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DISPERSION TERM

YU-ZHU WANG, YANSHUO LI, QINHUI HU

Communicated by Hongjie Dong

ABSTRACT. In this article, we investigate the initial-value problem for the
sixth-order Boussinesq equation with fourth order dispersion term. Existence
of a a global solution and asymptotic behavior in Morrey spaces are established
under suitable conditions. The proof is mainly based on the decay properties of
the solutions operator in Morrey spaces and the contraction mapping principle.

1. INTRODUCTION

In this article, we investigate the initial-value problem for the sixth-order Boussi-
nesq equation with fourth-order dispersion term

U — aAug — 26Au; — aA3u + BA%u — Au = Af(u) (1.1)
with initial value
u(z,0) =wuo(x), w(x,0)=AU(z), zeR™ (1.2)

Here u = u(x,t) is the unknown function of x = (x1,...,2,) € R™ and t > 0,
Auy denotes the dispersion term, a,b, a, 3 are positive constants. The nonlinear
term f(u) = O(u?) and A = (—A)'/2. The initial value ug(z) and U, (x) are given
functions.

Zhang et al. [25] investigated the first initial boundary value problem for
with f(u) = u? in a unit circle. The existence and the uniqueness of strong solution
were established and the solution was constructed in the form of series in the small
parameter present in the initial conditions. The long-time asymptotics was also
obtained in the explicit form. The author considered the initial-boundary value
problem for in the unit ball B C R3, similar results were established in [§].
Wang and Wang [18] proved the global existence and asymptotic decay estimates
of solutions to problem , with L' initial data. Their proof is based on the
contraction mapping principle and makes use of the sharp decay estimates for the
linearized problem. When n > 2, global existence and optimal decay estimate of
solutions to 7 with L? data were established by Wang and Zhang [19]. By
constructing a class of special initial value, Wang [I6] proved that global existence
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and faster decay estimate of solutions to (L.I), (1.2). [12] proved that the Cauchy
problem for is globally well-posed. Under certain conditions, they also proved
that the global solution decays exponentially to zero in the infinite time limit.
Very recently, the well-posedness of global solutions and blow-up of solutions were
obtained by Wang [I7]. Moreover, the asymptotic behavior of the solution was
established by the multiplier method.

If the fourth-order dispersion term Auwuy; is neglected, is reduced to the sixth-
order Boussinesq equation with damped term. Guo and Fang [6] established global
existence and pointwise estimates of classical solutions by virtue of the Fourier
analysis and Greens function. If the damped term Aw; is also neglected, then it is
reduced to the classical sixth-order Boussinesq equation that models the nonlinear
lattice dynamics in elastic crystals [I0]. The study of the classical sixth-order
Boussinesq equation has a long history and lots of interesting results have been
established, we may refer to [Il, 2, B [, T3] 14] for local well-posedness, global
well-posedness, stability of solitary waves and blow-up and so on. For other type
of higher order hyperbolic equation, we may refer to [15], 20 211 22| 23, 24] and
references therein.

It is well known that the Morrey space M, , generalizes the Lebesgue space LY.
For , there are few results about global existence and asymptotic behavior in
Morrey space M, ;. Our main purpose is to investigate global existence and decay
estimates of solutions to problem 7 in Morrey spaces. More precisely, we
prove that problem (1)), has a unique global solution in Morrey spaces under
suitable conditions. Moreover, decay estimates of this solution are also established.
We state our main results as follows:

Theorem 1.1. Let 1 <p < ¢ < n <mqi, 1 < g2 and m is a positive integer.
Assume that for 0 < k < m, VFuy, VE-D+U, € My, ¢ N My, 4, Put

m

g0 =3 [I9 0ty 1ty + IVED4Url sty 0,1
k=0

Then there exists €9 > 0, such that if &y < €, problem (1.1)), (L.2) has a unique
global solution u such that

VFu € C([0,00); Mpg, N Mypg,), V'O € C([0,00); My g, N My g,).
Moreover, we have the following decay estimates:
IV u()]m,.,, < CE(1+1)7", (
IV u(®)la, 0, < CEO(1+0) 5 F 52, (
IV ru(®)lag,.,, < CE(L+D)TF, (
V' 0cu®)laa, 0y < CEL+8) 7 ~HG0), (
where 0 <1 <m—2 in and .

