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EXISTENCE OF MINIMIZERS OF MULTI-CONSTRAINED
VARIATIONAL PROBLEMS FOR PRODUCT FUNCTIONS

HUDA AL SAUD, HICHEM HAJAIEJ

Communicated by Goong Chen

ABSTRACT. We prove the existence of minimizers of a class of multi-constrained
variational problems in which the non linearity involved is a product function
not satisfying compactness, monotonicity, neither symmetry properties. Our
result cannot be covered by previous studies that considered only a partic-
ular class of integrands. A key step is establishing the strict sub-additivity
condition in the vectorial setting. This inequality is also interesting in itself.

1. INTRODUCTION

For ¢y,...,¢my > 0, we consider the minimization problem
inf{J(@): @€ S} = Iy, .cpns (1.1)
1
J(1) = §/|Vﬁ|2 —/F(x,ﬁ) (1.2)
where @ = (u1,...,un),u; € H* and F is a Carathéodory function and

Sc:{ﬁ:(ul,...,um)EHl><~~><H1:/u12:c?,1§i§m},
m (1.3)

Under some additional regularity assumptions on F', solutions of (|1.1)) satisfy the
elliptic system
Au1 + 81F(m7u17 e ,um) + >\1U1 =0
(1.4)
Aty 4+ O F(,u1, .o oy Um) + At =0,

where \; are Lagrange multipliers.

When 0;F(z,u1, ..., un) = 0;F(z,|uil, ..., |un]), the solutions of (1.1]) can also
be viewed as standing waves of the non-linear Schrodinger system

i@tfbl(t, .Z‘) + 81F(.I, |(I)1|, .+ |(pm|) + Axa:q)l =0
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10y P (t, ) + O F'(, | @1, .. o, +|Pp|) + Are @y, = 0,
;(0,2) =d%x) 1<i<m.

To the best of our knowledge, there are no pubications about when m > 2 and
the non-linearity F' does not satisfy the standard convexity, compactness, symmetry
or monotonicity properties. This happens despite the importance of such problem
in many domains such as mechanics, engineering and especially non-linear optics,
see [I] and references therein. Only very particular cases have been addressed.

The purpose of this paper is to establish the existence of minimizers of
under following assumptions.

Suppose that the function F : RY x R™ — R is such that F' € D(RY x R™):

(FO) for all z € RN, & € R™, there exist A, B > 0 such that 0 < F(z,3) <
A(|51% + |51+2), and for all 1 < i < m, 0;F(z,5) < B(|5] + |5]**!) where
0<l< 4.

(F1) There exist A > 0, S >0, R > 0, a1,...,a,, > 0, and t € [0,2) such
that F(z,5) > Alz|~!s1|* ... |sm|* for all |z| > R and |5] < S where
N+2>fa+tanda=Y" a.

(F2) F(z,0151,0msm) > 02, F(z,51,...,5,) forall z € RN s; € R,0; > 1,
where Gmax = MaxXi<;<m 91

Also we assume that there exists function F*°(x, §) periodic in x; i.e. there exists

z € Z¥ for which F>®(x + 2,5) = F*°(z,5),Vx € RV 5 € R™ satisfying (F1) and
the following properties:

(F3) There exists 0 < o < 4/N such that

F(xz,58) — F>(z,3) —0

.
eloe 5 + 3172
uniformly for any s.
(F4) There exist A/, B’ > 0 and 0 < § < £ < 4/N such that 0 < F*(z,5) <
A'(1518%2 4+ 15)+2) and for 1 < i < m,

0 F>°(z,5) < B'(|51° +131°TY) Vo e RN, 7€ R™.
(F5) There exists o € [0,4/N) such that

Fm(x701515"'a9m5m) > 00+2FOO(I751V"7SM)

max
for any 6; > 1,2 € RY,5€ R™, where Opax = maxi<i<mbi.
(F6) F>(z,5) < F(z,3) for any z € RY and s € R™, with strict inequality in a
measurable set having a positive Lebesgue measure.

Theorem 1.1. Under Assumptions (F0)—(F6) there exists @, € S. such that
J(HC) = 161,~

Cm *

When n = 2, as an example of functions satisfying (F0)—(F6), we have

m
F(r,s) = q(r) Y ailsi™]si[™
i#]
where a;; > 0,0 <n; +n; < % and ¢ € LY(0,00). This class of functions arises
in nonlinear optics; see or example [2] 3] [@].
The following is our intermediate result, which is interesting in itself.



