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MULTIPOINT INITIAL-FINAL VALUE PROBLEMS FOR
DYNAMICAL SOBOLEV-TYPE EQUATIONS
IN THE SPACE OF NOISES

ANGELO FAVINI, SOPHIYA A. ZAGREBINA, GEORGY A. SVIRIDYUK

ABSTRACT. We prove the existence of a unique solution for a linear stochastic
Sobolev-type equation with a relatively p-bounded operator and a multipoint
initial-final condition, in the space of “noises”. We apply the abstract results
to specific multipoint initial-final and boundary value problems for the linear
Hoff equation which models I-beam bulging under random load.

1. INTRODUCTION

In the simplest setup, a linear stochastic differential equation is of the form
dn = (Sn+v¥)dt + Adw, (1.1)

where S and A are linear operators specified below, ¢ = () is a deterministic
load external action and w = w(t) is a stochastic external action, n = n(t) is the
required stochastic process. Originally dw stood for the differential of the Wiener
process w = W (t), whose generalized derivative is traditionally treated as white
noise. Ito began studying the ordinary differential equations of the form and
was joined later by Stratonovich and Skorokhod. The Ito-Stratonovich-Skorokhod
approach in the finite-dimensional case is still popular [6]. Moreover, it has been
extended successfully to the infinite-dimensional setup [7], and even to Sobolev-
type equations [I3]. In the framework of this direction, the linear stochastic Hoff
equation with the initial-final condition was considered [9].

However, recently a new approach to linear stochastic equations arose [I1] and
is actively developing [8] in optimal measurement theory. Namely, instead of
we consider the linear stochastic Sobolev-type equation

Ly = Mn+ Nuw, (1.2)

where n = 7(t) is the required stochastic process and w = w(t) is a prescribed sto-
chastic process corresponding to external action, 7 is the Nelson-Gliklikh derivative
[4, 8, 1] of n, the operators L, M, and N are linear and continuous. By way of

o

example, [4 [TT] consider the “white noise” w = W, while, as shown previously
[8], it is more adequate to the Einstein-Smoluchowski theory of Brownian motion
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than the traditional white noise dw = dW in (L.1). (Here W = W(t) is a Wiener
K-process for a nuclear operator K).

Apart from the introduction, the conclusion, and the list of references, this article
consists of three sections. The first one deals with the deterministic inhomogeneous
linear Sobolev-type equation

Li = Mu+ f, (1.3)

where the operator M is (L,p)-bounded with p € {0} UN. (Note that we use the
term “Sobolev type equations” [I0] as synonymous terms “degenerate equations”
[5] and “equations not solvable with respect to the highest-order derivative” [1]).

We define multipoint initial-final conditions and state a theorem on the existence
of a unique solution. We borrowed all results from [12, T3] and therefore give them
without proofs. The second section extends the deterministic results of the first
one to the stochastic setup by analogy with [I1]; sketches of proofs complement the
results. In the third section, by way of example, we consider the linear stochastic
Hoff equation [9] which models I-beam bulging. In closing, we outline possible
directions for further research. The list of references, not intended to be complete,
reflects the authors’ tastes and preferences.

2. DETERMINISTIC LINEAR EQUATIONS

Given two Banach spaces il and §, take two operators: L € L(i;F), that is, a
linear and continuous one; and M € CI(4L; §), that is, a linear, closed, and densely
defined one. Set

p"(M) ={peC: (pL— M)~ € L(FW)}

is called a L-resolvent set of an operator M. The set o“(M) = C\ p*(M) is
called L-spectrum of an operator M. It is easy to show [12, Chapter 4] that the L-
resolvent set of the operator M is always open, and, consequently, the L-spectrum
of the operator M is always closed. An operator M is called (L,o)-bounded, if
L-spectrum is a bounded set (for the terminology and results, see [12] Chapter 4]).
So, if the operator M is (L, o)-bounded, then there exist degenerate analytic groups
of solving operators