Remark 1.2. If p = ¢; = ¢» = 2, then M,, o, = M, 4, = L?, therefore Theorem
reduces to [19, Theorem 1]. If p = ¢; = 1, then Theorem [1.1| gives the existence
and decay estimate of global solutions to problem , in L' space. In a
word, the results obtained in this paper generalize the results in [I8] and [19].

There are two goals in this paper. Firstly, study the wave equation with damped
term in Morrey spaces. To the best of our knowledge, there are only a few results
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in this setting, since the classical energy method used in Sobolev space can not be
applied in Morrey spaces. Secondly, we hope that the method used here provide an
idea for studying hyperbolic equations with damping terms and related models in
Morrey spaces.

The plan of the paper is as follows. Firstly, we recall the definition of Mor-
rey spaces and state some useful lemmas in Section 2. Section 3 is devoted to
establish the decay estimate of the solutions operator in Morrey spaces. Finally,
global existence and decay estimates are proved by Banach fixed point theorem in
Section 4.

Notation: The Fourier transform of a function w is defined by

ae) = Flul(€) == / ().

We denote its inverse transform by F~1.
The Morrey space My, (1 < p < ¢ < 0o(g = 00,p < ¢)) is defined as the set of
functions f € LP(R™) such that

n(l_1 1/p
1flla,., = sup supr™Ce )(/ F(y)ldy)
Z€R™ >0 B(z,r) (1.7)

= sup sup T || f ]l Lo(Bery) < 00
z€R™ r>0

Here B(z,r) denotes the open ball in R™ with radius r centered at z.

2. SOME LEMMAS

In this section, we state some useful results, such as interpolation inequalities in
Morrey spaces, which may be found in [5, [7), @] [TT].

Lemma 2.1. Let 1 <p<qg< oo (¢q=00,p<q). Then
(1) My, q is a Banach space,
(2) My = L7,
(3) Myoo = L.

Lemma 2.2. Let 1 <p<qg<oo, A>0 and let
x
Ia(x) = ﬁ(x) (2.1)
Then

1930 = A Dl (2.2)

Proof. Owing to the definition of Morrey spaces and direct computation, we obtain
(2.2)). Here we omit the details. ([l

Remark 2.3. Let X be a homogeneous Banach space. The smoothness degree of
X is defined as
deg(X) :=logy—1 A(N), YA >0,

where

190l
AV=Tep A0

and 9 is a nonzero function in X. Then deg(M, ,) = —n/q.

From the definition of Morrey spaces we have the following interpolation result.
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-9 . 8
Lemma 2.4. Let % = 1q1 + 4 ond 0 <0 <1 Iff e MygNMypg,, then
feMp, and

1 llay < CUFIRES, 11, (2.3)

Lemma 2.5. Let 1 <p<g<ooandn <mq. If f € Mpq and V"f € M, ,,
then f € Mp o and

£y e < ClUFIRE IV N0, (2.4)
with 0 = n/(mgq).

Proof. By Lemma the interpolation result (2.4) may be established. For the
details, we may refer to [5]. Here we omit the details. O

Let 3 € [0,n). Assume that w(§) is smooth on R™ and homogeneous of degree
—fGin & We call w(é) € Z;’G(R”) if w(¢) satisfies

D@ (€)] < Calé] 777,
Lemma 2.6 ([I1]). If w(&) € Z?(R”), and 1 < p < g < oo, then
T=w(D): Mpq— Mg
is a bounded operator.
3. DECAY PROPERTIES OF THE SOLUTION OPERATOR

We investigate the linearized equation of ([1.1)),

ug — aluy — 2bAuy — aA3u + BA%u — Au = 0. (3.1)

Taking the Fourier transform of , yields
(1 + al€]*)ae + 26T + (I€° + BlEI* + alé]®)a =0, (3.2)
(g, 0) =€), Wl&0) = [€|T1()- (3:3)

The characteristic equation is
(1 +ale[*)A? + 202X + (1€ + BIE[* + al¢®) = 0.

Let A = A4 (&) be the corresponding eigenvalues. Solving the characteristic equa-
tion, we arrive at

_ —bEP V=1 = (a4 B - P)IEP - (@ + aB)[¢]* — af¢]®

A+(§) T ale]? (3.4)
Then the solution to problem (3.2), is
(e, t) = G, O)IEITL(E) + G(E, 1Yo (€), (3.5)
where 1
A _ A (O _ A ()
Gt =5 gag () .