EJDE-2018/140 EXISTENCE OF MINIMIZERS 3

Theorem 1.2. If (F1) holds for a function F*°, and (F4) and (F5) are satisfied,
then there exists i € S. such that J*(u.) = 12° . , where

/lvqlg /Foc 9, (1.5)

Iflo,...,cm =inf{J>(4) : 4 € S.}

Our proofs of Theorems [I.1] and [T.2] are based on the concentration-compactness
principle [4, [5]. In the one-constrained setting

m. = inf{j(u) : /u2 =%}, (1.6)

where j(u) = 3 [[Vul> - ff x,u(x)), the principle states that if (u,) is a mini-
mizing sequence of problem (|L.6| then only one of the three following phenomena
can occur.

(1) Vanishing: lim,, o SUp,cgn~ fB(y,R)u%(x)dx =0.
(2) Dichotomy: There exists a € (0,c) such that for all € > 0, there exists

no € N and two bounded sequences in H', {u,, 1} and {u, 2} (all depending
on ¢) such that for every n > ny.

[ —atl<e | fuds @ -ad) <

with lim,,_ o dist supp(un, 1, Un,2) =
(3) Compactness: There exists a sequence {yn} C RY such that, for all ¢ > 0,
there exists R(g) such that

/ u?(z)dex > c? —e¢ VneN.
B(yn,R())

The seminal work by Lions states a general line of attack to exclude the two first
alternatives. When one knows that compactness in the only possible case,
becomes much easier to handle.

Now, to rule out vanishing the main ingredient is to get a strict sign of the value
of m. (let us say m, < 0 without loss of generality). This can be obtained by
dilatations arguments or test function techniques .

The most difficult point is to prove that dichotomy cannot occur. To achieve this
objective, Lions suggested a heuristical approach based on the strict subadditivity
inequality

mc<ma+mca Vae( c), (1.7)
where m2® = inf{j*°(u) : u € s.} and j> 1 [Vul? = [ f>(z,u(z)) and f>
is defined as in (F3).

On the other hand, we should establish suitable assumptions on f for which
J(un) > j(una) + 5 (un,2) — g(d) where g(6) — 0 as § — 0. The latter requires
a deep study of the functionals j and j°°. The continuity of m. and m2® also
play a crucial role to show that dichotomy cannot occur. When one knows that
compactness is the only plausible alternative, the strict inequality

me < mee (1.8)

is very helpful for proving that (1.6 admits a solution.
Equations (1.7 and ([1.8)) seem to be inescapable to rule out dichotomy in Lions
method. In the most interesting cases (mg° # 0), in order to get (L.8)), we need first
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to apply the concentration-compactness method to the problem at infinity. This
problem is less complicated than the original one since it has translation invariance
properties.

The key tool to prove that m2° is achieved

Jus € s such that 7% (us) = m° (1.9)

C

is to strict the subadditivity inequality:
mg < mg + Mo, . (1.10)
On the other hand, it is quite easy to establish assumptions on f such that
jlu) < j*(u) Yuec H' (1.11)

and therefore m, < mg°. Combining (1.9) and (I.11)) leads to (1.8). Hence to
obtain (|1.7)), it suffices to prove that

Me < Mg + Me_g (1.12)
This inequality can be derived immediately from the following property,
f(x,0s) > 60%f(x,s) VscR,,zcRY and § > 1.

To study the multi-constrained variational problem , we will follow the same
line of attack described in details above. Let us mention that to our knowledge,
there are no previous results dealing with when m > 2 and the non-linearity F'
is a product function not satisfying the classical convexity, compactness, monotonic-
ity properties. Quite recently, in [I} [2, [3], the second author was able to generalize
and extend previous results addressed to when F' is radial and supermodular
(i.e 0;0;F > 0V1 <1i# j<m when F is smooth).

In the vectorial context, the equivalent of is

Iyoon <Tayoan + I Vo<a; < V1<i<m. (1.13)

C1—Q1,. ,Con—Qm
We will first prove that I,
(F2) permit us to have

Cm

< 0 in lemma [3.2} This property together with

ye-3Cm

Icl,...,cm S Ial,...,am + I(:l—al,...,cm—am V0 <a; < ¢, V1 S 1 S m. (114)

It turns out that is a subtle combinatorial inequality (part (a) of Lemma
53).

