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ANALYTIC SOLUTIONS AND COMPLETE MARKETS FOR THE
HESTON MODEL WITH STOCHASTIC VOLATILITY
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ABSTRACT. We study the Heston model for pricing European options on stocks
with stochastic volatility. This is a Black-Scholes-type equation whose spatial
domain for the logarithmic stock price € R and the variance v € (0, c0) is the
half-plane H = R x (0, 00). The volatility is then given by \/v. The diffusion
equation for the price of the European call option p = p(z, v, t) at time t < T is
parabolic and degenerates at the boundary OH = R x {0} as v — 0+. The goal
is to hedge with this option against volatility fluctuations, i.e., the function
v — p(z,v,t): (0,00) — R and its (local) inverse are of particular interest.
We prove that %(x,v,t) # 0 holds almost everywhere in H X (—o0,T) by
establishing the analyticity of p in both, space (z,v) and time ¢ variables.
To this end, we are able to show that the Black-Scholes-type operator, which
appears in the diffusion equation, generates a holomorphic C%-semigroup in a
suitable weighted L2-space over H. We show that the C°-semigroup solution
can be extended to a holomorphic function in a complex domain in C2 x C,
by establishing some new a priori weighted L2-estimates over certain complex
“shifts” of H for the unique holomorphic extension. These estimates depend
only on the weighted L2-norm of the terminal data over H (at t = T').

1. INTRODUCTION

For several decades, simple market models have been very important and useful
products of numerous mathematical studies of financial markets. Several of them
have become very popular and are extensively used by the financial industry (Black
and Scholes [6], Heston [27], and Fouque, Papanicolaou and Sircar [19] to mention
only a few). These models are usually concerned with asset pricing in a volatile
market under clearly specified rules that are supposed to guarantee “fair pricing”
(e.g., arbitrage-free prices in Bjork [5]).

Assets are typically represented by securities (e.g., bonds, stocks) and their
derivatives (such as options on stocks and similar contracts). An important role of
a derivative is to assess the volatile behavior of a particular asset and replace it by
a suitable portfolio containing both, the asset itself and its derivatives, in such a
way that the entire portfolio is less volatile than the asset itself. A common way
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to achieve this objective is to add a derivative on the volatile asset to the portfolio
containing this asset. This procedure, called hedging, is closely connected with
the problem of market completion (Davis [10]), Romano and Touzi [48]). There
have been a number of successful attempts to obtain a market completion by (call
or put) options on stocks. The pricing of such options involves various kinds of
the Black-Scholes-type equations. These attempts are typically based on proba-
bilistic, analytic, and numerical techniques, some of them including even explicit
formulas, cf. Achdou and Pironneau [Ii Chapt. 2]. The basic principle behind all
Black-Scholes-type models is that the model must be arbitrage-free, that is, any
arbitrage opportunity must be excluded which is possible only if there exists an
equivalent probability measure such that the option price is a stochastic process
that is a martingale under this measure (in which case it is called a martingale
measure, cf. Bjork [0, §3.3, pp. 32-33]). 1t6’s formula then yields an equivalent lin-
ear parabolic equation which will be the object of our investigation, cf. Davis [10].
Throughout our present work we study the Heston model of pricing for Furopean
call options on stocks with stochastic volatility (Heston [27]) by abstract analytic
methods coming from partial differential equations (PDEs, for short) and functional
analysis. Without any option, derivative, or other contingent claim added to the
Heston model, this model represents an incomplete market. In probabilistic terms,
this means that the martingale measure mentioned above is possibly not unique.
We use a PDE to give a rigorous analytic formulation of Heston’s model in the next
section (Section . Our main results are presented in a functional-analytic setting
in Section 4

In our simple market, described by the Heston stochastic volatility model (Heston
model, for short), market completion by a European call option on the stock has
the following meaning: The basic quantities are the maturity time T (called also
the exercise time), 0 < T < oo, at which the stock option matures; the real time
t, —oo < t < T the time to maturity 7 = T —t > 0, 0 < 7 < o0; the spot
price of stock Sy (S; > 0) and the (stochastic) variance of the stock market V;
(V; > 0) at time ¢t < T \/V; is associated with the (stochastic) wvolatility of the
stock market; the strike price (exercise price) K = const > 0 of the stock option
at maturity, a European call or put option; a given (nonnegative) payoff function
h(Sp,Vr) = (Sp — K)T at time t = T (i.e., 7 = 0) for a European call option;
and the (call or put) option price P, = U(Sy, Vi,t) > 0 at time ¢, given the stock
price S; and the variance V;. In the derivation of Heston’s model [27], which is a
system of two stochastic differential equations for the pair (S;, V), It6’s formula
yields a diffusion equation for the unknown option price P, = U(S, V;,t) > 0 at
time t which depends only on the stock price S; and the variance V; at time t.
This allows us to replace the relative logarithmic stock price X; = In(S;/K), a
stochastic process valued in R = (—o0, 00), and the variance V;, another stochastic
process valued in (0,00), respectively, by a pair of (independent) space variables
(x,v) valued in the open half-plane H := R x (0,00) C R2. Consequently, the
option price P, = p(Xy, Vi, t) := U(KeXf , Vi, t) is a stochastic process whose values
at time ¢ (¢ < T') are determined by the values of (X, V;). Its terminal value, Pr
at maturity time ¢t = T, is given by

Pr = p(Xp, Ve, T) = K (X7 = 1) = (S — K)* for (Xr, Vi) € H.
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The well-known arbitrage-free option pricing (Bjork [5, Chapt. 7, pp. 92-108]) then
yields the expectation formula

p(z,v,t) = K - e_T(T_t)]Ep[ (X — 1)+ | Xy =2, V; =1] (1.1)

for (x,v) € H and t € (—o0,T); see, e.g., Fouque, Papanicolaou, and Sircar [19,
§2.4-2.5, pp. 42-48]. In particular, the terminal condition at ¢t = T is fulfilled,

p(x,0,T) =K (e* —1)*  for (x,v) € H. (1.2)

The option price p = p(x,v,t) = p,(z,v), where 7 =T —t > 0, is determined by
an equivalent, risk neutral martingale measure [10, 48], which yields the stochastic
process (P)o<¢<r. This measure is unique if and only if every contingent claim can
be replicated by a self-financed trading strategy using bond, stock, and option; that
is to say, if and only if the option price (P;)o<i<7 completes the market ( Harrison
and Pliska [24] 25]). Applying Itd’s formula to this process, one concludes that,
equivalently to the probabilistic expectation formula for p(z,v,t), this option
price can be calculated directly from a partial differential equation of parabolic
type with the terminal value condition . Thus, given the (relative logarithmic)
stock price z € R at a fixed time t € (—oo, T, the function p, ¢ : v — p(z, v, t) yields
the (unique) option price for every v € (0,400). According to Bajeux-Besnainou
and Rochet [3, p. 12], the characteristic property of a complete market is that
Dzt (0,400) — Ry is injective (i.e., one-to-one), which means that any particular
option value p = p, ¢(v) cannot be attained at two different values of the variance
v € (0,4+00). We take advantage of this property to give an alternative definition of
a complete market using differential calculus rather than probability theory, see our
Definition [5.3]in Section[5] This is a purely mathematical problem that we solve in
this article for the Heston model by analytic methods, with a help from [3, Sect. 5]
and the work by Davis and Obl6j [11]; see Section [5] below, Theorem [5.2] We refer
the reader to the monograph by Delbaen and Schachermayer [12] for an up-to-
date treatment of complete markets with no arbitrage opportunity (particularly in
Chapter 9, pp. 149-205).

There are several other stochastic volatility models, see, e.g., those listed in
[19, Table 2.1, p. 42] and those treated in [19, B1], 42, 49, [54], that are already
known to allow or may allow market completion by a European call or put option.
However, the rigorous proofs of market completeness (and their methods) vary from
model to model; cf. Bjork [5]. Some of them are more probabilistic (Anderson and
Raimondo [2] with “endogenous completeness” of a diffusion driven equilibrium
market, Bajeux-Besnainou and Rochet [3], Hugonnier, Malamud, and Trubowitz
[29], Kramkov and Predoiu [37], and Romano and Touzi [48]), others more analytic
(PDEs), e.g., in Davis [I0], Davis and Obt6j [I1], and Takac [52].

In the derivation of Heston’s model [27], Itd’s formula yields the following diffu-
sion equation (in Heston’s original notation)

(%—&—A)U(s,v,t):() fors >0, v>0, t<T. (1.3)
The variables s and v, respectively, stand for the values of the stochastic processes
(St)t=0 and (Vi)i>0 at a time ¢ > 0 on a (continuous) path w: [0,00) — (0,00)?
(that belongs to the underlying probabilistic space ), i.e., s = Si(w) > 0 and
v = Vi(w) > 0. We call A the Black-Scholes-Ité operator for the Heston model; it
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is defined by

(AU)(s,v,1)
1 ,0U 02U 1,0
=" (58 @(S,’U,t) + pO’Sm(S,’U,t) + 50’ ?(S,U,t)) (1 4)
ou ou ’
+ (T - q)SE(.S?’U,t) + [K(e - ’U) - )‘(87U7t)]%(87v7t)

—rU(s,v,t) fors>0,v>0and t <T,

with the following additional quantities (constants) as given data: the risk free
rate of interest r € R; the dividend yield q € R; the instantaneous drift of the
stock price returns r — ¢ = —¢, € R (when interpreted under the original, “real-
-world” probability measure); the volatility o > 0 of the stochastic volatility /v;
the correlation p € (—1,1) between the Brownian motions for the stock price and
the volatility; the rate of mean reversion x > 0 of the stochastic volatility 1/v; the
long term variance @ > 0 (called also long-run variance or long-run mean level)
of the stochastic variance v; and the price of volatility risk \(s,v,t) > 0, in [27]
chosen to be linear, A(s,v,t) = Av with a constant A\ = const > 0.

We assume a constant risk free rate of interest r and a constant dividend yield
q; hence, r — ¢ = —q, is the instantaneous drift of the stock price returns (under
the original probability measure); All three quantities, r, ¢, and ¢,, may take any
real values; but, typically, one has 0 < r < g < oo whence also ¢, > 0. We refer
the reader to the monograph by Hull [30, Chapt. 26, pp. 599-607] and to Heston’s
original article [27] for further description of all these quantities.

The diffusion equation is supplemented first by the following dynamic
boundary condition as v — 0+,

(%+B)U(s,o,t) =0 fors>0, t<T. (1.5)

The boundary operator B is the trace of the Black-Scholes-It6 operator A as v —
0+; it corresponds to the Black-Scholes operator with zero volatility:

ou ou
(BU)(s,0,t) := (r — q)s—=1(s,0,t) + k0 —(s,0,t) — rU(s,0,t) (1.6)
ds v
for s >0,v=0,and —co <t <T.
The original Heston boundary conditions in [27],

U(0,v,t) =0 for v > 0;

0
lim —(U(s,v,t) —s) =0 forv>0; (1.7

s—o0 0S8

lim (U(s,v,t) —s) =0 fors>0,
v—00

at all times ¢t € (—o0,T'), seem to be “economically” motivated. Mathematically,
one may attempt to motivate them by the asymptotic behavior of the solution
Ugs(s,t) = Ups(s,vo,t) to the Black-Scholes equation, for s > 0 and ¢t < T, where
the variance vg = 03 > 0 is a given constant determined from the constant volatility



EJDE-2018/168 ANALYTIC SOLUTIONS AND COMPLETE MARKETS 5

oo > 0. What we mean are the following boundary conditions,
Ugs(0,v,t) =0 for v > 0;

lim ag(UBs(s,v,t) —s)=0 forv>0; (1.8)

s—oo (08

lim (Ugs(s,v,t) —s) =0 fors >0,

at all times t € (—oo,T). Roughly speaking, the difference U(s,v,t) — Ugs(s,v,t)
becomes asymptotically small near the boundary, and so does its s-partial derivative
as § — 0o. The terminal condition as ¢ — T— for both solutions, U and Ugg, is
the payoff function ﬁ(s,v) =(s— K)T for s >0,

U(s,v,T) = Ugs(s,v,T) = (s — K)*.

The solution Upg(s,t) of the Black-Scholes equation has been calculated explic-
itly in the original article by F. BLACK and M. SCHOLES [6]; see also Fouque,
Papanicolaou, and Sircar [19, §1.3.4, p. 16].

Finally, the diffusion equation is supplemented also by the following termi-
nal condition as t — T—, which is given by the payoff function h(s,v) = (s — K)*,

U(s,v,T) = (s — K)* fors>0, v>0. (1.9)

We would like to point out that, by our mathematical approach, we are able to treat
much more general terminal conditions U(s,v,T) = ug(s,v) for s > 0, v > 0; see
Propositionand Theoremin Sectionbelow, where uy € H — a weighted L2-
type Lebesgue space. Hence, we are not restricted to European call options (1.9)).
The terminal-boundary value problem for with the boundary conditions
and , as it stands, poses a mathematically challenging problem, in particular,
due to the degeneracies in the diffusion part of the operator A: Some or all of the
coefficients of the second partial derivatives tend to zero as s — 0+ and/or v — 0+,
making the diffusion effects disappear on the boundary {(s,0): s > 0}, cf. eq. .
Similar questions concerned with terminal and boundary conditions are addressed
in Ekstrom and Tysk [I3]. However, their work treats only smooth solutions with
only smooth terminal data and, thus, excludes the (very basic) European call and
put options.

This article is organized as follows. We begin with a rigorous mathematical for-
mulation of the Heston model in Section We make use of weighted Lebesgue
and Sobolev spaces originally introduced in Daskalopoulos and Feehan [8] and [9]
Sect. 2, p. 5048] and Feehan and Pop [I7]. An extension of the problem from the
real to a complex domain is formulated in Section [3] Our main results, Proposi-
tion 4.1 and Theorem [1.2] are stated in Section[d] Before giving the proofs of these
two results, in Section [5| we present an application of them to Heston’s model [27]
for Furopean call options in Mathematical Finance. There we also provide an affir-
mative answer (Theorem to the problem of market completeness as described
in Davis and Obléj [I1]. Our contribution to market completeness is also an al-
ternative definition for a market to be complete (Definition which is based on
classical concepts of differential calculus ( Bajeux-Besnainou and Rochet [3, p. 12])
rather than on probability theory. In addition, we discuss the important Feller con-
dition in Remark and also mention another application to a related model in
Remark [5.5] The proofs of our main results from Section [4] are gradually developed
in Sections [f] through [§] and completed in Section [0 Finally, Appendix [I0] contains
some technical asymptotic results for functions from our weighted Sobolev spaces,
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whereas Appendix [11]is concerned with the density of certain analytic functions in
these spaces.

2. FORMULATION OF THE MATHEMATICAL PROBLEM

In this section we introduce Heston’s model [27], Sect. 1, pp. 328-332] and for-
mulate the associated Cauchy problem as an evolutionary equation of (degenerate)
parabolic type.

2.1. Heston’s stochastic volatility model. We consider the Heston model given
under a risk neutral measure via equations (1) — (4) in [27, pp. 328-329]. The
model is defined on a filtered probability space (2, F, (Ft)i>0,P), where P is a risk
neutral probability measure, and the filtration (F;)¢>0 satisfies the usual conditions.
Recalling that S; denotes the stock price and V; the (stochastic) variance of the
stock market at (the real) time ¢ > 0, the unknown pair (S, V;)i>0 satisfies the
following system of stochastic differential equations,

ds,
2t~ gedt + VAW
Sy 1 e (2.1)

AV, = k(0 — V,)dt + o/ V,dZ; ,

where (W;)i>0 and (Z;)i>0 are two Brownian motions with the correlation coeffi-
cient p € (—=1,1), a constant given by d(W, Z); = pdt. This is the original Heston
system in [27].

