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ABSTRACT. We consider a boundary-value problem for the third-order partial
differential equation

d3u(t)
73 +Au(t) = f(t), 0<t<1,

u(0) =, u(l)=17, u(1)=¢
in a Hilbert space H with a self-adjoint positive definite operator A. Using
the operator approach, we establish stability estimates for the solution of the

boundary value problem. We study three types of boundary value problems
and obtain stability estimates for the solution of these problems.

1. INTRODUCTION

Boundary value problems for third order partial differential equation have been
considered in fields of sciences and engineering, such as modern physics, chemical
diffusion and mechanic fluids. The well-posedness of various boundary-value prob-
lems for partial differential and difference equations has been studied extensively
by many researchers [T, [2], 3], [16], [18] 19, 20, 22 23] 25] and the references therein.

The following boundary-value problem for a third order partial differential equa-
tion with three points boundary condition is studied in [23],

Bu(z,t) 0 ou(z,t)\
a3 T %(a(mat)v T) = f(=,1),

1
/ u(z,t)de =0, te€[0,T],0<ec<1, T>0,

ou 0%u
u(z,0) =0, E(m,O) =0, w(m,T) =0, ze€]l0,1],

where a(z,t) and its derivatives satisfy the condition 0 < a9 < a(z,t) < ay,
|(a(z,t))z] < b, and f(z,t) is given smooth function in [0,1] x [0,T], It was ob-
tained the approximate solution of the considered problem, the authors established
a bounded linear operator and an orthogonal basis to use the reproducing kernel
space method, numerical results are also given.
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There are several methods for solving partial differential equations. For instance,
the method of operator as a tool for investigation of the stability of partial differ-
ential equation in Hilbert and Banach space has been systematically devoted by
several authors (see for example [4} (5] [6] [7, 8] 10, 111, 12} [T4] 15l 17, (211 24] and the
references therein).

In this article we consider the boundary-value problem for third-order partial
differential equation

di;g” FAu(t) = f(), 0<t<l,

u(0) =, w(l)=1, u'(1)=¢

(1.1)

in a Hilbert space H with a self-adjoint positive definite operator A > I, where
d > 0. We are interested in the stability of the solution of problem (1.1J).

A function u(t) is a solution of problem (1.1 if the following conditions are
satisfied:

(i) w(t) is thrice continuously differentiable on the interval (0,1) and continu-
ously differentiable on the segment [0, 1]. The derivatives at the end points
of the segment are understood as the appropriate unilateral derivatives.

(ii) The element u(t) belongs to D(A) for all ¢ € [0,1], and function Au(t) is
continuous on the segment [0, 1].

(iii) wu(t) satisfies the equation and boundary conditions (|1.1)).

The outline of this article is as follows. In Section 2 the main theorem on
stability of problem is established. Section 3 proves the stability estimates for
the solution of three problems for partial differential equations of third order in t.
Conclusion presents in Section 4.

2. MAIN THEOREM ON STABILITY

Let us prove some lemmas needed in the sequel.

Lemma 2.1 ([I5]). Fort > 0 the following estimate holds
| exp{£itAY3}||g_p < 1. (2.1)
Lemma 2.2 ([6]). The operator A defined by the formula

A= 1{I — (ae”HB | G~ (@B}
3

has a bounded inverse T = A~ and

Herea—l+i73,a:l—i@ B = A'/3.

