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OSCILLATION OF SECOND-ORDER EMDEN-FOWLER
NEUTRAL DELAY DIFFERENTIAL EQUATIONS

YINGZHU WU, YUANHONG YU, JINSEN XIAO

ABSTRACT. In this article, we establish new oscillation criteria for the second-
order Emden-Fowler neutral delay differential equation

(r@1 @112 ®) + a®l @) e (o) =0,

where z(t) = z(t) + p(t)z(7(t)),a > 0 and 8 > 0. Our results improve some
well-known results which were published recently in the literature. Some illus-
trative examples are also provided to show the significance of our results.

1. INTRODUCTION

In this article, we consider the second-order Emden-Fowler neutral delay differ-
ential equation

(rI D1 (1) + a0 (o (1)1 (o (1)) = 0, (L1)

where z(t) = x(t) + p(t)z(7(t)), t > to > 0, & > 0, and § > 0. Here we use the
following assumptions:

(A1) r,0 € C*([tg,00),(0,00)), 7(t) > 0, r'(t) > 0 o(t) < t, o'(t) > 0, and
limy_, o o (t) = o0;

(A2) p,q,7 € C([tg,0),R), 0 < p(t) <1, q(t) >0, 7(t) < t, and limy_. o 7(t) =
00.

A function z(t) € CY([T,, ), R), T, > to is called a solution of if it
satisfies the property r(t)|2/(t)|*12/(t) € CY([Ty, <), R) and (1.1) on [T}, o).
In this article, we only consider the nontrivial solutions of which ensure
sup{|z(t)] : t > T} > 0 for the condition T" > T,. A solution of is said to
be oscillatory if it has an arbitrarily large zero point on [T}, c0); otherwise, it is
called nonoscillatory. Equation is said to be oscillatory if all its solutions are
oscillatory.

Recently, there have been a large number of papers that devoted to the oscillation

of the neutral differential equations. We refer the readers to the articles [T} 2, [3] [4],
oL, (6, [7), 18, [, [10] 11, 12] [13] 14, [15] [16] 17, 18] 19, 20].
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Candan [5] studied the oscillation for second-order neutral differential equations
with distributed deviating arguments

, d
(T(t)‘zl(t”ailzl(t)) +/ f(t,x(a(t,f)))dfzo, (12)
where 2(t) = z(t) + [ p(t, €)x(r(t,€))d¢, | £(t,u)| > q(t.€)[u], and a > 0.

In [5] the followmg results are presented with the notation Q(t) = fcd[l —
(Ot )de, Q) = [ Q(s)ds, R(t) = =2~ and o1(t) = o(t, o).
Theorem 1.1 ([5, Theorem 2.1]). Assume that

< 1
h Q(t) dt = oo, (1.4)
to

then (1.2)) is oscillatory.
Theorem 1.2 ([5, Theorem 2.3]). Assume that . ) holds and

/ Q(t) dt < oo. (1.5)
If

t—oo

then (1.2)) is oscillatory.

In 2011, Li et al. [I1] studied the oscillatory behavior of the second order Emden-
Fowler delay differential equation of the neutral type

hmme / Qa+1 R(s)ds > LLH, (1.6)

(r(®)(2(t) + p(t)z(t = 7)) + q(t)z” (o () =0, (1.7)
where 7 > 0,6 > 1, and r(t) satisfies
1
/to @dt < o0, (1.8)

and they presented the following result.

Theorem 1.3 ([II, Theorem 2.1]). Suppose (1.8) holds. If there exists a function
p € CH([to,00), R), p(t) >t, p'(t) >0, o(t) < p(t) — 7 such that for all sufficiently
large t1 and any M > 0 and L > 0, it holds

0 1-8 5/ 8-1 (4
[ sty mo) - B 70
MoW) Ju vy @8

/ [q(t)(m)ﬂéﬂ(t) - Lﬁlﬁft)(:)((t))]dt = 00, (1.10)

where R(t ft s)ds and 6(t f(t s)ds, then is oscillatory.

