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OPTIMAL CONTROL FOR SYSTEMS GOVERNED BY
PARABOLIC EQUATIONS WITHOUT INITIAL CONDITIONS
WITH CONTROLS IN THE COEFFICIENTS
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Communicated by Suzanne Lenhart

ABSTRACT. We consider an optimal control problem for systems described by a
Fourier problem for parabolic equations. We prove the existence of solutions,
and obtain necessary conditions of the optimal control in the case of final
observation when the control functions occur in the coefficients.

1. INTRODUCTION

Optimal control of determined systems governed by partial differential equations
(PDESs) is currently of much interest. Optimal control problems for PDEs are most
completely studied for the case in which the control functions occur either on the
right-hand sides of the state equations, or the boundary or initial conditions. So far,
problems in which control functions occur in the coefficients of the state equations
are less studied. A simple model of such type problem is the following.

Let © be a bounded domain in R™ with piecewise smooth boundary I';, T' > 0,
Q:=0x(0,T), ¥ :=00x(0,T). A state of controlled system for given control
v € U := L™(Q) is defined by a weak solution y = y(v) = y(x,t;v), (x,t) € Q,
from the space L2(0,T; H} () N C([0,T); L?(£2)), of the problem

w—Ay+uy=fel’Q), yly=0 y|,_,=w €L*Q).
The cost functional is
J() = lly(-, T;0) = 20( ) Z2) + wllvlie(q) Yo €U,

where p > 0, zg € L?(Q) are given. An optimal control problem is to find a function
u € Uy := {veU:vEOa. e. onQ} such that

J(u) = Uien[i J(v).

This problem is nonlinear, since the dependence between the state and the control
is nonlinear.

The direct generalization of this problem is given as only one among many other
problems which were considered in monograph [19]. Other various generalizations
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of this problem were investigated in many papers, including [T}, 2, 4, 51, @], 1T, [15]
17, 21, 22| [25], 26] where the state of controlled system is described by the initial-
boundary value problems for parabolic equations.

In [Tl 22 25| 26] the state of controlled system is described by linear parabolic
equations and systems, while in [I} 22] control functions appears as coefficients at
lower derivatives, and in [25, 26] the control functions are coefficients at higher
derivatives. In [22] the existence and uniqueness of optimal control in the case of
final observation was shown and a necessary optimality condition in the form of the
generalized rule of Lagrange multipliers was obtained. In [I] the authors proved
the existence of at least one optimal control for system governed by a system of
general parabolic equations with degenerate discontinuous parabolicity coefficient.
In papers [25], [26] the authors consider cost function in general form, and as special
case it includes different kinds of specific practical optimization problems. The
well-posedness of the problem statement is investigated and a necessary optimality
condition in the form of the generalized principle of Lagrange multiplies is estab-
lished in this papers.

In [2] @ I}, 15, 7, 21] the authors investigate optimal control of systems gov-
erned by nonlinear PDEs. In particular, in [2] the problem of allocating resources to
maximize the net benefit in the conservation of a single species is studied. The pop-
ulation model is an equation with density dependent growth and spatial-temporal
resource control coefficient. The existence of an optimal control and the uniqueness
and the characterization of the optimal control are established. Numerical simu-
lations illustrate several cases with Dirichlet and Neumann boundary conditions.
In [9] the problem of optimal control of a Kirchhoff plate is considered. A bilinear
control is used as a force to make the plate close to a desired profile taking into
the account, a quadratic cost of control. The authors prove the existence of an
optimal control and characterize it uniquely through the solution of an optimal-
ity system. In [I2] the optimal control problem is converted to an optimization
problem which is solved using a penalty function technique. The existence and
uniqueness theorems are investigated. The derivation of formula for the gradient
of the modified function is explained by solving the adjoint problem. Paper [I7]
presents analytical and numerical solutions of an optimal control problem for quasi-
linear parabolic equations. The existence and uniqueness of the solution are shown.
The derivation of formula for the gradient of the modified cost function by solving
the conjugated boundary value problem is explained. In [I8] the authors consider
the optimal control of the degenerate parabolic equation governing a diffusive pop-
ulation with logistic growth terms. The optimal control is characterized in terms
of the solution of the optimality system, which is the state equation coupled with
the adjoint equation. Uniqueness for the solutions of the optimality system is valid
for a sufficiently small time interval due to the opposite time orientations of the
two equations involved. In [2I] optimal control for semilinear parabolic equations
without Cesari-type conditions is investigated.

In this article, we study an optimal control problem (see , , , ,
below) for systems whose states are described by problems without initial
conditions or, other words, Fourier problems for parabolic equations. The model
example of considered optimal control problem is a problem which differs from
the previous one (see beginning of this section) by the following facts: the initial
moment is —oo and, correspondingly, the state equation and control functions are
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considered in the domain @ = Q x (—o0,T), a boundary condition is given on the
surface ¥ = 9 x (—o0,T'), while the initial condition is replaced by the condition

im g2z @) =0

The problem without initial conditions for evolution equations describes pro-
cesses that started a long time ago and initial conditions do not affect on them in
the actual time moment. Such problem were investigated in the works of many
mathematicians (see [3 [7, [24] and bibliography there).

As we know among numerous works devoted to the optimal control problems
for PDEs, only in [4 [5] the state of controlled system is described by the solution
of Fourier problem for parabolic equations. In the current paper, unlike the above
two, we consider optimal control problem in case when the control functions occur
in the coefficients of the state equation. The main result of this paper is existence
of the solution of this problem.

The outline of this article is as follows. In Section[2] we give notation, definitions
of function spaces and auxiliary results. In Section we prove existence and
uniqueness of the solutions for the state equations. Furthermore, we construct
a priori estimates for the weak solutions of the state equations. In Section [4
we formulate the optimal control problem. Finally, the existence and necessary
conditions of the optimal control are presented in Section

2. PRELIMINARIES

Let n be a natural number, R™ be the linear space of ordered collections x =
(z1,...,2,) of real numbers with the norm |z| := (|1|> + ... + |2,|?)*/2. Suppose
that  is a bounded domain in R™ with piecewise smooth boundary I'. Set S :=
(=00,0, Q=0 x 8, 3:=TxS.

Denote by L2 (Q) the linear space of measurable functions on @ such that their
restrictions to any bounded measurable set Q' C @ belong to the space L>(Q’).