Following the same approach detailed for the scalar case, we will then study
and prove that this variational problem has a minimum: There exists #2° € S, such
that

JZ) =13 e (1.15)
This equality is obtained thanks to the subadditivity condition
Islo,...,cm < Igf,..-,am + I§7a1~-~7C7VL7a'rrL V0 <a; <c¢, Vl<i<m, (1'16)

which is proved in part (b) of Lemma
On the other hand, (F6) tells us that

J(@) < J®(@) VieH'. (1.17)
From (|1.15) and (1.17) it follows that

Iclv'”vcm < Iglo, (118)

'76771,
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Inequalities (1.14) and (1.18) lead to (1.13). Then using the properties of the

splitting sequences ¥,, and ), (see appendix) and those of the functionals J and
J* (Lemma we prove that any minimizing sequence of (|1.1)) is such that

J(Uy) > J(0p) + I (W) —6 0 —0
or
and we find a contradiction with . Therefore compactness occurs and we can
conclude that Theorem holds using .
For the convenience of the reader, we summarize our approach (inspired by Lions
principle) into the following steps:

(1) Obtain useful properties about the functionals J and J* (Lemma [3.1]);
em <Oand IZ? . <0 (Lemma;

Ly

(2)
(3) Icl,...,cm S Ial,...,am + Icl—al,...,cm—am (Lemma’;
(4) Prove that (L.5)) is achieved thanks to the strict inequality

AAAA

Icolov--<7cm < Igfv“-vam, + I(?lo_a17~~-vcm,_am
(5) Iey, e <IZ .. (Lemma
(6) Loy <lay,.am 1350y, —a,, follows from step (3) and step (5);

(7) Only compactness can occur. In fact step (2) permits us to rule out van-
ishing. step 1 and step (6) will be crucial to eliminate dichotomy.

2. NOTATION

Let N, m be two integers > 1.

§=1(81,...,8m) ; where s; € R ; |3] denotes its modulus.

o For &= (u1,...,Upm) € LP X --- x LP = LP, let 2 < p < 2*, where 2* is the
critical Sobolev component, and |6|Ep =37 il

o Fordc H' x H' = H', let |@| 3. = S0, |uil -

e In integrals where no domain is specified, it is understood that it extends
over RV,

e We will make frequent use of the inequality

m
[ < 63
i=1

e Sometimes we keep the same constants in different inequalities, even if they
change value form line to line.
e In the following, we fix c1,..., ¢y >0, 2 = 300 2.

3. PROOF OF OUR MAIN RESULT

Lemma 3.1. If F satisfies (FO), then
(i) (a) J € CY(HY,R) and there exists a constant E > 0 such that

1/ — — — 1+%
(@) -+ < B(|l 0+ 17157
for any U € H'.
(b) J* € CY(H,R) and there exists a constant Es, > 0 such that
45

7> (i) -1 < Eoo(|ﬁ|ﬁ1 +lal ) for any @ € A'.
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(ii) There exist constants A;, B; > 0 such that for any @ € S., we have
J(@) > A1|Vi]2 — Agc? — Azt EH2)a
Jo (i) > B1|Vﬁ|§ _ B2C(1*01)(B+2)41 _ 336(1*0)(”2)(17

where o,01 and q,q1 are defined in the proof below.
(iii) (a) Iey,...c,, > —00 and any minimzing sequence of (L.1)) is bounded in

Hl,'
(b) 12 .. > —oo and any minimizing sequence of (L.5) is bounded in
a.
(iv) (a) (c1,.--yem) = 1oy, ., and
(b) (c1s--vsem) = I .~ are continuous on (0,00)™.