}dt — o0,  (L9)

In 2016, Agarwal et al. [I] considered the oscillation criteria for second order
half-linear neutral delay differential equation

(r®l(=(t) +p®)z(r(1))]%) + q(t)z*(o(t)) = 0, > to, (1.11)



EJDE-2018/159 SECOND-ORDER EMDEN-FOWLER DIFFERENTIAL EQUATIONS 3

where « > 1 is a quotient of odd positive integers. A new oscillation criterion is
given as follow.

Theorem 1.4 ([I, Theorem 2.2]). Assume that

7(to) < 00, where w(t) = /00 Y% (s)ds. (1.12)
If there ezist the functions p,d € C1([ty,0), (0,00)) such that
o e L))
i s / [p(sa) 1 = ploto)) ~ S = e (113
t s)r(s s))ott
li?i»solip /to [¥(s) — o )(Ex Kﬁ;ﬁgﬂ |ds = o0, (1.14)
where
T T(U(t))) 11—«
0 = 50001~ o) “TE S+ et
m(t) ) 1+«
PO<eay 75w T e

Pl (t) = max{0, p'(t)}, and ¢4 (t) = max{0, p(t)}, then (1.11) is oscillatory.

We see that the neutral delay Emden-Fowler equation and neutral delay
half-linear equation are not mutually inclusive each other. However, equa-
tions and are included in the ([L.1]). Therefor, it will be of great interest
to find some oscillation criteria for the neutral differential equation .

Our aim in this article is to establish some new sufficient conditions for the
oscillation of , by using generalized Riccati inequalities. To the best of our
knowledge, very little is known regarding the oscillation criterion of . The
relevance of our theorems becomes clear in the carefully selected examples.

The rest of article is organized as follows. In Section 2, we state and prove our
main results. In Section 3, we show several examples.

2. MAIN RESULTS

The following inequalities contain the variable ¢, in which we assume that they
hold for the sufficiently large ¢, if there is no other statement.

Theorem 2.1. Assume that

Then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (I.I). We assume without loss of
generality that x(t) is eventually positive, that is, there exists a ¢y > 0 such that
x(t) > 0 for t > to and thus there exists a t; > ¢y such that z(7(¢)) > 0, and
x(o(t)) > 0 for t > t;. If x(t) is an eventually negative solution, it can be proved
by the similar manner. From , we have

(r0lZ @1 (1) < ~alt)2? (o) < 0. (2.3)
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Hence, 7(t)|2'(t)|*~12/(t) is decreasing. Thus, we have two possible cases for 2/(t).
Case L. 2/(t) < 0 for t > t;. Using the decreasing property of r(t)|2'(t)|* 12/ (¢),
we obtain

r()]2 ()] () < r(t) |2 (82)|* 712 (ta), >t > . (2.4)

Dividing both sides of (2.4)) by r(¢), integrating from t5 to ¢ and using (2.1f), we

have
t

2(t) < 2(tg) — 7Y% (t)| (t2)| | 77V %(s)ds — —o0, ast — oo,
ta

which contradicts positivity of z(t).
Case II. 2/(t) > 0 for ¢ > t;. Since z(¢) > x(t) and z(¢) is increasing, we have

2(t) = (t) + p(t)z((t)) < z(t) + p(t)=(r (1)) < 2(t) + p(t)=(1).