G(&,t) = m()\Jr(f)eL(g)t _ Ai(g)eh(g)t)

Let G(z,t) = FYG(-,1))(z) and G(z,t) = F[G(-,t)](z), where F~! denotes the
inverse Fourier transform. Then, we apply F~! to (3.5) and obtain the solution

formula to problem , :
u(t) = G(t) * AUy + G(¢) * ug. (3.7)
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Owing to Duhamel principle, we obtain the solution formula to problem ([1.1]), (1.2):

u(t) = G(t) x AUy + G(t) * ug +/0 Gt —7)* (I —al) 'Af(u)(r)dr. (3.8)

To establish decay properties of solutions operator in Morrey spaces, we shall
make analysis for G and G by the Fourier splitting frequency technique. To this

end, let
)L k<
X&) = {O, |€] > 2r.

be smooth cut-off functions, where 0 < r < 1 is constant. Define

Gi(e,t) = x(O)G(E, 1), Gul&.t) = (1 - x(€)G(E.1),
GI(&t) = x(OT(E 1), Gn(€) = (1= x(€)G(5,1)
Then
Gi(z,t) = x(D)G(x,t), Gn(z,t) = (1 - x(D))G(x,1),
Gi(x,t) = X(D)G(x,t), Gulz,t) = (1 - x(D))G(x,1),
G(z,t) = Gi(z,t) + Gp(x,t), G(z,t) = Gi(x,t) + Gp(z, 1),
)

where the operator x(D) is defined by
X(D) = F x(&)].

The following energy estimate in the Fourier space has been obtained in [I8] [16],
which may be derived by the energy method in the Fourier space.

Lemma 3.1. The solution of problem , satisfies

€12 (1 + le) (e, O + [ (&, )

< Cem O (1 + [€P)o(©) [ + [€P101©)F),
for £ € R™ and t > 0, where w(&) = P

The above lemma and the solution formula (3.5)) imply that the decay estimates
of solution operators G(t) and G(t) hold.

Lemma 3.2. Let G and G be the fundamental solutions of (3.1) in the Fourier
space, which are given explicitly in (3.6). Then we have

P+ EPNGE D +1Gul& 1)) < Cem @, (3.10)
P+ EPIGE D) +1Ge(& D) < CIEP (L + [€[2)e (@) (3.11)

for £ € R™ and t > 0, where w(§) = 1€

Lemma implies that

€E1Gi(E, 1) ~ e G(e,t) ~ eelel, (3.12)
EGn(E,t) ~ e, Gu(E,t) ~ e (3.13)
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Lemma 3.3. Let 1 < p < q1 < ¢ < o0, and let k be nonnegative integer. The
following decay properties hold for solution operator:

,E,E(L,

IVFG(t) % A@llm,,, <CA+8) 2 2@ 3 ||g||ug,

(3.14)
+ Ce NV g a0
_k_mnc1 1
IV¥G(0) % lat, 0y < CO+D7F 03 ]y, (3.15)
+ Ce™ | VE | ug, s
_k+l_ nmo1 1
HvkﬁtG(t) * Ad)HMp,qg < C(l th) 7 2 lgy qz)||¢||/\/lp,q1 (3 16)
+ Ce |V Gl a0
k+1 n 1 1
vko,G(t <o+t = G
IV*0G(t) * ¥ m,.,, < CO+1) 1750, (3.17)

+ Ce—ct Hvk+2+lw||Mp,q2 )

Proof. The proofs of (3.14)—(3.17)) is similar, we only prove (3.14). Obviously, it
holds that

IV*G(t) * A ad,, (3.18)
< IV*Gi(t) * Apllwm,,, + IVFGR (D) * Adlm,,, = A1 + Fa. '
By using (3.12)), we have

IVEFLGy ()] < C(1 + )" eon
which implies

IVEGi(t) * Ad| Lo (B(=.R)
<144 " / Xz,r(@)]e™ T x 9P (a)da

_k
<C(1+1) 2p||¢||12p(3(z,3))-
Then the above inequality and the definition of M, ,, implies
IV Ga(t) * Adllagy 0, < O+ 2 Bllns, 0, (3.19)
Thanks to (3.12) and Hold inequality, we arrive at

Jz—y|?