If Xy =1In(S;/K) denotes the (natural) logarithm of the scaled stock price Si/K
at time ¢ > 0, relative to the strike price K > 0, then the pair (X, V;)i>0 satisfies
the following system of stochastic differential equations,

1
axX; = —(qr + 5‘/;5)(3115 + VAW,
AV, = k(0 — V,)dt + 0/V,dZ, .

Following [IT Sect. 4], let us consider a European call option written in this
market with payoff h(Sr,Vr) = h(Sr) > 0 at maturity 7 > 0, where h(s) =
(s — K)* for all s > 0. As usual, for z € R we abbreviate 27 := max{z,0}
and 2~ := max{—z,0}. Recalling Heston’s notation in and (L.4)), we denote
x = Xi(w) € R. We set h(z,v) = h(z) = K(e* —1)T for all z = In(s/K) € R, so
that h(z) = h(s) = h(Ke®) for z € R. Hence, if the instant values (X;(w), Vi(w)) =
(x,v) € H are known at time ¢t € (0,T), where H = R x (0,00) C R?, the arbitrage-
-free price Pl' of the European call option at this time is given by the following
expectation formula (with respect to the risk neutral probability measure P) which
is justified in [I1] and [52]: P} = p(X;, Vi, t) where

p(z,v,t) = e " T VEp[A(S7) | Fi] = e " T OEp[h(X7) | F]

(2.2)

(2.3)
= e "TOEp[W(X7) | Xp =, Vi = ).
Furthermore, p solves the (terminal value) Cauchy problem
Ip
= —rp= t)eH T);
G —1p=0, (z,0,t) € Hx (0,7); o)

p(xavaT) :h(l’), (lL‘,”U) € H,

with G; being the (time-independent) infinitesimal generator of the time-homo-
geneous Markov process (X, V;); cf. Friedman |21 Chapt. 6] or (Jksendal [46]
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Chapt. 8]. Indeed, first, equation (1.3]) is derived from (2.2) and (2.3) by Itd’s
©.4)

formula, then the diffusion equation is obtained from (|1.3)) using

s = Ke", % =s,
p(z,v,t) =U(s,v,t), g—]x)(w,v,t) = S%%@a“ﬁ%
%(m,v,t) = s%—g(s,v,t) + 52%(570,15)
— %(x7v7t)+82%(5,v7t)'

Hence, the function p: (x,v,t) — p(z,v, T —t) satisfies a linear Cauchy problem of
the following type, with the notation x = (x1,x2) = (z,v) € H,

b 5 < p
5 igl a;;(x,t) 207, - z:: b;(x, t)ﬁTc] —c(x,t)p

(2.5)
= f(x,t) for (x,t) € H x (0,T);

p(x,0) = ug(x) for x € H,

with the function f(x,t) = 0 on the right-hand side (which may become nontrivial in
related Cauchy problems later on), the initial data ug(x) = ug(z,v) = p(z,v,T) =
h(zx) at t = 0, and the coefficients

1
o) =5, 07) < RER.

1
b(x,v,t) = (n(@ — ) ET)\(xQ,Z,T—t)> eR?, c(z,v,t)=—-reR,

where the variable x = (z1,22) € R? has been replaced by (z,v) € H C R2. We
have also replaced the meaning of the temporal variable ¢ as real time (¢t < T)
by the time to maturity t (¢ > 0), so that the real time has become 7 = T — t.
According to Heston [27, (6), p. 329], the unspecified term A(z,v,T — t) in the
vector b(z,v,t) represents the price of volatility risk and is specifically chosen to
be A(z,v,T —t) = Av with a constant A > 0. As we have already pointed out in
the Introduction (Section , we can treat much more general terminal conditions
uo(x) = uo(z,v) = p(x,v,T) = h(z,v) than just those corresponding to a European
call option, p(z,v,T) = h(z) = K(e” — 1)* for (z,v) € H; see Section 4| below.
In particular, we do not need the convexity of the function h(z) = K(e® — 1)T of
x € R used heavily in Romano and Touzi [48].

Next, we eliminate the constants » € R and A > 0, respectively, from by
substituting

p(,v,t) = e " Ip(, 0, t) = e T Ip(z,0, T — 1) for plz,v,t),  (2.6)

which is the discounted option price, and replacing x by k* = Kk 4+ A > 0 and 6
by 6* = H’f/\ > 0. Hence, we may set 7 = A = 0. Finally, we introduce also the
re-scaled variance £ = v/o > 0 for v € (0, 00) and abbreviate 0, := 6/0 € R. These
substitutions will have a simplifying effect on our calculations later. Equation

then yields the following initial value problem for the unknown function u(z,&,t) =
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p*(z,08,1):
%—!—Au:f(a:,f,t) in H x (0,7);
u(z,&,0) = ug(x, &) for (x,&) e H,

2.7)

with the function f(z,£,t) = 0 on the right-hand side and the initial data ug(z,§) =
h(zx) at t = 0, where the (autonomous linear) Heston operator A, derived from (12.5)),
takes the form

1 0%y 9?2 0%y
e (

(Au)(2,€) 1= = 506 - (5.5 (0.6) + 205 5e(0.6) + 5 (46))

0+ 308)  Sh.8) — w0, - ©)- S0 )
= 106 (ks + 2pttae + uge)
+ (g¢r + %Jf) Uy — K0 — &) -ue  for (z,€) € H.

Recall that 6, = 6/0. We prefer to use the following asymmetric “divergence” form

of A,

(Au)(w,€) = —50¢ [ (G0, + 2057 0.6)) + 5 0,6)]
+ (QT‘F%O{) : %(Z‘, )_K(90_§>'%Z($7§) (2'9)

= —%05 N(ua + 2pue)s + uee] + (¢r + %Uﬁ) Uy — K0y — &) - ug
for (z,€) € H.

The boundary operator defined in (|1.6)) transforms the left-hand side of (|1.5)) into
the following (logarithmic) form on the boundary 0H = R x {0} of H:

e T (é + B) U(s,0,7)

or r=T—t
0
= —(a + B)u(x, 0,t) (2.10)
ou ou ou
_a(x707t) - QT%(x7Oat) + H’eaaif(xa Oa t)

forz € Rand 0 <t < oo.
The remaining boundary conditions (1.7]) become

u(—00,&,t) := IEIPOO (u(x,f,t) — Kex*”(T*t)) =0 foré&>0;
lim [efz . 9 (u(az,f,t) — KeI*T(T*t))} =0 foré&>0; (2.11)

r—+00 oz
§lim (u(m,ﬁ,t) - KeI*T(T*t)) =0 forzeR,

at all times ¢t € (0, 00). In the next paragraph we give a definition of A as a densely
defined, closed linear operator in a Hilbert space.
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2.2. Weak formulation in a weighted L2-space. Now we formulate the initial-
boundary value problem for with the boundary conditions and in a
weighted L? space. In the context of the Heston model, similar weighted Lebesgue
and Sobolev spaces were used earlier in Daskalopoulos and Feehan [8] and [9, Sect. 2,
p. 5048] and Feehan and Pop [I7]. To this end, we wish to consider the Heston
operator A, defined in above, as a densely defined, closed linear operator in
the weighted Lebesgue space H = L?(H; ), where the weight to: H — (0, 00) is
defined by

(z, &) = P te™l=l=r8 for (z,¢) € H, (2.12)

and H = L?(H;w) is the complez Hilbert space endowed with the inner product
(u,w)g = (U, W) L2 (Hw) = / uw - ro(x, &) ded  for u,w € H. (2.13)
H

Here, 3,7, 1 € (0,00) are suitable positive constants that will be specified later, in
Section |§| (see also Appendix . However, it is already clear that if we want that
the weight r(z, ) tends to zero as & — 0+, we have to assume [ > 1. Similarly, if
we want that the initial condition ug(z,&) = K(e* — 1)T for (z,€) € H belongs to
H, we must require v > 2.

We prove in Section [6] that the sesquilinear form associated to A,

(u,w) i (AU,’LU)H = (-Auaw)LQ(H;m) )

is bounded on V x V', where V denotes the complex Hilbert space H'(H;w) endowed
with the inner product

(u, w)y = (U, W) g1 () = / (UpWy + uewe) - & - v0(z, &) do d€

H (2.14)

+/ uw - w(x, &) dedé  for u,w € H(H;w).
H

In particular, by Lemmas and in the Appendix (Appendix |10, every
function v € V = H'(H;w) satisfies also the following (natural) zero boundary

conditions,

+oo
¢ / ju(@, ) e de -0 as & — 0+, (2.15)
+oo
S / Juz,&)* e de — 0 as £ — oo, (2.16)
(oo}
el / u(z,&)* - &P dE — 0 as & — oo, (2.17)
0

(We are no longer using the letter v = V;(w) > 0 for variance; it has been replaced by
the re-scaled variance £ = v/o > 0.) The following additional vanishing boundary
conditions are determined by our particular realization of the Heston operator A
with the domain V' = H!(H;w), cf. below:

—+o0
¢’ / ug(w, &) - w(x,&) e lde — 0 as € — 0+
e (2.18)
fﬁe*"g/ ue(z,€) - w(x, &) e Mldr 50 as € — o,
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and
C / (ug + 2pug)w(z,€) - €7e™4dE — 0 as x — oo, (2.19)
0

for every function w € V. The validity of these boundary conditions on the bound-
ary OH = R x {0} of the half-plane H = R x (0,00) C R? (i.e., as £ — 0+) and as
¢ — oo is discussed below, in §2.4] They guarantee that A is a closed, densely de-
fined linear operator in the Hilbert space H which possesses a unique extension to a
bounded linear operator V. — V', denoted by A: V — V' again, with the property
that there is a constant ¢ € R such that A + ¢l is coercive on V. Consequently,
every function v € V' from the domain D(A C H of A, D(A)={veV: Ave H},
must satisfy not only 1- 1-) and (2.17) (thanks to v € V), but also the
boundary conditions an (owing to v € D(A)). A detailed discussion
of all boundary condltlons is prov1ded in §2.4 below. The coercivity of A+ ¢I on
V will be proved in Section [6] §6.2}

The sesquilinear form (u, w) — (Au, w) g is used in the Hilbert space definition of
the linear operator A by the following procedure. For any given u,w € H*(H; )N
W22 (H), we use to calculate the inner product

(Au7 w)H = (Auv w)Lz(H;m)

:%/H[(ul-+2pu§).ww+u§.wg].g.m(%g)dxdg

+;/[(ux+2pu§) & 010 (w, &) +ug W - O (€ o(x, )] da d
H

[e’e} =400
-5 [ 2w gae
+oo £=00

7%/700 Uf'@f'm(l’,f)dxlgzo

— [+ 30800 + 5000 — uel - 0 (2. €) dedg
H

= %/H(UGC'ww+2p“£'w$+“€'w§)'f'm(x,f)dxdg
(2.20)

+ 2 [ [rsion (ua+ 2pue)i €+ (9 neyuc - 0]m(r, €) dud
H

ST Call AR AL REREE

T——+00

— lim (e—v\x\ /Oo(um + 2pug)w - e df)}
0

o Foo
+ 5 Ll_i,r&_ (fﬁ /700 Ug - W - el dx)

B8 13 oo
_ h —H
dim (¢ [

oo

- / (_qrua: + I{QU’U,g) SW - m(l',f) dz df
H

ue - w - e 1] dm)}

+/H (%auz +f€u§)u7-§'m(f€7§) dzdg,
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where we now impose the vanishing boundary conditions (2.18)) and ([2.19)).
Hence, the sesquilinear form ([2.20]) becomes

(.AU, U))H

H
+%/H(1—’Vsignx)u1.u’;.g.m(gc,g)dxdﬁ (2.21)

1
+/ (li—'ypasignx — §,uo)u§~u?-§~m(x7§)dxd§
H

—&—qT/HuI.w.m(x,f)da:df—&-(%ﬁo—,%@g)/ﬂ-ﬂug.u’).m(:mf)dxdé.

All integrals on the right-hand side converge absolutely for any pair u,w € V; see
the proof of our Proposition below. In what follows we use the last formula,
, to define the sesquilinear form in V x V. Of course, in the calculations
above we have assumed the boundary conditions in and .

We use the Gel’fand triple V — H = H' — V'  i.e., we first identify the Hilbert
space H with its dual space H’, by the Riesz representation theorem, then use the
imbedding V' — H, which is dense and continuous, to construct its adjoint mapping
H' — V', a dense and continuous imbedding of H' into the dual space V' of V as
well. The (complex) inner product on H induces a sesquilinear duality between V'
and V'; we keep the notation (-,-) g also for this duality.

2.3. Cauchy problem in the real domain. Let us return to the initial value
problem (2.7)). The letter T stands for an arbitrary (finite) upper bound on time t.
The latter, ¢, can still be regarded as time to maturity.

Definition 2.1. Let 0 < T < oo, f € L*((0,T) — V'), and ug € H. A function
u: H x [0,T] — R is called a weak solution to the initial value problem if it
has the following properties:
(i) the mapping t — u(t) = u(-,-,t): [0,T] — H is a continuous function, i.e.,
uwe C([0,T] — H);
(ii) the initial value u(0) = ug in H;
(iii) the mapping t — wu(t): (0,7") — V is a Bochner square-integrable function,
i.e., u€ L*((0,T) — V); and
(iv) for every function

¢ € L*((0,T) = V)NnW"2((0,T) — V') — C([0,T] — H),
we have

T T
(D). = [ (w0 o) e+ [ (au), oe)m at

T (2.22)
=umwmm+l<ﬂmmmH@

The following remarks are in order: First, our definition of a weak solution is
equivalent with that given in Evans [14] §7.1, p. 352]. We are particularly interested
in the solution with the initial value uo(z, &) = K(e* — 1)T for (z,€) € H, cf. (L.9).
Clearly, we have ug € H if and only if v > 2, 8 > 0, and p > 0. However, if the
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European put option with the initial value ug(z,&) = K(1 —e*)* for (z,£) € H is
considered, any small constant v > 0 will do.

Wh2((0,T) — V') denotes the Sobolev space of all functions ¢ € L%((0,T) —
V') that possess a distributional time-derivative ¢’ € L?((0,7) — V’). The norm
is defined in the usual way; cf. Evans [14, §5.9]. The properties of V = H!(H; tv)
justify the notation V'’ = H~1(H; ).

The continuity of the imbedding

L*((0,T) = V)NW2((0,T) = V') = C([0,T] — H)
is proved, e.g., in Evans [14] §5.9, Theorem 3 on p. 287].

