~Y(t—K(t)) > x for all t > T7. Let Ty = max(Tg,T%). Then, for ¢t > Ty we have

t
F—I(Mt—/ c(s)ds) = y(t — K1),
0
so by the mean value theorem, there is 6; € [0, 1] such that

y(t = K1) =y(t) —y'(t = 0. K () K (t) = y(t) = Mf(y(t — 0K (1)) K(t).

(t) = +o0. (8.6)
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Since K(t) > 0, t > Tg, and 6, € [0,1], t — 0;K(t) > t — K(t) > 0. Since y
is increasing and ¢ > Ty, y(t — 6, K(t)) > y(t — K(t )) = F 1t — K@) > 1.
Therefore, as f is increasing on [z1,00), we have

fly(t —0:K(1))) = f(y(t — K(1))).

Hence for t > Ty,

y(t — K(t)) = y(t) = Mf(y(t — 0K () K(t) < y(t) — Mf(y(t — K(t)))K(t).
Therefore
y(t — K() + Mf(y(t — K(1) K@) <yt), t=>Ts,
and so
y(t) flyt—K(t))
R ) R "
Hence by we see that
Finally, since F~* (Mt fo s)ds) = y(t — K(t)), we see from that

F~Y (Mt — d —
o T QL =y els)ds) oy — ()
ST (M) 0]
completing the proof. O

We are now in a position to prove Theorem
Proof of Theorem[2.5. As before we have defined €; (t) = f(tm) u(ds) for t > 0 and
51(1) = (O @l0), 120,
Clearly d1(¢) > 0 for all ¢ > 0. Define also 3 by
02 (t) = /W] plds) (f (x(t)) — f(x(t —s))), t=0.
We get
_ / UMt — ) () () ds
Then as f is increasing on [0, o(;), we have that d2(¢) > 0 for all ¢ > 0 and hence

2’ (t) = M f(z(t)) — 81(t) — 62(t), t>0. (8.8)
Next if we define

F(z(t)) — Mt = F(x(0)) — /0 €1(s)ds — /0 MIy(s)ds, t>0. (8.9)

We now prove part (i) of the Theorem. To start with, we obtain an upper
estimate for z. Since 2/(t) < M f(z(t)) for all ¢ > 0, we have

(t) < /0 M(t —u,t)f (x(u)) du.
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Hence

/Ot MIy(s)ds < M/Ot /OSM(S —u,8)f (z(u)) duds

t ot
= / / M(s —u,s)dsf'(x(u)) du
0 Ju
Now for ¢t > u we have

t t t—u
/ M(s—wu,s)ds = / / wu(dv) ds = / / w(dv) dw = M (u,t),
u u J[s—u,s] 0 [w,w+u]

by the definition of M; in (6.23)). Now, from (6.24), we have
My (u,t) §/ vu(dv), t>u.
[0,¢]

Therefore

t
/ M(s—u,s)dsg/ vu(dv), t>wu.
u [Ovt]
Therefore

[ arnsyas <ar [ [ 66 - s o) dus

[ o) [ e

Hence we have from that
t t
Fla(t)) — Mt > F(z(0)) / e1(s) ds / W(dv)/ MF (z(w)du, t>0.
0 [0,¢] 0
Next, we have that 2/(¢t) > M (1 —€) f(«(¢)) for all t > T} (). Define

T1(e)
K () ::/0 M f'(z(u)) du.

Therefore for ¢ > T7(¢) we have

/ M) du = Ka(0)+ [ e SO ) o
<K+ [ T

= K1(0) + 1 (log f(x(t)) —log f(x(T1))).

Since f(z)/x — 0 as © — oo, for every € > 0 there is T(e) > 0 and Ks(¢) > 0 such
that

/Mf ugKg(e)—i—li

Next, we have x(t) < F~*(F(2(0)) + Mt) for t > 0, so

logz(t), t > Tx(e).
€

/ MF/(2(w) du < Ka(e) + ielogF_l(F(x(O))—i-Mt), t > To(e).
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Finally, as F~!(c + Mt) ~ F~*(Mt) as t — oo, we have
o M (@(w) du
1 S A |
T T log Fr1(ME)

) z(t)
—— <1 .
llgrlsogp FID) = 1 (8.10)
Hence for every € € (0, 1) there is T5(e) > 0 such that ¢ > T3(€) implies
¢
F(z(t)) — Mt > F(z(0)) 7/ / p(du) ds—/ sp(ds)(1 + €) log F~(Mt).
0 J[s,00) [0,¢]
Define

as(t) = —F(x(0)) +/0 /[ ),u(du) ds + /[0 . sp(ds)(1 + €) log F~H(Mt).