Proof. (i) (a) Let ¢ : R™ — R be the function defined by
p(5)=1if |51 <1
(3 =[5 +2if1 <[5 <2
P(5) = 0if 5] > 2
Let 1 <i<m.
0} F(x,5) = ()0 F (x,5), [0} F(x,5)| < B(1+271)[a], (3.1)
2F(2,5) = (1- p(3)0F(w,5), |02F(@,5)| < 2B, (3.2)
Let

4
dg=01+—=)p.
17 N MR
Note that (3.1) and (3.2) imply 9! F(z,-) € C(L?, L?) and 82F(z,-) € C(L%, LP)
and there exists a constant X > 0 such that

0} F (2, @)y < K(|i), Vi e L?,

2N for N >3
p:

2 = 1ty =~ Tq
|07 F (@, @)], < K(ldlg ~); Vi €L

Noticing that A is continuously embedded in L9 since ¢ € 2, %] for N > 3 and
q € [2,00) for N <2, and L” is continuously embedded in H~ since p’ € [2, 2]
for N > 3 and p’ € [2,00) for N < 2. We can assert that 9;F(z,-) + 0?F(x,-) €
C(H', H~') and there exists a constant C' > 0 such that
- ~, o1+ R
|0iF (2, @) g1 < C{ldl g + [l 5,7} (3-3)
for all @ € H*'. On the other hand
[ P < Q@ + a13) < e, + jalg?)

which implies that J € Cl(ﬁ L 'R) by standard arguments of differential calculus.
Thus

J(@)T = /ZVui Vo, — &;F(x,@)v; Vi, v e H*,
i=1

4%

|T(@)| - < C{lill g + |l 5, ¥ Vi € H'.
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(i) (b) It is easy to deduce the estimates and for 9; F> and (i) (b) follows
using the same approach.

(ii) Let @ € Se;@ = (u1,...,Up). Using (FO), we have [F(z,@) < Ac® +
AN [ ui(z )2, For 1 < i < m, the Gagliardo-Nirenberg inequality tells us
that

il 5 < A fugly =T 7 (34)
_ N _¢
where o = SR EST
Now let € > 0, p = ﬁ, q is such that % + % = 1. Applying Young’s inequality,
we obtain
) 1
il 3 < { o ulgl =+ e B e vy,
Consequently,
1 ANE AA
{f - eW HVials — AP — T2 (3.5)

qe?

Taking ¢ such that % — %eﬁ > 0, we prove that J is bounded from below in

H'. To show that all minimizing sequence of (1.1 is bounded in H 1 it suffices to
take the latter inequality with a strict sign.

remark (1) If we allow £ = 4/N in (F0), the minimization problem makes
sense for sufficiently small values of ¢ since in (3.4)), we then have 0 = =5 +2 and
(1-0)(l+2)= %. Therefore,

Juil g < 47D Ty 3 < A7 N V3,

J(i) > {2 - AA”c4/N} |Vil]3 —

Thus if ¢ < (3557 )N/4 the minimization problem (T.1]) is still well-posed.

(2) If ¢ > 4/N, we can prove that I,
(b) (ii) Under slight modifications in the proof of (ii) (a) we can easily obtain

A(5) mc(l*d’)(f«#Z)q

= —0OQ.

1y-0Cm

4 A(4)m
7 - ~7 2 T (1=0)(B+2)ar _
J=(@) > {2 A® }|vu\2 o =

where o1 = %%, o1 = %2%7 and ¢ is also defined as in the previous proof.
Statement (iii) is a direct consequence of (ii).
(iv) Consider ¢ = (c1,...,¢m), ¢; > 0 and a sequence (c7,...,cy) such that
¢ — ¢; for 1 <4 < m. For any n, there exist u,; € Sen fun ;= (c")? and
1
Ic}",“.,czz < J(Un,h cee 7un,m) < Ic{",...,cw + n

Now by (ii) (a), we can easily see that there exists a constant K > 0 such that
|tin| 1 < K for all n € N.

Let wy i = Sn,i, Wn = (Wn,1,. .., Wn,m), then @, € S. and
k3
m m
N - (&
|un_wn|]."[1 - |Un,i_wn7i|H1 S |7 n,i unz‘Hl < | 1Hunz 1
c
i=1 i=1

In particular, there exists n; such that

|ty — Wn|g5 < K+1  forn>ny.
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Now it follows from i) a) that
|J'(@)| g1 < L(K) for |d] 3, < 2K + 1. (3.6)

Therefore, for any n > n,

1
(@) — J ()] = | / @70+ (L~ )T, )

< sup |J/(ﬁ)|ﬁ—1|ﬁn — Wl g
|7] g1 <2K 41

Ci
K)KZH -l
i=1 i
Finally, we have
. 1
Ic’f,~~~,c1;2=7(un)—gzt]( )+ KL(K Z‘l_* - =

Thus liminf len oo > 1.