Let X be an arbitrary Hilbert space with the scalar product (-,)x and the norm
| - |x. Denote by L2 (S;X) the linear space of measurable functions defined on S
with values in X, whose restrictions to any segment [a,b] C S belong to the space
L?(a,b; X).

Let w € R, a € C(S) be such that a(t) >0 forallt € S,y=aor vy =1/a, and
let X be as above. Put by definition

t
L2, (8:X) = {f € Iha(853) + [ (0™ 6o o)t < o).
This space is a Hilbert space with respect to the scalar product
(f,9)r2_(six) = /S“Y(t) 2 Jo @ ds(£ (1), g(t))x dt
and the norm
2w [T a(s)ds 2 1/2
£z, s 1= ([ A0 8O o) )

For an interval I, we denote by C}(I) the linear space of continuously differ-
entiable functions on I with compact supports (if I = (t1,t2), then we will write
CL(ty,t2) instead of CL((t1,12)))-

Let HY(Q) := {v € L*(Q) : v, € L*(Q) (i = 1,n)} be a Sobolev space, which is a
Hilbert space with respect to the scalar product (v, w) g1 (q) := fQ {Vva+vw} dx
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and the corresponding norm |[v|| 1) = ([, {|Vv]? + |[v|*} dz) /2 \where Vv =
(Vgys e v sV, )s |VOI2 =300 ug,]?. Under Hg () we mean the closure in H*(Q) of
the space C2°(Q) consisting of infinitely differentiable functions on 2 with compact
supports. Denote by H~1(Q) the dual space of Hi (), that is, the space of all
continuous linear functionals on H} ().

We suppose (after appropriate identification of functionals), that the space L?(£2)

is a subspace of H~(Q). Identifying spaces L*(Q) and (L2(2))’, we obtain con-
tinuous and dense embeddings

Hi(Q) c L*(Q) c H Q). (2.1)

Note, that in this case (g,v)g1(q) = (g, v) for every v € H}(),g € L*(Q2), where
(-,+) is the scalar product on L?(Q) and (-, ") Hi(0) is the scalar product for the
duality H=1(Q), H}(Q). Therefore, further we use the notation (-,-) instead of
<'7 '>Hé ()

We define

Jo Vo] dz

K := .
veHL(Q), v20  [q [v]? dx

(2.2)

It is well known that the constant K is finite and coincides with the first eigenvalue
of the eigenvalue problem

—Av =X, v|gpq =0. (2.3)

From ({2.2) it clearly follows the Friedrichs inequality
/ Vol dz > K/ lv|*dz Vv € H}(Q). (2.4)
Q Q

Further, an important role will be played by the following statement, which is
a well-known result (see, e.g. [I0, Theorem 3, p. 287]), but we reformulate it
according to our needs.

Lemma 2.1. Suppose that a function z € L?(t1,t2; HH(Q)), with t1 < ta, satisfies
to n

/ /Q { = 209" + (9o + Y _ githa, o} dadt = 0, (2.5)
t i=1

for € HY(Q), ¢ € CL(t1,t2), where g; € L*(Q x (t1,t2)) (i =0,n). Then
(1) the derivative z; of the function z in the sense D'(t1,t2; H-1(Q)) (the dis-
tributions space) belongs to L?(t1,ta; H-1(Q)), furthermore for a.e. t € (t1,t2),

n

2(5t) = —go( 1) + > (9i( 1), in H (%), (2.6)
=1
1d ,
e Dlac@y = (2l 1), 2 1), (2.7)
to n
/t Voo DIt < 3 1081250 1t (2.8)
1 1=0
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(2) the function z belongs to the space C([t1,t2]; L?(Q)) and for all 71,70 €
[t1,ta] (11 < T2) and for every 6 € C*([t1,t2]), ¢ € L?(t1,t2; HE(Q)) we have

t=T1o
t)/ |z(;v,t)\2dac‘ —7/ /\z| 0’ dx dt
Q t:Tl

+/2/ {902+ gize, }0 dadt = 0,
1 Q =1

T2 T2 n T2
/ (ze(, ), q(-, 1)) dt+/ /goqdasdt+2/ /giqxi dedt=0. (2.10)
T1 T1 Q i=1 T1 Q

Proof. As it has already been mentioned, this lemma follows directly from the well-
known result. But for clarity we re-present schematically some points of the proof.
The first statement is: Since the spaces L?(t1,ts; HL(Q)), L2(t1,t2,H_ (©)) can
be identified with subspaces of the space of distributions D’ (tl,tg, 1(Q)), then
it allows us to speak about derivatives of functions from L? (tl,tQ,HO(Q)) in the
sense D'(t1,to; H1(Q)) and their belonging to the space L2(t1,t2; H=1(f)).

Let us rewrite equality in the form

1o to n
,/ / 2 dz dt = 7/ /(901/) + ) githe, )p da dt, (2.11)
t1 JQ tr JQ i=1

for o € H} (), p € CL(t1,t2). According to the definition of the derivative of dis-
tributions from D’(tq,t2; H=1(2)), implies existence of z; and its belonging
to the space L2(t1,t2; H~1(€2)), then according to [10, Theorem 3, p. 287] identity
holds. From for almost all t € (t1,t2) we have

(2.9)

(0. 90) = = [ ool 00@) + Yo (@] do (212)

that is, (2.6) holds
From (2.12), using the Cauchy-Schwarz inequality, for almost all ¢ € (¢1,t2) we
obtain

(2, 8), 0 ()]

< lgo(-, )||L2(Q llo(-) ||L2(Q) +ZHgl ) ”L?(Q)Hd)xz( )||L2(Q) (2 13)
=1 .

1/
(anz D) O -

From (2.13) it follows that for almost all ¢t € (¢1,t3) the following estimate is valid
[[2¢(-, t HH 1(Q) Z 19: (-, ||L2 Q)
i=0

which easily implies .

Let us prove the second statement of Lemma [2.I} The fact that the function z
belongs to the space C([t1,t2]; L*(Q2)) follows directly from [10, Theorem 3, p. 287]
according to the first statement.
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Since for a.e. t € S the function ¢(-,t) € H}(Q), we can take () = ¢(-,t) in

and obtain
(Zt(-7t)7Q(-,t)) = —/Q [go(x,t)q(x,t) + Zgi(x,t)qzi (m,t)] de, te€S. (2.14)

i=1

Integrating this inequality by t over (71,72) for arbitrary 71,7 € S, we obtain
-10).

