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GLOBAL REGULARITY IN ORLICZ-MORREY SPACES OF
SOLUTIONS TO NONDIVERGENCE ELLIPTIC EQUATIONS
WITH VMO COEFFICIENTS
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Communicated by Vicentiu D. Radulescu

ABSTRACT. We show continuity in generalized Orlicz-Morrey spaces Mg, (R™)
of sublinear integral operators generated by Calderén-Zygmund operator and
their commutators with BMO functions. The obtained estimates are used to
study global regularity of the solution of the Dirichlet problem for linear uni-
formly elliptic operator £ =377, a¥(x)D;; with discontinuous coefficients.
We show that Lu € Mg, implies the second-order derivatives belong to Mg .

1. INTRODUCTION

The classical Morrey spaces Ly, » are originally introduced in [37] to study the
local behavior of solutions to elliptic partial differential equations. In fact, the
better inclusion between the Morrey and the Holder spaces permits to obtain higher
regularity of the solutions to different elliptic and parabolic boundary problems.
Recall that for a bounded domain 2 C R™ satisfying the cone property, the space
L, » with 1 < p < oo consists of all functions f € L,(2) such that

1 1/p
= J— p
10 = (505 [ M) <o,

where B, ranges over all balls in R™ centered in some point x € € and of radius
r > 0. For the properties and applications of the classical Morrey spaces, we refer
the readers to [7 B7, 41, 43] and the references there. Chiarenza and Frasca [§]
showed the boundedness of the Hardy-Littlewood maximal operator in L, y(R™)
that allows them to prove continuity of fractional and classical Calderén-Zygmund
operators in these spaces. Recall that integral operators of that kind appear in the
representation formulae of the solutions of elliptic/parabolic equations and systems.
Thus the continuity of the Calderén-Zygmund integrals implies regularity of the
solutions in the corresponding spaces. Mizuhara[36] gave a generalization of these
spaces considering a weight function w(z,r) : R® x Ry — R, instead of r*. He
studied also a continuity in L, . of some classical integral operators. Later Nakai
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extended the results of Chiarenza and Frasca in L, ,, imposing certain integral and
doubling conditions on w (see [38]). Taking a weight w = ©Pr™ the conditions of
Mizuhara-Nakai become

oo
/ olotr L < Cpry, e <280 2o <<,
r t o(z,7)
where the constants do not depend on ¢, r and z € R™.

In series of works, the first author studies the continuity in generalized Morrey
spaces of sublinear operators generated by various integral operators as Calderén-
Zygmund, Riesz potental and others (see [I8, 19, 21]). The following theorem
obtained in [I8] extends the results of Nakai in Morrey-type spaces with weight
w = r™ (for the definition of the spaces see §

Theorem 1.1 ([I8,19]). Let 1 < p < oo and (¢1,p2) satisfy the condition

/too <p1(ﬂw)g < Cpa(a,1), (1.1)

where C does not depend on x and t. Then the maximal operator M and the
Calderon-Zygmund integral operators K are bounded from My, ,, to My, ,, forp >1
and from M ,, to the weak space WM ..

Later this result was extended on spaces with weaker condition on the weight pair
(p1,92) (see [21], see also [T}, 12, 13]). For more recent results on boundedness and
continuity of singular integral operators in generalized Morrey and new functional
spaces and their application in the differential equations theory see [2] [4] [5] 15, [16]
20, 25|, [26], [35] (401, 42], 44, [48|, 49, [51] and the references there.

Throughout this paper the following notation will be used:

D;u = 0u/0x;, Du= (Diu,...,D,u) means the gradient of w,

Diju = 8*u/0z;0x;, D*u = {Diju}};_, is the Hessian matrix of u,

B, = B(xg,r) ={x € R": |z —xo| <r}, BS=R"\ B,, 2B, = B(xo, 2r),

S"~1 is a unit sphere in R",  C R" is a domain and Q, = QN B,.(x), x € Q,
R? ={z eR": 2= (2/,2,),2/ € R, 2, >0},

Bf =Bt (2%r) = B(a®,r) NRY, 2B, = BT (2°,2r) where 2° = (2/,0).

The standard summation convention on repeated upper and lower indices is
adopted. The letter C is used for various positive constants and may change from
one occurrence to another. In this paper, we shall use the symbol A < B to indicate
that there exists a universal positive constant C', independent of all important
parameters, such that A < CB. A ~ B means that A < B and B < A.

2. PRELIMINARIES ON ORLICZ AND ORLICZ-MORREY SPACES

Definition 2.1. A function @ : [0, +00] — [0, 0] is called a Young function if ®
is convex, left-continuous, lim,_, 1o ®(r) = ®(0) = 0 and lim,_, 1o P(r) = ®(c0) =
0.

From the convexity and ®(0) = 0 it follows that any Young function is increasing.
If there exists s € (0,400) such that ®(s) = 400, then ®(r) = +oo for r > s.

We say that & € A, if for any a > 1, there exists a constant C, > 0 such
that ®(at) < C,®(¢) for all ¢ > 0. A Young function ® is said to satisfy the
Va-condition, denoted also by ® € Vg, if

1
< — >
D(r) < qu)(k:r), r >0,
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for some k > 1. The function ®(r) = r satisfies the As-condition but does not
satisfy the Va-condition. If 1 < p < oo, then ®(r) = rP satisfies both the conditions.
The function ®(r) = e” — r — 1 satisfies the Vy-condition but does not satisfy the
As-condition.

The following two indices

=1 fi = _—

=0 () TN ()
of ®, where p(t) is the right-continuous derivative of ®, are well known in the
theory of Orlicz spaces. As is well known,

- to(t) . to(t)

P <00 <= P Ay,

and the function @ is strictly convex if and only if g > 1. If 0 < g3 < pp < o0,
B(t)
e

D(t) . - . . .
then tq(q)) is increasing and is decreasing on (0, 00).

Lemma 2.2 ([29, Lemma 1.3.2]). Let ® € Ay. Then there existp > 1 and b > 1
such that
O(t2)
t

P(t1)

<b
ty

for 0 < t; < ts.