2.4. Heston operator and boundary conditions. We have seen in our defi-
nition of the sesquilinear form in paragraph that the boundary con-
ditions and are necessary for performing integration by parts to ob-
tain the sesquilinear form . They should be valid for every weak solution
u: H x [0,7] — R of the initial value problem at a.e. time ¢t € (0,7"), and for
every test function w € V. A natural way to satisfy these conditions is to estimate
the absolute value of the integrals from above by Cauchy’s inequality and then
impose or verify the following boundary conditions,

+oo
5’6/ |u5(x,§)|2 ce M7l 4z < const < 0o as € — 0+,

. (2.23)
fﬁe*“g/ lug(x,€)|? - e 1% da < const < 0o as € — oo+,
and
el / gz + 2pue|? - €8 dE < const < 0o as & — 00, (2.24)

0
together with (2.15]), , Le.,

—+o0
55/ jw(z, &)>-e Ml dz -0 as € — 0+,
oo (2.25)
“+oo
gPeHe / lw(z, &)? e Ml de — 0 as & — oo,

and (2.17) for w in place of u. In other words, we have

° and imply ; whereas and imply .
Indeed, by Lemma the latter boundary conditions, (2.25)), are satisfied for
every test function w € V. Similarly, holds by Lemma We stress that
only the boundary conditions in and are imposed; they do not follow
fromu e V.

Two of these boundary conditions on the boundary 0H = R x {0} of the half-
plane H = R x (0,00) C R? limit from above the growth of the solution u(x,£) at
an arbitrarily low volatility level /€, i.e., as the variance £ — 0+.

From now on, we use exclusively formula to define the linear operator
A:V — V' that appears in the sesquilinear form obtained directly for the
Heston operator (2.9). This means that we no longer need the boundary conditions
in and (2.24) (or in and (2.19)) imposed on u € V.

We refer the reader to the recent work by Feehan [I5] Appendix B, §B.1, pp.
57-58], for numerous interesting properties of A.
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Remark 2.2 (Coercivity conditions). It is important to remark at this stage of
our investigation of the Heston operator A that, in order to ensure the coercivity
of A+ cI on V, one has to assume the well-known Feller condition ([18, 22]),

1

5&—%9<0 (2.26)
However, Feller’s condition ([2.26)) is not sufficient for obtaining the desired coer-
civity. We need to guarantee also

1
d=§vKS—ﬂMV—vﬂ+wﬂ2Q

cf. (6.15) in the proof of Proposition below. That is, we need to assume
nzo(slel+ VA0 +7) (> ool +1). (2.27)

The above inequality is an additional condition to Feller’s condition, %O’z — kKl <
0, both of them requiring the rate of mean reversion x > 0 of the stochastic volatility
in system to be sufficiently large. This additional condition is caused by the
fact that Feller [I8] considers only an analogous problem in one space dimension (§ €
R.), so that the solution u = u(§) is independent from z € R. In particular, if the
initial condition ug = u(+,-,0) € H for u(x, &, t) permits us to take v > 0 arbitrarily
small, then inequality is easily satisfied, provided Feller’s condition %02 -
kO < 0 is satisfied. This is the case for the European put option with the initial
condition wug(z,€&) = K(1 —e*)t (< K) for (z,£) € H. However, if we wish to
accommodate also initial conditions of type wug(z,£) = K(e®* — 1) for (z,€) € H,
then we are forced to take v > 2 to ensure that ug € H.

We refer the reader to the recent monograph by Meyer [45] for a discussion of

the role of Feller’s condition in the boundary conditions in Heston’s model.

In Section [4] we will see that the initial value problem has a unique weak
solution u: H x [0,7] — R. Recall that, by , we are particularly interested
in the solution with the initial value ug(z,&) = K(e* — 1)t for (z,¢) € H. We
are not able to show that even this particular solution satisfies Heston’s boundary
conditions and . However, the asymptotic boundary conditions in
are taken into account by the choice of function spaces H and V. Heston’s boundary
operator assumes the existence of traces of certain functions of (z,£) as
¢ — 0+ which have to satisfy a partial differential equation derived from .
In conditions and we assume only that some of the functions in the
boundary operator do not blow up too fast as £ — 0+.

3. COMPLEX DOMAIN: PRELIMINARIES AND NOTATION

We complexify the real space-time domain H x (0, 00) as follows: We denote by
£ =R +i(-rr)CcC (3.1)

the complex strip of width 2r, r € (0, 00), which consists of all (complex) numbers
z = x + iy € C whose imaginary part, y = Smz, is bounded by |y| < r, while
the real part, x = Rez, may take any value z € R (see Figure [I). This is the
complexification of the variable x € R. The remaining two independent variables,
&t € (0,00), will be complexified by angular domains with the vertex at zero. We
denote by

Ay :={C=0e" €C:p>0and b c(-9,9)} (3.2)
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the complex angle of angular width 29, ¢ € (0,7/2) (Figure 2). Notice that the
standard logarithm ¢ — 2z = log( is a conformal mapping from the angle Ay onto
the strip (%), Now, given any Ve, V¢ € (0,7/2), we complexify § as ¢ = {+in € Ay,
so that £ =Re( > 0, and t as t = a+i7 € Ay,, whence a = Ret > 0, thus stressing
that we allow for complex time ¢ € Ay, in accordance with the usual notation for
holomorphic C°-semigroups. The half-plane H = R x (0, o) is naturally imbedded
into the complex domain

0 = 20 % Ajretanr € C2, 7 € (0,00). (3.3)

iy €iR

zeR

FIGURE 1. Strip X" =R +i(—r,7)) for r = r(a), a > 0.

in € iR

£ € (0,+00)

FIGURE 2. Angle Ay.

To give a plausible lower estimate on the space-time domain of holomorphy (i.e.,
the domain of complex analyticity) of a weak solution u to the homogeneous initial
value problem with f = 0, we introduce a few more subsets of C2 x C (cf.
Takac et al. [51], p. 428] or Takac [52], pp. 58-59]):

The two constants ko, € (0,00) used below will be specified later (in Theo-
rem ; 0 < a < o0 is an arbitrary number. First, we set

Q](Ima) = x(noa) X Aarctan(noa)

={(z0) = (@ +1iy, & +1in) € C*:
ly| < koo and |arctan(n/€)| < koo, £ > 0}, (3.6)
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L~

iT

FIGURE 3. (™) (1p).

iy I

Ko - min{a, T'}

0

—rko -min{a, 7'} |

FIGURE 4. Fg«T,)(lio, Vo).

Y@ ) ={t=a+ir € C: w|r| < a} = a+i(-vy o,y ta)

15

(3.7)

(Figure [3)), and for 0 < 7" < T < oo, we introduce the following complex parabolic

domain,

5 (o, v0) = Une(o,r) [BRommteTh) 5 53(@) (1)) € €2 x €

(3.8)

(Figure. Additional properties of this domain will be presented later, in Section

equation ({8.1).

To get a better picture of the domain FS[T )(/10, vp) C C? x C, it is worth to notice

that the mapping (z,(,t) — (z,log(,logt) maps FgFT/)(KVO,VO) diffeomorphically

onto the set of all complex triples

(2, ) = (@ +iy, & +in,a +ir)
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(z,&,a) +i(y,n,7) € C* x C~R> x R3,

such that 0 < a = Ret = e - cos 7/ < together with |y| < koa, || < arctan(koc)
and |7'| < arctan(1/vp). In particular, there is no restriction on z and £ in the plane
(r,¢") € R?, while o/ = log|t| € R. These claims follow from simple calculations
using ¢ = e - and t = e .ol

4. MAIN RESULT

Our main result, Theorem gives the analyticity (more precisely, a holomor-
phic extension to a complex domain) of a unique weak solution to the homogeneous
initial value problem with f = 0in Hx (0,7). Such a weak solution exists and
is unique by the following classical result (Proposition that summarizes a pair
of standard theorems for abstract parabolic problems due to Lions [43, Chapt. V],
Théoreme 1.1 (§1, p. 46) and Théoreme 2.1 (§2, p. 52). For alternative proofs, see
also e.g. Evans [I4] Chapt. 7, §1.2(c)], Theorems 3 and 4, pp. 356-358, Lions [44]
Chapt. III, §1.2], Theorem 1.2 (p. 102) and remarks thereafter (p. 103), Friedman
[20], Chapt. 10, Theorem 17, p. 316, or Tanabe [53, Chapt. 5, §5.5], Theorem 5.5.1,
p- 150.

Proposition 4.1. Let p, o, 0, ¢, and v, be given constants in R, p € (—1,1),
c>0,0>0, and v > 0. Assume that k € R is sufficiently large, such that both
inequalities, (Feller’s condition) and are satisfied. Next, let us choose
B € R such that 1 < 8 < 2k0/02. Set u = (ko) —lp| (> 0). Let 0 < T < oo,
f € L*(0,T) — V'), and ug € H be arbitrary. Then the initial value problem
(with ug € H) possesses a unique weak solution

u e C([0,T] — H)N L*((0,T) — V)

in the sense of Definition [2.1}
Moreover, this solution satisfies also u € W12((0,T) — V') and there ezists a
constant C = C(T) € (0,00), independent from f and ug, such that

2 4 2 T ou 2
sup Ju@®)llg + [ Nu@®lvdt+ [Nz Ol df
0 0

te[0,T)

<ol + [ 10k @),

Finally, if ug: H — R defined by ug(z,&) = K(e® — 1)T, for (x,€) € H, should
belong to H, one needs to take v > 2.

(4.1)

The proof of this proposition is given towards the end of Section [6] All that we
have to do in this proof is to verify the boundedness and coercivity hypotheses for
the sesquilinear form in V x V which are assumed in Lions [43, Chapt. IV,
§1], inequalities (1.1) (p. 43) and (1.9) (p. 46), respectively.

Our main result is the following theorem which provides an analytic extension of
the weak solution u to the initial value problem from the real domain H x [0, T']

to a complex domain Fg/)(no, vg) defined in (3.8]).

Theorem 4.2. Let p, o, 6, q., and 7, be given constants in R, p € (—1,1),
0c>0,60>0, andy > 0. Assume that 3, 7, kK, and p are chosen as specified in



EJDE-2018/168 ANALYTIC SOLUTIONS AND COMPLETE MARKETS 17

Proposition [{.1] above. Then the constants ko, vy € (0,00) and T" € (0,T] can be
chosen sufficiently small and such that the (unique) weak solution

u € C([0,T] — H)N L*((0,T) — V)

of the homogeneous initial value problem (2.7) (with f =0 and ug € H) possesses
a unique holomorphic extension

U: F(TT/)(/ﬁo,yo) —C

to the complex domain F;T/)(nmyo) C C3 with the following properties: There are

some constants Cy, co € Ry such that

oo +oo
/ / (2 + iy, £(1 + w), o +i7)]* - w0(x, &) de dé < Coe™ - Juoll}y  (4.2)
0 —o00

for every a € (0,T] and for all y,w, T € R satisfying
max{|y|,|arctanw|} < ko - min{, 7'} and wvo|7| < . (4.3)

Consequently, for any Ty € (0,T"], the domain F(TT/)(F;O, Vo) contains the Cartesian

product
Ty Tq
x0To) s A gy x [(To, T) +i((— =2, =2)]
vy o
and the estimate in (4.2) is valid for every a € [Ty, T| and for all y,w, T € R such

that, independently from «,
max{|yl|,|arctanw|} < KoTp and wvo|T| < Tp. (4.4)

The proof of this theorem takes advantage of results from Sections [7] and [§ and
Appendix It is formally completed at the end of Section [9]

5. AN APPLICATION TO MATHEMATICAL FINANCE

This section is concerned with an application of our main result, Theorem
(Section , to Heston’s stochastic volatility model [27] for Furopean call options
described in Section 2] Our goal will be to provide an affirmative answer to the
problem of market completeness in Mathematical Finance as described in Davis
and Obt6] [11]. We recall that the model is defined on a filtered probability space
(Q, F, (Ft)t=0,P), where P is the risk neutral probability measure. Since an equiv-
alent martingale measure exists, but is not unique, the market is incomplete. The
reader is referred to Davis [I0], Hull [30], Hull and White [31I], Lewis [42], Stein
and Stein [49], and Wiggins [54] for additional important work on this subject. We
closely follow the approach in [IT, Sect. 3] labeled martingale model for market
completeness. Another interesting paper on market completeness deserves to be
mentioned: Hugonnier, Malamud, and Trubowitz [29]. It is based on the existence
of an Arrow-Debreu equilibrium and its implementation as a Radner equilibrium.
It is shown or assumed that in this setup, allocation and prices are analytic func-
tions of the state and time variables. The remaining arguments taking advantage
of analytic entries in the parabolic problem are similar to ours.

An extensive account of various stochastic volatility models for European call
options and possible market completion by such options is given in Davis and Obldj
[11], Romano and Touzi [48], and Tak4c [62, Sect. 8, pp. 74-83]. Therefore, we
restrict the discussion below to the HESTON model [27] Sect. 1] which seems to be
very popular. An important basic feature of this model is the explicit form of its
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solution [27, pp. 330-331], egs. (10) — (18). We apply our main analyticity result,
Theorem to the Heston model. Another frequently used stochastic volatility
model is the so-called 3/2 model investigated in Heston [28], Carr and Sun [7], Itkin
and Carr [32], and in the monographs by Baldeaux and Platen [4] and Lewis [42].
After a suitable transformation of variables, it seems to be possible to treat the 3/2
model by mathematical tools similar to those we use in our present work.

We will answer the question of market completeness by investigating some qual-
itative properties (such as analyticity) of the (unique) weak solution

u € C([0,T] — H)N L*((0,T) — V)

to the initial value problem (2.7)) obtained in our Theorem Let us recall the
Heston operator A defined in formula (2.8). The coefficients of the linear operator
A are independent of time ¢ and z € R, and their dependence on £ € (0,00) is

very simple (linear). As a natural consequence, the domain Fng/)(lio,Vo) of the
holomorphic extension @ of the weak solution u obtained in our Theorem is
simpler than in the corresponding result obtained in Taka¢ [52], Theorem 3.3, pp.
58-59] for uniformly elliptic operators with variable analytic coefficients.

Remark 5.1. It seems to be likely that one may allow both, the correlation coef-
ficient p = p(x,¢,t) and the volatility of volatility o = o(z,&,t) to depend on the
variables z, £, and ¢, provided this dependence is analytic, with all partial deriva-
tives bounded, and both functions p and ¢ bounded below and above by some
positive constants.

Last but not least, we would like to mention that negative values of the correla-
tion coefficient p € (—1,1) are not unusual in a volatile market: asset prices tend
to decrease when volatility increases ([19] p. 41]).