Taking q(-,t) = 0(t)z(-,t), t € S, in (2.10) and integrating over (71, 72), we obtain

T 1 i=1

1

Using (2.7) and integration by parts, we have
2 1 (™ d

1 t=r2 1 [T
= OO Bae| =5 [ Ol Olece
2 t=71 2 1

which, together with (2.15)), gives (2.9). O

3. WELL-POSEDNESS OF THE PROBLEM WITHOUT INITIAL CONDITIONS FOR
LINEAR PARABOLIC EQUATIONS

Consider the equation
n
Yt — Z (aij(xat)ywi)mj + ao(x,t)y = f(.]?, t)7 (l‘,t) € Q7 (31)
ij=1
where y : Q@ — R is an unknown function and data-in satisfies conditions:
(A1) ag,a;j € L2.(Q), aij = aj; (1,5 = 1,n), ag(z,t) > 0 for a. e. (z,t) € Q,

loc
there exists a function o € C(S) such that «(t) > 0 for all ¢ € S and
doi o @ij(x,1)6&5 > a(t)[€]? for every € € R™ and for a. e. (z,t) € Q;
(A2) fe L (S;L%(Q)).

loc
Additionally, we impose the boundary condition

yly, =0 (3.2)
on a solution of equation (3.1)).

Definition 3.1. A weak solution of problem (3.1), (3.2)) is a function y which
belongs to LZ (S; H} () N C(S; L?(Q)) and satisfies

loc
[ {-vee+ 3 csptno s aopp} duai
N irj=1 (3.3)

:// fopdedt, € HYQ), ¢ € C}(—o0,0).
Q

In other words: a weak solution of problem (3.1)), (3.2]) is the function y which
belongs to LZ (S; H(Q)) N C(S; L*(Q)) with v, € L2 (S; H1(Q)), and satisfies

loc loc
n

ye— Y (@ijYs,)s, +aoy = [ in L, (S; H Q).

i,j=1
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Remark 3.2. There may exist many weak solutions of problem , . E.g.,
the functions y.(z,t) = cv(z)e X, (2,t) € Q (¢ € R), where v is an eigenfunction of
problem ([2.3)) corresponding to the first eigenvalue, are weak solutions of problem
, hen ai; = di5, ap = 0 and f = 0, where d;; is Kronecker’s delta
(i,j = 1,n). Therefore, to ensure uniqueness of the weak solution of satisfying
condition , we have to impose some additional conditions on solutions, for
instance, some restrictions on their behavior as t — —oo.

We will consider the problem of finding the weak solution of (3.1f), (3.2) satisfying
the analogue of the initial condition

Jim e o <Oy ()] 20y =0, (34)

where w € R is given.

We will briefly call this problem by problem (3.1)), (3.2)), (3.4)), and the function
y is called the solution of problem ({3.1)), , (13.4).
Theorem 3.3. Suppose that condition (A1) holds, K is a constant defined by (2.2)).
The following two statements hold:

(1) If w < K then (3.1), (3.2), (3.4) has at most one weak solution.
(2) Ifw < K and
fE L2 (8 12(9), (35)
then there exists a unique weak solution of (3.1), (3.2)), (3.4), it belongs to the space
L2 (S; Hg () and the following estimates are satisifed

e T 2By (|2 < Cillfllzz, (s.ary T ES, (8.6)
19lles o cs-mgean < Cellfllez |, (sp2@p, 7 €5, 3.7

where Sy = (—o00,7] (T € (—00,0], Sy = 5), C1,Cy are positive constants depend-
ing only on K and w.

Remark 3.4. In the particular case of equation (3.1, which was considered in
Remark we have a(t) = 1, therefore condition (3.4) takes on the form:

e‘”t||y(~,t)||Lz(Q) —0 ast— —oo.
Obviously in this case for the nonzero solutions of 7 , , indicated in
Remark we have limy—._ o €%?||yc(+, )|/ 12(0) = C, where C is a nonzero con-
stant; limy—_ oo €“*[|ye(-, t)|| L2(0) = 400, if w < K limy— oo € ||ye (- ) || L2() = 0,
if w > K. This means that the condition w < K is essential for ensuring the
uniqueness of the weak solution of , , , i.e., it cannot be simplified.

Proof of Theorem[3.3 In the proof we use the same technique as in the proofs of
corresponding results in [4,5]. Nevertheless, we present the proof, because it is
important for us to obtain more precise estimates of the solution of , ,
(3.4) and to track how this solution depends on the coefficient (which serves as a
control in the following sections).

Let us prove the first statement of Theorem [3.3] Assume the opposite. Let
Y1, Y2 be two weak solutions of , , . Substituting them one by one
into integral identity and subtracting the obtained equalities, for the difference
z 1= Y1 — Yy we obtain

- / /Q 2! dee dt + / /Q ( S aiyeate, +agz)pdedt=0,  (3.8)

4,j=1
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for all v € HE(2), p € CL(—00,0).
From (3.4)) it follows that

e Jo a(s)ds/ |z(x,t)[*dz — 0 ast — —oo. (3.9)
Q
According to Lemma with 0(t) = 2e2* Jo (s ds t € R, (3.8) implies that

62wfor2 a(s)ds/ |Z(.’£,7‘2)|2 dxfez""foﬁ a(s)ds/ |Z(1’,T1)‘2 dx
Q Q
T2 +
—Qw/ /a(t)em"fO als)ds| 212 dg dt
T1 Q

T2 + n
+ 2/ / e Jo a(s) ds[ Z Qij 2z, Za, +a0|z|2} drdt =0,
T1 Q

ij=1

where 71,79 € S (11 < T2) are arbitrary numbers.
Taking into account condition (A1) and inequality (2.4)), we obtain

62wf0T2 a(s)db‘/ ‘Z($7T2)‘2d$—62wf07—1 a(s)ds/ |Z(x,Tl)|2 dr
Q Q

4 t (3.10)
+2<K—w>/ /a(t)e%fo ()05 12 s dt < 0.
T1 Q
Since w < K, from (3.10) we obtain
2w Jo? als) ds/ |2(x, 1) do < e* Jotals) ds/ |2(x,m)|* da. (3.11)
Q Q

In (3.11) fix 75 and let 71 to —oo. According to condition (3.9) we obtain the
equality

62wf07—2 a(s)ds/ |Z((£,7‘2)|2 dr = 0.
Q

Since 75 € S is an arbitrary number, we have z(x,t) = 0 for a. e. (z,t) € Q, that
is, y1(z,t) = ya(x,t) = 0 for a. e. (z,t) € Q. The resulting contradiction proves
the first statement.