Lemma 2.3 ([47, Proposition 62.20]). Let ® be a Young function with canonical
representation

(1) Assume that ® € Ay. More precisely ®(2t) < AD(t) for some A > 2. If
p>1+1logy A, then

sP ~otp

(2) Assume that ® € Vy. Then

t
/ #(8) s < 2B 4 o0,
0 S t

Recall that a function ® is said to be quasiconvex if there exist a convex function
w and a constant ¢ > 0 such that

w(t) < O(t) < cw(ct), t € [0,00).
Let Y be the set of all Young functions ® such that
0<®(r) <+4oo for0<r < +oo. (2.1)

If ® € ), then ® is absolutely continuous on every closed interval in [0, +00) and
bijective from [0, 4+00) to itself.

Definition 2.4. For a Young function ®, the set

Lo(R™) = {f € L\"(R") : / ® (k| f(z)|)dz < +oo for some k >0 }

n

is called Orlicz space. The space Lig°(R") endowed with the natural topology is
defined as the set of all functions f such that fx, € Lg(R™) for all balls B C R™.
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Note that Lg(R™) is a Banach space with respect to the norm

[flle =inf {A>0: / ‘P(L;)')dx <1},

see, for example [45] Section 3, Theorem 10], so that

/ (I)( |f ()] )dx <1
R™ ||fHLI
For a measurable set {2 C R", a measurable function f and ¢ > 0, let
m(§, f,t) = {z € Q: |f(x)] > t}].
In the case Q = R™, we shortly denote it by m(f, t).

Definition 2.5. The weak Orlicz space
WLs(R") = {f € Lioo(R") : || fllwre < +o0}
is defined by the norm
. f
=inf<A>0 : d(t)ym(=,t) <1¢.
Flwro =inf {3 >0 :sup@(eym(s, 1) <1}
For Young functions ® and ¥, we write ® ~ WU if there exists a constant C > 1
such that
O(C7r) < U(r) < ®(Cr) for all r > 0.
If ® ~ ¥, then Lg(R™) = Ly (R™) with equivalent norms. We note that, for Young
functions ® and ¥, if there exist C, R > 1 such that
O(C7r) < U(r) < ®(Cr) forre (0,R1)U(R, ),
then & ~ .
For a Young function ® and 0 < s < +o0, let
O s) =inf{r >0:®(r) >s} (inf = +o0).
If ® € Y, then ®~! is the usual inverse function of ®. We note that
OO Hr) <r <dHP(r)) for 0 <r < 4o0.

For a Young function ®, the complementary function &9(7‘) is defined by

B(r) = {T:o{rs ~ ()5 € (000}, : N [i;o) (2.2)

The complementary function d is also ‘a Young function and d =0 If d(r)=r,
then ®(r) = 0 for 0 < r < 1 and ®(r) = +oo for r > 1. If 1 < p < oo,
1/p+1/p' =1 and ®(r) = rP/p, then &(r) = P Jp'. It ®(r) = e" —r — 1, then
O(r)y=1+7r)log(l+7r)—r.

Remark 2.6. Note that & € Vs if and only if e A, Also, if ® is a Young

function, then ® € Vs if and only if &7 be quasiconvex for some v € (0,1) (see, for
example [29, p. 15]).

It is known that B
r <O Hr)d t(r) <2r forr>0. (2.3)

The following analogue of the Hélder inequality is known.
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Theorem 2.7 ([50]). For a Young function ® and its complementary function ®,
the following inequality is valid
£l L,y < 20 fllzallgllg-
Note that Young functions satisfy the property

O(at) < ad(t) (2.4)
for all 0 < @ < 1 and 0 < ¢t < oo, which is a consequence of the convexity:
O(at) = P(at+ (1 — )0) < a®(t) + (1 — a)®(0) = ad(t).
Lemma 2.8 ([3,34]). Let ® be a Young function and B a ball in R™. Then

1
”XBHWL(I)(]R") = HXB||L<1>(R") = W

In the next sections where we prove our main estimates, we use the following
lemma, which follows from Theorem and Lemma [2.8

Lemma 2.9. For a Young function ® and B = B(x,r), we have
11z sy < 2BIe7 (1BI7Y) 1f | Lo (m)-

Definition 2.10. Let ¢(x,r) be a positive measurable function on R™ x (0, 00)
and ® any Young function. We denote by Mg ,(R™) the generalized Orlicz-Morrey
space, the space of all functions f € LI9¢(R™) with finite quasinorm

1fllaze . = 611§up>0<p(fc77")‘1<I>‘1(|B(9:,r)I‘l) 1f 2o (B,
x nor

Also by W Mg, ,(R™) we denote the weak generalized Orlicz-Morrey space of all
functions f € WL¢(R™) for which

| fllwase,, = _sup O@(x,r)’%’l(\B(w,T)l’l) 1AW La (B < 00,

nor>

where W Le(B(x,r)) denotes the weak Lg-space of measurable functions f for
which

[ flwLeB@r) = 1 Xp0n IWLe@n)-

According to this definition, we recover the spaces M, , and WM, , under the
choice ®(r) = rP:

My, = M<1>,90|q>(r):rp» WMs = WM@W’@(T):TP'

3. DEFINITIONS AND STATEMENT OF THE PROBLEM

In the present section we give the definitions of the functional spaces to which
the coefficients and the data of the problem belong. The domain 2 C R™ supposed
to be bounded with Q € C11.

Definition 3.1. Let ¢ : 2 x Ry — R, be a measurable function and 1 < p < oo.
The generalized Orlicz-Morrey space Mg () consists of all f € L2¢(1)

I fllata o) = sup @2, 7) 7 @7 H(IB(2, )| "D fll Lo (5

xell,r

For any bounded domain 2 we define Mg () taking f € Ls(2) and Q, instead
of B(x,r) in the norm above.
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The generalized Sobolev-Orlicz-Morrey space Ws ¢ ,(£2) consists of all Sobolev
functions u € Ws 4(Q2) with distributional derivatives D%u € Mg ,(€2), endowed
with the norm

||U||W2,q>,¢,(9)= Z HDSfHM@,(p(Q)-
0<s]<2

The space Wa,g,,(2) N WP 4 () consists of all functions u € Wy g(Q) N WY ()
with D*u € Mg ,(Q), and is endowed by the same norm. Recall that W 4(Q) is
the closure of C§°(€2) with respect to the norm in Wi .