Thus,
(1—=p@))z(t) < z(t),t 215 =t
[1—p(o(t)]’27 (0(t)) < 2’(o(t)),t > t5 > t5. (2.5)
Substituting into , we have
(rt)(Z'()*) < —a)[1 = p(o(®)]?2"(a(1))- (2.6)

On the other hand, since r(¢)(2'(¢))® is decreasing, we have

r()(Z' (1) < r(e®)(Z' (o(t)))

: ) \Ve _ #(o(t)

(T(U(t))) <= (2.7)
Set the function o

= LY, o8

It is obvious that w(t) > 0. Taking the derivative of w(t), using (2.6)), (2.7) and
(2.8)), we have

(r)( (X)) Br)(@' ()= (o(t) o’ (t)

!/
t =
w'(t) 28 (a(t)) 201 (a(t)) (2.9)
Bo' () (rt/ ()2 (t)* '
< —q)[1—p(a(t)))’ - .
<~ = p(e(1)] rt/e(a(t)) 201 (o (1))
In view of the positivity of z(¢) and 2’(¢), we obtain
w'(t) + ()1 — p(a())]” < 0. (2.10)
Integrating both sides of (2.10)) from ¢3 to ¢ and using (2.2)), we obtain
t
w(®) < wlte) — [ (o)1= plo(o)) ds — —ox, ast—c.
t3
which contradicts the fact w(t) > 0. The proof is complete. O

Note that Theorem is an improvement of [8, Theorem 1].
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Lemma 2.2. Assume that x(t) is an eventually positive solution of (1.1)), and w(t)
is defined by (2.8). Then

W (t) < ~aO)0— plo(0))’ - S

ERSTETTT R @11

where £ = min{«, B} and

K:{L a=0 G(t):{t’ a>0

const >0, «a#p, a(t), a<pg.
Proof. Proceeding as in the proof of Theorem we obtain ([2.9); that is

s _ B @V ) @)

w'(t) < —q(t)[1 = p(o(t))]

72 (o ()2 (o (1) o1
Bo'(t B-a  a+1 '
< a0l o)) — ) )

If 3> a, in view of z(co(t)) being increasing, then there exist constants K1 > 0
and t; > t5 such that [z(o(¢))]"=" > K, for t > t4. Thus, (2.12) gives

aKi0'(t) at
- Tl/ath))w o (t). (2.13)

a

w'(t) < —q(t)[1 - p(a(t))]’

It is easy to check that K1 =1 for a = .
Next, if a > (3, since (r(¢)(2'(¢))*)" < 0 and 7/(¢t) > 0, we obtain 2" (t) < 0,

B—a
which implies that z'(t) is decreasing and [2/(¢)] 7 is increasing. Then there exist

constant Ky > 0 and t5 > ¢4 such that [z’(t)]g% > Ky for t > t5. Hence, by (2.12))
it has

W) < a0l = plo )] - SHEE 07 0 )

(2.14)
Combining (2.13)) and (2.14)), we have that inequality (2.11) holds for all & > 0 and
6> 0. ]

We now consider the case when ([2.2]) does not hold. We use the following notation
for simplicity:

Q)= [ al-pee)as A0 = SEEds 21
Define a sequence of functions {y,(t)}2, by
Yo(t) = Q(t), t=to
and
yn(t) = /oo A(S)y S (8)ds + yo(t), t>to, n=1,2.3,... . (2.16)

By induction we see that yo < yn41(t),t > to,n =1,2,3,...
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Lemma 2.3. Assume that z(t) is an eventually positive solution of . Then
yn(t) < w(t), where w(t) and y,(t) are defined by and ([2:16), respectively.
Also, there exits a positive function y(t) on [T,00), such that lim, . y,(t) = y(t)
fort>T >ty and

y(t) = / As)y & (s)ds + yols), t>T. (2.17)
t
Proof. Proceeding as in the proof of Lemma we have inequality (2.11)) or
w'(t) < —q(®)[1 = plo ()’ — AT (). (2.18)

Integrating both sides of (2.18]) from ¢ to ', we obtain

£+1

w(t') — w(t) +/t q(s)[1 — p(a(s))]’gds — /75 w & (s)A(s)ds < 0. (2.19)