VRGL() * Al < C(1 + )5 / e g(y)\dy

R

1
_ntk
<carn [ as 900 ldy
0 B(z,|ctlog s|1/2)

1
_ntk n(1_1
<C(1+t) 2 / [t1og 5|27 |0]l Lo (B e et 1og s[1/2)) 45
0

1
< C(1+t)_%/ [tlog 5|24 ds]|¢|| .,
0

_k_ _n_
SCA+1) 2 2 |fllmy,
which implies

_k_ _n
IV*Go(#) * Al . < C(L+ 8 EFT 6] an,.,,- (3.20)
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Lemma 2.4 (3.19) and (3.20) yield
1-4 a1
71 < IF4G1) * Adl b . 94Ga(t) * AT,

(3.21)
<O+ 7w g,

Set w(€) = 1, (B.15) gives

EPIGRE )] < Ce (),
which together with Lemma [2.6] with w(£) = 1 yields

Iy < Ce™ V¥ m,.,, - (3.22)
Inserting (3.21) and (3.22)) into (3.18]) immediately yields (3.14). The proof is
complete. 0

Noting that the boundness of the operator (I — aA)~! in Morrey spaces, the
following lemma immediately follows from (3.14) and (3.16]).

Lemma 3.4. Let 1 < p < q1 < q2 < 00, and let k be nonnegative integer. The
following decay properties of solution operator hold:

[VFG(t) * (I — ad) ' Afllpm,,

_Btl_m(1_ 1 (3.23)
<C+t) 7 Famw)| flla,,, + Ce VI f g,
and
IVFO,G(t) * (I — al) ' Af|m,.,,
_k+2_ =n (324)

11 —c
<Cc(l+t) = 2 q2)||f||Mp’q1+Ce VAl -

4. PROOF OF MAIN RESULTS

In this section, our main purpose is to prove Theorem [I.I] For this purpose, we
need the following lemma(see [20]).

Lemma 4.1. Assume that f = f(v) is a smooth function satisfying f(v) = O(v1 )
for v — 0, where o > 1 is an integer. Let v € L and ||v||p~ < My for a positive
constant My. Let 1 < p,q,r < 400 and % = % + %, and let k > 0 be an integer.
Then we have

185 f(0)l[Le < Cllollg= o] allOfv]lzr,
Furthermore,

05 (f(v1) = f(v2))|lr < C{(||53111||Lq + |0z vallLa)lvr — vallLr + ([Jr]lzr

|07 (01 = vz)lqu}(Ilvllle +loallz=) 7

where C' = C(Mp) is a constant depending on M.

+ [lva|

)

Proof of Theorem[I.1. To prove existence and decay estimate of global solutions to

problem (1.1)), (L.2]), we define the mapping by (3.8
t
T (u) = G(t) *x AUy + G(t) * ug + / Gt —7)% (I —ald) 'Af(u)(r)dr. (4.1)
0
Based on the decay properties of solutions operator, we define the function space

X = {VFu € C([0,00); Mp gy N Mp ), k=0,1,... ,m(||u|\x < oo},
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where
= k
lullx = sup > {1+ F [VEu(®)l|u, .,
20— (4.2)
)TV () v,
For R > 0, let

Y={uve X:|ul|x <R}

Then Y is a closed set of X. Hence, Y is also a Banach space. To prove existence
and decay estimate of global solutions to problem , , it is suffice to prove
that the mapping .7 has a unique fixed point in the function space Y.

By (4.1)), Minkowski inequaity, (3.14), (3.15) and (3.23)), we have

IV 7 () ()| .

< |IVFG() % AU w0y + IVEG(E) % w0l a, g,

Pp.q1

/HV’c (t = 7) % (T = ) AF(u)(7) | my,, d7

< O+ )20y 0, + luollmy.., )

(VD T a7 0], (1.3

t/2 Rl
e / (14t =) T @) (), dr

t
—|—C (1 +t_T)_1/2||ka(u)(7)HM;mqldT
t/2

+0 [ DT,
Lemma implies
[Vl < CITuli?, [+ uly, |
where 6 = n/(mq1), which together with gives
IV u(r) | g < Cllullx(147) 47 (4.4)
It follows from the definition of Morrey spaces, Lemma and that

1 @) (M) Iy < Clulm)llze alr)lla,, < Clluli (14 7) 70, (4.5)