Definition 3.2. Let ¢ : Q@ x Ry — Ry be a measurable function, the generalized
weak Morrey space WM ,(§2) consists of all measurable functions such that

1 fllwate o) = sup @z, r) @Bz, ) ") Iw Lo @nse.m),

z€Q,r>0

where W Lg (2N B(x,r)) denotes the weak Lg-space of measurable functions f for
which

1w LaB@.r) = 1 Xanse o IWLs@)-
For a bounded domain Q we define the space WM g w(Q) taking f € WLa ().

Definition 3.3. Let a € L*°(R") and ag, = |B I fB y)dy is the mean integral
of a. We say that

e a € BMO (bounded mean oscillation, [31]) if

|la]|« = sup sup / la(y) — ap, |dy < +o0.
r>08,.r<k Byl
The quantity ||a|. is a norm in BMO modulo constant function under
which BMO is a Banach space;
e a € VMO (vanishing mean oscillation, [46)) if a € BMO and

lim v,(R) = lim sup —ag,|dy = 0.

R—0 R—0p, r<R By |/ la(y)
The quantity v, (R) is called V M O-modulus of a.

For any bounded domain 2 C R"™ we define BMO(2) and VMO(Q) taking a €
L1(Q) and £, instead of B, in the definition above.

According to [I} [32], having a function ¢ € BMO(2) or VMO(RQ) it is possi-
ble to extend it in the whole R™ preserving its BMO-norm or V M O-modulus,
respectively. In the following we use this property without explicit references.
Any bounded uniformly continuous function f € BUC with modulus of conti-
nuity we(r) is also VMO and v¢(r) = wy(r). Besides that, BMO and VMO
contain also discontinuous functions and the following example shows the inclusion
Wi ,(R™) C VMO C BMO.

Example 3.4. f,(z) = |log|z||* € VMO for any a € (0,1); fo € Wi, (R"™) for
a € (0,1-1/n), fo & Wi n(R™) fora € [1-1/n,1); f(z) = |log|z|| € BMO\V MO;
sin fo(r) € VMO N Loo(R™).

In the Sections [ [6] and [7] we study continuity in the spaces Mg, of certain sub-
linear integrals and their commutators with BM O functions. These results unified
withe known estimates in L,(R™) permit to obtain continuity of the Calderén-
Zygmund operators in M), ,(R™) that is shown in § The last section is dedicated
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to the Dirichlet problem for a linear uniformly elliptic operator with VMO coef-
ficients. This problem is firstly studied by Chiarenza, Frasca and Longo. In their
pioneer works [9], [10] they prove unique strong solvability of

Lu=a"(z)Djju= f(z) aa. z€Q,

(3.1)
ue Wa,()N WRP(Q), p € (1,00)

providing such way the classical theory on operators with continuous coefficients
to those with discontinuous ones. Later their results are extended in the Sobolev-
Morrey spaces Wap () N WP, (Q), A € (1,n) (see [I5], [16]). In the present
work we show that Lu € Mg () implies the same regularity of the second order
derivatives D;ju. The weight ¢(z,r) satisfies an integral condition weaker than

D).

4. SUBLINEAR OPERATORS AND COMMUTATORS GENERATED BY SINGULAR
INTEGRALS IN THE SPACE Mg ,(R"™)

In this section we present results obtained in [27] concerning continuity of sub-
linear operators generated by singular integrals as Calderén-Zygmund. Let T be
a sublinear operator such that for any f € L;(R™) with compact support and

x ¢ suppf holds
/(W)
rri<ce [ 00 (11)
re |z —y|?
where C' is independent of f.
Theorem 4.1. Let ® any Young function, p1,p2 : R™ x Ry — R4 be measurable
functions such that for any x € R™ and for any t > 0,
T P1(2,5) \ g1 (p—ny dt
f Smi)é tT")—<C , 4.2
/T (essm t<s< @—1(5—71) ( ) P 902(1‘ 7“) (4.2)
and T be sublinear operator satisfying (4.1).

(i) If T bounded on Ly (R™), then T is bounded from Mg ,, (R™) to Mg, ,,(R™)
and

1T f My ®) < Cllf I 0tg o, (m7)-
(i) If T bounded from Lo (R™) to W Lg(R™), then it is bounded from Mg o, (R™)
to WMg,,,(R™) and
ITfllw s, ®n) < Cllf 010, )
with constants independent of f.

Note that condition (4.2) is weaker than the one in Theorem Indeed, if
condition (|1.1)) holds then

e . v1(x, s) 1y dt /°° dt

fyeocoo 7)¢ =< ) —

/T (essm t<s< @‘1(3—") ( ) t =) v1(z, 1) P

that implies (4.2)). We give also two examples of admissible pairs of functions.

Example 4.2. For 8 € (0,n) consider the weight functions
B
r

7"2’8
=i

) W(T)ZW

sin(max{l,;}) )

e1(r)
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If r € (0,1) then essinf, <5< % =0 and

o . T, S 1y, Ot
/r (ess inf;cscoo (I:all((sr)l)><1> 1(t )7 = (I’_lr(r_n) re(1,00)
< Cpa(r).
Hence the pair (¢1, ¢2) satisfies but not (L))
Example 4.3. For g € (0,n) consider the functions

e pa(r) = 2T
Xy (M@ (r7m) ’ o-1(r-m)’

They satisfy condition (4.2) but not (1.1)).

Consider now the commutator T, f = T'[a, f] = aT'f — T(af) such that for any
f € Lge(R™) with a compact support and = ¢ suppf holds

@ <C [ Jata a) LD g, (43)

|z —y|"

p1(r) =

where C' is independent of f and x. Suppose in addition that T, is bounded in
Lq (R™) satisfying the estimate || Ty f|| o (&n) < Cllall«[| f]| o ®n)- Then the following
result holds (see [14] 27]).