Then it is clear that

t/
w(t') —w(t) +/ wsﬁi(s)A(s)dS <0. (2.20)
t
It follows that -
/ wE (5)A(s)ds < 00, t>T. (2.21)
t
Otherwise, w(t') ft ET A(s)ds — —oo as t' — oo, which contra-

dicts to the fact that w( ) > 0. Since w(t) is positive and decreasing lim;_, o, w(t) =

[>0. By , we have [ = 0. Thus, from (2.19)), we have
(oo} oo
w®)= Q)+ [ 0T @A =w®) + [ w6,
t t

- w(t) > Q1) = yolt). (2.22)

Moreover, by induction we can also see that w(t) > y,(t) for t > tg, n =1,2,3...
Thus, since the sequence {y,(t)}22, monotone increasing and bounded above, it
converges to y(t). Letting n — oo in and using Lebesgue’s monotone con-
vergence theorem, we obtain . [

The following theorem provides a new oscillation criterion of (1.1)) with respect
to that the condition (2.2]) of Theorem does not hold.

Theorem 2.4. Assume that - holds and is not valid. If

§
hmlnf Q ds >
mist g | @ (e €+1)

where £, Q(t) and A(t) are defined by [2.11)) and (2.15), then 18 oscillatory.
Proof. Let z(t) be a nonoscillatory solution of (| . Proceeding as in the proof of

Lemma and Lemma we obtain ([2.22)) and have
41
e

WO Ly ot (MO
202 gw ) ARTe(gg) Te 2 @

Let A = inf;>7 %, then obviously A > 1.

(2.23)

)
€
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On the other hand, from (2.23)) we know that there exists a constant C' > 0 such
that

hmlnf / Q A(s)ds > C > % (2.25)
= Q) €+
Then, from ([2.24)) and ( -, we see that
A>1+ATC (2.26)

Using the inequality
5& Bé+1

Bu— A —_—
u U5 (£+1)€+1 Af )

where A > 0, B> 0 and £ > 0. We get
£ 1
= (€4 1)EH cé’
Combining (2.25) and - we see that
A<140XNF,
which contradicts with . The proof is complete. ([l

A—OAF < (2.27)

Theorem improves Theorem and the corresponding result in [6]. In the
following, we establish new oscillation criteria of (1.1) with respect to that the

condition (2.1 of Theorem is invalid.

Theorem 2.5. Assume that (1.12) holds. If there exists a function p in the space
C([Ty, ), (0,00)) such that for all sufficiently large T and any K > 0, M > 0, it
holds

t / E+1 s
limsup/ [p(s)q(s)(l —p(o(s)))? — (P2 ()" 1 (8(s)) ds =00, (2.28)

t—oo JT (€ + DK p(s)a’(s))¢
e wrles)
timsup | [+7(9)a(s)(1 — p(o(s) LIS - —K s =0, (229)
where p(t) < W?T(Ez)),f = min{a, f}, n = max{a, 5},
[t s,
o) = {U(t)v a<pf,
Pl (t) = max{0, p'(t)}, and p = (nil)"‘*‘l( )T (when a =0, K =1,M = «), then

(1.1) s oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1). Without loss of generality,
we assume that there exists a t; > to > 0 such that z(¢t) > 0,z(7(¢)) > 0 and
x(o(t)) > 0 for t > t;. Hence, z(t) > 0,t > t;. On the other hand, from (L.1)) we
see that

(r(t)|z'(t)|o‘_1z’(t)>/ <0, t>t, (2.30)

which implies that r(¢)]2'(¢)|*~12/(t) is decreasing. Hence, 2’(t) does not eventually
change signs, that is, there exists a to > ¢ such that either 2/(t) > 0 or 2/(t) < 0
for all t > to.