IV F@) (D)l Mgy < ()2 VP () Ay, < CllullZ(1+7)7 27205 (4.6)

oy
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We insert and into and arrive at
IVET () ()| my,q
< CL+ )20y + l0llay.,
+(IVEDH U g,y + VR0l y,,)

t/2 i1 e
+C||u\|§(/ (I+t—7)""2 (1+7) 20dr
0
t
+C||u\|§(/ (I+t—7) Y214 7) 5 T ar (4.7)
t/2

t
+cwm§/ff““%1+ﬂ-%ﬁam
0

< O+ ) 2(|U|ag,., + luollagg
+IVED U1 My 0y + I1VRu0l 0,0, )
+ Cllull% (1+6)"*20(t) + Cllul|3 (1 + )57 T3,

where
(1—|—t)’1/27 n > 2qi,
oty =¢ (1+ t)*1/2 log(2+t), n=2q,
(1—|—75)%_2‘Z17 n < 2q.

Similarly, we have

IVEZ () (t) | A
< VFGE) * AU | my, ., + IVEG() * o],

/qnvkatgw- (I~ al) " Af(w)(r) L, ,, dr

,E,, 1
<O+ E@ @) (U ., + uollg,.,, )
+ Ce M (|VEV UL |,y + VU0l A, 0, )

+C [ @+t—1)V2VE fu)(T) |, dT
/2

t
+0/eﬂ“ﬂwwwwmegr
0
_E_E(L_L) 2 _E_E(L_L)
<O+ 53 gy 4 Ollul3 (1 + 1)~ EEEB) o)
+ Cllulle(1+6)7 33w

where we have used

IV f (@) (Tl gy < Cllullzo [VEu(T) A4,



10 Y.-Z. WANG, Y. LI, Q. HU EJDE-2018/161

which may be derived from Lemma and (4.2)), (4.4).
Combining (4.7)) and (4.8]) yields

1.7 (u)llx < C& + Cllull%
Thus, we arrive at
|7 (W)llx < C& < R, (4.9)

provided that taking R = 2C&y and & suitably small.
The definition of Morrey spaces, Lemma Lemma and (4.2) yield

IV (f(@) = f(@)(7)llm, .,

< C{llu — @l (IV*a(7) | pmy, 0, + V58T M0, )
+ (Nl o + Nl o) V™ (@ — @) () [ my,.0, }

<C(L+7)" % %0 R||a— | x.

(4.10)

Using (4.1)), Minkowski inequality and (4.10]), we obtain

IVF(F (@) — T (@))(1)]| y.0,

< / IVFG(t — 1) % (I — ald) A (@) — F(@)(7) | aa, , dr
t/2

k41
=

<c / U+t — 7)) (@) - F@) () m,,,, dr

+C t/2(1 +t=7)"2IVH(f(@) — F@) ()|, A7

+C [ I — @), 7 (4.11)

¢/2 .
§CR||ﬂfﬁ||X/ (1+t77)7%(1+7)_md7
0
t k n
+CR||a—a||X/ (I+t—7) Y214 r) 5 Tar
t/2
t k n
+CR||ﬂ—a||X/ e=t=7(1 4 1)~ E - dr
0

< ORlfu— il x (1 +1) ™ 0(t) + CR|juy —ual|x(1+)" 5t
< CRlju— il x (1 + 1)~
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Similarly,

||Vk(<7(ﬁ) - <7.(ﬂ’))(t)”-/\/lpng
< / IVFG(t —7) % (I — al) " A(F(@) — F(@)(7)|m,.,, d7
t/2 k+1l _n 1
< c/ (L+t—7)" 2 2GEw)||(f(@) - £(@)(7) |y, d7
0
+o (1+t )TV IVE(F (@) = F@)(7) |y, 0, d7
L C / )| TR(f (@) — F(@))(7) |, ., dr (4.12)

t/2 ., "
§0R||a—a||x/ (I+t—7) B3 B (1 4 )y
0

t
+ CRa — i x / (L4t —7) V214 ) 5o gr
2

_k_n

where we have used

IV (F@) = F@) ()Lt
< oflla— il (IV*a()Laty g, + 19520 L 1,.0,)
(e + 1l o) 195 (8~ () a0}

<C(+ 7)7777+2q2 R||u — @ x-
Combining (4.11)) and ( - 4.12)) yields
|7 (@) — 7 (a)|x < CR|lu—1ux
Thus, we arrive at
_ - 1,
17 (@) = 7 (@]x < 5lla—allx. (4.13)