C1yeeem *

On the other hand, there exists a sequence @, € S, such that J(@,) — I, . .

and by i) a) there exists K > 0 such that |i,|5, < K. Now set wy; = %um (ct,
is such that ¢!, — ¢; as n — 00). As done above, we certainly have

'u_jn:(wnl ..... wnm)escnv Cn:(cl Cm)’

n? rn

|y, — W g1 < ZKH - —”Hunz|H1

=1

As done previously, we obtain

|J(@,) — J(iin)| < KL(K Zu—;jl

i=1

which implies

Chseeey

Ly om < J(W,) < J (i KZ|17—

Thus limsup I.1 . om < I¢, . ., and we have the conclusion.
Statement (iv) b) follows in a similar manner. O

Lemma 3.2. If F' satisfies (F0) and (F1), then
e <0 foranyc, >0; 1 <i<m.

.....

Proof. Let ¢ be a radial and radially decreasing function such that |p|s = 1. Set
w; =cip. Let 0 < A < 1 and

By () = MV2B(Ax) = MWV 2(p1(A2)), ..., om(A2))
Then
J(D)) = N2|VD? —/F(w,)\N/2ap1()\x),...,)\N/Qgpm()\x))da:

§A2|V<f>|§—/ Fla, V20, (0a), . AN 20, (Az))da

|z| >R
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< NVP2 — ATOA H>Rmrmﬁwxm.”¢%wA@dx

By the change of variable y = Ax, it follows that

(@) < X2VEZ — ATV AN / e (9, 0% () dy
[y|>AR

Since 0 < A < 1, we obtain

J(83) < N|V|3 - Ag“_N“/ ‘>R|y\‘t¢?1(y)--~<P${"’(y)dy
Yz

< )\2{01 _ )\%a—N+t—202},
because)\<<1and%a—N+t—2>0. O

The strict negativity of the infinimum is also discussed in [I] where the author
provides other type of assumptions ensuring this.

Lemma 3.3. (1) If F satisfies (F0)-(F2), then for any c1,...,¢m >0
Icl,.“,cm < Ial,...,am + Iclfal,‘.

for all a; € (0,¢;) where 1 <i < m.
(2) If F satisfies (F1), (F24), (F4) hold for F*°, then for any c1,...,cm >0,

(3.7)

Cm —am

I om <1ayam T Lo —ar e cm—am (3.8)
for all a; € (0,¢;) where 1 <14 < m.
Proof. (1) By (F2), we certainly have
Toyeroibpen < O020ler e YO >1
which implies by Lemma3.1] that
Ipyer,bmem < 07 eren V0 21 (3.9)

For the convenience of the reader, we will start by proving the result in a specific
case then we will explain the proof in the general setting. Suppose first that

_%m <1 and —Y_>1 vi<j<m-1.
Cm, — Ay, Cj — ay
Then
I(c1 ..... em) — I((%al,‘..,(;mcl”am Cm—Qm) (310)
Thus using (3.9)), it follows that
C1 C1— a1
I(cl,...,cm) < 7I(a1,...,cm—am) = I(al,...,cm—am) + I(al,...,cm—am) (311)
a1 ai
However,
I(a1>---,Cm—arn,) = I( Clajal c1—arg,... Cma::m am)
Again applying (3.9)), we obtain
aj
laren=am) < - ler=aran) (3.12)
Combining (3.11) and (3.12]), we have
I(cl,.“,cm) < I(al,...,am) + I(clfal,...,cmfam) (313)

which concludes the proof in this case.
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Now in the general setting, we follow the same approach. If 1 <74 7é j < m such
that 1av “k
i Cj—
these 1ndlces will appear in in the followmg manner

Icl,...,cm S I...,a,',,...,ck—ak,...,cz—a[,...,aj,... + I...,Cj,—a7¢,...,ak,...,,a[,...,cj—aj...
Now if F satisfies (F1), (F4) and (F5) hold for F'*° then by part (1), we have
Igloy 5Cm — I;f, ©QAm + Iglo A1y.-3Cm —0m

forany ¢; >0,0<a; <c¢;, 1 <i<m.
Following the same steps as in the previous part, we conclude that (2) is true if
2
151001 ----- Omcm ;. s0mem < em&x 2107 SCm

For any ¢1,...,¢, > 0 and 64,...,0,, > 1, we can choose ¢ > 0 such that
e<—IZ . (1—0,7,) and there exists ¢ such that [v] = ¢} verifying

max
I e, SJIZ0) < I . +e

Hence
IS, e, < IP(0101,. .., Omvy) < O5T2T(0),

max

IS e < 6o +2 Iz . +er< Gmaxlcl ., by the choice of

Lemma 3.4. If F satisfies (FO)—(F2), and (F1), (F5) hold for for F°, then
I, . + I VO<a; <e¢ V1I<i<m.