Case L. 2/(t) > 0 for t > 5. It follows from the definition of z(t) that

2(t) = 2(t) —pW)z(r(t)) = 2(t) — p(t)z(7(t)) = (1 = p(t))z(t). (2.31)
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It follows from equations and that

(PO (1)) +a(t)(1 - p<a<t>>>ﬁzﬁ (W) <0t>ts>0  (232)
Define a function wu(t) by
u(t) == p(t)%, t > ts. (2.33)

Then, u(t) > 0,t > t3. Taking differentiation on both sides of (2.33), we have

: P1), o POTOE (1) B0 (2 (0(1)
W (8) < —p()at) (L~ plo (1)) + 25t utr) ~ ) . (234)

For this inequality, if « < 3, in view of r/%(t)2/(t) < rY/*(a(t))2'(o(t)), we see
that

u'(t) < —p(t)a(t)(1 — p(o(t)))” +

PO o Bo) e e
p(t) u(t) (p(t)’f’(g(t)))l/a[ (e(1))] (t).

Because z(o(t)) is increasing, there exists constants K7 > 0 and ¢4 > ¢3 such that
[z(a(t))]BfTa > Ky, t > t4. Thus, the above inequality gives

p o' (t) aKio'(t) at1
u'(t) < —p(t)a(t)(1 — p(a(1)))” + o0 u(t) — Wu o (). (2.35)
Obviously, if o = 3, then K7 = 1.

If a > 3, since (r(t)(2'(¢))*) < 0 and r/(t) > 0, we obtain z”(¢) < 0, which
3—a
implies that 2/(t) is decreasing and [z’ (t)][T is increasing. Then there exist con-
stants Ko > 0, t5 > t4 such that [2/(t)] 7" > Kb, t > t5. Thus, inequality (2.34)
becomes

4 (1) < —p(t)a(t) (1 — plo(t))” + 2
B0'(8) iz o

~ Gloraye =
—p()a(t)(1 — p(a(t)))” + 2

(2.36)

BKyo'(t)  sn
————=u 8 (¢ t>ts.
ORORCAMREAE
Combining (2.35) and ([2.36)), we obtain for any « > 0 and 8 > 0 that
'(t) EKo'(t) £41
A8 < —p®a® A —plo@)) + LDy - ECO sy gy
(1) < —pl)a®(1 = plo (1)) + Eu(t) - ST P @), (230
for ¢t > t5, where £ = min{«, 8}, and
1 =
K>0, a#p, o(t), a<p.
Let y = u(t),D = ,;(7(:))7 and C = m. By (2.37) and the inequality
£ D§+1
Dy - Cy ¢ (2.38)

S Ere o
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where C > 0,y > 0, and D, = max{0, D}, we obtain
(1) r(6(0)
/ B (p+ (t)) (
w'(t) < —p(t)q(t) (1 —p(a(t)))” + ;

€+ D (Kp(t)o' (1)
Integrating both sides of (2.39)) from T > ¢5 to ¢, we obtain

t (0 (5) = r(6(5))
u(t) < uT) = [ p(e)a() (1 = o) = s otye | s (240)

Letting ¢ — oo in the above inequality, we obtain a contradiction with (2.28)).
Case II. 2/(t) < 0 for t > t2. By (2.30) we have
(r@)(=2'(£)*) 20, t=ts. (2.41)

Then, r'/(t)(—2'(t)) is an increasing function and thus

(2.39)

J(s) < (:Eg)lmz’(zﬁ), s>t> 1y (2.42)

Integrating the above inequality from ¢ to [, we obtain

l
(1) gz(t)Jrrl/a(t)z'(t)/ Y (8)ds, 1 >t > to.

t
Letting t — oo, we then have

2(8) > ()t () (=2 (1)), t > ta. (2.43)
It follows that
25(t) > 7 (Or(t)(=2' (1), t=T1 >t (2.44)
If « > 3, then z¢P(
I; > 0 such that z&—#

t) is a decreasing function and thus there exists a constant
(t) < ll and ¢ > T1
Vit

Define a function V(t) by
r(t)(=='(t)"
t) i = ———————, t>1. 24
V( ) 2B (t) ) — +1 ( 5)
Hence, V(t) > 0, t > T7 and we have

L >227P) > 1)V (), a>p. (2.46)