Lemma 2.3. Suppose that ¢ € D(A), v € D(A), £ € D(A) and f(t) is con-
tinuously differentiable on [0,1]. Then there is unique solution of problem (1.1
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and
u(t) = e P'u(0) + 77— B e 170P — B/ (1) + Bu(1))
1 1
B—2 —(1-t)aB _ _—(a+t)B
* a—a {1 +a (e € )
1 —(1-t)a —(a —
_ 1—’—76(6 (1-v)aB _ —( +t)B)}(u//(1) +aBu' (1) — CLB2U(1)) (2.3)
t
1 B—z/ [ 1 (e~ (=98 _ o~(++s0)B)
a—a 0 1 +a
1 —(t—s — sa
- (e e f(s)ds,
where
1
u(1) = T{B% Pu(0) + 7o BU =B (W (1) + Bu(1))
1 L o (ay1)By_ L o _(ay1)B
a—é{1+a(a1 ¢ ) 1+E(a1 ¢ )}
1 _
x (@Bu/(1) - aB2u(1)) = —— B~ [e" (0 _ =405
a—a
1 1 _
_ —(a+1)B _ —(@+1)B _
e 1)+ =l ) (2.4)
1 1 _
_ B—2 - (I- —(a+1)BYy _ - I — —(a+1)aB / 1
a—a {1—|—a( ¢ ) 1+6( € )}f()
1
1 / [ 1 (e~(1=9)B _ ~(sa+1)D)
a—ajy L1+a
1 _
_ m(e—(l—s)B _ 6_(sa+1)B>:|f(S)d8}.

Proof. Obviously, it can be written as the equivalent boundary-value problem for
the system of first order differential equations

) | Bty = o), u0) = poult) =
dv(t) _ "(1) =
5~ B =w(t),v'(1) =& (25)
dw(t) _ _
T—an(t)—f(t)a 0<t<l

Integrating these equations, we can write

1
w(t) = e~ 1793B(1) —/ e~ (5708 (5 ds,
¢

1
oft) = e~ (=D9By(1) - / e P=D9B () dp, (2.6)
t

t
u(t) = e~ Bu(0) —|—/ e~ =PI By(p)dp.
0
Applying system of equations (2.5)), we obtain
v(1) = /(1) + Bu(l),
w(1) = v'(1) — aBv(1) = u”(1) + aBu'(1) — aB?u(1).
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Then, we have
1
w(t) = e~ DB (1) + aBu'(1) — aB?u(1)] — / e~ DB f(5)ds.  (2.7)
t

Using formulas ([2.6)), (2.7]), we obtain

o(t) = ﬁB_l (e—<1—t>aB - e_(l_t)aB> (u"(1) + aBu'(1) — aBu(1))
+ e~ (7B /(1) + Bu(1)) (2.8)
B 1 B! /1(6—(s—t)aB _ e—(s—t)&B)f(S)dS
a—a t .

Using formulas (2.6)), , we obtain formula (2.3)). Taking the second order
derivative and putting ¢ = 1, we obtain the following operator equation with respect

to u”(1).

u”(1) = B2 Bu(0) + B(I — e~ @B/ (1) 4+ Bu(1))

1+a
1 _{ 1 (a®] — e~ (et DBy _ %(521 e (a+1)3)}
a—a l+a 14+a
x (u’(1) + aBu/(1) — aB>u(1))
1 g {e—(1+a)B _ s _ L (e~(@+DB _ )
a—a 1+a
(e (@ 2.9)
—@nB _ g ] 1 (
e )] £1)
1 1 1 _
— B 2|— (J—e(atD)By _ _ = (7_ —(a+1)aB 1
a—a [1+a( € ) 1+E( € )}f()
1 LN B
— {7(6 (1-9)B _ o~ (sat1)B)
a—a 0 1 +a
1 _
— —(1-s)B _ —(sa+1)B
1+a(e € ) f(S)dS
Since
A=1T 1 { 1 (a2] — e=(aFtD)B) _ 1 (621’—6_(‘”1)3)}
a—a-1l+a 1+a

_ 7%{[ - (a67(1+a)B + 667(1+&)B)}

has a bounded inverse T = A~! using lemma we obtain formula (2.4). The
proof is complete. O

Now, we formulate the main theorem.