1 1

Ut = 2m,/ﬂ/Rﬁ(M)e’“d,u and F'= 27m,/yLﬁ(M)e*“du

defined on the spaces 4 and § respectively; moreover, U’ = P and F° = Q are
projections. Here v is the contour bounding a domain D which contains the L-
spectrum o*(M) of the operator M; also, RE(M) = (uL — M)~'L is the right
L-resolvent of M, while L/;(M) = L(uL — M)~" is the left one. For a degenerate
analytic group the concepts of kernel ker U- = ker P = ker U? and the image im U- =
imP = imU? for all t € R are well-defined. Put 4° = kerU", 4! = imU", F* =
ker F-, and §' = im F-. Then 4° @4 = ¢ and F° @ F' = §. Denote also by Ly, the
restriction of L to U* and by Mj, the restriction of M to dom M NU*, for k =0, 1.

Theorem 2.1 (Splitting theorem [12, Chapter 4]). If the operator M is (L, o)-
bounded then
(1) Ly € L(ﬂk’sk) Jor k=0,1;
(i) My € CI(U%;F0) and My € L(UL;F);
(iii) the operators Ly € L(F4;UY) and Myt € L(F%U°) emist.
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Put H = M;'Lo € £(4°) and S = L7 M; € L(UY).
Corollary 2.2 ( [12 Chapter 4]). If the operator M is (L, o)-bounded, then

(uL = M)™ ==Y pFHMM I - Q) + ) RS
k=0 k=1

for every € C\ D.

The operator M is called (L, p)-bounded with p € {0} UN whenever HP # O
but HPT! = 0.
We introduce the condition

(A1) ol(M) = Ujzo of (M) for m € N; furthermore, o' (M) # 0, there exists

a closed contour v; C C, bounding a domain D; D oF(M), such that
Djnof(M)=0and DyN D, =0 for all j,k,l =1, m with k # [.
Theorem 2.3 ([12]). If the operator M is (L,o)-bounded and condition (Al) is

fulfilled then
(i) there exist degenerate analytic groups
1
U= -— [ RL(M)e'dp, j=T,m.
3 g ), Be ), G = Lm
(ii) U'U; = UsU = U for all s, t € R and j = 1,m;
(iii) ULUF = UfULE =0 for all s, t € R and k, | =1, m with k # L.

Put U, =U" =Y 7" U} for t € R.

Remark 2.4. Consider the identity elements P; = U JQ of the constructed degener-
ate analytic groups {U} : t € R}, for j = 0,m. It is obvious that PP; = P;P = P;
for j = 0,m, and PP, = PP, = O for k, | = 0,m with k& # [. Similarly, we
can construct projectors Q); € L(F) for j = 0,m (see [12] for details) such that
QQ; =Q;Q =Q; for j =0,m and QQ; = Q;Qr = O for k, [ = 0, m with k #1.

We refer to P; and Q; for j = 0,m as relatively spectral projectors.
We introduce the subspaces {9 = im P; and §% = imQ; for j = 0,m. By
construction, A ‘
yt = @;7’:01113 and F' = @;—":0813.
We denote by Lj; the restriction of L to U' and by Mi; the restriction of M
to dom M NUY, for j = 0,m. It is not difficult to show that P; ¢ € dom M;
therefore, if ¢ € dom M then the domain dom My; = dom M NUY is dense in UM,
for 5 =0, m.
Theorem 2.5 (Generalized spectral theorem [12]). Suppose that L € L(U;§) and
M € Cl(3; ), operator M is (L, o)-bounded, and condition (A1) is satisfied, then
(i) Ly; € L(49;39) and Myj € LU FY) for j =0, m;
(ii) the operators Ll_jl € L(FY;u19) exist, for j =0, m.

Thus, we assume that condition (A1) is fulfilled. Fix 7; € R with 7; < 741,
vectors u; € U for j = 0,m, and vector-function f € C*°(R;5F). Consider the linear
inhomogeneous Sobolev-type equation

Li= Mu+ f. (2.1)
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We refer to a vector-function u € C*(R; ) satisfying (2.1)) as a solution to (2.1)).
We refer to a solution u = u(t), for t € R, to (2.1) satisfying the conditions

Pj(u(Tj) - Uj) = O, ] = O,m, (22)
as a solution to the multipoint initial-final value problem for ([2.1)).