Inequalities (4.9) and (4.13) imply that 7 is a strictly contracting mapping.
The contraction mapping principle implies that the mapping .7 has a unique fixed
point u € Y, Which is a global solution to problem (1.1), (1.2]). Moreover, u verifies

decay estimates ) and .
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In what follows, we prove the decay estimates (1.5 and . Owing to 1 1),
Minkowski inequality, (3.16)), (3.17), (3.24])), (4.5)), 4 ) and | , we arrive at

IV Beu(t) | a0,
< IV'0.G(t) % AU || way. .y, + [IV'0G(E) * 0|y,

t
-ﬂ/nW@G@—rwwl—mn*Awaﬂm%mdf
0
< CA+ )= (|Uillagy.,, + luollagy.,, )

+Ce(|IV* Ui,y + IV 0]l a0, )

p,q1

t/2 1o
n C/o A+t =7)" = (| f(w)(7)llm,,,, d7

+C/ (14t =) 2V () ()|, g, dT (4.14)

+c/ =) |V f ) ()|, ,. i
1+1 t/2 1+2 n
<C&(L+t)™ 7 + Cé‘g/ (I+t—7)" > (1+7) 2adr
0

t
+ Ceg/ (L+t—7)" Y21+ 1) F idr
t/2

l

t n
+ 053/ e (14 7)7 2 2adr
0

I+1

<C&+1) 7.
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Similarly,
IV' Ou(t) | a0
< |V'o,G(t) * AU m,,,,, + [V'0,G(t) * uol| M, ,,

/ ||V at t - T) (I - aA)ilAf(u)(T)”Mpwzz dr

_4+1_n L,
<O+t 7 3@ @) (Ui am,.,, + luollug,.,,)
+Ce (VT UMy, + IV 200l My, ,)

t/2 2 m1 1y
+c/ (It =) 2 FG )| f(u)(7) ., d7
0
t
+C | 4 t= DT )0 7
(4.15)

+c/ |V f () (7) |, ., AT

< C& 1+t)7%75(575)
t/2 1 n
+C€§/ (I+t—7)"2 "2 H_E)(1+T)_md7
0

t
+c%/“u+t_ﬂ4ﬂa+ﬂ—%~aivaﬁﬁw
t/2

<Cg(1+1) T FEE),

Inequalities (4.14) and (4.15) imply that (1.5 and (1.6]) hold. Moreover, (4.14) and
(4.15)) also imply that V'0,u € C([0, 00); My, q,NMy q,). The proof is complete. [

Acknowledgements. This research was supported by the NNSF of China (Grant
No. 11101144), by the Program for Science & Technology Innovation Talents in
Universities of Henan Province (Grant No. 14HASTITO041), and by the Plan For
Scientific Innovation Talent of Henan Province(Grant No. 154100510012).

REFERENCES

[1] A. Dé Godefroy; FEwistence, decay and blow-up for solutions to the sizth-order generalized
Boussinesq equation, Discrete Contin. Dyn. Syst., 35 (2015), 117-137.

[2] A. Esfahani, L. Farah, H. Wang; Global existence and blow-up for the generalized sizth-order
Boussinesq equation , Nonlinear Anal., 75 (2012), 4325-4338.

[3] A. Esfahani, L.G. Farah; Local well-posedness for the sizth-order Boussinesq equation, J.
Math. Anal. Appl., 385 (2012), 230—242.

[4] A. Esfahani, S. Levandosky; Stability of solitary waves for the generalized higher-order
Boussinesq equation, J. Dynam. Diff. Eqgs., 24 (2012), 391-425.

[5] Y. Giga, T. Miyakawa; Navier-Stokes flow in R3 with measures as initial vorticity and Morrey
spaces, Commun. Partial Differential Equations, 14 (1989), 577-618.

[6] C. H. Guo, S. M. Fang; Global existence and pointwise estimates of solutions for the gener-
alized sizth-order Boussinesq equation, Commun. Math. Sci., 15 (2017), 1457-1487.

[7] H. Kozono, M. Yamazaki; Semilinear heat equations and the Navier-Stokes equation with
distributions in new function spaces as initial data, Commun.Partial Differential Equations,

9 (1994), 959-1014.



14 Y.-Z. WANG, Y. LI, Q. HU EJDE-2018/161

[8] S. Lai S, Y. Wang, Y. Wu, Q. Lin; An initial-boundary value problem for a generalized
Boussinesq water system in a ball, Int J Appl. Math. Sci., 3 (2006), 117-33.