Theorem 4.4. Let ® any Young function, a € BMO, ¢1,p2 : R® x Ry — Ry be
measurable functions such that for any x € R™ and for any t > 0,

> t . p1(z, ) —1 (-
[ (1 + In ;) <eSS lnft<s<oo m)@ (t )? S OQDQ(‘T, T), (44)

where C does not depend on x and r. Suppose T, be a sublinear operator satisfying

(4.3) and bounded on Lg(R™). Then the operator Ty is bounded from Mg ,, to
M‘I’vtpz

[Taf sty gy @y < Cllallcll fllaza, o, @n)-
5. NONSINGULAR INTEGRAL OPERATORS IN THE ORLICZ SPACE L (R7)
The following theorem was proved in [I0].

Theorem 5.1. Let x € RY and

Kf(z) = /R ()] dy, T=(2',—mz,). (5.1)

n |yl
Then there exists a constant C independent of f, such that
1K flle, @) < Collflle,@y, 1<p<oo,
”Kf”WLl(]R ) S Cllfllzyre)

Theorem 5.2. Let ® be a Young function and K be a nonsingular integral operator,
defined by (5.1). If ® € Ay N Vg, then the operator K is bounded on Lo(R?) and
if ® € Ay, then the operator K is bounded from Lg(R'Y) to W Lo (R').
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Proof. First we prove that for & € Ay the nonsingular integral operator K is
bounded from Lg (R’ ) to W Lg(RY}).

We take f € Lg(R") satisfying || f||z, = 1. Fix A > 0 and define fi; = xqfj>a1-f
and fa = xqfj<r} - f- Then f = f1 + fo. We have

K FI> M < KA > M2} + HIK fa| > A/23,
SNHIE S > A < [@OHIE A > A/2H + P f2| > A2}
We know that from the weak (1,1) boundedness and Ly, p > 1 boundedness of

K

)

. 1
K . NI
(Rixgron D> 5 [

1
(RGcnen D> M S5 [ 1P
{IfF1<A}
Since f1 € WL (R"}) and M increasing we have

Hﬂc €RY : |Kf1 *}‘ /n |f1(z)|dz
—_— x)|dx
A /{xem:u(zn»}'ﬂ )

s [ e,

By Lemma and fy € L,(R") we have

Nz e K@) > 5} 52

Y [ n@ra

= fa)Pda
{zeR™:|f(2)| <A}

< [ rwp2le,

|f ()P
- [ a(s@)hds
n
Thus we obtain
n C 1
{z e RL: [Kf(2)| > A < g5 | @(1f(@)))de < ———
(A) Jry o (#)
* ClfllLe

Since || - ||z, norm is homogeneous this inequality is true for every f € Lo (R?).

Now proved that for & € A;NV4 the nonsingular integral operator K is bounded
in Ly(R’ ). As before we use distribution functions.

/n ‘I’(Kf */ I{x €RY : |K f(x)] > A}|dA
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A/ erR" K f(z)] > 2X}|dA.

What is different from the estimate for the maximal operator is the point that K
is not Lo (R’ ) bounded. Let p > 1 be sufficiently large. Then

{z e R : Kf(x) > 20} < [{z € R 1 [K(x( 1571 - F)(@)] > A}

+{z € RY ¢ [K(xq <0y - F)@)] > A}

By the weak (1,1) boundedness and L,-boundedness of K (see Theorem we
have

" 1
{z e R}

ARG D@,
xr +: T

o € R < [R(xg1en - H@)] > A} S —

< |f (z)[Pdx.
AP /{wERi:f(w)S/\}

Using the same calculation used for the maximal operator works for the first term

clf]
1 e URGaen - pl> s [ o3 62
R%
For the second term a similar computation still works, but we use that ® € A,
T / VIR (cien - HE)] > Al

<3/, @(T) (onespinen T 82) 55
< vor()) )

Using Lemma (1), we have

1 e UR e - Hal > Hax

5/ @(2|fA( ”)d:cg/ o (N gy, o
Thus, putting together and , we obtain

[ #(Re= [ o

Again we shall label the constant we want to distinguish from other less important
constants. As before, if we set A = co||f|| L, (R™), then we obtain

/1 @(I?Jj\(x))dx <1

Hence the operator norm of T is less than Co
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6. SUBLINEAR OPERATORS GENERATED BY NONSINGULAR INTEGRAL OPERATORS
IN THE SPACE Mg ,(R)

We use the following statement on the boundedness of the weighted Hardy op-
erator

Hg(t) = /too g(s)w(s)ds, 0<t< oo,

where w is a weight. The following theorem was proved in [22] 23] and in the case
w=11n [6].

Theorem 6.1. Let vy, va and w be weights on (0,00) and v1(t) be bounded outside
a neighborhood of the origin. The inequality

sup va(t)Hyg(t) < C sup v1(t)g(t) (6.1)

holds for some C' > 0 for all non-negative and non-decreasing g on (0,00) if and

only if o .
B:= supvg(t)/ __wls)ds < 0. (6.2)
t>0 t SUPgcrcoo U1(T)

Moreover, the value C' = B is the best constant for (6.1]).
Remark 6.2. In (6.1)) and (6.2)) it is assumed that é =0and 0-00=0.

For any = € R"} define # = (2, —2,,) and recall that 2° = (2/,0). Let T be a
sublinear operator such that for any f € L;(R"}) with a compact support holds

Tl <o [ LOa, (6.3)
ry [T —y["
Lemma 6.3. Let ® any Young function, f € L%C(Ri), be such that
o L dt
[ 1l @ () < 0 (6.0

and T be a sublinear operator satisfying (6.3]).
(i) If T bounded on Ly(RY), then

~ C o 1,y dt
HTf||L<1)(B+(;E0,r)) < m . Hf”Lq)(BJ“(wOi))(I) (t )7 (6.5)
(ii) If T bounded from Ls(RY) on WLg(RY), then
dt

~ C e 1/,—mn
T fllwLgB+@0m) < <I>1)/2 1f1l Lo (B+ (20,6 (E77) " (6.6)

G
where the constants are independent of 2°, r and f.