C1—0Q1,..,Cm —Am
Proof of Theorem[I.3 Let (i,) be a minimzing sequence of the problem ([L.5]).
Vanishing does not occur. If it occurs, from [B, Lemma I.1] it follows that
’\ﬁn| — 0 as n — +oo for p € (2,2%). By (F4),

p

«Cm < Ial;‘-wavn

/F°°<x,ﬁn<x>> < {J1@al|515 + (1], 2

Thus lim,,—, 4« [ F> (2,4, (z) = 0, which implies that liminf J>°(,) > 0, contra-
dicting the fac that 127 . <0.

7Cm
Dichotomy does not occur. The notation used here, is stated in the appendix.
For n > ng and since supp ,, N supp w,, = 0,

J® () — I (U,) — I (W)

- /\wnﬁ Va2 — V|2 — /F°° i) — F(x,7,) — F*(z,,)
=5 IVl = VP =[98, [F(a,5,) = P (a5, + )
Zfsf/Foo(x,ﬁn)fFoo(z,ﬁnqLﬁn)

Now since {w,}, {7} and {i,} are bounded in H', it follows from the proof of
Lemma [3.1] that there exist C, K > 0 such that

|/F T, Up —FOO(J:,U,L—i—tUn)‘

< sup Z|8F (@, )] -1 |t — (U + Wn)| g
\u|H1<Kz 1
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m
< sup DO )| ol — (B + )
i g1 <K 554

+ sup > |07F*(z, )|z, i, — (T + W)

_ v
] g1 <K i=1

<O sup |l alin — (B + )|z +C sup @55V @ — (T + )|
|| 51 <K || 51 <K
< C1K i@y — (T + W) 2 + CoK YN[y, — (G + )| 10
therefore,
Joo(ﬁn) - Joo(ﬁn) - Joo(u_jn)
> —e — C1 K|y — (Tn +10n)| p2 — Co KN |ily, — (T + )| 1

Given any § > 0, we can find €5 € (0, ) such that J> (i, )—J>®(¥,,)—J>®(@,) > —0.
Now let

Passing to a subsequence, we may suppose that

ap ;(8) — a7 (6) and b} ;(6) — b7(9)

where [a?(0) —a?| < e5 < 0 and [b7(0) — (¢f —a)| < €5 < §. Recalling that 15°
is continuous, we find that

I° > lim J®(@,) > iminf{J®(G,) + J®(@,)} — 6

ClyCm =

yeesCm

2 hminf{]gj,ua) ..... an,m(8) + Ié):,l(é)v--wbn,m,((s)} -9

2 130 6),am(8) T L01(8), b (8) = O

Letting d approach zero and using again the continuity of 177 we obtain

LENTP

o0
seesCm ooy Om + I\/ﬁ,..., c2 —a?,
contracting Lemma [3.3] part (2). Hence compactness occurs; so there exists {y,,} C
RY such that for all € > 0 such that

vesCm)?

/ Upa Tt Un 2 Gt o, — e
B(yn,R(e))

For each n € N, we can choose z, € Z" such that z, € Z" such that y,, — 2, €
[0, 1.

Now set U, (x) = i, (x + 2,), we certainly have that |¥,| 7. = |tn| 71 is bounded
and so passing to a subsequence, we may assume that 7, — ¥ in H 1 in particular
U, — U weakly in L? and

[vnila = V1<i<m.