[9] T. Miyakawa; On Morrey spaces of measures: basic properties and potential estimates, Hi-
roshiama Math. J., 20 (1990), 213-222.

[10] G. Maugin; Nonlinear Waves in FElastic Crystals, Oxford Mathematical Monographs Series,
Oxford University Press, Oxford, 2000.

[11] M. E. Taylor; Analysis on Morrey spaces and applications to Navier-Stokes and other evo-
lution equations, Commun. Partial Differential Equations, 17 (1992), 1407-1456.

[12] N. Polat, E. Plskln; Ezistence and asymptotic behavior of solution of Cauchy problem for
the damped sixth-order Boussinesq equation, Acta Mathematicae Applicatae Sinica, English
Series 31 (2015), 735-746.

[13] H. Wang, A. Esfahani; Well-posedness for the Cauchy problem associated to a periodic
Boussinesq equation, Nonlinear Anal., 89 (2013), 267-275.

[14] H. Wang, A. Esfahani; Global rough solutions to the sizth-order Boussinesq equation, Non-
linear Anal., 102 (2014), 97-104.

[15] S. Wang, X. Su; Global existence and asymptotic behavior of solution for the sizth order
Boussinesq equation with the damped term, Nonlinear Analysis, 120 (2015), 171-185.

[16] Y. X. Wang; Existence and asymptotic behaviour of solutions to the gemeralized damped
Boussinesq equation, Electronic Journal of Differential Equations, 2012 No. 96 (2012), 1-11.

[17] Y. Wang; Cauchy problem for the sizth-order damped multidiemnsional Boussinesq equation,
Electronic Journal of Differential Equations, 2016 no. 64 (2016) 1-16.

[18] Y. Z. Wang, K. Y. Wang; Decay estimate of solutions to the sizth order damped Boussinesq
equation, Appl. Math. Comput., 239 (2014), 171-179.

[19] Y.-Z. Wang, Q. N. Zhang; Asymptotic behavior of global solutions to the Boussinesq equation
in multidimensions, Abstr. Appl. Anal., 2013, Art. ID 154102, 5 pp.

[20] Y.-Z. Wang, S. Chen; Asymptotic profile of solutions to the double dispersion equation,
Nonlinear Anal., 134 (2016), 236-254.

[21] Y.-Z. Wang, H. Zhao; Pointwise estimates of global small solutions to the generalized double
dispersion equation, J. Math. Anal. Appl., 448 (2017), 672-690.

[22] Y. Wang, Y. X. Wang; Asymptotic behavior of solutions to a class of nonlinear wave equations
of sixth order with damping, Math. Methods Appl. Sci., 40 (2017), 1922-1936.

[23] R. Xu, Y. Yang, B. Liu, J. Shen, S. Huang; Global ezistence and blowup of solutions for
the multidimensional sixzth-order “good” Boussinesq equation, Z. Angew. Math. Phys., 66
(2015), 955-976.

[24] S. Xia, J. Yuan; Ezistence and scattering of small solutions to a Boussinesq type equation of
stzth order, Nonlinear Anal., 73 (2010), 1015-1027.

[25] Y. Zhang, Q. Lin, S. Lai; Long time asymptotic for the damped Boussinesq equation in a
circle, J. Partial Diff. Egs., 18 (2005), 97-113.

[26] S. M. Zheng; Nonlinear Evolution Equations, Monographs and Surveys in Pure and Applied
Mathematics, 133, Chapan Hall/CRC, 2004.

Yu-Zau WANG
SCHOOL OF MATHEMATICS AND STATISTICS, NORTH CHINA UNIVERSITY OF WATER RESOURCES AND
ELECTRIC POWER, ZHENGZHOU 450011, CHINA

E-mail address: yuzhul080163. com

YANSHUO L1
SCHOOL OF MATHEMATICS AND STATISTICS, NORTH CHINA UNIVERSITY OF WATER RESOURCES AND
ELECTRIC POWER, ZHENGZHOU 450011, CHINA

E-mail address: 1liyanshuomath@163.com

QINHUI HU
SCHOOL OF MATHEMATICS AND STATISTICS, NORTH CHINA UNIVERSITY OF WATER RESOURCES AND
ELECTRIC POWER, ZHENGZHOU 450011, CHINA

E-mail address: 869127438@qq.com



	1. Introduction
	2. Some lemmas
	3. Decay properties of the solution operator
	4. Proof of main results
	Acknowledgements

	References

