Electronic Journal of Differential Equations, Vol. 2018 (2018), No. 147, pp. 1-15.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
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ABSTRACT. In this article, we focus on the existence of infinitely many weak
solutions for the modified nonlinear Schrodinger equation

—Au+ V() — [AQ +u2)*/)—
2(14+wu?) =
where 1 < a < 2, f € C(RY x R,R). By using a symmetric mountain pass

theorem and dual approach, we prove that the above equation has infinitely
many high energy solutions.

= f(z,u), inRY,

1. INTRODUCTION

The quasilinear Schrédinger equation

— Au+V(z)u — kA(W?)u = f(z,u), =cRY (1.1)
is referred as a modified form of the nonlinear Schrodinger equation
ize + Az — w(@)z + kAN (12122 + g(z,2) =0, = €R™, (1.2)

where w is a given potential, h and g are real functions and & is a real constant.
is related to the existence of standing waves solutions of (1.2). In fact, let
2(t, ) = e~"Pty(x), by exploring the Lorentz invariance equation, we can get
a solitary traveling wave and a corresponding equation of elliptic type which has a
formal variational structure like for suitable w, h and g.

Many researchers focus on the nonlinear Schrédinger equation because it
can model many important physical phenomena [I6, 17, 32, B5]. If h(s) = s, it
describes the time evolution of the condensate wave function in superfluid film
for plasma physics in Kurihara [16], and if h(s) = (1 + s)'/2, the equation
models the self-channeling of a high-power ultrashort laser in matter [I4] and the
Heidelberg ferromagnetism [40].

Because of the strong physical background, has attracted a lot of attention
from mathematics science field. In the case of kK = 0, by using the mountain pass
theorem (for the impact of the mountain pass theory in nonlinear analysis, we refer
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reader to see Pucci and Radulescu [36], Ghergu and Radulescu [§]), Bahrouni et
al [I] established infinitely many solutions for the following nonlinear Schrédinger
equation
~Au+V(2)u = a(z)g(u), z € RN (N > 3),

where V' and a are functions changing sign and the nonlinearity g has a sublinear
growth. Recently, a Schrodinger-Maxwell system involving sublinear terms was
studied in [15], and the existence of at least two non-trivial solutions as well as the
stability of system was established via to a recent Ricceri-type result. In addition,
for the radial case of Schrodinger equations and systems, many excellent works have
been reported, we refer the reader to [I [6] 10} 13 23] 45| 58| [68]. However, if the
Schrédinger equation contains a quasilinear and non-convex diffusion term A(u?)u,
some unpredictable difficulties will appear, such as no suitable space where the
energy functional is well defined or the functional is not C'-class except for N =1
(see [34]). In order to overcome these difficulties, Liu, Wang and Wang [19] (see also
[5]) introduced a technique of changing variables, i.e., dual approach to rewrite the
energy functional with new variable and to find solutions of an auxiliary semilinear
equation. Following this technique, many good results on various modified forms
of have been reported, see [7, [31], 511, 52} 57, 59 611, [63], [64] [65]. Recently,
Cheng and Yang [4] studied the model of self-channeling of a high-power ultrashort
laser in matter which has form of a nonlinear Schrodinger equation

—Au+ Ku — [A(1 + )%/ at

= [l [uP T,
21 +w?)= (1.3)

we H'RY), K>0, N>3, a>1, 2<qg+1<p+1<a2,

by using a change of variables and Mountain pass theorem, the nontrivial solution
of the equation has been established. However, we notice that the potential
V(z) = K is bounded, and the infinitely many solutions with high energy have
not been studied for a more general nonlinear term. Thus motivated by the above
work, in this paper, we are concerned with the existence of infinitely many high
energy solutions for the quasilinear Schrédinger equation

—Au+V(z)u — [A(1 + uz)a/2]# = f(z,u), in RY, (1.4)
U 2

where 1 < a <2, f € C(RY x R,R) and V(z) satisfies
(A1) V € C(RN,R), V; := inf V(x) > 0 and for every A >0
meas({z € RY : V(z) < A}) < 400,

where meas denotes Lebesgue measure in RY.
Our research is also closely related to some work by Sun et al [44] [46] (47, [48], [49],
Mao et al [25, 26] 27, 28], Liu et al [I8], Elisandra [9], Shao[42], Shi and Chen [43],
Zhang et al [IT], 56| [62] and variational methods for ordinary differential equations
[20, 211,22 [60], [66), [67] and partial differential equations [53} 12, 241 29, [30, 37, [38, [39],
where the authors obtained some interesting theoretical results.