)

LY o
B(0,R(¢)+VN)

However,
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= lim |#,|? = lim |¥, |
n—+%0 JB(0,R(e)+VN) B(zn,R(e)+VN)

/ Pz [ jmPrdeesd-c
B(zn,R(e)+V'N) B(yn,R(¢))

since |y, — zn| < VN. Hence |17|%2 >+ -+ 2 — ¢ for all € > 0 which implies

and

)3 > i+ -+, (3.14)
On the other hand |v;]2 < liminf |v, ;|2 implies
[vila <e; V1<i<m (3.15)
Thus combining and (3.15)), we have that |v;]3 = ¢2 for all 1 <4 < m implies
|U—Un|pa — 0 asn — oo.
Furthermore by the periodicity of F'*°,
JZ(Un) = J=(0n) = 125 e,

and ¥, — ¥ in Ep, p € [2,2*). If follows that ¢, — ¥ in H?! and consequently

/F‘X’(x,z")’n) ~ /F”(mﬁ)

which implies that J°°(7) = I2° . . O

sCm,

Proof of Theorem[1.1 In the following (i) is a minimizing sequence of (1.I)) and
we will use the notation introduced in the appendix.

Vanishing does not occur. If it occurs, it follows from [b, Lemma I.1] that
||| |p — 0 for p € (2,2*). Combining (F0) and (F3) we have: For each § > 0 there
exists Rs > 0 such that

P(,5) < 5(181 + [51°72) + A'(1817F + [814%) Ve| > Rs.

Hence

R R R o 2 R
/ o F@a) < 8Tl + 053 + A/ (7325 4 502D
T|=Z s

lim sup/ F(z,i,) < 6c.
x> Rs

n—-+oo

On the other hand,

/ F(x,ﬂn)dng/ [ ? + 2|2
|z|<Rs |z|<Rs

i _£_ N
< A{|un|ﬁig|R5\f+2 + \un\ﬁg} —  asn — +o00.

Hence for any § > 0 we have

n—oo

limsup/F(:c,ﬁn) < 6c?

lim/ F(z,d,) =0.

e, < 0 leads to a contradiction.

.....
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Dichotomy does not occur. Suppose first that the sequence {y,} is bounded
and let us consider

J(tn) = J (V) = I ()

1
-1 / (VG2 = [V 2 — Vi, | — /F(x,ﬁn) — F(2,7) — Fla, )

+ [ PG - P )
> —c— /F(x,ﬁn) — F(x, Uy + W) + /Foo(x,zﬁn) — F(z,w,)
(since supp @, N supp W, = 0)

> _eo /F(m, @) — F(2, 5y + ) + / Fo (@, @) — F(z, )
|m_yn|ZRn

Now using the same argument as before, it follows hat given § > 0, we can choose
e =¢5 € (0,9) such that

—5—/F(m,€£n)—F(x,Un+1D'n) >0

and hence

(i) — J(Bn) — T (@) > 6 + / F> (2, @) — F(z, @)
\:rfyn|2Rn
Given any n > 0, we can find R > 0 such that for all §and |z| > R
|F>(2,5) — F(z,5)] < n(|51* + [5]°72).
Now since R,, — oo and we are supposing that {y,} is bounded. We have that
{z:|z—yn| > Ry} C{zx:|z| > R}
for n large enough. From this and the boundedness of , in H?, it follows that
lim Fo°(x, W) — F(zx,W,) =0.
"t |z —ya >Ry

Now let

bfm(é) = /wfm 1<i<m.
Passing to a subsequence, we suppose that

ay i(8) = ai(9), by, ;(8) — bj(9)

n,i

where |aZ(8) —a?| < &5 < § and [b7(8) — (c7 —a?)| < e5 < §. Recalling that I, .

«Cm

and I77 . = are continuous we find that
Iey.cr = lim J(d@,) > liminf{J(7,) + J*(@,)} — ¢
n—-+00 n—-+o0o
2 i inf{lo, ;5),...anm(®) + Lon1(8),mbnm()} =0
Therefore,

Iey.con = 1ay(5),am ) + 1oy (5), bm(5) — O
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Letting § — 0 we obtain

>
ICI»chm = Ial,m,am +1 [c2=a2,...\/2,—a2,

Thus the sequence {y,} cannot be bounded and, passing to a subsequence, we may
suppose that |y,| — co. Now we obtain a contradiction with Lemma by using
similar arguments applied to J (@) — J*(¥,) — J(W,) to show that

o0
Icl7~uyc7n Z Ial,..‘,am + I /cf—af,“., /an_a%n

Thus dichotomy cannot occur and we have compactness. According to the appen-
dix, there exists {y,} C RY such that

/ up A+t ul, >+ ch, —e Ve >0.
B(yn,R(c))

Let us first prove that the sequence {y,} is bounded. If it is not the case, we may
assume that |y,| — oo by passing to a subsquence.