Theorem 2.4. ¢ € D(A), ¢ € D(A), £ € D(A??3) and f(t) is continuously
differentiable on [0,1]. Then there is a unique solution of problem (L.1) and the
following inequalities hold

awax [[u(t)lm < Ml + 1Bl + 1B £ 1)l + 9

(2.10)

B2 }
+ e 1B=21(0)]n .



EJDE-2017/53 STABILITY OF THIRD-ORDER PARTIAL DIERENTIAL EQUATIONS 5

d3u(t)
o2 =g o+ gme Al 1)
< M{| Al + 1A%l + |47l + 1Ol + a1/ (8) 1}

0<t<1

where M does not depend on f(t), ¢, ¥, &.

Proof. First, we estimate ||u(t)|| g for ¢ € [0,1]. Applying (2.3), (2.1) and triangle
inequality, we obtain

(|w(t)|
<lle P u—ullella + TTal |e= (=08 o= (@tDB| 4 4| BT + 9|l
1 1 —(1—t)a —(a —(1-t)a
R

—6_(E+t)B||HHH}(HB u"(D)|lg + 1all| B~ ¢l + lalllella)
1
—(t—s)B _ ,—(sa+t)B —(t—s)B
+‘a_d||1+a|/0 e e Vot + e
— e CTOB| y p]IB72£(s) || uds
< M{llellg + 1B~ €|lu + 1¥]la
+ max |B2f(t)||g + | B *u"(1)||n}

0<t<1

(2.12)

for any ¢ € [0, 1]. Applying formula (2.4)), estimate (2.2)), and the triangle inequality,
we obtain

1B~ (1)1

< ||T||HHH{||e-B||HHHHsoHH +

1

1+ |||f S PR e S

+ | a‘ |1 +a|{” 2 a+1)B||H g+ ||a2]— e (E+I)B||H—>H}

(B el + lllel) + o [ [0

6_(Sa+1)BHHHH+||€_(1_S)B— S(H_l)B”HHH]”B 2f( )HHdS
1
I1+a I[
1
la—al |1+ |

i | [”ei(aH)B —e OBy +

R
a—a
UL = e @B ) [ IB ) + ———

HI —(a+1) B||H—>H

{H _(a+1)B||HHH

+ U7 = e DBy Y IBA ()] |

< M{l¢lla + 1B €l + Il + 1B (Wl + max [1B7F(0)ll}-

(2.13)

From estimates (2.12)) and (2.13)) it follows estimate (2.10]). Second, we estimate
|Aw(t)|| g for t € [0,1]. Since

0
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from formula (2.9)) it follows that

u(t) = e Pu(0) + ——B (e 17OE — e~ (@+0B)(4/(1) + Bu(1))

1+4+a
n 1 B2{ 1 (e~(1=0aB _ o~(a+1)By _ 1 (e~(1-0aB
a—a l1+a 1+a

— e~ B) L (1) + aBu (1) — aBu(1))
1

1
-5 I +ge~(+otB) _
a—a [1—|—a( +ac )

(2.14)

m(l +ae” OB (1)
I+a 1+4a, 45 /t [ 1 —(t—8)B | —, —(t+sa)B
e = 18 p0) [ [ (e P e ()

1 _

13 a(e_(t_s)B + ae_(”s“)B)} f’(s)ds]

In the similarly manner, applying (2.14)), (2.1)) and the triangle inequality, we
obtain

lAu@®)llm < M{l|Aplla + 1B%|m + [A¢]n
+ IOl + max [/l x + 1Bu" (D]}

for any t € [0,1]. Applying formula (2.9)), estimate (2.2)), and the triangle inequality,
we obtain

1Bu" (W)l < M{l|Apllm + 1Bl i+ 1| A% + 1 (0) | + max [[f/()]|z}. (2.16)

0<t<1
Applying estimates (2.15)) and , we obtain
max | Au(t)|n < M{[|A¢|lu + 1Bl + | AV + | £(0)|x + max [If'(t)]n}-

(2.15)