Theorem 2.6 ([12]). If the operator M is (L,p)-bounded for p € {0} UN and
condition (A1) holds then for all f € C®(R;§) and u; € U, for j = 0,m, there
exists a unique solution to problem (2.1), (2.2); furthermore, it is of the form

p
u(t) == HM; (1-Q)f9(t)
=0 (2.3)
- t—7; - K t—Tj—s  —
+ U+ Y [ UL s
3=0 j=0"Ti

An example is presented in Section 4 of this article.

3. STOCHASTIC LINEAR EQUATIONS

For a real separable Hilbert space 4 = (i, (-,-)), take an operator K € L(U)
whose spectrum o(K) is nonnegative, discrete, with finite multiplicities and accu-
mulates only to zero. Denote by {\;} the sequence of eigenvalues of K enumerated
in the non-increasing order taking the multiplicities into account. The linear span
of the set {¢;} of associated orthonormal eigenvectors of K is dense in 4. Assume
also that K is a nuclear operator, that is, its trace satisfies Tr K = Z;‘;l Aj < +oo.

Take a sequence {n;} of independent stochastic processes n; : 2 x Z — R, a
complete probability space €2, and an interval Z C R. Equip R with the Borel o-
algebra. The set of random variables with zero mean and finite variances constitutes
a Hilbert space with the inner product (£1,&2) = E&1&. Denote this Hilbert space
by Lo. Assume that the random variables n;(w,t) € Ly are Gaussian for all w € A
and t € Z, where A is a o-algebra on Q. In addition, the sample trajectory n;(w, -)
is almost surely continuous, that is, ; € CLg. (For a detailed description of the
spaces C'Ly for [ € {0} UN, see [4, [11].) Define the $/-valued stochastic K-process

o0

Ox(t) =DV Ami(t)e; (3.1)
j=1

on assuming that the series converges uniformly on every compact subset of
Z. Observe that if {n;} C CLy then the existence of a stochastic K-process O x
implies that its trajectories are almost surely (a.s.) continuous. Introduce the
Nelson-Gliklikh derivatives

O (1) = f} VA (D (3.2)

of the stochastic K-process on assuming that the derivatives in the right-hand side
up to order [ exist and all series converge uniformly on every compact subset of
Z. (For a detailed description of the Nelson-Gliklikh derivative, see [4, [6, I1]). As
in [4, [I1] we introduce the space of differentiable “noises” Ch Lo of stochastic K-
processes whose trajectories are a.s. continuously differentiable on Z in the sense
of Nelson-Gliklikh up to order ! € {0} UN.
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As an example, let us present “black noise”, a stochastic K-process whose tra-
jectories a.s. coincide with the zero (that is, absolute silence), as well as “white
noise”

Wk (t) = W;;t(t) ;

the Nelson-Gliklikh derivative of the Wiener K-process

(3.3)

Wi(t) =Y VAiBi(t)ej, teR,.
j=1

Here 3; = §;(t) is the Brownian motion of the form

= . m(2k+1) —
B;(t) = ;ﬁjk sin ———t, teRy,

where ;;, are pairwise independent Gaussian random variables such that E;;, = 0
and D¢j, = [%]*2, here &, € Lo, E is mathematical expectation and D is
dispersion.

Having considered the deterministic equation in the previous section, we
now proceed to the stochastic equation . Assume that the operator M is (L, p)-
bounded, with p € {0} UN, and condition (A1) is satisfied. Consider the linear
stochastic Sobolev-type equation

L= Mn+ Nw, (3.4)

where n = n(t) is the required stochastic K-process and w = w(t) is a known
stochastic K-process, and the operator N € L(iL; ).

Take 70 = 0 and 7; € Ry with 7;,_; < 7; for j = 1,m. Complement with
the multipoint initial-final conditions

Pi(n(rj) = &) =0, j=0,m, (3.5)
where P; are the relatively spectral projectors from Remark Below, in view

of (3.3), we also have to consider the weak (in the sense of S. Krein) multipoint
initial-final conditions

Jim Po(n(t) =€) =0, Pi(n(m;) —&) =0, j=1m. (3.6)
Here
é-j = Z m&jk‘pka ] = 07m7 (37)
k=1

where &), € Ly is a Gaussian random variable such that series is convergent.
(For instance D¢ < Cj, k € N, j = 0,m). Call a stochastic K-process n € C}.Lo
a (classical) solution to whenever a.s. all its trajectories satisfy for some
stochastic K-process w € CgLa, some operator N € L£(;§), and all ¢ € Z. (Here
and henceforth Z = (0, +00)). Call a solution n = n(¢) to a (classical) solution

to problem (3.4)), (3.5 (problem (3.4)), (3.6)) whenever in addition condition (3.5))
(condition (3.6)) is satisfied.