The market completion by a European call option has been obtained in Davis
and Obldj [11] Proposition 5.1, p. 56] based on the wvalidity of a more general an-
alyticity result [I1, Theorem 4.1, p. 54]. However, the main hypothesis in this
theorem is the analyticity of the solution p(z,v,t) = p(a,v, T — t) of the parabolic
problem in the domain H x (0,7). (Warning: We use the symbol p to denote
the function (z,v,t) — p(xz,v,T — t), not the complex conjugate of p.) Of course,
the initial condition h(z) = K(e* — 1)*, & € R, is not analytic. Nevertheless, in
our Theorem we have established the analyticity result missing in [I1] (Theo-
rem 4.1, p. 54). Consequently, all conclusions in [TII] on market completion, that
are based on the validity of Theorem 4.1 ([I1l p. 54]), are valid for the Heston
model. In Heston’s model with a European call option, the notion of a complete
market is rigorously defined in [IT), Definition 3.1, p. 52] as follows (in probabilis-
tic and measure-theoretic terms): FEwvery contingent claim can be replicated by a
self-financing trading strategy in the stock and bond (contingent claims can be per-
fectly hedged against risks). This is the case for Heston’s model supplemented by
a European call option, by Corollary 4.2 (p. 54) and Proposition 5.1 (p. 56) in [11].
We now briefly sketch how the analyticity of the solution w(z,&,t) in H x (0,7)
facilitates market completion. We keep the notation u(z, £, t) for a weak solution to
problem which is the specific form of problem for Heston’s model. The
relation between the solution p(x,v,t) = p(z,v,T — t) of the parabolic problem
(2.5) and the weak solution u(x,&,t) to the initial value problem is obvious,
ie., p(z,v,t) = u(z,&,t) = u(z,v/0,t), by means of the substitutions v = o€ with
the new independent variable £ € Ry and 0, = 6/0 € R, and by replacing the
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constants k and 6, respectively, by k* =k + A > 0 and 6* = #‘{\ > 0. Hence, we
may set r = A = 0 in (2.5)). Conversely, let p: H x (0,7) — R: (z,v,t) — p(z,v,t)
denote the unique solution of the (terminal value) Cauchy problem . We set
u(z, & t) = p(x,08,T —t) for all (z,£) € H and t € (0,7T), so that u: [0,T] —
H is the (unique) weak solution of the initial value problem used in Sec-
tion [ Theorem By the main result of this article, Theorem the function
u: H x (0,T) — R can be (uniquely) extended to a holomorphic function in the

domain F%T/)(no, 1p) C C? x C. Consequently, the Jacobian matrix

1, 0
G(z,&t) = (g;(x,g,t), g“g(:c,&t))

of the mapping (z,¢) — (z,u(x,&,t)): H C R?2 — R? possesses determinant
det G(z,&,t) = g—“(x,f,t) with a holomorphic extension to F;T/)(no, vg). The de-
terminant det G being (real) analytic in all of H x (0,7, its set of zeros is either
Lebesgue negligible (i.e., of zero Lebesgue measure) or else it is the whole domain
H x (0,T) (cf. Krantz and Parks [39, p. 83]). Hence, it suffices to examine det G
in an arbitrarily small neighborhood of a single “central” point. An analogous
result may be obtained in case when analyticity can be obtained only in time t;
see [2 [TT], 29] 136, [37]. This case requires smoother terminal data, cf. Remark
Part (iii), below.

Finally, we can apply Proposition 5.1 (and its proof) from [T} p. 56] to conclude
that a European call option in Heston’s model completes the market:

Theorem 5.2. Assume that k > 0 is sufficiently large, such that at least the Feller
condition 1s satisfied; cf. Proposition . Assume that the payoff function
h(z) = h(Ke*) is not affine, that is, k" (z) = 0 does not hold for every = € R. Then
the stochastic volatility model with a FEuropean call option yields a complete

market.

Under quite different sufficient conditions, a related result on market complete-
ness is established in Romano and Touzi [48, Theorem 3.1, p. 406]: A single Euro-
pean call option completes the market when there is stochastic volatility driven by
one extra Brownian motion (under some additional assumptions; see [48, pp. 404—
407]). The inequality det G(x,&,t) = %?(x@,t) # 0 (more precisely, g—?(x,é,t) >
0) plays also there a decisive role. Unlike in our present work, the inequality
%’g(:c, &,t) > 0 in [48, Theorem 3.1, p. 406] is obtained directly from the convexity
of the function h(z) = K(e® — 1) of 2 € R combined with the strong maximum
principle for linear parabolic problems which yields %(x, &, t) > 0 and, thus, the
strict convexity of the function z — u(z, &, t) of x € R needed in [48, Theorem 3.1].
Since we do not impose any convexity hypothesis on the terminal function h(x),
we are able to valuate much more general contingent claims than just European
call or put options. An earlier result in Taka¢ [52, Theorem 8.5, p. 82] covers an
alternative stochastic volatility model from Fouque, Papanicolaou, and Sircar [19,
§2.5, p. 47], egs. (2.18) — (2.19). The parabolic partial differential operator (i.e., the
It operator) in this model is uniformly parabolic and, consequently, mathemati-
cally entirely different from the degenerate Itd operator in the Heston model. Our
main analyticity result, Theorem (Section , is specialized to cover Heston’s
model and, consequently, does not seem to be directly applicable to the stochastic
volatility models in [19] [3T], 42 [49] 54].
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Based on the result in Theorem [5.2] above, combined with those in Bajeux-
-Besnainou and Rochet [3| p. 12], we suggest the following (alternative) analytic
definition of a complete market, at least in the case of Heston’s model:

Definition 5.3. There is a set N C H x (0,00) C R? x R of zero Lebesgue mea-
sure such that the mapping m;: (z,v) — (z,p(z,v,t)): H C R? — R? is a local
diffeomorphism at every point (zg,vo,t) € [H x (0,00)] \ N.

Equivalently, for every t € (0,00), the set N; = {(x,v) € H: (z,v,t) € N} C R?
has zero Lebesgue measure and, at the point (xg,v9) € H\ NV, the Jacobian matrix

1, 0
J(m07U0;t) - (Bp(xvv’t), gfj(fﬂ,v,t)>

x

(Ivv):(IOfUO)

of the mapping 7; is regular which means that
op
det J(zo,vo,t) = %(z,v,tﬂ(wyv):(mo)vo) #0.

The property %(xo,vo,t) # 0 allows us to apply the local implicit function
theorem to conclude that, by fixing (z,t), we obtain an open neighborhood (vo —
0,09 + d) of vg € (0,00) (0 < § < oo small enough) such that either %(wo, 1) >

0 (which is the case in [3] [48]), or else %(Im -,t) < 0 holds throughout (vg —
0,v9 + ¢). Hence, the function p(zg,-,t): (vo — §,v9 + J) — R is either strictly
monotone increasing or else strictly monotone decreasing. This means that, in a
small (open) neighborhood of vy, one can perfectly hedge against small volatility
fluctuations, expressed through the variance v = (volatility)? satisfying |v—wvg| < 6,
by a European call option p(xo,v,t) priced near the value of p(xo,vo,t). Merely
the local implicit function theorem has to be envoked.

Our Definition [5.3]is tailored for the completion of the Heston model of a market
with only a pair of random variables, (Xy, V;)¢>0, as it appears also in Bajeux-
-Besnainou and Rochet [3, p. 12]. However, their market completion result in [3]
Proposition 5.2, p. 12] does not cover the Heston model. A closely related definition
of a complete market with multiple random variables is given in Davis and Obldj
[11, Definition 3.1, p. 52]. Their two main results in [II], Theorem 3.2 (p. 52)
which implies Theorem 4.1 (p. 54), show that our Definition implies that also
the classical definition of a complete market from Harrison and Pliska [24] §3.4, pp.
241-242] and [25, p. 314] is fulfilled (see also Karatzas and Shreve [34] Chapt. 1,
Def. 6.1, p. 21]). For the market completion by a European call or put option,
another definition closely related to ours (Definition can be found in Romano
and Touzi [48] Definition 3.1, p. 404].

Remark 5.4. (i) We stress that our Theorem (Section {4 allows to consider
any payoff function h € H, h(z,v) = h(z) = h(Ke®) for 2 € R, in particular. This
is a significant advantage over the corresponding result in Tak4¢ [52, Theorem 3.3,
p. 59] which allows only for a payoff function h € L?(R). The hypothesis that the
payoff function h: R — R is not affine is technical and comes from the proof of
Proposition 5.1 in 11, Eq. (5.2), p. 57]. It excludes a solution u(z,&,t) with the
partial derivative g—g(m, &,t) = const(§,t) € R independent from = € R.

(ii) The Feller condition (cf. 18, 22]) is needed to guarantee the unique
solvability and well-posedness of the initial value problem . This condition
was discovered in W. FELLER [I8] for the corresponding parabolic problem in the
variables (£,t) € (0,00)? only. If this condition is violated, a suitable boundary
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condition on the behavior of the solution u(,t) needs to be imposed as & — 0+.
Feller’s result [I8] explains why we are able to prove the well-posedness of problem
2.7) with practically no boundary conditions as £ — 0+ or £ — o0, except for
2.23) and and the requirement that u(-,-,t) € H together with and
2.17) for every t € [0,T]. Notice that the last three conditions are easily satisfied
by a regular solution, thanks to § > 1 and v > 2. Our additional condition on
the size of k > 0, i.e., k large enough, comes from the facts that we have to deal
with a solution u(z, &, t) depending also on the additional space variable € R and
our underlying function space H is the Hilbert space H = L?(H; o) with a special
weight ro(xz, ). the initial value u(0) = ug in H;

(iii) A number of recent articles concerned with endogenous completeness of a
market including stocks and options [2] [IT], 29] [36], 37] deal with solutions of a Black-
Scholes-Ito-type parabolic problem that are analytic only in the time variable ¢. As
a result, these works need to impose more restrictive hypotheses on the coefficients
in the equation and the terminal data of the parabolic problem, while no space
analyticity is required for the coefficients. In contrast, the articles using a solution
that is analytic in both, the space and time variables = and t [I1}, 52], need much
less restrictive hypotheses on the coefficients in the equation and the terminal data,
while space and time analyticity is required for the coefficients. We refer to [11], §2
and §5] and [36, Remark 3.3, p. 7] for further details.

Remark 5.5. The 3/2 stochastic volatility model [4, [7, 28] [32], [42] mentioned at
the beginning of this section requires some major changes in technical details used
in our present work, although we believe that similar mathematical tools can still
be applied. For instance, the weight function to(x,£) defined in and the
sesquilinear form (Au,w)y defined in will have to be changed significantly.

6. HESTON OPERATOR IN THE REAL DOMAIN

At the end of this section we prove Proposition 4.1| by verifying the boundedness
and coercivity hypotheses (in and respectively) for the sesquilinear form
in V x V assumed in Lions [43, Chapt. IV, §1], inequalities (1.1) (p. 43) and
(1.9) (p. 46), respectively.

Our boundedness and coercivity results for the Heston operator A: V — V'
make use of five lemmas stated and proved in the Appendix (Appendix. Recall
that 8 > 0, v > 0, and p > 0 are constants in the weight w(x, &) which is defined

in 212

6.1. Boundedness of the Heston operator. In this paragraph we verify the
boundedness of the sesquilinear form (2.21)) in V' x V. This property is equivalent
to A being bounded as a linear operator from V to V.

Proposition 6.1 (Boundedness). Let 3, v, u, p, 0, 0, q,, and k be given constants
mR, F>1,v>0,u>0, -1<p<1l, 0>0, and 0 > 0. Then there exists a
constant C € (0,00), such that, for all pairs u,w € V, we have

[(Auv, w)u| < C - lully - [[w]lv- (6.1)

Proof. For any given u,w € V, we apply Cauchy’s inequality to the right-hand side
of (2.21)) to estimate the inner product

|(Au, w) g |
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= %/ [(Jua| + 2lplug]) - [g] + Jug| - |we]] - € - w(x,€) dw dé
H

45 [0+ otus] + (126~ ol + 22p0) ue] - o] - € vl €) dad
H

1 _
[ (el + 80— el ) -] (e €) e
(We abbreviate 0, := 0/0 € R.) With the abbreviations of the five integrals below,
H H
o= [ JueP ¢ wiedrde, Ba= [ fue? € wle.&) dode
H H

7= [ sl + fuel? € ol ) dod <2 [ (P + ) - € vl €) o,
H H
we obtain

(Au )

< %[(AlBl)l/Q + (A2B2)1/2]

1 1/2
+ B max{ (1 +)o, |2k — po| + 2’yp0}]1/2(/H |w|? - € - wo(x, &) dz df)
1 w(z, £)[? 1/2
+max{|g, |, |60 - neal}f”(/ (5)' wo(z, &) drdg) .
H
With the help of these abbreviations and the Cauchy-type elementary inequality
(A1B1)Y2 4+ (A2Bo)'/? < (A1 + A9)'/2 - (B + By)Y/2,
which is equivalent to [(A; By)'/?— (A2 B1)'/?]? > 0, the last inequality above yields
[(Au,w)n| < Z(As+ A2)'/2 - (By + Bo)'/?

21 ( [ (el + lugl) - € i, o)

[ (2 ) € wie g asag]

with the constant
1 1 1
M = 2max{§(1 + 7)o, |k — §;w| + ypo, g, |§ﬁa — Kby|} > 0.
With the help of the Cauchy inequality
Alpllus| - [ue| < 4lug|* + [pf*|uel?,
whence
(Jua| + 2lpllue))® + [ue|* = ual? + 4lpllus| - Jue| + (1 + 4]pf*) ue|?
< 5lugl® + (1450 ugl* < 6 (Jual® + [ug?)

by |p| < 1, this inequality yields

At A0 <6 [ (Juof + fuel) € (e, dodg
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and, consequently,

(vl < ([ (el + ueP) € oo € o)

<AGVB( [ (wel? + eP) Eow(e ) drdg)

+M1[/H (|w(:zj§)2 n |w|2> L€ o(x, €) dxdﬁ]l/z}.

Applying the Sobolev and Hardy inequalities (10.11) and (10.16) to this estimate
we deduce that there exists a constant C' € (0, 00), such that the estimate in (6.1))

holds for all pairs u,w € V. Here, we recall that, by Remark [10.6, the norm lw|l3,
defined in the Hilbert space V by (10.20) is equivalent with the original norm |jw||y
defined by ([2.14). The proof is complete. |

6.2. Coercivity in the real domain. We wish to investigate the Heston operator
A as a densely defined, closed linear operator in the weighted Lebesgue space H =
L?(H; ro).

We investigate the coercivity of the linear operator A in V = H'(H;tv). In fact,
we will show that the coercivity property holds for A + %Cé[ in place of A, where
ch > 0 is a suitable constant (large enough) specified at the end of this paragraph.
As a trivial consequence, the linear operator —(A + Lch1) is dissipative in H. For

establishing the coercivity, hypotheses (2.26)) and (2.27)) described in Remark

are crucial.
We use the sesquilinear form from (2.21)) to verify the coercivity of the linear
operator A in the Hilbert space V:

2Re(Au, u) g
=i+t +J5

EJ/[uz'ﬂm+p(u§~ﬂm+uz-ﬂ§)+u5-ﬂ5]~§~m(x,§)dxd§
H

+5/(1—'ysignx)(um~a+am-u)~£~m(x,§)dxd£
2 Ju (6.2)

+/ (K—’ypasignx—%/w)(%-a+ﬂ§~u)-§-m(x7§)dwd§
H
+qr/(uwﬁ+azu)m(xa§)dxd£

H

+ (%ﬁU — Kb, ) /H(Ug U+ U - u) - w(x, §) dedé.

All integrals on the right-hand side converge absolutely for any u € V', by the proof
of Proposition [6.] above.