At the end of this section, we state a version of symmetric mountain pass theorem
due to Rabinowize [41], the proof of our main result will depend on it.

Lemma 1.1. Let E be an infinite dimensional Banach space and let I € C*(E,R)
be even, satisfy (PS)-condition, and I(0) = 0. If E =V & X, where V is finite
dimensional and I satisfies
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(i) there are constants p,§ > 0 such that I|pp,nx > 6, and
(ii) for each finite-dimensional subspace E' C E, there is an R = R(E') such
that I|E/\BR < 0.

Then I possesses an unbounded sequence of critical values.

2. VARIATIONAL SETTING AND MAIN RESULTS

The following notation will be adopted in this article. L*(RY) denotes the usual
Lebesgue space with norm

1/s
ulls = (/ IUISdJ:> . 1<s< oo
RN

H'RY) = {ue L*RY) : Vu € L*(RV)}

with the norm and inner product, respectively,

1/2
lull g = |:/RN |Vul? +u2dac} , {u, vy = /RN(VU~V1)+uv)dfc.

Let

Now under the assumption (A1), we define our work space
E={ue H' RY): / (IVul* + V(z)u?)dz < +o00}
RN
with the norm and inner product, respectively,

lul| = {/RN |Vul? + V(gc)u2dx} 1/2, (u,v) = /]RN(VU - Vo + v(z)uv)de.

It is well known that if the assumption (Al) holds, then the embedding E —
L*(RY) is continuous for s € [2,2*] and there exists a constant ¢, > 0, 2 < s < 2*
such that

Hu”s < Cs”u”a Yue E.

In addition, from [2 [3], we have the following compactness lemma.

Lemma 2.1. Under assumption (A1), the embedding E — L*(RY) is compact for
s €[2,2%).

Normally, the solutions of (|1.4) are the critical points of the functional

2,2
J(u) = 1 1+ L] |Vu|?dx + 1 V(z)u?dx — F(z,u)dz
2 Jrn 2(1 + u2)2-« 2 Jrn RN ’ ’

where F(z,s) = [ f(z,£)d¢. But the natural associated functional J(u) may not
be well defined and is not Gateaux differentiable functional in the corresponding
Sobolev space E. To avoid these obstacles, we introduce a new function so that the
dual approach can be used for establishing our results. Let

at?
t) = 1 _
g( ) \/ + 2(1 +t2)2—a

and make a change of variable

v=_G(u) = /Oug(t)dt.
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Clearly, g(t) is monotonous on |t|, which implies that the inverse function G~(t)
of G(t) exists, thus similar to [4], we have an equivalent functional for the natural
associated functional J(u)

I(v) = %/]RN |Vo|?dz + % /]RN V()G () 2dx — /RN F(z,G7'(v)dz. (2.1)

Based on the properties of G~!(v) (see Lemma below), I(-) is well defined on
E and I(v) € C*(E,R) if and only if [,y F(z,G~'(-))dx has the same property as
the functional I, i.e., if [, F(x,G7'(-))dz is continuously differential on E, then
I(v) € C1(E,R), and for any w € C§°(R), we have

! = vVwdz x G wdzr — F @G W)
e = [ Vevwdes [ v TG fon 9@ )

The critical points of I are then weak solutions of the semilinear Schrodinger equa-
tion

wdx.

G 1(v) N f(:z:,G’l(v))
g(G=1(v))  g(G(v)) ’
Thus to obtain the existence of the weak solutions for the quasilinear Schrodinger
equation (|1.4), it is sufficient to study the existence of the weak solutions for the

equivalent form ([2.2)) of (1.4).
In this article, we assume that the nonlinearity f in problem (1.4]) satisfies the
following assumptions:

(A2) f(z,—t) = —f(z,t) for all (z,t) € RN x R.

(A3) there exists ¢ > 0 such that |f(z,t)| < c¢(1+ [¢t|"!) for some 2a < r < 2*a,
WheI‘GQ*:%ifNZ?)andQ*:OOifN:Q.

(A4) f(z,t) = o(|t]) uniformly in z as |t| — 0.

(A5) limp_oo “‘Tt(lﬁf)l = 400 uniformly for z € RV, where F(z,t) = fg [z, s)ds.

(A6) there exists a constant p > 2« such that

for all (z,t) € RN x R.

On the existence of infinitely many high energy solutions we have the following
result.