and moreover

o x(t) . TN (Mt — ax(t))
>
i inf -y = it =g
Clearly aq(t) > 0 for all ¢ sufficiently large. Finally

f(w)ang M :@ e du) ds
Pap@an =12 [T [ uta

+ / su(ds)(1+ e)M logz — MF(LE(O)),
[0.F(2)/M] r t

so by (2.7) and (2.8), we have ao(F(z)/M)f(x)/z — 0 as © — oco. Hence with ay
in the role of @ in Lemma [8.3] we have
1 .
lim F~H (Mt — as(t))
t—o0 F-1(Mt)

:1’

and so

g )
_ >
il = = b

Combining this with (8.10) proves part (i).
We now prove part (ii). From (8.8), and the fact that d5(¢) > 0 we have
a'(t) < Mf(x(t) — 01(t) = M f(a(t) —er(t) f(2(t), t=0.
Dividing by f(z(¢)) and integrating gives

x(t) < F*(F(z(o)) + Mt — /t €1(s) ds), t>0. (8.11)
0

Since €1 (t) = f[t 00) u(ds), we see that e; is positive, non—increasing and obeys

€1(t) — 0 as t — oco. Therefore by (2.10]),
F(z)/M
lim Lx)/ €1(s)ds = lim M/ / p(du) ds = 400
0 (0,F(x)/M] J[s,00)

Tr— 00 x Tr— 00 €T

so the condition (8.4) in Lemma[8.4 holds. Therefore as all conditions of Lemma8.4]
hold with €; in the role of €, we obtain

oy F (M- I3 e1(s) ds)

=0.
00 F-1(Mt)
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Finally, as F~1(c+ Mt) ~ F~1(Mt) as t — oo for any ¢ € R, it follows from (8.11))
that
x(t) F- (Mt — fo €1(s) ds)

li — 7 <1
P (M) et —1(Mt)

and hence part (ii) of Theorem [2 s been proven.
BT

To prove part (iii), we revisit ), namely

:07

z(t) < Ffl(F(:E(O)) + Mt — /Ot €1(s) ds), t>0.

Since F~1(c+ Mt) ~ F~Y(Mt) as t — oo for any ¢ € R, and by hypothesis we have
x(t) ~ F~Y(Mt) as t — oo, we see that

F~H(Mt— fo e1(s) ds)
o S
lim tnf F=1(Mt) =
On the other hand, as €;(t) > 0 for all ¢ > 0, we have the trivial limit

F=H(Mt - ft e1(s) ds)
li 0 <1
naeup F-1(Mt) =5

. _1(Mt—f0t e1(s) ds)
i, F-1(Mt) =1

Now set a(t fo €1(s)ds. Since f’ is decreasing on [x2,00), by Lemma part
(b) it follows that

and so

lim MUL (F(x)/M) =0,
Tr—00 X
which is precisely (2.8]). This completes the proof of part (iii). O

9. PROOF OF THEOREM [2.6]
We start with the proof of a preliminary result.
Lemma 9.1. Suppose that M is defined by
M(t—u,t):/ wu(ds), t>u>0,
[t—u,t]
where ;1 € M([0,00);RT). Suppose that b and ¢ are continuous functions with
b(t) ~ c(t) as t — oo with 0 < ¢(t) — oo as t — co. Then

t
Mt —u,t)e(u)du — 0o ast — oo,

t ¢
/ M(t —u,t)b(u) du ~ / Mt —u,t)e(u)du ast — 0.
0 0
Proof. Define

/Mtfut /Mtfut u)du, t>0.

Now for ¢ > 1 we have

t):/o M(t—u,t)c(u)duZ/ 1]\4(25—u,t)du- inf  c(u).

u€E[t—1,t]
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Since

t t 1
/ Mt —wu,t)du = / / wu(ds) du = / / wu(ds) dv = {1 A s}u(ds),
-1 t—1 J[t—u,] 0 Ju [0,¢]

the positivity of u implies that g(t) — 00 as t — 0.