Proof. (i) Denote B;" = B*(2%,r), B} = BT (2°,t) and for any f € LI°(R") write
f=fitfawith fi = fxys+ and fo = fX(gBj)c- Because of the (®, ®)-boundedness

of the operator 7' (see Theorem and fi € Ly(R’) we have

ITfillpy sy < I Tfille@n) < Cllifilla@y) = ClfllL, @s1):
It is easy to see that for arbitrary points z € B;" and y € (2B;7)¢ it holds

1 - 3
S12® =9l <13 -yl < S — g, (6.7)
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Applying (6.3) and the Fubuni theorem to T fo we obtain

1T fol)| < c/ 1BWL

Ry |2 —y™

cof Hgcel ywif[l &

0 1
@By |29 —y[" (2B;)e 20—yl "

< C/ / FWldy ) —
2r ( 2r§\z°7y|<t| ( )| )tn-i—l

oo

e[ (/. )l .

2r

Applying Hélder’s inequality (Lemma [2.9)), we obtain

/()] = dt
P A S < _
/( y —dy S - Hf“L@(B:r)Hl“L;I;(B:r)tn+1

2t5tye 120 — ]
e 1 dt
_ / 190 c0t) vy o (6.8)

> dt
~ —1/4—n\2"
~ [l T

Direct calculations give

. 1 o0 L dt
I ooty S gy, W lioan® 675 (6:9)

and the above estimate holds for all f € Lg(R") satisfying (6.4). Thus

. 1 0 L dt
ITfll gty S Il Lge@sr) + 1) /27" 1Al sy @ (2t ")7- (6.10)
On the other hand,
c o
etz = vy inas [ 07T

C o 1 ey dt
Sq)—l(r—n)/% ||fHLq,(Bj)q) 1(t )7

which together with (6.10]) gives (6.5)). B
(ii) Let now f € Lg(R?} ), the weak (®,®)-boundedness of T (see Theorem

implies

(6.11)

ITfillwresty S ITAlwremy) < Clfill ey = Clfllp, st
Estimate follows by . O
Theorem 6.4. Let ® any Young function, p1,p2 : R™ x Ry — Ry be measurable

functions satisfying (4.2) and T be a sublinear operator satisfying (6.3)).

(i) If T bounded in Lo (R}) then it is bounded from Mg o, (R7) in Mg ,,(R7)
and

1T f Mo @) < Cllf 0o, (R7)- (6.12)
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(i) IfT bounded from Lq (R}) to W Lg (R ) then it is bounded from Mg o, (R})
to WMg ,,(R}) and

ITf | at0,p r2) < CllSf lWnte o, ®7)

with constants independent of f.

Proof. Let T be bounded in Lg(R%). Then by Lemma [6.3| we have

~ R e o dt
HTf”M‘i’,«Pz(Ri) 5 sup (P2($077") 1/ ||f||Lq,(B+(9207t))(I) 1(t ”)?
z0,r>0 r
Applying the Theorem [6.1] to the above integral with
w(r) = o1 (rfn), vz(:zro, r) = @g(xo,r)fl,

’Ul(woa T) =¥1 (:L,O, ’r)_lq)_l(r_n)) g($07r) = ||fHLq>(B+(;E0,7"))7
Hi(a% 1) = [ 1o o pu®)it
where condition (6.2)) is equivalent to (4.2)), we obtain

1T fllpo,pp @) S s P12, )T (P ) | fll (8 (000)) = 1 a7

The case p =1 is treated in the same manner using and (6.2),

. [ Lt
Tt iy S 50 2(a®) ™ [ 1 ey @ ()T

z0,r>0 r 3

= sup 1(2, )R (P )| £l Ly (5 (200
20, r>0

= 1/l Mo, (R7)-

O

7. COMMUTATORS OF SUBLINEAR OPERATORS GENERATED BY NONSINGULAR
INTEGRALS IN THE SPACE Mg ,,(R"})

For a function a € BMO and sublinear operator T satisfying (6.3) define the
commutator T, = [a,T|f = aT'f —T(af). Suppose that for any f € L;(R’}) with
compact support and x ¢ supp f, it holds

Tuf@ < [ latz) - a) LY

R |z —y|"

dy, (7.1)

with a constant independent of f and z. Suppose in addition that fa is bounded
in Le(RY) satisfying [|7af| e ry) < Cllalll[f]lLe @) Our aim is to show bound-

edness of Ta in Mg ,(R?). For this goal we recall some well known properties of
the BMO functions.

Lemma 7.1 (John-Nirenberg lemma [31]). Let a € BMO and p € (1,00). Then
for any ball B it holds

(i [, tat) = aspdy) " < Clal.. (72)
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Definition 7.2. A Young function ® is said to be of upper type p (resp. lower
type p) for some p € [0, 00), if there exists a positive constant C' such that, for all
t € [1,00)(resp. t € [0,1]) and s € [0, 00),

D(st) < CtPP(s).

Remark 7.3. We know that if ® is lower type pg and upper type p; with 1 < pg <
p1 < oo, then ® € Ay N Vy. Conversely if & € Ay N Vg, then @ is lower type pg
and upper type p; with 1 < pg < p; < oo (see [29)]).

Before proving the main theorems, we need the following lemma.

Lemma 7.4 ([30]). Let b€ BMO(R"™). Then there is a constant C > 0 such that
4
|bs, — bg,| < C||b||*ln; for 0 < 2r <t,

where C' is independent of b, x, r, and t.

In the following lemma which was proved in [24] we provide a generalization of
the property (7.2), from L,-norms to Orlicz norms.

Lemma 7.5. Let b € BMO and ® be a Young function. Let ® is lower type pg
and upper type p1 with 1 < pg < p; < 00, then

bl = sup @7 (r ™) [16() = bBas) | L (B
zER™ r>0

For the variable exponent Lebesgue space L.y Lemma was proved in [28§].
For a Young function @, let
Lt (1) ' (t
ag := inf —=, by := sup .
te(0,00) D(t) te(0,00) P(t)
Remark 7.6. It is known that ® € Ay NV, if and only if 1 < ag < bgp < 00 (See,
for example [33]).

~—

Remark 7.7. Remarks[7.6|and Remark [7.3|show that a Young function @ is lower
type po and upper type p; with 1 < pg < p; < oo if and only if 1 < ag < bg < 0.