Proposition 6.2 (Coercivity). Let p, o, 0, q-, and v be given constants in R,
p€(-1,1), 0 >0,0 >0, and v > 0. Assume that 8, v, k, and p are chosen as
specified in Proposition[].1 Then there exists a constant c) € (0,00) such that the
following Garding inequality

2Re(Au,u)ir > o (1 —|p]) - ullf — e - [|ullf (6.3)

is valid for allu € V.
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Proof. Let us consider (6.2) with an arbitrary u € V. The first integral on the
right-hand side of (6.2) is estimated from below by Cauchy’s inequality
Ug - g + Uy - g = 2 Re(ug - ) < 2Jug| - |a] < Juol® + Juel*,
Ji

7*/[uz‘ﬂm*‘p(uﬁ'7-_595"‘“1'ﬂ§)+u§'ﬂ§]'£'m(x7£)dxd£
g H

> / [ual? — |ol ([ + [1sg[2) + [t ?] - € - vo(cr, €) dar e
H

—(1- |p|>/H<|um|2 T luel?) - € (e, ) de de

= (1= 1pD) (Il = llull7) -

The second integral in (6.2)), Ja, consists of two different parts that we treat by
integration by parts as follows, using the following simple formulas,

0
(@, §) = =3¢ eI signa = —y - signa - w(x,€).

a—gm(x,g) = (B = 1)¢P2e el _ ef—Tolel-nt
= (B—1— pg)g 2 lelne
—1
= (ﬁT —p) -w(x,8),
0 _ 9 (¢Belal-
e (6 (€)= g (Pl e)

=4- é‘ﬁ*le*’ﬂﬂ*#ﬁ _ Mgﬁe*'ylrlfué
Consequently, the first part of the integral in 2J5/0 in (6.2)), becomes

/(uxﬂ + Ugu) - e 7l dg
R

- /(|u|2)x e el dg
R

=4

#1 [ Jute O -sign -z
)

=~ [ |u(x,&))? -signz - eVl dz
R

for almost every £ € (0, 00), with a help from Lemma Integrating this equality
with respect to ¢ € (0,00) and the measure £’e™#¢ d¢, we arrive at

[ (e a,0) € (e o
H (6.5)
= [ fule,OF -signa - - w(z,) do de.

H

Recall that ro(z, &) = £°~te~71#I1=#¢  Similarly, we get

/(umﬂ + Ggu) - signa - el dz
R
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0 oo
= / (up@ + uliy)e’* do + / (ugl + uliy)e™ 7" dx
0

— 00

0 [e's)
== [ e [ (e
0

— 00

= —u(z,&)[?e™

0 0
oy [l g s

— 0o

+Ju(z, &) P

S [ P s
0

= —2Ju(0,9)|* + fy/ \u(x,§)|267'y|z| dz.

— 00

25

Integrating this equality with respect to & € (0,00) and the measure £%e#€ d¢, we

arrive at
/(ugcﬂ + ully) - signx - € - 1o (x, ) dae dé
H
=2 [ u0.0Pee g+ [ fulw P € (s, €) dede.
0 H

Finally, we combine the identities in (6.5 and to obtain

22 = /(1 —ysignz)(ug - @+ Uy - u) - € 1o(x, &) dadé
H

o
oo
=2y [ 0P s =+ [ fula O ¢ (o, €) dede
0
7 [ fule, O - sign ¢ (e, ) dode.
H
To treat the third integral in (6.2)), we need to calculate

/Oo(u5 U+ T - u) - EPeTHEdE
0

B AOO(IuF)g -EPeme ag

= ute OF - %[ [Tt - (9 - et e

(6.7)

Integrating the first this equality with respect to € (—o0,00) and the measure
e~ 7l dz, then applying the vanishing trace results (2.15) and (2.16)), we arrive at

J3E/H(n—vpasignm—%;w)(u&-ﬂ—ﬁ—ﬂg'u)-g-m(m,{)dxdf
=~ (n = gna) [ Ju(wOP (5 - pOw(a.) drd
H

+vp0 /H (e, ) -signz - (8 — ué)r(z, €) da d.
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The fourth integral in (6.2) is treated analogously to the second one. It suffices to

replace § by 8 — 1 in the equality (6.5) which then yields
Jy

. = /H(uwﬂ—i—awu)-m(x,g) dzd§

=v/ (e, )2 - sign - w(x, £) da de.
H

Finally, the last integral in (6.2)) is treated analogously to the third one,

J:
/ fu(, &) - (2L — 1) o, €) dade.
We collect the second through fifth integrals, cf. E,
Jo+ ... J5

_ = 0, 2¢Ba—HE

w/o (0, £) P67 € e

+[—10— 2y (n—l o)]/|u(m - €-w(x, &) drde
507 +h S v, ,

+ [%07 — pypo] /H lu(a, &) - signz - £ - w(z, &) de dg

+ =80 = o)+ (550 = w8,)] [ fula, OF (e dode
—|—[ﬁ'ypa—|—7qr]/ |u(m,£)\ -signa - to(z, ) ded
— (B —1)(=f0 — rb, /'”€ w(z, &) d e,
whence
Jo+ ... J5

> (= 5000% + ] =2l — ol} [ Jula, OF - (e do e
+{l /w—f@(ﬁﬂt@) vlﬁp0+qr|}IIUHH

+(B-1)(s /‘”g (i, €) da d
ECl/ \u(x,{)\QEm(x,f)dxd§+02||u|\%1

beo [ 20 e drag.
where the constants
50 (7 + 17 = 07% — ol
¢ = [Buo — k(B + pbo)] — v|Bpo + qr|,
s = (5 1) (s — 550)

1
1= [k — 5

(6.9)

(6.10)

(6.11)
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are estimated from below as follows:

1 1
o1 2 ¢ = pr— 5o (v’ + 1) — oy (5 + plel) (6.12)
cg > —00, (6.13)
—1 1
c3 = b - (k0 — 5502) >0. (6.14)

The constant c3 € R is nonnegative thanks to Feller’s condition, %O’ — kb <0,
provided we choose 3 € R such that 1 < 3 < 2kfl/0?. The sign of the constant c,
does not matter as it stands as a coefficient with the norm ||u|| . Finally, in order
to guarantee ¢| > 0, we first choose p > 0 such that this value of y maximizes the
function
1
p ey =dp) = pr— 5o
1 K 2 K 2

=50l = (r==+9l)" + (= =lo)” = (1 +7)],

that is, p = (k/0) — 7v|p|, provided & > ov|p|. With this value of u, we have to
satisfy

1
(v +p?) — oy (5 + #lol)

1
¢ = 0[5 =lel)* =2 +7)] > 0,

that is, (2.27).
Finally, applying inequalities (6.12]), (6.13)), and (6.14]) to the right-hand side of

(6.11)), and inequality (6.4) to (6.2, we obtain
2Re(Au, u) i > o(1 = |p|) (lully = [lullF)

+¢ / |u<x,§>|2~e~m<x,§>dxd§+c2uu||%f

(6.15)
/ Ju(@, &)1 m(x7§) dx d¢

zo(l—1pl) ||U||v A

where ¢4, = 0(1 — |p|) + |c2| > 0 is a constant.

Consequently, the linear operator A + %CIQI is coercive in V and —(A + %CIQI)
is dissipative in H. More precisely, , when combined with our definitions of
equivalent norms in V = H!(H;w), yields the Gdrding inequality in . The
proof of Proposition is complete. O

Remark 6.3 (Feller’s condition). Feller’s condition 0% — k6 < 0 and our choice
of B € R such that 1 < 3 < 2k0/0? guarantee c3 > 0 in the proof of Propositz'on

above. In addition, to guarantee also
1 K 2
=50l =) =71 +7)] 20,

we need to assume ([2.27)).

Proof of Proposition[{.1 In Propositions and above we have verified the
boundedness and coercivity hypotheses for the linear operator A: V' — V' required
in Lions [43] Chapt. IV], Théoreme 1.1 (§1, p. 46) and Théoreme 2.1 (§2, p. 52).
Consequently, these well-known results from [43, Chapt. IV] yield the desired con-
clusion of Proposition on the existence and uniqueness of a weak solution to
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the initial value problem ([2.7). Finally, the energy estimate (4.1) can be found in
Evans [I4, Chapt. 7, §1.2(b)], Theorem 2, p. 354. O

7. HESTON OPERATOR IN THE COMPLEX DOMAIN

In the first paragraph of this section, we apply the classical theory of sec-
torial operators as infinitesimal generators of holomorphic semigroups of bounded
linear operators in the complex Hilbert space H = L?(H; ). This theory provides a
(unique) holomorphic extension of the unique weak solution u: Hx [0,7] — R of the
initial value problem with f =0, obtained in Proposition to the complex
domain H x Ay: that is holomorphic in the time variable ¢t € Ay,. To obtain a holo-
morphic extension of u to the complex domain B = X" x A, ctanr C C? in the
space variables (z, &), that has been defined in for r € (0,00), we first replace
the (possibly nonsmooth) initial data ug € H by an entire function ug,: C? — C;
n=1,23,..., constructed in such that ug »|m € H, inequality is valid,
and the sequence |[ugn|m — ol — 0 as n — oo. Given such initial data ug|ly € H,
where ug: C?2 — C is an entire function satisfying , the main result of the
entire section, Proposition [7.1] proved in provides a (unique) holomorphic ex-
tension of the solution u to the complex domain X" X Agictanr X Ay C C3; hence,
in all its variables (x,¢&,t), provided the initial values (at ¢ = 0) are holomorphic
in the complex domain B = X x Auictanr C C2. The case of general initial
data uy € H will be postponed until Section [9] where we let the analytic initial
data ug ,|m converge to arbitrary initial data uy in H as n — oo. Finally, the
convergence of the (unique) holomorphic extensions to a smaller domain

FEFT/)(HO, 1) C B x Ay
of the corresponding weak solutions u, : H x [0,7] — R of the initial value problem
(2.7) with f = 0 and the initial data ug ,|m € H, obtained in Proposition to

a holomorphic function u: F,(TT,)(H(), vg): C will be established in the next section
(Section [§]). This argument will help us to complete the proof of our main result
(Theorem [4.2)).

Next, we define a few function spaces for functions on (") c C2. We denote by
EQ"X’(Q](T')) the Banach space of all complex-valued, Lebesgue measurable functions
u: V() — C, such that, for each pair y,w € R with |y| < 7 and |w| < 7, the following
integral converges,

/Oo /m luz + iy, €1 + )| - to(x, &) da dé < o0, (7.1)
0 —00

and the norm

||U||L2=oc(m(r>)

oo —+oo
= esssup (/ / lu(z + iy, £(1 + iw))|? - w(z, £) dx d§> v (7.2)
0 —00

ly|<r, lw|<r
< 00.

It is well known that £2°° (")) is a vector space and ||- | 2,00 (3 defines a norm on
it; cf. Takac [52, Sect. 5]. It is easy to verify that £2°°(0(")) is a Banach space. We
denote by H?(20) the Hardy space of all holomorphic functions u: B — C such
that u € £2°°(0). Tt is well-known that H?(B(") is a closed vector subspace of
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£2°(5)). We refer to Stein and Weiss [50, Chapt. III] for basic theory of Hardy
spaces; the most relevant results about H? (‘B(T')) can be found in [50, Chapt. III],
82, pp. 91-101, and §6.12, pp. 127-128.

The problem of analyticity (holomorphic extension) of a weak solution to the
homogeneous Cauchy problem (with f = 0) can be split into two parts,
analyticity in time and analyticity in space; see and below, respectively.
Since the partial differential operator A: V' — V' in is independent from time
t, analyticity in the time variable ¢ follows from the well-known theory of analytic
C°-semigroups as described below.

7.1. Analyticity in the complex time variable t. Our results from the previous
section (Section[6]) on the boundedness and coercivity of the linear operator A: V —
V'in show that A is a sectorial operator in the complex Hilbert space H. More
precisely, the linear operator —(A+ %CIQI ) in H possesses a bounded inverse, by the
Lax-Milgram theorem, and imply that there are constants ¢ € (0,7/2) and
My € (0,00), such that

1 _
(AT + 50/2 + )M -y < Mg/|A| (7.3)

holds for all A = ge'? € C with o > 0 and 6 € (—%71' -9, %77 + 9). Consequently,
- (A + %CIQI) is the infinitesimal generator of a holomorphic semigroup of uniformly
bounded linear operators {e~*/2e~*4: t ¢ R, } in H, i.e.,

||e_tA||L(HHH) < Mé,e(C’z/2).§Ret (7.4)

holds for all ¢ € Ay, where ¥’ € (0,9) is arbitrary and M}, € (0,00) is a suitable
constant depending on 9’; see, e.g., Theorem 5.7.2 in Tanabe [53], §5.7, p. 161,
combined with [53] Theorem 5.7.6], §5.7.4, p. 179. This means that the strongly
continuous mapping t — e Cat/2e=tA of R into the Banach algebra of all bounded
linear operators on H (endowed with the operator norm || - || z(z—#)) can be ex-
tended uniquely to a holomorphic mapping in a complex angle Ay, of angular width
20', defined in (3.2)), ¥’ € (0,7/2) small enough, 0 < ¥’ <V < m/2.

Hence, the unique weak solution u: H x [0, 7] — R of the initial value problem
with f = 0, obtained in Proposition extends uniquely to the complex
domain H x Ay, and is holomorphic in the time variable t € Ay/. Furthermore, by
(7.4) above, the following estimate holds for any initial condition ug € H,

s )l = e ullg < Mpy e/ R yolly  for all t € Ay (7.5)

7.2. The Cauchy problem in the complex domain. Given an initial condition
ug € H, in the Appendix (Appendix there is a sequence of entire functions
upn: C* - C;n=1,2,3,..., with up ,|u € H, constructed such that

lwonlm —uollg — 0 asn— oo.

An important property of each function ug,: C> — C is the following decay in-
equality: Given any numbers r € (0,00) and ¢ € (0,7/2), for each n =1,2,3,...,
there exists a constant A,, = A, (r,d) € (0,00) such that

g, ( + iy, € + )| < Age™ (@ FO/4 (7.6)

whenever z = z + iy € X" and ¢ = £ + in € Ay, where the right-hand side is in
H = L?(H; o).
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To begi, let us fix an arbitrary index n € N; N := {1,2,3,...}, for which we
abbreviate ug = ug » with ug|m € H. Hence, throughout this paragraph we assume
that either ug: C2 — C is an entire function or at least ug: X" x Ay — C is
a holomorphic function that satisfies an analogue of with a constant Ay =
Ap(r,9) € (0, 00):

luo( + iy, & + in)| < Age™ (" +O/4 (7.7)

whenever z = x4+ iy € X" and ¢ = £ +in € Ay. To simplify our hypotheses
and notation, we take r € (0,00) arbitrary and ¢ = arctanr € (0,7/2), so that
X x Ay = B ¢ C2 is the complex domain V) = X x Ayctanr C C2 that
has been defined in . The general case of uy € H will be treated in the next
section (Section [§).

We formulate the corresponding analyticity result for such an initial condition
ug as the following special case of Theorem

Proposition 7.1. Let p, o, 0, q., and v be given constants in R, p € (—1,1),
oc>0,0 >0, and v > 0. Assume that B, v, K, and pu are chosen as specified
in Proposition . Finally, let us assume that ug: B — C is a holomorphic
function that satisfies a bound similar to ,

Juo(z + iy, € + in)| < Age™ (= +O/4 (7.8)

whenever z = x 41y € X and ¢ = € +in € Aaretanr, where r € (0,00) is some
number and Ag = Ao(r) € (0,00) is a constant.
Then the (unique) weak solution

u € C([0,T) — H)NL*(0,T) — V)

of the homogeneous initial value problem (with f =0 and this ug) possesses a
unique holomorphic extension : B x Ay — C to the complex domain g’ x
Ay C C3, where v’ € (0,7] and 9" € (0,7/2) are some constants. Furthermore,
there are additional constants Cy,co € Ry such that

oo +oo
[t i+ )0 v dodg
0 e (7.9)

oo +oo
= Coeco.w/ / luo (2 + iy, €(1 +iw)) [* - to(2, €) dw d€
0 —o0

for every t € Ay, and for all y,w € R such that |y| < r' and |w| < 7’.