Since b(t) ~ c(t) it follows for every e € (0,1) there is Th1(e) > 0 such that
(1 —e€)e(t) <b(t) < (1+e€)e(t) for all t > T (€). Hence for t > T3 (e) we have by the
positivity of b and ¢ on [T}, 00) and M on its domain that

(1—¢) t M(t—u,t)c(u) du < t M(t—u,t)b(u)du < (1+¢€) t M(t—u,t)c(u) du
Ty T Th
Now , .
Mt =, t)e(u) du = 5(t) — [ Mt — u, t)e(u) du
T 0

Thus, as M (t — u,t) < M and ¢ is non—negative, we have for ¢t > Ty with C(e) :=
M fOTl c(u) du,
t t

M (t —u, t)e(u) du < 8(t), M (t —u, t)e(u) du > 6(t) — C(e).
T T

Hence for t > T we have
(L—e)(o(t) = C(e)) < | M(t—u,t)b(u)du < (1+ €)d(t).
T
Thus by the definition of § we have for ¢ > Tj (e)
T

(1—e)(d(t) — C(e)) < () — i M (t — u, t)b(u) du < (1 + €)d(t).

Define .
B(e) = M/O 1b(w)] du < +oc.
Then
T
’ ; M(t — u, t)b(u) du| < B(e),
and so for ¢t > Tj(e),
(1—e)(d(t) — C(e)) — Ble) < 6(t) < (1 + €)d(t) + Ble).

Dividing by S(t), letting ¢ — oo and remembering that 5(t) — 00 as t — 00 we

obtain
ot ot
1 — e <liminf N( ) < limsup ~( ) <1l+e
t—oo §(t) t—oo O(t)
Letting € — 0% completes the proof. (]

Proof of Theorem[2.6. We note that ds is given by

52(7:):/0 Mt —u, ) (@) (u) du, >0,

Define also L

f(z(2))

Gg(t) = 52(t), t>0.
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Then as f is increasing on [0, 00), we have that es(¢t) > 0 for all ¢ > 0 and we have
from that
a'(t) = Mf(x(t) — er(t) f(x(t)) — e2(t) f(x(t)), t=>0.
Dividing by f(z(¢)) and integrating yields
z(t) = F~1 (F(2(0)) + Mt —a(t)), t>0,
where

a(t) :=a1(t) + as(t) = /0 €1(s)ds —l—/o ea(s)ds, t>0.

Since z(t) ~ F~1(Mt) as t — oo and f’ is decreasing, we can replicate the proof of
part (iii) of Theorem to obtain

- f@) (F(x)
i 22, (42) .
im a i 0
Since both a; and asy are positive, this implies
. x F(z ) T F(z
20 (P8) o,y S0 o
The first condition is nothing but ([2.8)).

We now determine the asymptotic behaviour of as(t) as t — oo, and show that
the second limit implies (2.13). First, because z'(t) ~ M f(x(t)) as t — oo and
f'(x) ~ f(x)/x as © — oo we have that

)

b(t) := f'(2(t)2' (t) ~ f'(x(t)) Mf(a(t) ~ )

Set g(z) := f?(z)/x: then g € RV (1). Therefore as x(t) ~ F~1(Mt) as t — oo,
we have that g(z(t)) ~ g(F~!(Mt)) as t — oo. Hence

FAEN (M)
blt) ~ exlt) = Mo(a(t) = M7y =i eft) ast— ox.

Moreover, c(t) — oo as t — oo. Thus by Lemmal[9.1] we have that

r—oo I

T—o0 I

=:c1(t) ast— oco.

/Mt—ut dUN/M(t—u,t)c(u)duzzg(t) as t — oo.
0

Since z(t) ~ F~Y(Mt) as t — 0o, we have f(z(t)) ~ F(F~Y(Mt)) as t — oo.
Therefore, by the definition of €5, § and ¢ we have

ea(t) ~ Mt /M F (Mu) du =: &(t), ast— oo.

By maklng the substitution v = F~ (Mt) and w = F~1(Mu) in the iterated
integral, for any T' > 0 we have from ) that

/062 tdt = M//f Mt/M ’z(?u(\ﬂ))ddt

(M)
:M/ K(v) 21( )dv.

If z — fl f2 ( 3 dv tends to a finite limit, then we have

lim —/ K(v
r—oo I

=0,
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which gives (2.13]) directly.

we

On the other hand, if z — [ K(v)% dv tends to +o00 as © — 00, because

x F(z)/M
M/1 K(v)f%(v)dv:/o €x(t) dt

have that éx(t) — oo as t — oo. Since ex(t) ~ €(t), we have that

ag(t):/teg(s)dSN/tgz(s)dSHoo as £ — oc.

0 0

Thus

Fe)/M

aQ(F(z)/M)N/O ez(s)dsM/le(v)le(v)dv as xr — 0o.

Therefore, as

we have N
1
lim @) / K(v) 45—~ dv=0,
eooe o Jy ()
which is (2.13)), as required. |
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