To estimate the commutator we shall employ the same idea which we used in
the proof of Lemma [6.3

Lemma 7.8. Let ® be a Young function with ® € Ao, NVs, a € BMO and fa be
a bounded operator in Ly (R™) satisfying (7.1). Suppose that for all f € LY°(R'})
and r > 0 holds

o t o dt
/1 (1410 2 )18l (5 a0 @ () T < 00 (7.3)
Then
~ lla|« o0 t L dt
||Taf||L(I,(Bj) S m . (1 +In ;) ||fHLq,(B+(x07t)) 0] (t n)?.

Proof. Decompose f as f = fxm:r + fx(zg:r)c = f1 4+ f2. From the boundedness
of T, in Lg(R7) it follows that

1Tafilly sty < WTafilon) S lallcllfillan) = lalllfl 4, oot
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On the other hand, because of (6.7)), we can write

||Taf2||L(p(5j) N (/Bjt (/(QBM Ia(ac)lj0 a(y )||7|Lf( wl, y) dx)l/p

la(y) —ag+[|f (W) \p , \1/P
S (/5+ (/(ZB,T)C |20 — y[” dy) dx)

la(z) —ag+|[f(Y)] N NP
’ </BT+ (/(QBj)C |£EO — y|” dy) dl‘) =0+ L.

We estimate I; as follows

1 la(y) — ap+1f(y)]
< - i d
e ) /@m /

o—1(r—n 20 — g
_1(17"_7L)/QB+)( |a(y)—aB+||f( )l o
= (1 - / /|< () — age | 1F (v >\dytj+l
s 11r " / / )~ e 1)y ey

Applying Holder’s mequahty, Lemma and ([7.4)), we obtain
1 e dt
I < (_17@/ / |a(y) — ag+[1f(y)ldy tnﬁ

1
e
1 oo
< D) —
1 e o dt
T n)/ st = a1l sy @7 () F)
dt

@fl(r*") /zoo (1—|—ln )”fHLq)(B‘F) ‘1)71(15*”)7

r

dt
tn+1 dy

oA

dt
Ly(BH) 1 e 55) gt

S llell«

To estimate I note that

fly
Ir = [la(-) = ag,ir”Lq)(Bj) /(2 Mdy

By |20 —y"
By Lemma and we obtain

lall« / 1/ ()] [lall« /°° —1(,-
I < < o) Y
T () Jast)e o —yI"dy N e (rm) Jar 17wy )5

Summing I; and I we obtain that for all p € (1, 00),

lall«

Finally,
ol

2r

> t 1o\ dt
[i28 Fellpairy S _(7‘")/%« (1+1n;)||f||Lq,(Bj)q’ Ht n)j-

15

- . [ L dt
ITaf |l ppsty < llall« |f||L¢,(28+)+(I)1(Tn)/ <1+1 )||f|\Lq,(B+)‘I’ Ht )7
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and the statement follows by (6.11)). O

Theorem 7.9. Let ® be a Young function with ® € As NVs, a € BMO and
w1,p2 : R" x Ry — Ry be measurable functions satisfying . Suppose T. be
a sublinear operator bounded on Lg(R) and satisfying . Then T, is bounded
from Mg, (R7) to Mg ,,(R}) and

1T fllrtg 4, ®?) < C||a||*||f||M¢,m(R¢) (7.4)
with a constant independent of f.

The statement of the theorem follows by Lemma [7.8] and Theorem in the
same manner as the proof of Theorem

8. SINGULAR AND NONSINGULAR INTEGRAL OPERATORS IN THE SPACES Mcp’(p

In this section we deal with Calderén-Zygmund type integrals and their com-
mutators with BMO functions. We start with the definition of the corresponding
kernel.

Definition 8.1. A measurable function K(z,&) : R™ x R \ {0} — R is called a
variable Calderén-Zygmund kernel if:
(i) K(z,-) is a Calderén-Zygmund kernel for almost all 2z € R™:
(a) IC('% ) € COOGRn \ {0})7
(b) K(z,ué) = p "K(z,€) for all u > 0,
(C) fsnfl K(I,f)dgg =0, fgnfl |’C(I’,§)|d0’§ < 00,
(i) maxgj<2n ||D?IC(IE7£)||LOO(RnXSn—1) = M < oo independently of z.

The singular integrals

Rf(@) =P.V. [ K(.x ) fw)dy.

o, f() = P.V. | Kle,w~ ) f(w)a() — aly)]dy

= a(z)&f(z) — K(af)(z)

are bounded in Lg(R™) (see [39]), moreover

K (2, )] < ¢l |K |§)| < Ml¢[ "

which implies

|Rf(z)| < C /W)l dy, |€[a, fl(z)| < C la(z) — a(y)||f ()] dy

)

re |2 —y|? R™ |z —y|"
and hence the validity of all results from § @l Let us note that any measurable
function ¢ : R® x R}y — R, satisfying the condition satisfies also with
Y1 = @2 = . Hence the following results hold as a simple application of the
estimates from § [

Theorem 8.2. Let ® be a Young function with ® € A;NVs and ¢ : R" xRy — Ry
be measurable function such that for all x € R™ and r > 0

/TOO (1 +1n ;) (essinft<s<oo m>¢l(t”)cff < Cop(z,r). (8.1)
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Then for any f € Mg ,(R"™) and a € BMO there exist constants depending on
n,p, v and the kernel such that

1R 0o mm) < CllF nta o @y €@y flllnte o @ny < Cllallll fllaze, @n)-
The above theorem follows from (6.12]) and ((7.4)).
Example 8.3. The weight ¢(r) = % fl)*l(r’”), 0 < B < n satisfies condition
(8.1).

Example 8.4. The weight ¢(r) = rP @71 (r™")In™(e+7), m > 1,0 < 3 <n
satisfies condition (8.1) and the space Mg , does not coincide with any Morrey
space.

Since we aim at studying regularity properties of the solution of the Dirichlet
problem (3.1)) we need of some additional local results.

Corollary 8.5. Let @ C R™, 90 € CY', a € BMO(Q) and f € Mg () with ®
and ¢ as in Theorem[8.2, Then

|8 f 1 ats. 02 < Cllfllate o) 1€]as flllaze ) < Cllallll fllazs., ) (8.2)
with C = C(n,p,p,Q,K).
Corollary 8.6. Let ® and ¢ be as in Theorem [8:9 and a € VMO with VMO-

modulus v,. Then for any € > 0 there exists a positive number po = po(e,va) such
that for any ball B, with a radius r € (0, po) and all f € Mg ,(B,) holds

1€]a, f]HM(M,(Bj) < CE”fHM(IW(B:r)a (83)
with C = C(n,p, ¢, K).