Theorem 3.1. For p € {0} UN take an (L, p)-bounded operator M and assume
that condition (A1) holds. Given 7; € Ry for j = 1,m, an operator N € L(LLF),
a nuclear operator K € L(U) with real spectrum o(K), a stochastic K-process
w = w(t) such that (I—Q)Nw € CI}’(HLQ and QNw € CgkLy, and random variables
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& € Ly, for j = 0,m, such that (3.7) are fulfilled, there exists a unique solution
n € Ck Ly to problem (3.4)), (3.5); moreover, it is of the form

P

=S HOM (- Qe (1)

q=0

(3.8)
_|_

IR

I
=

[U;*”@Jr/ Uy T LT Qi Nw(s)ds|, teT.

j J

Let us sketch the proof. It is straightforward to verify that (3.8 is a solution
to problem (3.4]), (3.5). To establish the uniqueness, reduce the problem to the
equivalent system

Lij=Mn, Pyn’(r;) =0, j=0,m.
By Theorem [2.1] the first equation here is equivalent to the system

Hﬁo = 7707 ﬁl = 57717 (39)

where n° = (I — P)n and ' = Pn. Taking now the Nelson-Gliklikh derivative of
the first equation and multiplying on the left by H we obtain in succession

0= H:D-H 0(p+1) _ HQﬁ) o= HﬁO _ 170.

By Theorem [2.3] and the initial-final conditions (3.5), the second equation of
yields ! = Z’"_O U750 = 0.

In view of problem . is not solvable when the right-hand 51de of
is the “Whlte noise’ w( ) WK( ). In this case instead of conditions we
should consider conditions .

Corollary 3.2. If all the hypotheses of Theorem hold and w(t) = WK(t) then,
given random variables £ € Lg as in (3.7), there exists a unique solution to problem

(13.4), (3.6); furthermore, it has the form

0= [ 7% - 5,8, [ UL QN W()as
] J

(3.10)
+ L} QiNWK (1) - ZH‘ZM QW) teR,.

The proof of the above corollary is similar to that of Theorem [3.1] The difference
in the additive terms is caused by an application of integration “by parts”,

t
/ U; 7 L QN Wi (s)ds

J

= L QuN(Wielt) — Wie(ry) — SP/U; LI QN Wi (s)ds,

J

which follows from the properties of Nelson-Gliklikh derivative. Here S; = ijl My
for j =0, m.
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4. LINEAR HOFF EQUATION WITH ADDITIVE “WHITE NOISE”

Consider a bounded domain D C R? (d € N) with boundary 9D of class C°°.
Denote by 4 and § the function spaces 4 = {u € W,(D) : u(z) = 0,z € 9D}
and § = Wi(D), where | € {0} UN. Evidently, { is a real separable Hilbert
space densely and continuously embedded into §. Fixing o, € R, construct the
operators L = ul + A and M = «al, where A is the Laplace operator, and the
symbol I stands for the embedding operator I : {{ — §; we also emphasize that here
M is not invertible. Consider also the spectral problem

— Au=vuin D and u(z) =0 for = € 0D. (4.1)

Its solution is a family {r;} C Ry of eigenvalues enumerated in the nondecreasing
order taking their multiplicities into account and accumulating only to +o0, as well
as the associated orthonormal (in the sense of ¢f) family of eigenfunctions {¢;}. It
is not difficult to show (see [9] for instance) that for all y € R and o € R\ {0} the
operator M is (L, 0)-bounded; moreover, its L-spectrum is
@
Furthermore, for m € N construct the operator A = (—A)™ with
dom A = {u € WS?™(D) : APu(z) =0, 2 € dD, k =0,m — 1}.