Let us prove the second statement. First we determine a priori estimates of a

weak solution of (3.1)), (3.2)), (3.4). According to Lemma condition ({3.3)) implies

1 1
20r2) [ lote, )2 da = 36(r) [ ly(o )P e
Q Q
1 72 2/ 72 - 2
= ) ly|2¢’ dz dt + i [ > ijYa,Ya, + aoly] ]dedt (3.12)
T1 T1

i,j=1
T2
= / / fy0 dx dt,
T1 Q

where § € C'*(S) is an arbitrary function, 71,7 € S (11 < 72) are arbitrary numbers.
Further assume that 0(¢) > 0 for all t € S.
Using the Cauchy inequality with “c“:

1
ab< Sa? 4+ b2, abeR, e>0,
2 2e
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we estimate the right side of (3.12)) as follows:

|/T /nyﬂdxdt\ //a\y| 0dmdt+—// 17120 dadt,  (3.13)

where € > 0 is arbitrary.
From condition (A1) we obtain

/ / Z @ijYa, Y, + aoly|?]0 dz dt >/ /a\Vy\ 0 dz dt, (3.14)

1,7=1

where Vy := (yxl, e ,yalc ) is the gradient of y

According to and -7 equality (3.12) implies
ge(m / jy(e, ) dr = 36(n) / (o) do
Q Q

1 T2 T2
—5/ /\y|29'dxdt+/ /a|Vy|29dxdt
T1 Q T Q
e [T 1 [m
< 5/ /a|y|20dxdt+?/ /[a]71|f|20dmdt,
T1 Q € T1 Q

where € > 0 is arbitrary.
Taking 6(t) = 2¢2Jo *(5)4s with ¢ € S, we obtain

ewaOTga(s)ds/ ‘y(x772)|2dx_eQWI[;’la(s)ds/ |y($,7'1)|2d$
Q Q

- 2w/ / a(t)e? o ) ds |12 g dqt + 2/ / a(t)e? Jo () ds |7y 2 dy dt
T1 Q T1 Q
2 ¢ 1 (™ ¢
< E/ / Oé(t)@Qw Jo a(s) ds‘y|2 de dt + g/ /[a(t)}—leﬁu Jo a(s)ds|f|2 der dt.
T1 Q T1 Q

By the above inequality and using (2.4)), we obtain

e2w Jo? a(s) ds/ |y(x’7_2)‘2 dr — 62“’ Jot als) ds/ |y(x7,r1)|2 dx
Q Q

+ (K, w,e) / / a(t)e? Jo @) ds |7y 12 dg (3.15)
T1 Q

1 [™ ¢
= g/ /Q[a@)]‘le%fo 4| £12 d dt,

K ,w,e) = K ’
x(Bw,e) {21; ifw<0.

Takinge =K ifw<0,ande =K —wif 0 <w < K in (3.15]), we obtain
e2wf072 a(s) ds/ |y(:r,7’2)‘2 dr — 62wf071 a(s)ds/ |y(x,71)|2 dx
Q Q

+03/ /a(t)62wféa<s>d5|vy|2dxdt (3.16)
T1 Q

< C4/ / [a(t)] e o @) ds| 12 gz a,
T1 Q

where C3 > 0, C4 > 0 are constants depending only on K and w.

where



10 M. BOKALO, A. TSEBENKO EJDE-2017/72

Taking into account (3.4) and (3.5), we let 71 — —oo in (3.16]). As a result,

adopting 72 = 7 € S, we obtain

2w Jg a(s) ds/ |y(m,7‘)|2 dz + Cg/ / Oé(t)@Qw fot a(s) ds|vy|2 dx dt
Q —o0 JQ

<o / / [a(t)] N2 @) a5 £12 de g,
—o0 JQ

Hence, using inequality , we easily obtain estimates and (3.7).

Now let us prove the existence of a weak solution of problem (3.1)), , .
First, for each m € N we define Q,,, := Qx(—m, 0], fin(-,t) := f(-,t),if —m <t <0,
and f,(,t) := 0, if ¢ < —m, and consider the problem of finding a function
Ym € L*(—m,0; HY(Q))N C([—m,0]; L?(Q)) satisfying the initial condition

Ym(x,—m) =0, z€Q, (3.18)

(as an element of space C([—m,0]; L%(2))) and equation (3.1]) in @,, in the sense
of integral identity; that is,

I A=t + 2 asvmaieo v ammiednde = [[ - pupoda i

ij=1

for ¢ € H}(Q), ¢ € CL(—m,0).

The existence and uniqueness of the solution of this problem easily follows from
the known results (see, for example, [16]). For every m € N we extend y,, by zero
for the entire set @ and keep the same notation y,, for this extension. Note that for
each m € N, the function y,, belongs to L?(S; Hi(Q)) N C(S; L?(2)) and satisfies
integral identity with f,, substituted for f, i.e.,

// { - ym"/“p/ + Z aijym,aci"pwj(p + aoyme} drdt = // fmw(to dx dta (319)
Q ij=1 Q

for v € HY(Q), ¢ € Cl(—00,0). Consequently, we have shown that y,, is a weak
solution of problem (3.1)), (3.2)), (3.4) with f,, substituted for f. Therefore, for y,,
we obtain estimates similar to (3.6]), , in particular, for 7 € S,

(3.17)

T

I 28y (1)) < Cr [ (O] B O 1) ey i, (3:20)

— 00
Let us take identity with alternating m = k and m = [, where k,[l are
arbitrary positive integers, [ > k, and then subtract the obtained identities. As a
result, we obtain the same identity as with zx; ==y — w1, feg = fu — fi
instead of y,, and f,,, respectively. Finally taking into account that the function
2y, satisfies conditions and , replacing y with 2, ;, we see that the function
zj,1 is a weak solution of the problem, which differs from problem , ,
only in that instead of y and f, there are z;; and fj;, respectively. Thus, for 2,

we have estimates similar to (3.6)), (3.7), i.e.