To obtain the above estimates it suffices to extend K(z, ) and f(-) as zero outside
Q (see [9, Theorem 2.11] for details). Recall that the extension of a keeps its BMO
norm or VMO-modulus according to [T}, 32].

For any z,y € R}, & = (2/, —x,,) define the generalized reflection T (x;y) as
a"(y)
a(y)
where a™ is the last row of the coefficients matrix a. Then there exist positive
constants C7,Cy depending on n and A, such that

Gz —y| < [T () —y| < Cofw —yl, Va,y e RY.
For any f € Mg (R’ ) and a € BMO consider the nonsingular integral operators

T(x;y) =x — 2z,

T(x) =T (z;2) : RT — R”,

8f@) = | K@ T@)-yf@dy, o fi@) = a(@)/f(z) = Kaf)(@)
i
The kernel K(x, T (z) —y) : R” x R — R is not singular and verifies the conditions
(i)(b) and (ii) from Definition [8.1] Moreover
Kz, T(z) —y)| < M|T(x) —y[™" < Clz —y[™",

which implies

Rr@i<o [

TN 4y e i@l <0 [ lata) - a2 4y
17—yl - oy

The following estimates are simple consequence of the results in §[6] and § [7}
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Theorem 8.7. Let ® be a Young function with ® € Ay N'Vsy, a € BMO(R'}) and

© be measurable function satisfying (8.1). Then the operators ;%f and E[a,f] are
continuous in Mg , and for all f € Mg ,(R") holds

8 e, &) < CNFll ) 5.4
[€la, s @) < Cllalll[ s, @)
with a constant dependent on known quantities only.

Corollary 8.8. Let ® and ¢ be as in Theorem[8.7 and a € VMO with a VMO-
modulus v,. Then for any € > 0 there exists a positive number py = po(e,va) such
that for any ball B with a radius v € (0, po) and all f € Mg ,(B;") holds

1€la, sy sty < Cellf sy st (8.5)
where C is independent of ¢, f and r.

The proof of the above corollary is as that of [9] Theorem 2.13].

9. DIRICHLET PROBLEM
We consider the Dirichlet problem for second order linear equations
Lu = a"(x)Djju = f(r) aa. z€Q,

. (9.1)
ue Waoe o) N W 4(Q)

subject to the following conditions:
(H1) Uniform ellipticity of £: there exists a constant A > 0, such that

ATEP < 0¥ (2)€i; < AEP aa. 2 € Q, VEERT

a¥(x) =d'(x) 1<i,j<n.
This assumption implies immediately essential boundedness of the coeffi-
cients a¥ € Lo ().
(H2) Regularity of the data: a”/ € VMO(Q) and f € Mg () with 1 < p < oo
and ¢ : Q x Ry — R, measurable.

Theorem 9.1 (Interior estimate). Let u € W21°<IC>(Q) and L be a linear uniformly
elliptic operator with VMO coefficients such that Lu € M}I,Ofp(ﬂ) with ® € Ay NVy
and ¢ satisfying (8.1). Then D;ju € Mg (') for any & CC Q" CC Q and

ID*ullasy o () < Clllaga o) + 1 L0000z L 2)) (9-2)

where the constant depends on known quantities and dist (', 0Q").

Proof. Take an arbitrary point « € suppu and a ball B,.(z) C €, choose a point
xo € B,(x) and fix the coefficients of £ in zy. Consider the constant coefficients
operator Lo = a"(z¢)D;;. From the classical theory we know that a solution
v € CP(By(x)) of Lov = (Lo — L)v + Lv can be presented as Newtonian type
potential

o(z) = /B Iz — y)[(Lo — L)o(y) + Lo(y)|dy,
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where I'(z — y) = I'(z¢, z — y) is the fundamental solution of £o. Taking D;;v and
unfreezing the coefficients we obtain for all 4,5 =1,...,n (cf. [9])

Dijv(x) = P. V~/B Lij(z, 2 — y)[Lo(y) + (a" (2) — a”*(y)) Drrv(y)]dy

+ Lo(z) /n Lj(z,y)ydoy (9.3)

= R Lo(x) + €i5[a"™®, Do) () + Ev(x)/ 1 I';(z;y)yidoy.
-

Here I'yj(w, &) stand for the derivatives De.¢,I'(x, ). The known properties of the
fundamental solution imply that I';;(z, ) are variable Calderén-Zygmund kernels
in the sense of Definition The representation formula still holds for any
v € Wayu(B,) N WY, (B,) because of the approximation properties of the Sobolev
functions with C§° functions. In view of (8.2)), and for each € > 0 there
exists ro(g) such that for any r < ro(e) it holds

||D2UH<I>,¢>;T <C (5||D2U||<1>,so;r + ||£U||‘I’,90;T) s

Q0 = [l - Hqu:(B:r).

Choosing € (and hence also 7!) small enough we can move the norm of D?v on the
left-hand side that gives

HDQUH@,%T' < C”E")H‘i’,tp;r- (9.4)

Define a cut-off function n(x) such that for 6 € (0,1), 8 = 6(3 — 6)/2 > 6 and
s =0,1,2 we have

0 =z ¢ 89’7"
Applying ([9.4) to v(z) = n(z)u(x) € Wa o »(B,) N WY 4(B,) we obtain
1Dl

n(z) = {1 e n(x) € Cg°(Br),  |D*nf < CO(1—0)r]™".

D p50r < C”‘CU”@,@;@’T

| Dulle,p6rr l[vlle,ps0r )

< .0
= C(”“‘”W") " oy oL - 0y

Define the weighted semi-norm
O, = sup [0(1 — G)T]SHDSUHQ%QT, s=0,1,2.
0<0<1
Because of the choice of 8" we have §(1—6) < 20'(1—6"). Thus, after standard trans-

formations and taking the supremum with respect to 6 € (0, 1) the last inequality
rewrites as

02 < C (r?||Lullo,pir + O1 + Og) . (9.5)

Lemma 9.2 (Interpolation inequality). There exists a constant C independent of
r such that

0, <eBy + g@o for any € € (0,2).