0<t 0<t<1
From this, (1.1) and the triangle inequality it follows that
d3u(t)
—_— <
oo | S < oo, 14u(0) -+ g 170
< Ml Aglls + Bl + [ 40]la + [ FO)ls + masx 1703
The proof is complete. U

3. APPLICATIONS

In this section we consider three applications of Theorem [2:4] First application.
We consider the nonlocal boundary-value problem for a third-order partial dierential
equation,

Oult
% — (a(@)ug(t, 7)) + bu(t,x) = f(t.z), 0<tz<l,
u(0,2) = p(x), u(l,z) =), w(lz)=£E@x), 0<z<1, (3.1)
u(t,0) =u(t,1), u.(t,0)=u,(t,1), 0<t<1

This problem has a unique smooth solution (¢, z) for smooth a(x) > a > 0,
x € (0,1), 6 > 0, a(l) = a(0), ¢(x), P(x), {(z) (z € [0,1]) and f(t,x) (t €
(0,1),2 € (0,1)) functions. This allows us to reduce problem in a Hilbert
space H = L»[0,1] with a self-adjoint positive definite operator A* defined by
(3.1). Let us give a number of results from the abstract Theorem [2.4]
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Theorem 3.1. For the solution of (3.1), the following two stability inequalities
hold:

amax [[u(t, ) cago,) < M | max, (8 ) zaon + 1oL atoy

(3.2)
1l ooy + 19 zajo.1 + 1€ 2agorn ]
3

max |lu(t,)llwzjo,1) + (t, M zof0,1]

ax |15

< M[ max || f¢(t, )| y00,1) + £ (0, ) Lo0,1) + ||80||W§[o,1] (3.3)

<t<1

+ Illwzion + I€hwz0,0]
where M does not depend on f(t,x) and p(z), ¥(x), {(z).
Proof. Problem can be written in the abstract form

d3u(t
dng)JfAu(t):f(t), 0<t<l,

u@0) =¢, u(l)=1v, u'(1)=¢

in the Hilbert space L,[0,1], for all square integrable functions defined on [0, 1].
Here the self-adjoint positive definite operator A = A* defined by

A%u(x) = —(a(z)ug) s + ou(x) (3.5)

(3.4)

with domain

D(A%) = {u(x) : uyug, (a(x)uz)s € La[0,1],u(0) = u(1),4'(0) = u'(1)}.

where f(t) = f(t,x) and u(t) = u(t,z) are respectively known and unknown ab-
stract functions deﬁned on [0 1] with H = L5[0,1]. Therefore, estimates .
follow from estimates - The proof is complete.

Second application. Let 2 C R™ be a bounded open domain with smooth bound-
ary S, Q = QUS. In [0,1] x Q, we consider the boundary-value problem for a
third-order partial differential equation

83 , n
% — ;(ar(az)ugﬁr (t,z))e. = f(t,2),
= (z1,...,0,) €Q, 0< L <1, (3.6)

u(0,2) = p(2), u(l,z)=v¢(), w(l,z)=¢x), e
u(t,z) =0, ze€S, 0<t<1,
where a,(z), z € Q, p(z), ¥(z), £(z), z € Qand f(t,z) (x € [0,1]), z € Q are given

smooth functions and a,(x) > 0. We introduce the Hilbert space Ly({2), the space
of integrable functions defined on 2 equipped with norm

1/2
1l acey = / / Pdoy .. da,) "
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Theorem 3.2. For the solution of (3.6 the following two stability inequalities
hold:

max, u(t, ML, < Ma {Ofgtagl £ )o@ + 1 Lo

(3.7)
FlellLa@ +1lLy@) + 1€l |
u
223 It Mo + oo I (lleac
< Mo | mass 1£(t) gy + 10, ragey + ez (3.8)

+ W lwz@ + lellwz)
where My does not depend on f(t,x) and ¢(x), ¥(x), &(z).