T D8y (1) — (7)1 T2 0y

—k t (3.21)
< [ falt) e E O Sy . TS,
-1

lye —willez  (s;mi0) < Cz/ [a(t)] " e Jo o) PO dt. (3:22)
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Condition (3.5)) implies that the right-hand sides of inequalities ([3.21)) and (3.22))

tend to zero when k and [ tend to +oo. This means that the sequence {y,,}5°_;
is a Cauchy sequence in the space L2 ,(S; Hg(€2)) and C(S; L?(€2)). Consequently,
we obtain the existence of the function y € L2, ,(S; Hj(€2))NC(S; L*(2)) such that

Ym — strongly in Lia(S;Hé(Q)) and C(S; L*(2)). (3.23)
Note that (3.23)) implies
Yn — Yy  Ymaw: — Yo, (i =1,n) strongly in LY (S;L*(Q)). (3.24)

Let us show that the function y is a weak solution of (3.1), (3:2), (3.4). To
do this, first we let m — oo in identity , taking into account ([3.24]) and the
definition of the function f,,. Consequently, we obtain identity . Now, taking
into account @, we let m — 400 in . From the resulting inequality and
condition , we obtain condition . Hence, we have proven that y is a weak

solution of problem (3.1)), (3.2)), (3.4). O

4. FORMULATION OF THE OPTIMAL CONTROL PROBLEM AND MAIN RESULT

Let U := L*(Q) be a space of controls and Us be a convex and closed subset of
{veU:v>0a. e in @}. We suppose that Uy is the set of admissible controls.
We assume that the state of the investigated evolutionary system for a given

control v € Uy is described by a weak solution of (13.1), (3.2), (3.4) when ag = ap+v,
where ap € L2, (Q) is a given function such that @y > 0 a. e. in Q. Then, equation

(3.1) has the form

n

Yt — Z (aij(‘r7t)ymi)xj +(5o(x,t)—l—v(ac,t))y:f(x,t), (I,t) € Q (41)
i,j=1
The specified problem will be called problem (4.1)), (3.2)), (3.4)). The weak solution

y of (4.1), (3.2), for a given control v, denoted by y, or y(v), or y(z,t),
(z,t) € Q, or y(z,t;v), (x,t) € Q. Further, we assume that conditions (Al),
and the inequality w < K hold. From the previous section (see Theorem [3.3]), we
immediately obtain the existence and uniqueness of the weak solution of problem

(4.1), (3.2), (3.4) and its estimates (3.6}, (3.7]).

We assume that the cost functional has the form
J() = lly(-,0;v) = 20(-)172(0) + #llvllL~(q), v € Us, (4.2)

where zy € L%(Q), u > 0 if Uy is bounded, and p > 0 otherwise.
We consider the following optimal control problem: find a control u € Uy such
that

J(u) = vienli, J(v). (4.3)

We call this problem (4.3)), and its solutions will be called optimal controls.
The main results of this paper are the following.

Theorem 4.1 (Existence of an optimal control). With the above assumptions in
this section, a set of optimal controls of problem (4.3)) is nonempty and *-weakly
closed in L>(Q).
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Theorem 4.2 (Necessary conditions of an optimal control). Let Uy be bounded,
w=0, and
a(t) > ag =const. >0 for ae. t€S. (4.4)
Then an optimal control of problem (4.3|) satisfies the relations
y € L5 o(S: Hy(Q),  we € Lic(S; H (),
n

Yt — Z (aijym)ﬂcj + (aO + u)y = f in LIQOC(S; H_l(Q))v (45)
ij=1
yly, =0, i e I a()ds||y (-, 4] p2(0) = 0,
PELY, 1 a(SiHo (), pi € Lio(Si H™H(Q)),

—Pt — Z (aijPe;)z; + (@ +u)p=0 in L{ (S;H (), (4.6)

i,j=1

p}E =0, p(,O) :y(',O)—Zo('),
// yp(v —u)dxdt <0 Vv e Up. (4.7
Q

Since y belongs to L2 ,(S; Hy(2)), and p belongs to L? (S; HY(Q)), the

—w,1l/«
product py belongs to L'(Q), and thus the left-hand side of inequality is
well-defined.
Problem is called an adjoint problem, its solution is called an adjoint state
and is introduced in order to characterize an optimal control.

5. PROOF OF MAIN RESULTS
Proof of Theorem[{.1 Since the cost functional J is bounded below, there exists
a minimizing sequence {vi} in Us: limg_,o0 J(v) = infyepy, J(v). This and (4.2)
imply that the sequence {vy} is bounded in the space L™ (Q), that is

essSup(, 1)eq [Vk(2, )| < O, (5.1)
where Cjy is a constant, which does not depend on k.

Since for each k € N the function y;, := y(vi) (k € N) is a weak solution of (4.1)),

13-2), (3.4) for v = vy, the following identity holds:

J{-m0e + 3 asmate ot @+ vomve ) dode
@ Bj=1 (5.2)

:// fopdedt, € HYQ), ¢ € C(—00,0),
Q

According to Theorem [3.3] we have the estimates
2 Jo () ds”%('ﬁ)”%z(m <Cillfllez ., (s.sz2))s TES, (5.3)

o1/al

lyellzz  (s.m2@) < Collfllzz |, (s.ir20) - (5.4)

w,1/a

Taking into account the first statement of Lemma from (5.2) for arbitrary
71,72 € S (11 < 73) we obtain

T2 T2 n n
| il [ [ (01 e
T1 T1 Q j=1 i=1

2+|(5o+vk)yk—f\2)daz dt. (5.5)
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By condition (A1), (3.5), (5.1), and (5.4), estimate (5.5)) implies
[ loa OBy e < G (5:6)

where 71,72 € S (11 < T2) are arbitrary, Cg > 0 is a constant which depends on 7
and 7o, but does not depend on k.