—Av=-V(x) reRN. (2.2)

Theorem 2.2. Suppose that (A1)—(A6) are satisfied. Then the (1.4) admits a
sequence of weak solutions {u,} C E such that ||u,|| — oo and J(u,) — oo as
n— 0o.

To prove our main result, some properties of G~1(¢) will be introduced so that
we can discuss the geometric structure of I more conveniently.

Lemma 2.3. g(t) and G=1(t) satisfy the following properties:

(G1) g(t) > 1,Vi € R;
(G2) [G1(t)| < [t].Vt € R;
(G3) lim;_o S0 — 1,
(G4)

t
G4) ifa > 1, then limy_, o [eaO] V2;ifa =1, then limy_ o GO \/g;

t
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(G5) there exist a positive constant such that

o {15
(G6)
G'(t)t —12
ey <O WP veR

(GT) [G(0)] < g()lt], for any ¢ € R;

(G8) for anyt € R, we have tz(g) < T(«a), where

a—1, a > oy ~ 1.1586,
T(Oé) = a? (3—a\a—3
S(ma) 7 l<a<a,

especially, for the case 1 < a < ay, for accuracy, T(a) can be taken as
p(s0), where sg satisfies p’'(sg) =0 and 1 < a < ay,

(a—1)a?s(1+8)* + (2 — a)a?s(l — s)*1
pls) = 2(1+4 s%) + a?s(1 + s)
(G9) for each A > 1, one has
IGTE) 2 < NG 1)), vteR.
(G10) the function (G~1(t))? is strictly conver, and especially
IGTEO) 2 < NG ), Ve R, Aeo,1].
(G11) there exists a constant ¢ > 0 such that |G=1(t)|* < c|t| for all t € R.

Proof. The proof of (G2)—(G4) and (G8) can be found in []. By the definition of
g and direct calculation, (G1) and (G6) hold. In addition, since G~! is an odd
function, (G5) and (G11) are consequences of (G3) and (G4), moreover (G7) is also
consequence of [4, 5]. To prove (G9), by (G7), we have

t=G(G7'() <g(GT')G(t), forallt>0.

s> 0.

)

Thus
[(G1(s))'t _ 2G7T)(G (@)t 2G ()t (o (0)
G032 (G2 g GTHO)GTI)2 T (G2 T

for all t > 0. Then
(G71(A1))? /” (G () 2
() ), e e SR
for all £ > 0 and A > 1, which implies that
(GTY(M)2 < X3(G1(t))?, forall t > 0.

Since G~ is an odd function, and (G~1)? is a even function, so the above inequality
holds for all £ € R.
In the end, we prove (G10). In fact, for 1 < a < «j, we have that ¢(a) =

%2(3_—“)0‘73 is increasing and 0 < ¢(«) < 1, thus by (gs), for any 1 < a < 2 and

2—a
s € R, we have
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which yields

_ 2 267 (g (G (1)
G 1 s 2111 _ .
GO =peTm) - sem)
And then, from the convexity of (G~1(¢))?2, for all A € [0,1], one gets
IGTTO) 2 < NGTHB))?, VteR.

> 0.

O

Lemma 2.4. Assume that {v,} C E is a (PS)-sequence of I. Then {v,} is bounded
n I

Proof. Suppose {v,} C E is a (PS)-sequence of I, that is
I(v,) = ¢, (14 ||val)I' (vn) — 0, asn— oc. (2.3)
By using (2.3)), (A1), (G6) and (A6), we get

e+ o(1) = I(vg) - iu’(vn),m

(11 2 1 “1 2
- (L u)/RN V| d:z:+2/RN V()| G (vn)|?da

1Sy Ve )Q(Gfl(vn))d T s g(G(on) d
. F(z,G Y (v,))dx (2.4)

> (% - %) /RN Vo [2dz + (% - i) /RN V(2)| G~ (vn)|2da

3L SR e

> (% - i) /RN Vo, 2z + (% - %) /RN V()G (vn) 2de,

which implies that there exists a constant C; > 0 such that

/ |an|2dx+/ V()G (vn)[2dz < Ch. (2.5)
RN RN
Obviously, from ([2.5)), if there exists a constant Cy > 0 such that
/ |an|2dx+/ V(2)|G™(vn)|?dx > Callv,|?, (2.6)
RN RN
then {v,} is bounded in E. To do this, let
llvall3 =: / |V, |*dx —|—/ V(z)|G™ (v, de, (2.7)
RN RN

and v, # 0 (if v, = 0, the conclusion obviously holds). Suppose (2.6]) is not true,
then passing to a subsequence, one has