On the other hand, from (2.43) it follows that

B—a+a

Sz (rem-2w) (2.47)

Note that (rl/“(t)(—z’(t)))ﬁfa is an increasing function for 8 > «. Then there
exists a constant I > 0 such that

a—p
b= (Mem-w) =P Ove, 8> (2.48)
Combining ([2.46)) and -, we have
0 <7tV (t) <, (2.49)

where 7 = max{«, 8} and | = max{l,ls}.
We further observe that (2.43) gives (j%)’ > 0 for t > ty. Then % is an
increasing function and thus

£(t) = 2(0) — p)x(r(1) = 2(0) — p02(r(1) > (1 - p) T o0
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Note that z/(t) < 0. Hence we find

(r(£)\
o) = (1 —-p(a(t))ﬁ(a(t))) (1), (2.50)
Combining and 7 we obtain
(r(®) (=2 (1)) = Q)27 (t) > 0, > Ty > ta, (2.51)

where

Q) = a(0)(1 - plo0) LT

Differentiating on both sides of (2.45]), using (2.51]), we obtain

Vi = quy+ OCEOI s (253)
)=

(2.52)

o is an increasing function, there

]
[z’(t)]ﬂ;a > Myt > Ty. From(2.53)),

For this inequality, if o > (3, because [2/(¢
exist constants My > 0, Ty > T4, such that

we obtain
B B-a at1 OMy _ at1
") > Q)+ ———=[2(t)] = Vo (t) > Q¢ a
V() 2 QU+ B laA0] 5V () 2 QU+
Note that if o = 3, then M; = 1.
Now if a < £, [Tl/a(t)(—z’(t))]ﬁ%a is an increasing function and there exist

constants Ms > 0 and T > Tb, such that [rl/o‘(t)(—z’(t))]ﬁ%a > My, t > T. By
(2.53)), we have

(), t>Ty. (2.54)

V(0> Q)+ s O 0] TV 0
(2.55)
M +1
> Q)+ gV T O 12T
Combining and (2.55)), we obtain
M n+1
V@zQw+MM@V7ﬂLt2T, (2.56)
where n = max{a, 8}, and M = ;;Z - z#g

Multiplying both sides of (2.56]) by 7"(¢) and integrating from T to t, yields

t t
/ 7(s)Q(s)ds S/ o1 Y(s)r Y (s)[nV (s) — Mn(s)V
T T
+ 7"V (t) — (T)V(T).
Let y =V (s), D =n and C = Mn(s). Again by the inequality , we have

n+1

7 (s)]ds

(2.57)

/w"(s)Q(s)dsg/ — B s+ OV () — A(T)V(T). (2.58)

T T m(s)rt/o(s)

Combining (2.58)), (2.52)), and (2.49)), we have

TR e 1)) R
J O e e e L L
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where p = (;255)"*1(7)", which contradicts condition (2.29). The proof is com-

plete. O

Setting o« = [ in ([L.1)), by Theoremwe immediately have the following result.

Corollary 2.6. Suppose that « = 3 and (1.12)) holds. If there exists a function p
in the space C1([to, o0), (0,00)) such that for all sufficiently large T, T > to, it holds
that

t ! (s))eHr(o(s
s [ o))~ plo(e) T e o, 260)
sy [ (91 - o) T S as— oo, (20)

where p(t) < WZTT((tt))), e = (357)*"" and o (t) = max{0,p'(t)}, then (LI)) is oscil-
latory.

Corollary [2.6] holds for any « > 0 while Theorem holds for e« > 1, which is
a quotient of odd positive integers. On the other hand, condition is more
general than condition of Theorem We shall illustrate this in Example
[3:3] given in next section.

Note that in , ifa« =1and g8 > 1, then is super-linear and Theorem
has the following corollary.