Before giving the proof of this proposition, we make a few important remarks:
The proof hinges upon the fact that if the holomorphic extension «: B x Ay — C
of a weak solution

u e C([0,T] — H)N L*((0,T) — V)

of the homogeneous initial value problem (2.7) exists, then it must satisfy the
following initial value problem with complex partial derivatives:
o1 - /
— 4+ (Aa)(z,¢,t) =0 in BT x Ay,
O (A0) (2, 1) ) 10
a(z,¢,0) = uo(z,¢) for (2,¢) € T,
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where the complex partial differential operator A is given by

() (=)
0 (0 0t 0t
390 [5 (5220 + 2 52.0) + 55 .9
6~ 8"‘ (7.11)
+(ar+570) - G0 = w0 =€) G (:10)
= _%UC ’ [(ﬂ/z + 2pﬂ4)z + ﬂ((] + (QT + %UC) Uy — K’(eo - C) "&C

for (z,(¢) € g = x0") x Agarctans - This operator has been obtained from the
Heston operator by the natural complexification of the variables z and ¢ as
z = x+iy and ¢ = £ +in, respectively, with the imaginary parts y,n € R. However,
to establish the conclusion of Proposition [7.1] we need to choose the imaginary
parts y,n7 € R such that |y| < ' and n = {w with |w| < 7/, where y and w are
fixed, while z and £ are the independent variables, (z,£) € H. Hence, we have to
investigate the function

vi (2,6,1) = v(x,6,1) = vl ) (2,6, 1)

(7.12)
- a(x+iy+z*,§(1 +iw+w*),t) CH X Ay — C
with the complexified space variables
z+ 2 =z+iy+zzr =+ +ily+y"),
( : (7.13)

CH ¢ =E(L+iw) + ¢ = £+ iw + w").
Here, z*,w* € C are complex numbers with sufficiently small absolute values, such
that
iy+ 2" € 2 and 14wt w*e Aarctan v (7.14)
which guarantees that the argument of the function @ in (7.12)) above stays in
B x Ay for all (x,€,t) € H x Ayr. Small complex perturbations (z*,w*) € C?
are needed to calculate partial derivatives of the function (z,(,t) with respect
to the real and imaginary parts of its arguments (z,{) € 9("). The complex
differentiability (yielding the holomorphy) with respect to the time variable t € Ay,
has been treated in the previous paragraph (§7.1)).
A simple application of the chain rule,
0 o1 0 ot
GG =g (G4 CH D) and = (4w +w) g
shows that the function v: H x Ay, — C defined in (7.12) must be a weak solution
to the initial value problem with real partial derivatives,

% + (AU (2,6, 8) =0 in H x Agr;

o(2,€,0) = up (¢ + iy + 2%, €1 +iw+w*)) for (z,6) € H,

(7.15)

where the real partial differential operator A<« is given by
(A(iw+w*)v) (z,€)

v 2p v

1 . . 0
= —5 (Ut iv+ ot | (@8 + T o a*g@’@)
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1 0%v
e ]

1 14i . v
e+ 5 (14 i+ 0)o8] - 20 (2,6)

. e O
_HTK—FW*[QU_(]-—FIM—FW )g]ai,g(xvg)
= —%af A+ iw + w*)vg 4+ 2pve) e + (14 iw + w*) " og]

+ [¢r + %(1 +iw 4+ w*)of] vy — K[(1 +iw +w*) 710, — €] v

for (z,€) € H. Consequently, recalling the definition of A in (2.9)), we have

(A7) o

~—

o . « . £ —
= (A’U)(J},f) — E(IW‘FW )§ (U:Ew - (1+lw+w ) 1’U5£) (716)
T i+ W vy b T
+§(1w+w ) vm+1+iw+w*/€90 ve for (z,£) € H.

It is important to note that the linear operator A +«™): V' — V' does not depend
ony € Ror z* € C. However, it does depend on w € R and w* € C; more precisely,
it depends on the sum iw + w*.

To derive the sesquilinear form associated to A« +«™),

(v,w) — (A(i“’w*)v, w) (7.17)

we apply the same methods as for obtaining (2.21]) associated to .A. We thus arrive
at

(A(i‘”Jr“’*)v, ,w)H
= (AU, ’LU)H

+%(iw+w*)/ (Vg - Wy — (1 +iw + w*) g - we) - € - (2, €) da dE
H

—%(iw—&—w*)/ﬂhsignx.vzu’).f
1+ iw + ") (B — pé)ve - @] w(z, ) da dg
(iw+w*)/vm@~§~m(x,f)dzd§

H

iw + w*
— K
1+ iw+ w*

—~

+
+

o Q

Gg/vaw ‘ro(z, &) dedg,

where we have used the vanishing boundary conditions (2.18)) and (2.19) with the
pair of functions (v, w) in place of (u,w), while performing integration-by-parts on
the second summand on the right-hand side of (7.16]); cf. also (2.15)), , and
E19).
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Finally, the sesquilinear form ([7.17)) becomes
(A(iw—i-w*)v’ w)H

= (Av,w)y + %(iw—i—w*)/ (Um Wy
H

— (1 +iw + w) e - mg) € vo(z, &) da de

(7.18)

+ (iw—kw*)/(l—’ysignm)vx'w'f'm(x,f)dxdg
H

iw 4+ w*
L_wTe € dezd
1+iw+m”/mvE -8 iz, b)dzde
iw+w* 1
e A s P @ w(z, ) da dE.
1+iw+w*(250 K )/va w - w(x, &) dedé

All integrals on the right-hand side converge absolutely for any pair u,w € V, in

analogy with (2.21). In what follows we use the last formula, (7.18)), to define the
sesquilinear form (7.17) in V' x V.

The following two results, respectively, are analogues of Propositions [6.1] and

with similar proofs. Here, the sesquilinear form from (|7.18]) replaces that from
(2.21)). We use the former to verify the boundedness and coercivity of the linear

operator A1“*+”): vV — V' in the Hilbert space V = H'(H;w). The details of
these proofs are left to an interested reader.

(o)
2
(o)
3

Proposition 7.2. (Boundedness.) Let (3, v, i, p, 0, 0, ¢, and k be given constants
mR, >1,v>0, u>0,-1<p<1l 0>0,and 8 > 0. Then, given any
number r € (0,00), there exists a constant C* € (0,00), such that, for all numbers
w € (—r,r) and w* € C with |w*| < 1/2, and for all pairs u,w € V, we have

|(AGT Dy w) | < C* -y - [Jw]ly- (7.19)

In our next proposition, the number r € (0, c0) has to be sufficiently small, unlike
in the analogous Proposition [6.2] where it is arbitrary.

Proposition 7.3 (Coercivity). Let p, o, 0, q., and v be given constants in R,
p€(=1,1),0>0,0>0, and v > 0. Assume that 3, v, k, and p are chosen as
specified in Proposition . Then there exist constants r € (07 %] and ¢y € (0,00)
such that the following Garding inequality

. « o
2Re (ACT )y, ), > 5=l - llull} = e - flully (7.20)
is valid for all w € (—r,r) and w* € C with |w*| <, and for allu € V.

Proof of Proposition[7_1] 1t is obvious that we must find a method for solving the
initial value problem ([7.15)) with a conclusion similar to that provided in paragraph

for the initial value problem (2.7) with f = 0, thanks to Propositions and

2| for the linear operator A: V' — V’. Notice that the initial condition in problem

(7.15) reads

for (z,£) € H. Thus, we must first adapt these two propositions to the linear
operator A0“+«™) . vV — V' for any fixed numbers y,w € R with |y| < 7/ and
|w| < 7/, and for any fixed complex numbers z*,w* € C with sufficiently small
absolute values, such that holds. Tt suffices to do this for some r’ € (0, 7]
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small enough. Hence, the couple (2 + z*,( + ¢*) from that appears also
as the argument of the function ug in above stays in ) ¢ D) for all
(x,€) € H, thanks to 0 <7’ < r.

In analogy with Propositions and (boundedness and coercivity, respec-
tively) for the operator A: V — V' Propositions (7.2 and (Appendix [10) for the
operator A0“t«™) .V — V guarantee that A" is a sectorial operator in the
Hilbert space H, provided |w| < 7’ and |w*| is small enough. Hence, — A0+« is
the infinitesimal generator of a holomorphic semigroup of bounded linear operators
{e_tA(WW*) :t€Ry}in H, ie.,

e A sy < Mol /et holds for all t € Ay, (7.22)

where ¥ € (0,9) is arbitrary and Mj,,c5 € (0,00) are suitable constants de-
pending on ¥, but independent from the particular choice of w € R or w* € C
such that |w| < 7’ and |w*| is small enough. This semigroup provides the (unique)
holomorphic extension v: Ays — H of the (unique) weak solution

v=olet) e 0((0,1) — H)NL*(0,T) — V)
to the initial value problem ([7.15). The uniqueness guarantees that this solution
depends on the fixed data y,w € R and z*,w* € C only through the sums iy + z*
and iw + w*, as so do the operator A(“tw”) (which, in fact, is independent from
y and z*) and the initial condition (7.21). Indeed, let y;,w; € R and z},w; € C
satisfy (7.14) for both j = 1,2, i.e.,

ly; +2; € 200 and 14 iwj +w; € Aarctan s (7.23)
Consider the corresponding (unique) weak solution

) (wjtw))
o =, € C0.T) — H)N L*((0,T) — V)

to the initial value problem ([7.15)) together with its (unique) holomorphic extension
vU): Ags — H; j =1,2. The initial condition (7.21)) is given by

v (@,€,0) = o (2,€) = o (@ +iy; + 2}, (1 + iw; +w))) (7.24)
for (z,€) € H. Consequently, if
iy +2f =iya + 25 and iwy +w] =iws +wj ,

then v(()l) = v(()2) in H and, therefore, the uniqueness for problem forces
oW (z,€,1) = v (2, €, 1) for (z,£,t) € H x Agr. This uniqueness result allows us
to give the following (correct) definition of a function @: B x Ags — C by the
formula

u(m iy 425 61+ iw + W), t) =0t (2,6, 1) (7.25)

for all (x,€) € H and for all ¢ € Ay». Notice that it suffices to take z* = w* =0
and arbitrary numbers y,w € R with |y| < v’ and |w| < ' to define 4.
The function

b vl (2,6 ) Ay — C

being holomorphic, by it is obvious that also @: D) x Agr — C is holo-
morphic in the time variable t € Ay.. Furthermore, the estimate in (7.9)) follows
immediately from inequality (7.22]) by taking Cp = M, > 0 and ¢y = ¢5/2 > 0.
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Taking advantage of the differentiability of the coefficients of the partial dif-
ferential operator AU«t«") in , we observe that if the initial data ug €
£2°°(38(")) are C*-smooth (in the real-variable sense) then also the (unique) solu-
tion a(-,-t): 20("") — C to the initial value problem is C*°-smooth in H, by
Theorem 19 and Corollary (to Theorem 19) in Friedman [20, Chapt. 10], on p. 321
and p. 322, respectively.

Now we take advantage of the holomorphic data vy in the initial condition
with respect to the small complex parameters (z*,w*) € C? in order to show that,
for each fixed t € Ay, the function a(-, -t): 25("") — C is holomorphic. To this end
we first realize that the initial data v in , which depend on the real parameters
¥ = Rez*, y* = Imz*, a* = Rew™, and §* = Smw*, are continuously differentiable
(i.e., C'-smooth in the real-variable sense) with respect to these parameters. We
wish to prove that the same is true of each function vgll;;i:i))
parameters z*, y*, o*, 8* € R.

To be able to apply well-known results from Henry [26] Chapt. 3, §4] on the

with respect to the

continuous dependence and differentiability of the solution UE;;::*)) with respect to
parameters, we rewrite the initial value problem ([7.15) equivalently as
a H * : *
877: + (A(“"J“” )w) (z,6,t) = —(.A(l“’“’ )vo)(az,ﬁ) in H x Ayr; (7.26)
w(z,£,0)=0 for (z,€) € H,
where
’lU(.T, 67 t) = wgll::;)) (l’, §7 t) = UE;ZI;)) (117, 57 t) - U()(.’IJ, 57 t)
Ea(m+1y+z*,§(1+iw+w*),t) (7.27)

—uo(x+iy+z*,§(1 —l—iw—i—w*))

is the new unknown function of (z,&,t) € Hx Ay It is easy to see that the function
— (A0 D0g) (2,€) = —(Aug) (w + iy + 2", €(1 + iw + "))

of (z*,w*) € C is holomorphic, for |z*| and |(*| small enough; hence, C'*-smooth
with respect to the real parameters z* = Rez*, y* = Smz*, o* = Rew™, and §* =
Smw*. By HENRY’s theorem [26, Theorem 3.4.4, pp. 64-65], the unknown function

Ei:—t::)) (x,&,t) possesses the same C''-smoothness property, for every fixed t € Ay:.
Next, we apply the Cauchy-Riemann operators

010 0 010 0y

oz = 2\9xz* Oy ow* ~ 2\da*  Op*

to both sides of ([7.26)) (differentiation with respect to parameters), thus concluding
that both derivatives,

) and

0 iwtw™ 0 iwtw™
o0z* wEiy+z*)) (x’§7t) and Oo* wglyj-_z*)) (I,f,t) s

are the (unique) weak solutions of the initial value problem with the zero
initial data. Thus, both derivatives must vanish identically for all (z*,w*) € C with
|2*| and |¢*| small enough. Consequently, the difference (-, ) — ug: ") — C is
holomorphic, and so is the function a(-, -t): DY (G C, as claimed. Henry provides
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an alternative proof of analyticity in his [26] Corollary 3.4.5, p. 65] that employs an
analytic implicit function theorem via Lemmas 3.4.2 and 3.4.3 in [26] pp. 63—64].
To complete our proof of Proposition [7.1] we apply the classical Hartogs’s theo-
rem on separate analyticity (see, e.g., Krantz [38, Theorem 1.2.5, p. 32] and remarks
around) to conclude that the function @: D) x Ay — C, defined by the formula
in , is holomorphic not only separately in the variables (z,() € 20(") and
t € Ayr, but also jointly in (z,(,t) in its entire domain. O

8. L?-BOUNDS IN THE COMPLEX DOMAIN

To give a plausible lower estimate on the space-time domain of holomorphy (i.e.,
the domain of complex analyticity) of a weak solution u to the homogeneous initial
value problem with f = 0, we introduce a few more subsets of C2 x C (cf.
Takéc et al. [5I] p. 428] or Takdé [52 pp. 58-59]):

The two constants kg, vy € (0,00) used below will be specified later (in the proof
of T heorem; 0 < a < oo is an arbitrary number. First, we recall the definitions
of the complex sets Vo) c C2, (¥ (1) C C, and I‘(TT,)(KJO,VO) C C? x C given
in Section eqs. , , and , respectively.

Let us introduce the function x(s) := min{s, 1} for s € Ry := [0, 00); hence, it’s
derivative is given by x'(s) =1 for 0 < s <1 and x/(s) =0 for 1 < s < co. Since
the z-section of FE[T/)(/-@O, vp) is independent from z € R, if ko1’ < /2, setting

f‘ngl)(liQ,Vo) = {(y,(,t) =(y,E+in,a+ir) eRx C x C:
0 < a < T together with |y| < HoT/X(%|, £>0, (8.1)

e% «
|arctan(n/&)| < HOT’X(F)’ and || < T/X(F)}a

we may identify F%T,)(mo, 1) ~ R x fng/)(,‘io, V).