Proof. By simple scaling arguments we obtain in Mg ,(R™) an interpolation in-
equality analogous to [I7, Theorem 7.28]

c
IDulla,pir < 8l1D%ulla,pir + <lltllogir, 8 € (0,7).
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We can always find some 6y € (0,1) such that
©1 < 2[00(1 — bo)r][ Dull @ p:60r

C
< 2[00(1 = 00)r]) (31 D%l 0,007 + 5 a0 ) -
The assertion follows choosing § = 5[0o(1 — 6p)r] < bpr for any e € (0,2). O

Interpolating ©4 in (9.5)), we obtain

2
.
TP ule pr/2 < O2 < C (1 Lulle o + llullo o)

and hence the Caccioppoli-type estimate

1
102l pir/2 < C(ILull0 i + =5 Nl gir)- (9.6)

Let v = {vi;}15_1 € [Low (B,)]"* be arbitrary function matrix. Define the operators

Sijnie(vn) (@) = il vpi) (@) 0,5,k k=1,...,n.

Because of the VMO properties of a”/’s we can choose r so small that

n

> ISinkll < 1. (9.7)

i,5,h, k=1

Now for a given u € W o(B,) N WP 4 (B,) with Lu € Mg ,(B,) define

Hij(z) = RijLu(z) + Lu(x) / Lj(x;y)yidoy,
STL*l

and (8.2)) implies H;; € Mg ,(B,). Define the operator W by the setting

Wv = { Z (Sijnkvnk “V‘Hij(l‘))}rllv : [qu(Br)]"2 - [M<1>,¢(Br)]n2

-1
h k=1 K

By the operator W is a contraction mapping and there exists a unique fixed
point v = {v;;}1\_; € [qu,(lgr)]"2 of W such that Wv = v. On the other hand it
follows from the representation formula that also D?u = {Diju}f;_, is a fixed
point of W. Hence D?*u = v, that is D;;u € Mg ,(B,) and in addition holds.
The interior estimate follows from by a finite covering of Q' with balls
B, 2, v < dist(Q', 09"). O

To prove a local boundary estimate for the norm of D;;u we define the space
W% (B}}) as a closure of Cy, = {u € Cg°(B(2%, 7)) : u(z) = 0 for ,, < 0} with
respect to the norm of Wy .

Theorem 9.3 (Boundary estimate). Let u € W)%(B;") and suppose that Lu €
My, ,(BF) with ® € Ay NV and ¢ satisfying (8.1). Then D;ju € Mg »(B;F) and
for each € > 0 there exists ro(e) such that

1Dsjullg y.5+ < CllLullg 5, V7 € (0,70). (9.8)
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Proof. For u € W3 (B,") the boundary representation formula holds (see [10])
D;ju(x) =P.V. /+ Lij(z,z —y)Lu(y)dy
By

+P.V. - Lij(z,z —y) [ahk(x) — ahk(y)] Dpru(y)dy (9.9)
S§n—1
where we have set

yta) = [ T(e.T(@) = p)Lutu)dy

+ [ T T@) = )0 (@) - ()] Dxu(u)dy
B
Vi,j=1,...,n—1,
= [ Tale T@) =)D, T (@)

r

X {[ahk(x) — ahk(y)}thu(y) + Lu(y)}dy, Vi=1,...,n—1,

L) = [ Tulen T@) =)D, T (@) (D, (@)’

(s

x {[a"(z) — a"* (y)] Dnwu(y) + Lu(y)} dy,

where D, T (z) = (D7 (2))',..., (DT (2))") = T(en,z). Applying estimates
(8.4) and (8.5)), taking into account the VMO properties of the coefficients a'/’s, it
is possible to choose ry so small that

| Diju

vt < ClILull, .5+ for each r <ro.
For an arbitrary function matrix w = {w;;}}\_; € [qu,(Bff)]’“L2 define

Sijnk(wnr) () = Ciila™ wp] (), i,5,h1=1,...,n,
‘ijhk(whk)(x) = Eij[ahk7whk](gj)a 27] = 17 e, — 17 ha k= 17 e, N,

Sinni (W) (@) = €[ wpe) (DT (@), i hk=1,....n,
Sk (Wnie) (@) = C[a™ wii) () (DT (2) (DT (%))°, hk=1,...,n.
Because of (8.3)) and (8.5)) we can take r so small that

n

Z ISijnk + Sijnill < 1. (9.10)
W4, h k=1

Now, given u € W, (B;f) with Lu € Mg ,(B;}) we set
Hij(z) = RijLu(x) + Rij Lu(z) + K Lu(z) (D, T (x))!

+ Elsﬁu(x)(DnT(x))l(DnT(x))S + Lu(zx) /Sni1 Lj(z,y)y:doy
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and the Theorems 8.2 and [8.7| imply H,; € Mg, ,(B;}). Define the operator

Uw = { Z (Sisnie(wnr) + Sijnie(war))) +ﬁ"j(m)}j‘ '
hk=1 "

By it is a contraction mapping in IZM@’LP(B:_ )}n2 and there is unique fixed
point w = {w;;}}%_; such that Uw = w. On the other hand, it follows from the
representation formula that also D*u = {Diju}iy_q is a fixed point of U.
Hence D*u=w, D;ju € Mg ,(B;") and the estimate holds. O

Theorem 9.4. Let & be a Young function with & € Ag N Vs and L be uni-
formly elliptic operator satisfying conditions Hy) and Hy). Then for any function
f € Mg () the unique solution of the problem has second derivatives in
My ,(2). Moreover

1D?ullnty ) < C(1ullata ) + 1f 11010, (2) (9.11)

and the constant C depends on known quantities only.

Proof. Since Mg ,(2) C Lo (£2), problem is uniquely solvable in the Sobolev
space Wa,a(Q2) N WY () according to [10]. By local flattering of the boundary,
covering with semi-balls, taking a partition of unity subordinated to that covering
and applying of estimate we obtain a boundary a priori estimate that unified

with (9.2)) ensures validity of (9.11]). O
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