Proof. Problem (3.6)) can be written in abstract form ([3.4)) in Hilbert space Lo(Q)
with self-adjoint positive definite operator A = A* defined by the formula

n

A%u(z) = — Z(ar(x)uwr)x,,, (3.9)

with domain .
D(Ax) = {u(x) : ’LL(.’E),'LLIT(I'), (ar(l')uzr)zr S LQ(Q), 1<r<n,
u(z) =0,z € S}.

Here f(t) = f(¢,z) and u(t) = u(t, x) are known and unknown respectively abstract

functions defined on [0,1] with the value in H = Ly(2). So, estimates ({3.7))-
(3.8) follow from estimates ([2.10)-(2.11) and from the coercivity inequality for the
solution of the elliptic differential problem in Ly (£2). O

Theorem 3.3. For the solution of the elliptic differential problem
= (ar(@)tr,)e, =w(x), €Q, ulx)=0,z€eS
r=1

the coercivity inequality

n

Z Huxrer[Q(ﬁ) < M”wHLz(ﬁ)

r=1

is valid [26]. Here M does not depend on w(zx).

Third application. We consider the boundary-value problem for a third-order
partial differential equation

Bult, z “
T 3 (@, (20, + 0u(t,2) = f(0,2)
r=1
x=(1,...,2,) €Q, 0<t <1, (3.10)
uw(0,z) = ¢(z), u(l,z) =), w(l,z)=~¢x), z€Q,
ou

57(t2) =0, z€S,0<t<1,

where a,(z), z € Q, o(z), ¥(x), £(z), z € Qand f(t,z) (x € [0,1]), x € Q are given
smooth functions and a,(x) > 0, 7 is the normal vector to S.
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Theorem 3.4. For the solution of (3.10), the following two stability inequalities
hold:

i [t ) ) < Ma | masx £t aaen + 151 ) oy

(3.11)
Bu
223, el Mhwzio + 2, 1 5 (& )la o
< My | e [1£o(t, )z + 170,y + Iellwz o (3.12)

+ W lwz@ + lEllwz)
where My does not depend on f(t,x) and ¢(x), ¥(x), &(z).

Proof. Problem (3.10)) can be written in the abstract form (3.4)) in the Hilbert space
Lo () with a self-adjoint positive definite operator A = A* defined by the formula
m
A%u(x) = — Z(ar(x)um)w + du(x) (3.13)
r=1

with domain
D(A") = {u(e) : u(e), e, (&), (a2 ), € Lo(@), 1 <7 <m,

ou
=0, zes}.
o T

Here f(t) = f(t, ) and u(t) = u(t, ) are respectively known and unknown abstract

functions defined on [0,1] with the value in H = Ly(€2). So, estimates (3.11)-

(3.12)) follow from estimates (2.10))-(2.11)) and from the coercivity inequality for the
solution of the elliptic differential problem in Ly (£2). O

Theorem 3.5. For the solution of the elliptic differential problem
- 0
- Z(ar(x)uzr)zr + 5“(:”) = U/(:L'),.’E €qQ, %u(x) =0, zes8
r=1

the coercivity inequality
Z Huacrzr”LQ(ﬁ) < M”wHLQ(ﬁ)
r=1

is valid [26]. Here M does not depend on w(zx)

Conclusions. This article is devoted to the stability of the boundary value problem
for a third order partial differential equation. Theorem on stability estimates for the
solution of this problem is established. Three applications of the main theorem to a
third order partial differential equations are given. Theorems on stability estimates
for solutions of these partial differential equations are obtained.

In papers [9], [6], three step difference schemes generated by Taylor’s decomposi-
tion on three points for the numerical solution of local and nonlocal boundary value
problems of the linear ordinary differential equation of third order were investigated.

Note that Taylor’s decomposition on four points is applicable for the construction
of difference schemes of problem . Operator method of [I0] permits to establish
the stability of these difference problem for the approximation problem of .
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