The most important part of the proof of Theorem [£.2] is the a priori estimate
in (4.2). It is proved in the following proposition. An example of a holomorphic
extension i: V() x Ay — C to a complex domain containing F(TT )(K‘,o, vp) C C3is
given in Proposition provided kg, 15, and T" € (0, T are small enough.

Proposition 8.1. Let p, o, 6, q., and v be given constants in R, p € (—1,1),
oc>0,0 >0, and v > 0. Assume that B, 7, K, and i are chosen as specified
in Proposition . Then, given any numbers r € (0,00) and ¥ € (0,7/2), the
constants kg,vy - € (0,00) and T' € (0,T] can be chosen sufficiently small, such
that )
Fng )(/{0, 1/0) C %(” X Aﬁ/

and there exist some constants Cy, co € Ry with the following property:

If up: BT — C is a holomorphic function that satisfies the bound n
Proposition and if @: V") x Ay — C is the holomorphic extension of the
(unique) weak solution

u e C([0,T] — H)N L*((0,T) — V)

of the homogeneous initial value problem (with f = 0 and this ug) that has
been obtained in Proposition then the estimate in holds with the constants
Co =1 and ¢y = ¢y, € Ry from Proposition [6.3, for every o € (0,T] and for all
y,w, T € R satisfying , depending on «. depending on .
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Before giving the proof of this proposition, we first observe that the holomorphic
extension 4(z, (,t) must be unique, by uniqueness of the holomorphic extension in
each of the variables z, (,t € C. Consequently, the remarks following the statement
of Proposition apply also in the setting of our Proposition[8.1] The holomorphic

extension 4: FgFT,)(ﬁo, vp) — C of a weak solution

ue C([0,T] — H)yNL*((0,T) - V)
of the homogeneous initial value problem (2.7) must satisfy the following initial
value problem with complex partial derivatives; cf. (7.10):

a~ ~ 7
S+ (A, ¢t) =0 in TF (o, v0);

(z,¢,0) =uo(z,¢) for (2,¢) = (z,¢) € H,

where the complex partial differential operator A is given by (7.11) and @ €
H2 (V™).

(8.2)

Proof of Proposition[8.1. To establish the estimate in (4.2)), we need to control the
behavior of the holomorphic extension @(z,(,t) of the solution u(x,&,t) at every
point
(5,¢.1) = (z+iy, 61 + iw), a +ir) € IF (w0, 1)
by the initial condition ug: H — C defined only at points (x,£,0) € H x {0} =
R x (0,00) x {0}. Given any such two points, (z,£,0) and (z,(, ), we connect them
by the following piecewise linear path parametrized by the real time s € [0, Jet],
ie,by0<s<a:
Given any point

(z,(,t) = (x +1y, (1 + iw),a+i1) € Fngl)(Ho, ),
we set
T/ !
Thus, conditions are equivalent to

.
Yo = wp = tan ( arctanw), and ¢ = —.
a

max{|yo|, | arctanwy|} < koT' and |¢| < vyt (8.3)

Fixing (yo,wo, ¢) € R? as in (8.3) above, we recall x(s) := min{s, 1} for s € R, :=
[0,00) and define the path

S =6pe: [0,T] — {(x,6,0)}U F(TTI)(IQO, vo):
s (4 ix(s/T" o, € (1 (/T o) , (1 + i6)s). (8.4)
= (z,&,5) +i(x(s/T")yo, x(s/T")wo, ¢s).
Imc

The numbers y,w, ¢ € R are related to (z,(,t) by ¢ = T, y = Smz, and w = ReC -
For s = 0 and s = o = Ret we get the points (z,&,0) and (z, (,t), respectively.

Next, we define the function v: H x [0,7] — C by the values of @ on the image
of the path g,

5
T

S

o(z, €, 8) = u(x +ix (=)o, € (1 n ix(T/)wo) (14 i¢)3), (8.5)
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for (z,€,s) € H x [0,T]. We calculate

e =i+ 1) (Gow+ rgw) . (89
o 5, & 68) = gZ’ (8.7)
§§<x,§,> (1+ix()o0) G- (38)

We prefer to use the complex form (7.11) of the (time-independent) Heston
operator (2.9). Hence, according to the initial value problem (8.2)),

ve C([0,T] — H)NL*((0,T) — V)

is a weak solution of the initial value problem

ov

a +( ())(va )_0 iDHX(O7T);

v(2,£,0) = uo(z,§) for (z,§) € H,
where the (time-dependent) partial differential operator A(s) is given by
(A(s)v)(z, €)

— (1 i0) A=) - 77 X ) (G200 + etn)
—%(14-1(;5)05- [(1+ix()w )g S +2p aaag(‘” 3

+ (1)) Gepiee)]

P+ 5 (14X )e0) 08 5o, €)

~ (400, (14 ix(pden)  — €0
i N s Ov -1 v
~ g X oy + (14 i(g)e) o]

0z
= (1+i¢) - (Av)(z,¢)

s 0% 1 9%
5(14'1(?) o8- X (F)WO[ﬁ (1+1X(T,) ) 8752]
+ 50L+10) Xy )enlrE 50 (0. €) + 200, (14 ix(y ) 5 (@,6)]

i s ov

v -1
~ g X (o, + (1 i(g)e) o]
which yields the formula

(A(s)0) (@,€) = (1 +16) - (Av)(x,€) - ? (L1(s)0)(x,€)

2 (Lals)o) (2, 6) + 5 (1 + iB)own - (La(s))( ) (B10)
+i(1 4 ig)kbswo - (La(s)v )( €,
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where we have abbreviated

,, 8, Ov
(L1()0)(@, &) i= X () - %u,o, (8.11)
-1
(L2(s)0)(,) = X () (L + i Jon) €50 0,6). (8.12)
(Lals),) = (55— (1 han) 5 — o) (813)
(La(s)v)(z,€) = (T,)(1+1X(;,) )71‘345’ for (z,€) € H. (8.14)
We insert into , thus arriving at

O (0,6,5) = ~(14+16) - (A0)(2,&) +1- 20 - (£1(s)0) 2, )

(8.15)

+i- % - (La(s)v)(x, &) — (1 +ig)owg - (L3(s)v)(x, &)
7i(1+i¢)/‘5000—)0 (£4( ) )(‘T7£)

for (z,€,s) e Hx (0,T).

In Propositions[6.1]and[6.2] above we have verified the boundedness and coercivity
hypotheses for the linear operator A: V' — V' defined by sesquilinear form in .
Estimates analogous to those used in the proof of Proposition[6.I]show that all linear
operators Lj(s): V — V'; j = 1,2,3,4, are uniformly bounded for s € [0,7] and
wo € R, i.e., there is a constant L € (0, 00) such that

[ (Li(s)v,w) gy | < L Jollv[lwlly (8.16)

holds for all v,w € V and all s € [0,7] and wy € R; j = 1,2,3,4. Here, we have
used the definition of x(s) = min{s, 1} and |1+ix(77)wo| > 1. To obtain the upper
bound (4.2)) for the integral on the left-hand side,

oo +oo
/ / i (x4 iy, €1+ iw), @+ i7) 2 - wo(a, ) de de
0 —00
oo —+oo
- / / o, £, 5) Proz, €) de d€ = [[o(-,- )|,
0 —00

cf. (8.5)), we first take the time derivative of the second integral above, then apply
8.15)

el 9
/H((;Zq‘;qtvgil:)m(x,g)dxdf
—— [ (40,0 + o TAN ) iz, ) do e
H
—i0 [ ((A0)(w. )0 oA 6)) (e, o
+

iz [ ((Ex6) @00 = oG8 ) wia,€) dede
ish /H ((€ats)0) @, )7 — LT ) (e, ) dde
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= g [ ((1+10)(La90) (0. 5 — (1= 0TGN 6) (e )
— ik0,wo /H ((1 +ig)(La(s)v)(x, &)t — (1 —id)v(L4(s)v)(, f)) w(z, &) dxdE.

We estimate the integrals on the right-hand side above as follows. First, we take
advantage of the coercivity of A: V' — V' expressed in terms of the Gdrding in-
equality . Second, we employ the boundedness of A, i.e., in . Third, we
employ the boundedness of £;(s), i.e., in . Consequently, we arrive at

d 0 ov
Sl = [ (G5 m(e.6) dede

88 0s
—o(1 — Az + 6 - vl
ol Bl e bl o
w
Jr2C\cl5|||7f||v+2L v v ||v+2L vl

+Lu+i¢|o\wou|v||v +2L1 +1¢|nea|wo|||v||2‘v-

To estimate the coefficients on the right-hand side above, we recall the conditions
n (yo,wo, @) € R required in . To estimate the ratio wp/T” in a simple way,
let us take the constants kg € (0,00) and 7" € (0,7] small enough, such that
koT' < w/4. The function x — z~!tanx being strictly monotone increasing on
(0,00), with the limit equal to 1 as x — 04, we employ condition to obtain

|wol Ko , tan(w/4)  4dko
tan(koT") < ko - VTH 20 g
T </—10T’ an(roT") < /4 e
Then (8.17) yields
d
ot sy

<—o(l—|pl) - v} + - vllF + (2Cvg ' + 2Lko + 4Lko) ||v]|3 (8.18)
+ (L(L+ vy Yo - 260T" + 2L(1 + v kb, - 260T") 0]}

=—o(1=|p) - loll§; + ¢ - lollFr + CllollF,

where C € (0,00) is a constant,
C = (2Cvy " + 2Lko + 4Lko)
+ (L(1+ vy Yo - 26T + 2L(1 + vy ")k - 260T")
= 201/0_1 + 6Lk +2L(1 + Vo_l)(O' +2k0,) - koT".
Here, the constants /fo,yo_l € (0,00) and T" € (0,T] can be chosen sufficiently
small, such that
F(T/)(K)O, 1/0) c UM x Ay
holds with 0 < C' < o(1 — |p|). Then (8.18) yields
d

PR Ss)llE < ey ollfy for s € (0,7),

The desired inequality (4.2]) now follows by taking Cy = 1, ¢y = ¢}, and s = . The
proof of Proposition is complete. O
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9. END OF THE PROOF OF THE MAIN RESULT

In this section we finish the proof of Theorem We will use the holomorphic
approximation and the a priori estimates established in the previous two sections,
Sections [ and [l

For a given function ug € H = L?(H;w), a sequence of entire (holomorphic)
functions

Ug,p : C?—-C; n=122,...,
is constructed in Appendix (8 , whose restrictions to the complex domain
X x Ay, belong to H2(X(") x Ay,) and satisfy

lGonlm —uollg — 0 asn — oo;

cf. § properties (i)—(iii). In paragraph for every fixed n =1,2,3,..., we
have used the function 4, as the initial data for the initial value problem (7.10)),
Oty =
A, ~n = O f 'Sy H 07 T 5
En + A or (x,&,5) € Hx (0,T) (9.1)
ﬁn(a: +iy, (1 + iw),O) = g p (x +iy, &(1 + iw)) for (z,¢) € H.

Recall that A stands for the natural complexification of the Heston operator A
defined in . More precisely, this initial value problem has been solved by
general theory of holomorphic semigroups for fixed values of y,w € R such that
ly| < r and |arctanw| < ¥,. In paragraph we have proved that the unique
weak solution

t [(2,8) (2 +iy, €1 +iw), 1)]: [0,7] — H

to problem possesses a holomorphic extension with respect to time ¢ to an
angle Ay, , for some ¥, € (0,7/2). Furthermore, in paragraph §7.2] (Proposition
we have proved that, for every t € Ay,, the solution @y, (-,-,t): X" x Ay, — Cis a
holomorphic function that belongs to H?(X(") x Ay, ). Consequently, the function
U X0 x Ay, x Ay, — C is holomorphic in all its variables.

Now let us recall the time-dependent path ¢ from ,

¢ = o 0.7] = {(2.6,00} UTE (o, 0):
s (4 ix(s/T o, € (14 ix(s/T o) , (1 + 1))
= (,&,5) +i(x(s/T")yo, x(s/T")wo, ds),
where the numbers yo,wo, ¢ € R satisfy conditions (8.3)),
max{|yol, | arctanwo|} < koT’" and |¢| < vy,
with some constants g, v, ' € (0,00) and 7" € (0, T] small enough, such that
woT' < min{r,d,} and v;' <tand,.

Here, 0 < ¥,,9; < 7/2 are some given numbers. In the previous section (Section,
Proposition we have shown that along this path, ¢ = ¢; ¢, whose value at each
s € [0,T] is viewed as a function of the pair (x,&) € H, the H-norm of the function
(x,8) — vp(z,€,s): Hx [0,T] — C, defined by ,

s
i

S

0 (@, &, 5) 1= i (2 +ix(7)90. € (1 +ix(5)wo ) . (1 +i0)s) .
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for (z,€,s) € H x [0, 7], is uniformly bounded with the bound depending solely on
the norm ||@o »|m| 7, the time interval length T' > 0, and the constant ¢, > 0 in

inequality (6.3)).

Next, we take advantage of the fact that we treat homogeneous linear parabolic
problems, (with f = 0) in the real domain H x (0,T), and its natural complex-
ification in the complex domain B x Ay Consequently, given any indices
m,n € N, the difference w,, — U, : 7)) x Ay — C is a holomorphic function that
obeys the parabolic equation in problem . Hence, we may apply our crucial
a priori estimate in Proposition to the difference u,, — ., thus obtaining

[e'e) —+o0
/ / |ty (z 4+ 1y, £(1 + iw), a + i7)

= Ty (7 + 1y, §(1 + iw), Oé+17')| o (z,§)drd§

o (9.2)
< eCQOé/ / |Un x f O) (I,§,0)|2 ' m(x,&) dxd§

= = - [[ug,n — uo,ml|F
for every o € (0,7 and for all y,w, T € R satisfying conditions (4.3)),
max{|y|, | arctan w|} < ko - min{a, 7"} and vo|7| <

depending on «.
It follows from Ggn,|lg — uo in H as n — oo, that {Gg,|u} —, is a Cauchy
sequence in H. By in (9.2), also the functions

W (2,€) = Uy (z + iy, E(1 + iw), a +i7), (2,€) € H, (9:3)

form a Cauchy sequence {w, }22; in H, uniformly for all choices of a+ir € C and
y,w € R satisfying 0 < oo < T and conditions (4.3), that is to say, for

max{|y|, |arctanw|} < Ko - min{e, 7'} and vo|7| < a < T. (9.4)

Such numbers a + i7 € C and y,w € R being fixed, let w := lim, ., w, be the
limit in H of this Cauchy sequence. In analogy with ([9.3]), we set

iz +iy, (1 + iw), a + i) == w(x,§), (2,§) € H. (9.5)

Then : F(TT,)(F;O, 1) — C is a complex-valued, Lebesgue measurable function that
satisfies the following inequality, by letting m — oo in in (9.2)),

) “+o0
/ / |ty (z + 1y, (1 + iw), a + i7)

— i (z +iy, £(1 +iw), a +i7) |* - w(z, £) de dé
+oo
< eCQ"‘/ / |t (2,€,0) — ug(x, €)|* - w(z, &) de dé

= 2%||ug,n — uo||F
for all choices of a4 i € C and y,w € R satisfying conditions above.
A trivial consequence of and is that the functions @, F(TTl) (ko,vp) —
C, n = 1,2,3,..., converge in the complex domain F%T/)(HO,VO) to the func-
tion u: F(TTI)(KO,I/O) — C locally in the L2-topology. Since i, is holomorphic

in F(TTI)(HQ, Vo), it can be expressed by the Cauchy integral formula for polydiscs
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(Krantz [38], Theorem 1.2.2 (p. 24), or John [33], Chapt. 3, Sect. 3(c), eq. (3.22¢),
p. 71). From this formula we deduce by standard limiting arguments using in
that also the limit function @ is expressed by the same Cauchy integral formula
for polydiscs. It follows that also @ is holomorphic in F%T/)(Ko,v()), as desired.
Obviously, Proposition guarantees that u satisfies in .