Corollary 2.7. Suppose (L.8)) holds. If there exists a function p in the space
C1([tg,0), (0,00)), and the constants K > 0 and M > 0, such that for all suffi-
ciently large T > tq, it holds

t ! (8))2r(o(s
s [ o)1 - plol)’ - LEDTE as e (26
imsup [ 7 (6)a(e) (1~ pla(s) "o - I s — oo (269

m(t) = [ %ds, then (1.7) is oscillatory.

Note that in equation (1.1)), if « =1 and 0 < 8 < 1, then (L.1)) is sub-linear and
Theorem [2.5] has the following corollary.

Corollary 2.8. Suppose (L.8)) holds. If there exists a function p in the space
C*([to, ), (0,00)), and the constants K > 0 and M > 0, such that for all suffi-
ciently large T > ty, we have

t ' ()8t (s
imsup [ [pls)a(s)(1 = p(o(:))" ~ 7 S@L&)K,,(s)(ﬁ@»ﬂ

lim sup / [w(s)q(s)u —p(g(s))”(T(”(s)))))B S }ds =00,  (2.65)

t—oo JT m(o(s)

where ps = 1/(4M), then (1.7) is oscillatory.

: }ds — o0, (2.64)
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3. EXAMPLES
In this section, we provide some examples to illustrate our results.

Example 3.1. Consider the neutral delay differential equation

(12012 (1)) + e ()a(ut) () = 0, (3.1)
where z(t) =z(t) + (1 —e Ha(t—1),a >0, >0, and 0 < pu < 1.

Comparing (3.1)) with (T.1)), we see that 7(t) = 1, q(t) = e, o(t) = ut, and
p(t) =1 —e*, then ¢(t)[1 — p(c(t))]° = 1. Clearly one can see that conditions of
Theorem are satisfied. Hence, (3.1 is oscillatory.

Example 3.2. Consider the neutral differential equation
(= EF OO (1) + e talt — DIl —2) = 0, (3.2)
where z(t) = z(t) + 3z(t —7), 7> 0, > 0, 3> 0, and ¢ = min{a, 5}.
Comparing the with , we see that r(t) = e~ 5+ q(t) = et then

Q0 = [ a1t~ plo(s))Pds = ()%

_ §KJ'(1)

_ ERot) g Gabew,
ey ~ R

A(t)

t, a>f

e have that fo > 3,
oft), a<p, "ol hattora=p

In view of 0(¢t) = {

. 1 > e1
lim nf 5 /t Q)] A(s)ds

- < lig
:hglor.}fQﬂet/t [(5)’86 ]

B .
zliminf§K27?et/ e"2ds = 0.
¢

t—oo

£+1
3

EKe3HE% s

If o < B we have

o 1 > e+l
hﬂi’lfm/t [Q(s)] & A(s)ds

* 1 (5
zlitmianBet/ [(5)56*5] € 5K€(%+%)(s—2)d8
1

= litminféKQ_ge_(?)et/ e"3ds = oco.
—00 t

Clearly one can see that all conditions of Theorem are satisfied, therefore, (3.2))
is oscillatory.

Example 3.3. Consider the half-linear delay differential equation of neutral type

(# () + %x(%))’]g)/ + Ktzx?’(%) — 0> 1. (3.3)
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We claim that this equation satisfies the conditions of Corollary 2.6] First, in
(3-3), « = 8 =3,K > 0. If we choose p(t) = 1 then p/(t) = 0, and we have

P01 — plo(s)* = ot

then condition (2.60) is satisfied.
By (L.12), we have m(t) = 1, and condition (1.12)) holds. Notice that 7(t) =

w(r(o(t))) a w(7T(o o
Lo(t) = £, and thus % = 3; then 7(¢)q(t)(1 —p(a(t))%) =&,
4 € 81

_ (3 _
where & = (3)*, T(Or/a ) . 256t
If we set K > %, condition (2.61)) is satisfied. By Corollary equation ([3.3)
is oscillatory for K > 81/32.
Now if we use Theorem to work through this example, we need to satisfy

condition ([1.14]). However, (L.11)) requires the function () > 0, but where

m(T(o(t K , l-«a
o0 ~plo) T = Lt

then (t) = 6(t)t*(%& — 2). Hence, 9(t) > 0 holds for K > 16. However Corollary
only requires K > %. Consequently, Corollary improves Theorem

= —2¢%,

Example 3.4. Consider the neutral-type equation

(1111 0) + Pla()1* al5) = 0,02 1, (34)
where z(t) = z(t) + z(L), a0 = 4,8 = 2.