2
lim el _
n—-too ||uy[|2
Set ) )
_ Un o (G_ (Un))
Up = T, RKp = ——F—s—,
[[vnl [[vnll
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then we have
/ |V, |*dz + / V(z)k,(x)de — 0, n — oo. (2.8)
RN RN
Thus
/ |V, |?dr — 0, / V(z)kn(z)dx — 0, / V(x)uldr — 1. (2.9)
RN RN RN

Now according to the strategy in [51], [63], we claim that for each & > 0, there exists
a constant Cy > 0 such that meas(B,) < e, where meas(-) denotes the standard
Lebesgue measure and

B, ={z e RY : |v,| > Cs}.
Otherwise, there exists g > 0 and a subsequence of {v,} (still denoted by {v,})
such that for any positive integer n
meas(4,) > eo,

where A,, = {z € RY : |u,| > n}. By (G5) and (Vp), we have

a2 > / V(@) G (vn)2da > / V(@)| G vn) Pz > Cyn'/eq — +oo,

RN n
as n — 0o, which contradicts with (2.5), thus our claim is true.

Next notice that if v, € RV \ B, it follows from (G5), (G9) and (G10) that

C , —1/0n\\? -1 2

— < — <

= (67(E) e )

which implies

G 1(vy))?
/ V(z)uldr < C4/ V(m)wdx < Cy V(z)kn(z)dz
RN\ B, RN\B, [l | RN

— 0, asn— oo.
(2.10)
On the other hand, by the absolute equicontinuity of integral [33], there exists € > 0
such that whenever Q C RY and meas(Q) < ¢

/ V(z)uZdr <
Q
Thus it follows from (2.10) and (2.11)) that

1
/ V(z)uidr = / V(z)u2dx —|—/ V(z)uidr < = +o(1),
RN B 2

RN\B,

(2.11)

DN | =

which implies that 1 < 1, a contradiction. Thus (2.6) is indeed true, and then {v,,}
is bounded in E. g

Lemma 2.5. Assume that {v,} is bounded in E, then for any v € E, there exists
a constant Cs > 0 such that
G~'(vn) G~'(v)

[V ot [ vl - Syl ot

> Cs|lvn, — UHQ.
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Proof. Let v, # v, otherwise, the conclusion is trivial. Set

Uy, — U G Hvn(z)) G (v(x))) >
= i) = (e - (v(z) — v(a).
[on = 9(G~H(vn(2)))  g(GH(v(2))) /
(2.13)
To obtain , it suffices to prove that there exists a constant C5 > 0 such that
/ \Vw,, |*dx —l—/ V(2)hp (z)w2dz > Cs. (2.14)
RN RN
To do this, we argue it by contradiction. Assume that
/ |Vw, |*dx + / V(2)hn(x)wdz — 0. (2.15)
RN RN
By (G8),
d. Gt 1 G t)g (Gt
7[ _1( ) ] — 5 — _ g )g_(l ( )) > 07 (2.16)
dt"g(G=H(t))"  g*(G71(1)) g} (G(1))

which implies that g(GG%ll((tt))) is strictly increasing and for each Cg > 0 there exists

a constant d; > 0 such that

d { G~L(¢t)
dt Lg(G=1(t))
as |t| < Cg. Moreover, by the Mean Value Theorem and , the second equality
of becomes

} > 5, (2.17)

G~ (v (@) G~ (v(x))
h,(x) = — vp(z) —v(z
0= (G e~ 5@ o)/ 1)

(2.18)

— i[ GH(t) ‘ >0

dt"g(G=1(t)) lt=vn (@) +0(vn (@) (@)
It follows from ([2.13)), (2.14) and (2.18) that

/ |Vw, [*dz — 0, / V(2)hy (x)w2dz — 0, V(z)wide — 1. (2.19)

RN RN RN
Thus similar to the argument of and , one can get a contradiction. So
holds. 0

Now let {e;} be an orthonormal basis of E and define X; = Re;, then E =
@filXi. Let
Vop=001,X,, W,=672,X neclz,

then V,, is finite dimensional. By [50, Lemma 3.8], we have the following conclusion.

Lemma 2.6. Assume (Vo) and 2 < s < 2%, then sup,cw, jo=1] [[V]ls — O as
n— 00.

Lemma 2.7. Assume (A1), (A3) and (A4) hold. Then there exist constants p,d > 0
and positive integer k > 1 such that I|ps,nw, > 0 and I(v) satisfies the (PS)-
condition.