The family of eigenfunctions of A coincides with the family {¢,}, while its family
of eigenvalues is {V;ﬂ} Since their asymptotics is vit ~ j T o 00 as j — o9,
we can choose m € N so that, firstly, the dimension d of the domain D has some
acceptable physical meaning, and secondly, the series Z;il V;l converges. Then
the Green operator of A is nuclear, and we take it as K. Therefore, consider the
linear stochastic Hoff equation in the form

Lij = Mn + Wk, (4.3)
where L and M are defined above, while N is the embedding operator I : 4 <— § and
Wx = Wk (t) is the Nelson-Gliklikh derivative of the {-valued Wiener K-process
Wk = WK(t), for t € R+.

To state initial-final conditions, we need relatively spectral projectors. In this
example we confine the discussion, for the sake of simplicity, to just two initial-
final conditions. Furthermore, here we present the initial-final conditions satisfying
condition (A1), while in Remark below we verify that in this case, thanks to the
structure of (M) in ([.2)), we can avoid condition (A1). Thus, take the projectors

Iu(ls) if vy V) € N
PQ) =
Hu - Zj:u:uj <'> @]>ﬂ§0g (HS - Zj:,u:uj <'7 w]>3’wj)7
where {1;} is a family of eigenfunctions {¢;} orthonormal in the sense of the inner

product (-,-)z in §. Furthermore, choose h € Ry with h < max;en{|v;|} and
construct the projectors

P =1y — Z (eiups, @Q1=Iz— Z (5553
h<|v;| h<|v;| (4.4)
Pop=P—-P, Qo=Q-0Q1.

Observe that in the construction of these projectors condition (A1) holds because
ok (M) = {u; € oL(M) : |v;] < h} and oE(M) = {j1; € oF(M) : || > h}; hence,
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ol (M)Nol (M) = (. Finally, choose 71 € R as well as random variables &y and &;

independent of each other and of stochastic K-processes i and pose the initial-final
conditions

Jm Po(n (t) = &) =0, P(n(n) —&) =0, (4.5)

where

S0="> VUbokpr, &1 =D VUkbiker- (4.6)
k=1

k=1
Applying the results of Section 2 to problem (4.3)), (4.5), we obtain the following
theorem.

Theorem 4.1. If condition (A1) is satisfied then for all numbers p € R, a € R\ {0}
and 71 € Ry, as well as random variables &g andéiy such as D&y, < Cy and
D& < Cy for some Cy, C1 € Ry there exists a unique solution n = n(t), for

t € Ry, to problem (4.3), (4.5); furthermore, it is of the form
n(t) = (Lig Qo + L7 QWi (t) — Ly QWi (1)

t
_ SyPy / UL Lid QoW (s)ds + Utéo + UL ™6,
0

(4.7)
t o
5P, / U L QuWic(s)ds — My (1 — Q)N Wic (1),
T1
forteR,.
Here
U= Y e oue, Ul= > e 0)ue;,
vi€ok (M) vi€ol (M)
Ly = Z (b — 1) 0iues,
vj€af (M)
Ly = Z (b =) oiues,
vi€af (M) (4.8)
So=a > (p—v) ' enues
VjEO'é’(M)
Sni=a Y (n-v) " eues,
v;€ck (M)
Myt =a ' Y () Fy
vi=p

Remark 4.2. Verify that in this concrete case condition (A1) could not be satisfied;
however, Theorem remains valid. Let all eigenvalues be simple, put of (M) =
{uj € e¥(M) : j =2n} and of (M) = {u; € c¥(M) : j =2n —1}, n € N. Then
ol (M)Nof (M) = 0. Nevertheless, and remain valid, and so holds.
The uniqueness of this solution is proved in the standard fashion (see Section 2).

Conclusion. The next stage of our studies is to carry over the ideas and methods
of the theory of multipoint initial-final problems for linear Sobolev-type equations
from relatively p-bounded setup to relatively p-sectorial setup by analogy with
[3, 11]. In addition, it would be interesting to extend these ideas and methods to
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So
as

bolev-type equations of high order [4], and also apply them to inverse problems
in [2].
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