By the Compactness Lemma (see |20, Proposition 4.2]), and the compactness of
the embedding H{ () C L?(Q) (see [19 p. 245]), estimates (-4, (B.6) yield
that there exist a subsequence of the sequence {vg,yx} (whlch is also denoted by
{vr, yr}) and functions u € Up, and y € L2 ,(S; Hy(€2)) such that

Uk T U *-weakly in  L>(Q), (5.7)
ye — y weakly in L ,(S; Hy(9)), (5.8)
Yk — y strongly in L2 (S;L*(Q)). (5.9)
Note that implies
Ye T2 Y Yka T2 Y (i=1,n) weaklyin L2 _(S;L*(Q)). (5.10)

Let us show that (5.7]) and (5.9)) yield
// YU dx dt P // yuppdrdt Vi € Hy(Q),V ¢ € CH(—00,0). (5.11)
Q —eJJQ

Indeed, let g := 1o, and t1,t2 € S be such that supp ¢ C [t1,t2]. Then we have

to
// Yrvpg dx dt = / /(ykvk — Yok, + yur)g da dt
Q t1 Q

. . (5.12)
:/ /yvkgda:dt—i—/ /(yk—y)vkgda:dt.
t Ja t JQ
From and it follows that
to
‘/ /(y,C —y)vkgd:rdt‘
b 79 (5.13)

b2 1/2 t2 1/2
< (/ / |vkg|2dxdt) (/ / |y —y\Qda:dt> —0 ask — oo.
t1

Thus, u81 and 1- 5.12)) implies (5

Using (5.10 and (5.11)), and lettlng k — oo in , we obtain

=t (5.14)

= // Fopddt, e HYQ), ¢ € C)(—00,0).
Q
According to Lemma identity (5.14) implies that y € C(S;L?(Q2)) and y; €

loc(S H~1(Q)). Hence, the function y = y(u) is a weak solution of problem ({.1]),
. Let us show that y satisfies condition (3.4). First, we prove the convergence

VreS: yi(,71) P y(-,7) strongly in L*(9). (5.15)
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For this purpose, we subtract (5.2) from (5.14). To the resulting identity, we apply
LemmaH with z =y — Yk, go = (a0 +w)y — (o + v)yk, gi = Z?:l ij(Yz; —

Yka,) (i =1,n),0() =2(t —7+1), 1 =7 — 1, 7p = 7, where 7 € S is arbitrary.
Consequently,

/|y<m>—yk<x,T>|2dx—/ /\y—ymdxdt
Q T—1JQ

+ /7:71/(; [ Z ij (Yo, — yk,xi)(yxj - yk,xj)}edl‘ dt (5.16)

i,j=1
+ / / ((@o + u)y — (ao + vi)yk) (y — yi) 0 dz dt = 0.
T—1JQ

Let us transform the last term on the left side of as follows:
/il /Q ((50 +u)y — (ag + vk)yk) (y _ yk)9 da dt
[ [ @y - Gt oo -yt - w)oded G
— /72 /Q [(@o +v)ly — yl> + (u — vi)y(y — yi)] 0 da dt.
™

From ([5.16)), taking into account (Al) and (5.17]), we obtain
[ n) -~ nPdosz [ [ @t uly -l doa
Q T—1JQ

T T (5'18)
S/ / ‘?J(?J—yk)HU—Udedt—&-/ / |y—yk\2da:dt.
T7—1JQ T7—1JQ
Using and Cauchy-Schwarz inequality, (5.18]) yields
[ ) = e ) do
* (5.19)

<C’< ’ Cglara) s [ — |2 da dt
< (% Q\y Y| dx + . Q|Z/ yr|” dx dt,
1 _

where C7 > 0 is a constant which does not depend on k.

From (5.9)), according to (5.19)), we obtain (5.15). Taking into account (5.15)),
letting k — oo in (5.3)), the resulting inequality, according to condition (3.5)), implies

T——00

lim 2 J7 os) ds / ly(z, )2 dz = 0. (5.20)
Q

Hence, we have shown that y = y(u) = y(z,t;u), (z,t) € @, is the state of the
controlled system for the control w.

It remains to prove that u is a minimizing element of the functional J. Indeed,
(5.15) implies

le,0) = 200) 32 — 19(+0) = 20() B (521)
Also, (5.7) and properties of *-weakly convergent sequences yield

trminf el o > llagll s 22
iminf o]z @) > o) (5.22)
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From (4.2), (5.21)) and (5.22), it easily follows that limg o0 J(v) > J(u). Thus,
we have Shown that u is a solutlon of problem (4

Now let us show that the set of optimal controls of problem is x-weakly
closed. Indeed, let {uy} is a sequence of optimal controls such that uy — u *-
weakly in L°(Q). Similarly as above we show that liminfy_ . J(ug) > J(u). But
J(ur) = infyeu, J(v) Vk € N. Then u is an optimal control of ([4.3)). O

We now turn to the proof of Theorem [£.2] To do this we need some extra
statements.
Lemma 5.1. Under condition ) the following continuous embeddings hold
L3, o(Srs Hy () € L, l/a(STvHO (Q)) C L 10 (S L2(Q)) VT €S,
so, there exist positive constants Cg, Co such that for arbitrary z € L2, ,(S; Hy ()

and T € S we have

(V%

wl/a

Proof. The first inequality of (5.23)) follows easily from (2.2). According to (4.4)
we have 1/a(t) < 1/ag < a(t)/(ag)? for a.e. t € S. This yields

/ / ()] 162 05 23|22 dy dt <[] 2 / / a(t)e Js 25|22 g dt.
—00 JQ —o0 JQ

So, we obtain (5.23) with Cy = Cglag] 2. O

To proof Theorem we need to differentiate the map v — J(v) with respect
to the control v. Since y = y(v) appears in J(v), we first prove the appropriate
differentiability of the map v — y(v) whose derivative is called sensitivity (see [2,
Section 5]).