Proof. Firstly, we prove that, for any v € S, there exists a positive constant C
such that

||vug:;/ |Vv|2dx+/ V(@) G- (0)2dz > Crlv]|2. (2.20)
RN RN
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Otherwise, there exists a sequence {v,} C S, such that

1
[ vekdes [ vieioTte)Pds < 2l
RN RN n

which yields |[v||2/||v]|> — 0 as n — +oo. Similar to (2.6)), one gets a contraction.

Thus (2.20) holds.

On the other hand, for any € > 0, form (A3) and (A4) there exists C, > 0 such
that

f(2,8)] < elt] + CltIt,  (2,t) € RY x R. (2.21)

Moreover it follows from Lemma [2:6]and 2o < 7 < 2*« that there exists an integer
k > 1 such that

lollz < Csllvll?, vz < Collvfl=, Vo € Wi (2.22)
Thus for any v € Wy, and v € S,, by (2.20)-(2.22), (G2) and (G11), we have

C - - T
1(0) > ol - / @ 1(v)|2d9:fCe/RN G ()| d
> ol e [ bPas-C. [ plids (2.23)
RN RN

C ~ r
2 ?7/)2 - C85P2 - CECQPE =0> O,

for small € > 0 and p > 0, that is I|ss,nw, > 0.

Let {v,} C E be any (PS)-sequence of I(v), i.e; there exists ¢ > 0 such that
[I(vg)| < c and I'(vg) — 0 as k — oo. From Lemma[2.4] we know {v,} is bounded
in E. Thus, up to a subsequence, we have v,, — v in E. Moreover, the compactness
of embedding £ — L*(RY) (s € [2,2*)) implies that v,, — v in L*(R") for any
2 <5< 2* and v,(x) — v(z) a.e. on RV,

According to (G11) and (G5), we have

(G| < cft] < cg(GTH@))IGH(D)],
which yields

e
PICRID) (224
Thus by (G1), (G2), (G11) and (2.24), one has
YR R PR
w LG @y 1
HonGoton) G-
S/RN[' T+ gy vl
< [ (e @l +ie @) + o (S O, —vfas

s/ € (oal + [o]) + Ce (Joul == + 0] =) Jfun — vlda
]RN

< Cio([lvallz + [[vll2)llvn = vz + Cix (anllg
= o,(1).

r—a
Ul =) flon — v
:

xr
o

(2.25)
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Thus Lemma and I'(v,) — 0 imply
o1) = (I'(v) ~ I'(0), v — )
= [ P+ [ v S,
[ 67 f G v>)]( e

rv (G (vn)) 9(G(v)
> Cs|lvp — UH2 +on(1),

~—

which yields v,, — v in E. The proof is complete. U

Lemma 2.8. For each finite-dimensional subspace E' C E, there is a constant
R > p such that I|gn g, <0.

Proof. Suppose that the conclusion of the lemma is not invalid for some finite-
dimensional subspace E’ C E. Then there is a sequence {v,} C E’ such that
|lvn]] — oo and I(v,) > 0, that is

1

f/ (Vo [* 4+ V(2)|G ! (0,) %) dz > / F(z,G™(v,))dz. (2.26)

2 RN RN

By (G2), we have
F(x,G Yv,))dz 1

< - 2.27
L T < 227
On there other hand, let w,, = H ok Then up to a sequence, we can assume

that w, = win E, w, — w in LS(RN) s € [2,2%), w, — w for a.e. z € RY. Let
A={xeRN: w(m) # 0} and Ay = {z € RN : w(x) = 0}, we assert measA = 0.
In fact, if not, by (A5) (G4) and the Fatou’s Lemma, one has

xz,G71 F(x, G vn G 1(v,))?
/A il v ||2 / ) ( 52 ) widr — 4oo0.  (2.28)

On the other hand, by assumptions (A3)7(A5), there exists a constant Cij3 > 0
such that

F(x,t) > —Ciat?, V(z,t) e RY xR,
which implies that

—1 -1 2
/ Mdm > _012/ Mdm > —C12/ wydz.
Ay A M

[[on|?
Since w,, — w in L?(RY), by [50], there exists a function h € L2(R™V) such that
lwp (z)| < h(z), ae. xzecRY.

Thus Lebesgue’s dominated convergence theorem guarantees

-1
liminf/ .G wn)) g g, (2.29)
Ay

n—oo [[on|®

Consequently, (2.28) and (2.29) yield

-1
fiming [ E@ G @),

n—oo Jpx o on]l?