Now we can choose z, € Z" such that y, — 2, € [0,1]". Setting @,(z) =
Un (T + 2p,), we can suppose that

¥, =¥ weakly in H'
and
|U, — U7 — 0 asn — oo for 2 < p < 2%,
J*(0,) = T (tin);
on the other hand,

(i) — J(i) = /Foo(x,ﬁn) ~ Pz, i)

= /Foo($,17n) - F(l' - Zn717n)

Now given € > 0, it follows from (F'3) that there exists R > 0 such that

[ Fm) - Fe )
|z—2zn|>R

:|/ F(2 — 2n,T) — F(z — 20, )]
|z—z,|>R

<e / Bl + [+
lz—2zn|>R

< €C{|ﬁn|i‘jl + |77n|agt2
<eD

since 7, is bounded in H'. On the other hand, since |2n| — o0, there exists ng > 0
such that for all n > ng,

| Foo(x,ﬁn)—F(x—zn,ﬁn)‘
|[x—zn|<R

< ‘/ Foo(x,ﬁn)—F(x—zn,ﬁn)|
|$|2§|Z'n|

<K [T? + |52

l2|> 3 |2n |
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<K 17 4 0] + K T — Tp | 4 |T — T, |2
|z[> % |zn]| || >3]z
<K |ﬁ|2+|a|f+2+K/ [T — T |? + |7 — T |2
|| >3]z RN
and hence
lim | Foo(x,ty) — F(x — 2n,0n) = 0.
|z—2,|> Ry,

Thus lim inf{J(@,) — J*(4,)} > —eD for all € > 0. So that
I, . = lim J(@,) > liminf J*°(d@,) > I°

ClyeesCim
which contradicts that I, . .
SUP,en |Ynl, it follows that

/ ui,1+~~+ui,mz/ up U,
B(O,R(E)‘f‘P) B(yan(E))

> —e. Ve>0.

'7C’NL

< I .. . Hence {y,} is bounded. Setting p =

m

Thus

/WP > / |@? = lim |in]? > c® —e Ve>0.
B(0,R(e)+p) =150 JB(0,R(e)+p)

Hence [u? +..+u2, > %
On the other hand, fuf <cZfor1<i<m. Thus@ € S. and |t —|7: — 0. By
the boundedness of @, in H?, it follows that @, — @ in L? for p € [2,2*], therefore

lim [ F(z,d,) = /F(:c,ﬂ')
which implies J(%) = I,

4. APPENDIX

The concentration-compactness lemma in the multi-constrained setting states
that: If {@,} is a minimizing sequence of the problem ([1.1]), we associate to it the
concentration function

R I AGLS
yERN J Br+y
where p?(§) = |i,|* = >2i% u? ;(€). And applying the concentration compactness
method, see [4 page 136-137] and [5], page 272-273]), one of the following alterna-
tives occurs:
(1) Vanishing. limsup,cgx~ fy+BR|ﬁn‘2 =0.
(2) Dichotomy. For all 1 < i < m, there exists a; € (0, ¢;) such that for all € > 0,

there exists ng € N and two bounded sequences in H' denoted by ¥, and @, (all
depending on ¢) such that for every n > ng, we have

’/vfm—a?’<5 and |/wi,i—(c?—a?)|<5 V1l <i<m,

/\vanﬁ VB — [Vi|? > 2,
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Furthermore, there exists {y,} € RY and {R,} C (0, 00) such that lim,, .. R, =
+00,

Un,i = Un, if [T —yn| < Ro,
|Un,i| S |un,z‘ lf RO S |l’ *yn| S 2RO;
Un,i = 0 lf |(E — yn‘ Z 2R();

Wp,; =0 if |z —y,| < Ry,
Wpi = Up,; if |z —yp| > 2R,;

and dist supp |vy, ;|, supp |wy, i|) — oo as n — oo.
(3) Compactness. There exists a sequence {y,} C R such that for all € > 0,
there exists R(g) > 0 such that

m
[T,]? > —e.
/E:(ymR(s)) ; '

As suggested and stated by Lions in [, pages 137-138], to get the above properties,
it suffices to apply his method to p,. Decomposing p,, in the classical setting and
thus similtaneously w4, leads to the properties of the splitting sequences ¥, and
W, mentioned above.
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