522 < Csllzllez | (s.imp0)) < Collzllrz (s ) (5.23)

1/

Lemma 5.2. For every u,v € Uy there exists function x = x(u,v) = x(x, t; u,v) =
x(z,7), (z,t) € Q, from Laa(S;H&(Q)) such that x¢ € L3 _(S; H1(Q)) (50 X €
C(S;L*(Q))), and

ylute(v —w) —y(u)

X (1) = - — X(w0) weakly in L2, (S5 H(9),
e— ?
(5.24)
X (,0) —o X(u,v)  strongly in Liy (S5 L*(Q)), (5.25)
E—
VreS: x°(,7) o x(-,7)  strongly in L*(Q) (¢ € (0,1)). (5.26)
Moreover, sensitivity x is a weak solution of the problem
i,j=1
x|y, =0, (5.28)
im e Jo 28y (1)) 20y = 0. (5.29)
Proof. First we denote w := v — u, v := u + ew, € € (0,1). Since the set Uy is

convex then for each € € (0,1) an element v¢ belongs to Uy for all u,v € Uy. It is
clear that
v° o strongly in L=(Q). (5.30)

£—
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Let the function y° := y(v°) be a weak solution of problem (4.1)), (3.2), (3.4) for
v = v°, where ¢ € (0,1). Theorem imply that y® exists, it is unique, belongs to
L2, (S; Hi(Q)) and the following estimates hold

e Ay (- 1) | p2gey < Cillfllez | (2@, TES, (5.31)
19N Lz (ssm) < Collfllez , (spz2@)> 7 €5 (5.32)

Also by Lemma and (5.32]) we have
1971l >

w,l/a

(s.:22(2) < Colly®ll L2

w,a

< GOl fllez ,, (s-z2@)s TES.

(S+:HY ()
’ (5.33)

Repeating the proof of Theorem [4.1] with vy being replaced by v¢ and yy, replaced
by y© we easily obtain convergence similar to (5.8)), (5.9), (5.15)), i.e.,

y° Y weakly in Li,a(& Hj(Q)), (5.34)
£—
y° Y strongly in L7 (S; L*(Q)), (5.35)
£—
VreS: y(,71) — y(-,7) strongly in L*(9), (5.36)
£—

where y := y(u) is a solution of (4.1)), (3.2)), (3.4) for v = u, that is, problem (4.5)).

Obviously, by the definition of x¢, we obtain that x° is the weak solution of the
problem

n

Xi = > (@iXG,)x, + (@0 +u)x® = —wyS, (5.37)
i,j=1

Xl =0, (5.38)

im0 O ()| 2y = 0. (5.39)

In particular, we have

// { =X+ D i, Ya, 0 + (o + U)xsww} dz dt
N =1 (5.40)

- —// wytbpdrdt, b€ HY(S), ¢ € C1(—00,0).
Q

Clearly, problem (5.37)-(5.39)) coincides with problem (4.1), (3.2]), (3.4) when

v = u and f = —wy®. Hence, taking into account Theorem we obtain that
X° belongs to L2 ,(S; Hj()), xi belongs to L (S; H1(Q)), and satisfies the
following estimates

7 O LN (1) L) < Cullwyf| 2

w,1/a

(s-22(), T ES,
Xz (s, mi ) < 02||wya||L31 (5.:L2(Q) TES.

Estimate (5.33)) implies that

/

”wQE”Lf)Yl/Q(ST;L%Q)) < C2C9Hw||L°°(Q)||f||Li11/a(ST;L2(Q))7 (5.41)
which yields
ew fd’ a(S) dSHXE(’VT)”LQ(Q) S Clo||f||Li,1/a(ST;L2(Q))7 T E S, (542)

XMz snimi@) < Cullfllzz ,, (sic2@) T €S (5.43)
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where C1g, (11 are positive constants which do not depend on .
Since L2, ,(S; H(€)) is a Hilbert space, then estimate (5.43) yield the existence
of function y € L2 ,(S; H}(Q2)) such that convergence ([5.24) holds.

Convergence (5.24)), (5.35) imply that we can pass to the limit in (5.40) ase¢ — 0
and we obtain that function y satisfies (5.27)), (5.28]), so it suffices to prove that

function x satisfies condition (5.29) and convergence (5.25)), (5.26]).
From (5.40) and the first statement of Lemma [2.1] for arbitrary 71,7 € S (11 <

To) we obtain

T2 . T2 n n 2 " .
1 1 j=1 i=1
By condition (A1), and (5.43), estimate ([5.44) implies that

T2
| IOy dt < Ca (5.45)

1

where 71,79 € S (11 < T2) are arbitrary, C12 > 0 is a constant which depends on 7
and 7o, but does not depend on k.

Having estimates , , we can conclude (similarly as it was done for
(5.9)) that there exists a subsequence of {v®, y°} (which is also denoted by {v®,y°})
such that

x° X strongly in L (S; L*(Q)). (5.46)

Let us prove the following convergence:
VreS: x°(,7) " x(-,7) strongly in L?(Q). (5.47)
e—

For this purpose, we subtract identity from identity . To the resulting
identity, we apply Lemma with 2 = x — x5, go = (Go + u)(x — X°) — wy*,
9i = Y5 @ij(Xa; —X5,) (i =1,n), 0(t) =2(t =7+ 1), n =7 —1, 72 = T, where
7 € S is arbitrary. Consequently, we obtain

/Ix(x,T)—xe(x,T)IQdfv—/ /Ix—XEIdedt
Q T—1JQ

* /:1/Q [ Enf aij(Xa: = Xa,) (Xa,; — xij)](?d:cdt (5.48)

ij=1
" /TT1 /Q ((ao +u)(x — x°) —wy®) (x — x°)0 dz dt = 0.

Taking into account (A1), we obtain

/ x(@,7) - X*(a,7) de
Q

S/ Ix—XEIdedtJr/ /\wllys\lx—xsldm‘dt-
T—1JQ T—1JQ

Using Cauchy-Schwarz inequality, the above inequality yields
[ n) = x el [ [ =P e
Q T—1JQ

[ fnvrsea) ([ [

(5.49)
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where C3 > 0 is a constant depending on ||wl| () only.

By (5.35) and (5.46)), we obtain (5.47). Taking into account (5.47)), and letting
e — 0 in (5.42), the resulting inequality, according to condition ({3.5), implies
(5.29)). ([

Lemma 5.3. There exists a unique weak solution of (4.6), and if w < K, then it
belongs to L2 (S; H}(2)) and satisfies the following estimates:

—w,1/«
e IO p(c, 7| 20y dr < Crallp(, 0)l| 2@y T € S, (5.50)
||P|\L2_u71/a(s;Hg(Q)) < Cuallp(+,0)|l 22 (), (5.51)
where C14 > 0 is a constant independent of p.