= +o0, (2.30)



EJDE-2018/147 MODIFIED NONLINEAR SCHRODINGER EQUATION 11

which contradicts (2.27). So measA = 0 and w(z) = 0 a.e x € RV, According
the fact of all norms are equivalent on the finite dimensional space and Sobloev
embedding theorem, there is a constant d > 0 such that

0= lim |jwy,|2 > lim d||w,|?*=d,
n—oo n—oo
a contradiction, and the desired conclusion is obtained. O

Proof of Theorem[2.3 Let V. =V,, X = W, then E = V & X, V is a finite-
dimensional space. Obviously, by (f1), we know the functional I is even and I(0) =
0. Lemma [2.7] implies that I satisfies (PS)-condition, and by Lemmas [2.7] and
(1) and (ii) of Lemma are also satisfied. Thus, by Lemma I possesses a
sequence of critical points {v,} C E such that I(v,) — oo as n — oo, i.e., the
problem has a sequence of solutions {u,} C E such that and |lu,|| — oo and
J(uy,) — 00 as n — oo, where u,, = G~1(v,). O

3. FURTHER RESULTS

In this section, we obtain infinitely many high energy solutions for (L.4)) by using
some easily verifiable assumptions:

(A7) there exists a constant M > 0 such that

M, = inf F(z,t) > 0.
(z,t)ERN X [G—1(M),+00)

Theorem 3.1. Suppose that (A2)—-(A4), (A6), (A7) are satisfied. Then (L.4) ad-
mits a sequence of weak solutions {un} C E such that ||uy,| — oo and J(u,) — o0
as n — oo.

Proof. We only need to prove that the assumption (A7) is stronger than (A5). To
do this, for any (z,t) € RY x R, let

-1 t o
= = > 1.
o(s) F(@G (S))s , s>1
It follows from (A6) and (A7) that

#(5) = (567 (D) (- S GO +uF (5,67 (5)) !

CRIO)) - £f<x’G71(§)) +uF(a:,G*1(£))g<Gfl(f))} (3.1)

S

t
s

<0,

which implies that ¢(s) is decreasing on [1,400). Thus for [¢| > M, notice that

Mlt| . . . .
% is an odd function and F' is a even function, we have

_ ~1) > 1ty _ _1 Mt \ﬂu>%u
P(1) = F(z,G7'(1) = o(5p) = F (2.7 (7)) (37)" = T
for |t| > M. Consequently, from (G2), we have

F(x,G7Y(t)) _ Mo ., o
— > |t |t > M.
|G- (t)|2 — M| | i
Notice p > 2a, we get
F(z,G(t))

m ———— 5. = +00,
t|—oo |GL(t)|2*
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uniformly for € RY. Further, it follows from (G5) that

F(x,t)

|t]— o0

2o &0,

uniformly for z € RY. Consequently, the assumption (A7) implies (A5). The proof
is complete. 0

In the next theorem, we use the assumption
(A8) F(z,1) > 0 for any z € RY, and there exists a constant o > 2« such that
any ¢ > 1,
F(z,ct) > " F(z,t), (x,t) € RY xR.

Theorem 3.2. Suppose that (Al)—(A4), (A6), (A8) are satisfied. Then (1.4) ad-
mits a sequence of weak solutions {u,} C E such that |uy| — oo and J(uy) — oo
asn — oo.

Proof. We consider that (A8) implies (A5). In fact, for any z € RY and |s| > 1,
we have

Fa, |sl) > |57 Pz, 1).
Consequently,

F(x,s)

|S|20z

> |s|7 2 F (2, 1).

It follows from ¢ > 2o and F'(x,1) > 0 that

F(z,s)

|8|2a

lim

|s]—o00

= +OO,

uniformly for z € RY. Consequently, the assumption (A8) implies (A5). The proof
is complete. ([l

In the next theorem, we use the assumption

(A9) Assume F(x,t) = 1f(z,t)t — F(2,t) > 0, and there exist constants ¢ > 0

and 52— < o < 2 such that

Fa.t) > of 20

Theorem 3.3. Suppose that (A1)—(A3), (A5), (A9) are satisfied. Then (1.4) ad-
mits a sequence of weak solutions {u,} C E such that |uy| — oo and J(uy) — oo
asn — oo.

(z,t) e RY x R with ¢ large enough.

| [ea
)

Following the method in [51), 63], the theorem above can be obtained directly.
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