We now use Theorem to show that this equation is oscillatory. Notice that

w(t) = % in (3.4)), then 1.12: holds. If we choose p(t) = 1, then ([2.28)) is satisfied.
To verify condition ([2.29)), we have

lim sup /t [w"(s)q(s) (1 —p(U(S))ﬂT(U(S))))ﬁ - w(s)rﬁt/a(s)}ds

t—oo JT m(a(s))
t 4\5( 4 \4
:h?iilip/T [8—1455(%)2— @}ds:o&

Then (2.29) holds. Hence, by Theorem equation (3.4)) is oscillatory.
Note that Theorem cannot be applied to the oscillation of (3.4)).

Example 3.5. Consider the super-linear Emden-Fowler equation

(#(x) + éx(i))')' + t\x(éﬂﬁ sgnx(é) —0, t>1. (3.5)

In this example, « =1, 3 =2 > 1, and 7(t) = %; as a result, (1.12) holds. By
Letting p(t) = 1, condition (2.62)) is satisfied. On the other hand,

lim sup /t [ﬂn(s)q(s) (1 *p(O'(S))ﬂ-(T(U(S)))>ﬁ - H1 }ds

t—oc JT m(o(s)) s)r(s)
= liﬁgp/T [%(%)3/2 - (%)5/2(%)3/25@ = oo.

This shows that (2.63]) holds. Then by Corollary equation ([3.5)) is oscillatory.
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Example 3.6. Consider the sub-linear Emden-Fowler equation
1t N\ t t
(# (=0 +52(9) )+t sena(z) =0, t>1, (3.6)
where 0 < f=1/2 < 1.

In this example, it is easy to find that (1.12)) and (2.64) are satisfied. We also

see that
lim sup /t {W(s)q(s) (1 —p(U(S))W(T(O(S)))>ﬂ - M2 }ds

t—oo JT s)r(s)

t
1 11
=1 [4,U24,4477}d =

liiifpé ) 4M 51T

which shows that (2.65) is satisfied. By Corollary we can say that (3.6) is
oscillatory.

However, Theorem cannot be applied to this example because it requires
pg=>1

Example 3.7. Consider the linear neutral-type equation

t N/
2 —_ =
(t (x(t)-i—px(m))) + qx(t) =0, (3.7)
Wherem>1,0§p<%,q>0, and a =3 =1.

Observe that (1.12) and (2.28]) of Theorem are satisfied. Because m(t) =
%,r(t) =2 = i, by condition (2.29)) we have

lim sup /t [ﬂ(s)q(s) (1 - p(a(s))ﬂ(T(U(s))))ﬁ — ﬂ_(s'u }ds

t—oo JT (o (s))

=1 =(1-— — —|ds.
I?iigp/T [ (1= mp) — ~]ds
Hence, if ¢(1 —mp) > 1/4, then condition (2:29) holds. According to Theorem [2.5]
the neutral-type equation (3.7) is oscillatory. If we set p = 0 in (3.7)), then the
second-order Euler equation (t22/(t))’ + gz(t) = 0 is oscillatory as ¢ > 1/4.

We remark that Theorem [2.5|can be applied to the linear equation (3.7)), the half-
linear equation ([3.3)), the super-linear equation (3.5)), and the sub-linear equation
(3.6). This gives four types of equations with uniform oscillation criterion and
improves the results in the literature such as [T}, 2] [T} [14].
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