Proof. The existence of a unique weak solution p of (4.6) is a well-known fact.
Lemma [2.1 yield p; € L2 _(S; H~1(£2)). To conclude, it suffices to prove estimates

loc
(5.50) and (5.51]).
According to Lemma when 71 = 7 < 0,72 =0, 2 = —p, go = (ap + u)p,
9i = Y_j_1 @ijpx; (i =1,n), while § € C*(S) is arbitrary function, we obtain

1 1 1 /°
200) [ p(e.0F do - 300r) [ pleir)Pdo— 5 [ [ pPodeas
Q Q T Q
0 n
—/ / [ Z ijPa;Pe; + (G0 +u)\p|2]9dxdt =0.
T Q

ij=1

Taking 6(t) = e=2Jo @(=)ds ¢ ¢ § we obtain

1 . 0 ‘
56—2w s a(s)ds/ |p($77_)‘2 do — w/ / oz(t)e_z“’ Jo a(s)ds|p‘2 dx dt
Q T JQ

0 n
+ / / 2SO ] S g po (o + w)|pl?] dadt
T Q

inj=1
1 2
=5 [ Ip(x,0)]" dx.
2 Jo

From this, using condition (A1) we have
0
e_mfofo‘(s)ds/ |p(a:,7')|2dx—2w/ /oz(t)e_z“’fo O‘(S)Uls|p|2dar;dt
Q r Jo
0 t
+2(6+1 —5)/ / a(t)e 2 Jo @) 43712 dy dt
T JQ

< [ w0 d
Q
According to (2.4), for arbitrary § € (0,1) we obtain

0
e—%fJa(S)dS/ |p(x,7)|2dx+2(5K—w)/ /a(t)e—2wf5a<8>d5\p|2dxdt
Q T Q
0
—|—2(1—5)/ /oz(t)efmfoto‘(s)dﬂVpFdxdt
T Q

< / Ip(,0)? da.
Q
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Since w < K we choose § € [0,1) such that K — w > 0 and obtain

0
2w Iy a(s)ds/ |p(17,7')|2 dx +/ / a(t)efmu Iy a(s)ds|vp|2 dr dt
Q T JQ

(5.52)
SCM/ p(z,0)]? dz,
Q

where C11 > 0 is a constant depending on w and K only. From (5.52)) according to
Lemma [5.1| we easily obtain (5.50]) and (5.51)). O

Proof of Theorem[/.4 Let u be an optimal control of problem ([4.3), v € Uy be
an arbitrary, then using the same notations as in the proof of Lemma for all
€ € (0,1) we have

J(®) = J(u) > 0. (5.53)

Multiplying variational inequality (5.53)) by 1/e and denoting w = v — u, we obtain

0= %(J(ve) —J(u))
- H/Q (y(w, 050°) = 20()"dz = /Q (y(z,0;u) — zo(x))zdfv]
- % / (4* (@, 030%) = (w, 0;u) = 2z0(2)y” (, 05 0°) + 220(w)y(, 05 w)) div
Q

5 [y(iﬂ, 0;v%) +y(x,0;u) — 2z0(a:)] dx.

_ / y(xa 0; ,Ua) — y(ZL'7 0; u)
Q
We rewrite the above inequality as
[ (¢ @0 @0 +4(0,0) - 26 (@ 0(0))dz 0. (551)
Q

According to (5.26]) and (5.36)), we pass to the limit in (5.54)) as ¢ — 0+. As a

result we obtain the following variational inequality
/ x(2,0)(y(z,0) — 20(z))dz > 0. (5.55)
Q

Applying formula of Lemma (2.1)) for the adjoint problem (4.6) with test
function y, i.e. ¢ = x, for any 7 € S, we obtain

n

0
0= / (=pe— Y (@ijpe,)s, + (@0 +w)p, x) dt

1,j=1

0 0 n
= —/ (pt, x) dt —|—/ / [ Z @ijPe; Xz, + (@0 + u)px]dz dt = 0.
T T JQ

1,j=1



20 M. BOKALO, A. TSEBENKO EJDE-2017/72

Using integration by parts and condition (A1) (the symmetry of coefficients a;;),
we obtain

t=0

O:—/pxdx
Q t

0 n
+ / /Q [ > aispaxe, + @+ wpx] dadt

4,J=1

0

:_/ﬂx(x,o)p(gg,O) da:+/ x(z, 7)p(z,7) dzx

Q

0 0 n
+/ (xt,p) dt+/ / [Z @ijXa; D +(?io+u)xp}dxdt (5.56)
T T Q

ij=1

:_/ x(z,0)p(z,0) dz+/ x(z, 7)p(z,7) dx
Q Q

0
[ o= 3 @neds, + Gt ws) - [ e 0p(a,0)do

ij=1 Q

0
+/ x(z,7)p(w,7)dx — / / wyp dx dt.
Q T Q
By the weak solution formulation for problem ((5.27)—(5.29)), from (5.56) we obtain

/Q(y(x70)—zo(x))x(x,o)dx:/p(x,7)x(x,7) dx—/TO/prwdxdt. (5.57)

Q
Let us show that we can pass to the limit in (5.57) as ¢ — —oco. Indeed, according

to (5.50) and (5.29)), we have

/Q Ip(, T)x (@) d < 1p(s ) gy I )Lz

o 5.58
< e d5 29 p(, 0) [ L2y X 7|2 ) 559

= llp(, 0)ll L2 (7),
where because of condition (5.29)), the function y(t) := e Jo 2|1 (-, 7)| 20,
t € S, is such that v(t) — 0 as t — —oc.
Condition (A2), Theorem|3.3|(estimate (3.7)) and estimate ((5.51f), by the Cauchy-
Schwarz inequality, imply

0 0 . 1/2
/ / |pyw| dx dt < (/ /[a}_le_%fo a(s)ds|p(x,t)|2dxdt) ,
T JQ T JQ

0 2w [T a(s)ds), |2 1/2 2
(| [ aclict i)™ < CoCullpl, 00l I1Flsz ,, csie2e

w.1l/a

which yields wpy € L*(Q).
According to this and (5.58]), we pass to the limit in (5.57) as 7 — —oo, and
obtain

/ (y(z,0) — 20(z)) x(z,0) dz = — // pyw dx dt. (5.59)
Q Q
From (5.55) taking into account (5.59)) we obtain (4.7)). O
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