To derive the relation of @ to problem (2.7) (with f = 0) in the real domain
H x (0,T), let us take y =w =7 =10 in in. Letting n — oo we observe that
the function

: (z,&,t) — a(x,&,t): Hx (0,T) - C (9.7)

is a weak solution to the Cauchy problem (2.7) (with f = 0). However, the initial
value problem (2.7) (with f = 0) possesses a unique weak solution

ue C([0,T] — H)yNL*((0,T) - V),

by a pair of standard theorems for abstract parabolic problems due to Lions [43]
Chapt. IV], Théoreme 1.1 (§1, p. 46) and Théoréme 2.1 (§2, p. 52) (for alternative
proofs, see also e.g. Evans [14, Chapt. 7, §1.2(c)], Theorems 3 and 4, pp. 356-358,
Lions [44], Chapt. ITI, §1.2], Theorem 1.2 (p. 102) and remarks thereafter (p. 103),
Friedman [20], Chapt. 10, Theorem 17, p. 316, or Tanabe [63, Chapt. 5, §5.5],
Theorem 5.5.1, p. 150).

Hence, we have & = v in H x (0,7T), thus proving that @: Fng/)(/io, vg) — Cis a
holomorphic extension of u. The proof of Theorem [£.2]is complete.

10. ApPPENDIX: TRACE, SOBOLEV’S, AND HARDY’S INEQUALITIES

Our boundedness and coercivity results for the Heston operator A: V — V'
make use of the following five lemmas: Recall that V = H!(H;w) and 8 > 0,
v >0, and p > 0 are constants in the weight to(x, ) which is defined in (2.12)).

Lemma 10.1 (A pointwise trace inequality). Let 3> 0, v > 0, and > 0. Then
the following inequality holds for every function uw € V and at almost every point
z €R,

a% (Pe e |u(z, €)[?) < i\uax,e)\? P 4 Blu(a, €)|? - €77 e T (10.1)

for almost every & € (0, 00).
Furthermore, for a.e. x € R we have the limits

Jim (- [u(@.&)P) =0, (10.2)
5hm (e M - Ju(z, &)) = 0. (10.3)

Proof. The following partial derivatives exist almost everywhere in H; we first cal-
culate

S (€ @ OP)
= (ugtt + utig) - €77 4 Blu(x, &) - €77 e — plu(, I - ¢Pe7HE
then apply the Cauchy inequality
ugi + witg = 2Re(ucn) < 2fug - |u] < p " fugl* + puful
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to estimate

a% (€% Ju(z, &) < %ludz &P 4 Blu, €)7 - P MeHE,

This proves in .

Recall that v € V. Integrating the right-hand side of the last inequality with
respect to the measure e~71#1=#¢ dz d¢ over H = R x (0,00) we infer that, for a.e.
x € R, both integrals below converge,

/ h ug(z,€)|? - PeMe A < oo, / h lu(z,&)>- P le 1 de < 0. (10.4)
0 0

Let z € R be such a point. The right-hand side of in (10.1)) is integrable with
respect to the Lebesgue measure d¢ over (0,00), and so is the positive part ¢+ (&) =
max{¢(§),0} of the partial derivative

£ 3(6) = a% (e Eu(z,O))

Thus, the existence of the limit in ([10.2]),
gliI(I)lJr (€% - Ju(z,8)?) = Lo(x) for ae. z €R,
is deduced from
Lofw) = limnf (¢ - Ju(z, &) (10.5)
and the following inequality, obtained by integrating in (10.1) and valid for all
0< & <& <o,
(€)% fu(z, &) — (€)™ [u(x, &)

= [P u(z, )28 (10.6)
1

m /E” Jug (, )| - €774 d¢ +6/§” u(z, )7 - &7 Te e de.
S ’ o )

By similar reasoning, one derives the existence of the limit in (10.3]),
Ehm (€Pe ¢ - u(z,€)*) = Loo(v) for ae. x € R,

IN

from

Loo(z) :=liminf (éﬂe_"f Ju(z, &)?) . (10.7)

£—o0
Finally, both limits, Lo(x) and L (), are nonnegative and finite, by the integrabil-
ity properties of ug(x,-) and u(z,-) stated in (10.4). Moreover, the second integral

in (10.4]) forces Lo(z) = Loo(x) = 0, thanks to fo(s Tlde = flo/oé &1 d¢ = o for any
0 >0. O

Lemma has the following global analogue with a similar proof.

Lemma 10.2 (A trace inequality). Let 3 > 0, v > 0, and p > 0. Then the
following inequality holds for every function u € V,

%(gﬁe—uf/|u(x75)|2.e—vlw\ dx)
R

(10.8)
l 2 ¢Ba—lz|—pg 2 ¢B-1,—7|z|-p
< M/R|U£($a€)| §’e dx+ﬂ/R|u(x,€)| §7 e dz
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for almost every & € (0,00). Furthermore, the limits in (2.15)) and (2.16) are valid.

Proof. We integrate both sides of in (10.1)) with respect to the measure e~ 7/*l dx

over R to obtain in (10.8]).
Since u € V, the right-hand side of in ([10.8)) is integrable with respect to the

Lebesgue measure d¢ over (0, 00), and so is the positive part ¢+ (¢) = max{¢p(£),0}
of the partial derivative

€= 0(0) 1= g (%07 [ uta P e ar).

Thus, the existence of the limit in (2.15)),
+oo
- 8 2, o=lel ) _
Jim (¢ [ (e &) - dr) = Lo,

is deduced from
+oo

Lo = lim nf (&7 /
0 »= lim in 3 n
and the following inequality, obtained by integrating in (10.8) and valid for all
0<¢& <& <oo,cf. (10.6):

(€ [ a7 e = (€)% [ fute )P e s

[ufa, &) -1 dr) (10.9)

g=¢"

= [ge [ futa, o) e elad] T

1 g/l
< —/ /|u5(x,£)|2-§Be_7|x‘_“5dxd£
e Jr

E//
2 ¢B-1o—7lz|—pg
w8 [ [ e te T e

By similar reasoning, one derives the existence of the limit in (2.16]),
—+oo

; Ba—HE
Jim (7o [

Ly := liminf (fﬁeﬂ‘g/
§—00

— 00

u(, )¢ 1 dw) = Lo,

oo

from
+oo

lu(z, €)[2 - e~ ol dx). (10.10)

Again, as in our proof of Lemma above, both limits, Ly and L., are nonneg-
ative and finite, by the integrability properties of u € V. Moreover, u € H forces

Ly = Lo =0, thanks to [y €1d¢ = [, €71 d& = oo for any 6 > 0. O

Our second trace result, Lemma below, is a simple analogue in the x-
direction of Lemma [10.2| above. Its proof is analogous to that of Lemma [10.2] and
is left to the reader; cf. Kufner [40].

Lemma 10.3 (Another trace inequality). Let 8> 0, v > 0, and > 0. Then the
limits in (2.17) hold for every function uw € V.

We take advantage of the trace results in Lemmas [I0.1] and [I0.2] to derive the
following embedding lemma.
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Lemma 10.4 (A Sobolev-type inequality). Let 8 > 0, v > 0, and p > 0. Then

the following Sobolev-type inequality holds for every function uw € V,
/ Jul, &) - 76711718 dar dg
H
2
<(2)? / Jug (2, &) - 7o 711718 dar dg
K H
2
+—6/ lu(z,€)|? - P LeIel=nE 4z de.
BoJu
Proof. Tt suffices to verify that the inequality
o _ 2,2 [~ _
| ereeras < By [T uep - gferag
0 H 0
28 [ 1
+ 2 [ )P e ag
BoJo
holds for an arbitrary function u € W,,%(0, 00) such that
/ lug(6)? - Pe™ 8 d¢ < 0o and
0
li h. ) = lim (&Per¢. %) =0.
Jim (€ @) = Jim (77 u(©)]?)

The boundary conditions in ((10.14)) are justified by Lemma
Indeed, we begin with the identities

- 2, ¢Be—nE
w [ R - greea
o LG T
g=oc  [®
= @) e T [ (@R ) e ag
= [P et [T R et a
0 0

= /Oo (uet + utig) - EPe 1€ dE + ﬁ/oo lu(€)|? - €7 e dg
0 0

by the zero trace conditions (|10.14}). We apply Cauchy’s inequality,

Elul?

)

2
ugli 4 utle = 2Re(uet) < 2 Juetl < ;|u5|2 +
to the integral
/ (ueti + uiig) - Pe 6 d¢
0
2 [~ _ po [ _
<2 [P e [P ferac.
0

0
We estimate the last line in ((10.15]) by this inequality, thus arriving at

= 2 ¢BL—nE
u/o u(©)]? - e de

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)
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2 [ 00
<2 [Tluep - erercagt [Tuop e,

0
= 2 ¢p-1 —uéd.
+ﬁ/0 (€ - €9~ e e

The desired inequality ((10.12] m follows
Finally, we integrate in ) with u replaced by @ = u(z,-) € W,.%(0, 00) (for
almost every fixed z € R) Wlth respect to the measure e 7'“' dx over R to obtain

in (10.11]). O
Now we are ready to prove the following Hardy inequality.

Lemma 10.5 (A Hardy-type inequality). Let 8 > 1, v > 0, and g > 0. Then the
following inequality holds for every function u € V,

/| ‘2 gﬁ —|z|- “dedf
< (5_81)/ g (, )2 - €96 71711 g e (10.16)

+ 7/ u(x, &)|? .fﬁe—’ylﬂfl—ui dz d¢.
B-17 Jy ")
Proof. Tt suffices to verify that the inequality

RNIICRPERN: § [~ 2. ¢B . o
| e et o2 [ o e

) (10.17)

21 > 2 B —ut
s | e e

holds for an arbitrary function u € VVli)C2 (0, 00) such that

/oo lug (&) - €Pe4d¢ < 0o and /Oo [u(€)]? - Pe™mdé < oo.  (10.18)
0 0

The integrability hypotheses in (10.18]) are valid for w replaced by the restricted
function @ = u(x,-) € Wlif(() o0) for a.e. fixed z € R; the first one by v € V and
the second one by the previous lemma, Lemma [10.4

Inequality ([10.17)) is obtained easily from the standard weighted Hardy inequality
[23,, Theorem 330, pp. 245-246],

Z &) s 2 2 2 .8
| gdss(ﬂ_l)/0| 2 ¢ de, (10.19)

where § > 1 and f € I/V1 (0 0o) satisfies lime_,o f(§) = 0, as follows: We first
replace the function f by the product f(¢) = u(x,£) - e #4/2, then estimate the
partial derivative

£ = 5 (50,9 - e9) = ue,6)- e = B, ) - 1472
= (ue(e,&) + utz,0)) - o2
by
F©OPF = !8% (@& ™) P < 2fjue(@, P + (5)[ulz, )] - ¢



48 B. ALZIARY, P. TAKAC EJDE-2018/168

and insert it into in (10.19), thus arriving at in (10.17). Here, the hypothesis
f € WL2(0, 00) is satisfied, thanks to u € V, whence even TS - €8 de < o,
with a help from (10.18). Hypothesis lim¢_,, f(£) = 0 follows from the trace result
in Lemma

The proof is complete by integrating in with u replaced by @ = u(z,-) €
W.L2(0, 00) (for a.e. z € R) with respect to the measure e~1*l dz over R to obtain
in (10.16). 0

Recall that any function u € V = H'(H;w) satisfies the hypotheses of Lemmas
[10.4] and [0.5] above.

Remark 10.6. Owing to the Sobolev- and Hardy-type inequalities ([10.11)) and
(10.16) proved in Lemmas and with 1 < 8 < oo, the following inner

product defines an equivalent norm on the Hilbert space V:

(u,w)lé/ = (u, w)y + (u,w)}  for u,weV, (10.20)

where

(u,w)}y = /H “(Z’ 8. w(‘? &) ¢ w(e,6)dede

+ / uw - & - ro(x, &) dedé (10.21)
H

:/uﬂ;(g-k%)m(x,{)dxdﬁ for u,w e V.
H

This fact is used in paragraphs §6.1] and §6.2}
11. APPENDIX: DENSITY OF ENTIRE FUNCTIONS IN H = L?(Hj )

As we have already suggested in paragraph we wish to approximate an
arbitrary initial condition ug € H = L?(H;w) by a sequence of entire functions,
upn: C? — C;n=1,2,3,..., such that their restrictions ug ,|u to HL = R x (0, 00)
satisfy

|wo,n|m — wollg — 0 as n — oo.

Below, we construct rather simple entire (holomorphic) functions ug j, : C? - C,
n = 1,2,3,..., with this property, by using standard results about Hermite and
Laguerre functions. The reader is referred to the monographs by Kolmogorov and
Fomin [35, Chapt. VII, §3.7, pp. 395-396] and Lebedev [41l Chapt. 4], §4.9, pp.

60-61 and §4.17, pp. 7678, for details and proofs.

11.1. Hermite and Laguerre functions in the complex domain. In our ap-
proximation procedure below, we first take advantage of the (complex) Hilbert
space H = L?(H; ) being the tensor product of the Hilbert spaces $; = L?(R; ;)
and 9 = L?(R,;102), with the weights

wp(z) ;== e 7l and wy(€) =Pt for (z,€) € H, (11.1)

ie, H =91 ® 99, as defined in M. REED and B. Simon [47, Chapt. II, §4], pp.
49-54. All general properties of a tensor product of two Hilbert spaces that we use
below can be found there. Thus, both $; and £, are weighted Lebesgue L?-spaces
with the weighted Lebesgue measures to1 () da and roy(z) d€, respectively.

To keep our approximation procedure simple, we take advantage of the density
of the weighted Lebesgue L2-spaces as follows: L?(H) is densely and continuously
imbedded into H, L?(R) into $;, and L*(R,) into $2. This claim is an easy
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consequence of the fact that all weights, ro(z,£) = w1 (z) - w2(&), w1 (z), and w2 (£)
are bounded.

We use a standard approximation method in $; by Hermite functions, h(xz) =
p(z) exp ( — %x2)7 where p(z) is a polynomial obtained by a linear combination of
Hermite polynomials H,(x); n = 0,1,2,.... We refer to Lebedev [41, §4.9, pp.
60-61] for a common definition of Hermite polynomials and their basic properties.
In particular, H,,(z) is a polynomial of degree n > 0 and the Hermite functions

1
hn(x)an(x)exp(—§x2) ofzreR;, n=0,1,2,...,

form an orthonormal basis in L?(R), by N. N. LEBEDEV [41, §4.13, pp. 65-66].
Furthermore, an arbitrary linear combination of these functions, h(z) = p(x)exp (—
%xQ), where p(x) is a polynomial, can be extended uniquely to an entire function
iL(Z) = p(z)exp (—%,22) of the complex variable z = x + iy € C. Finally, given any
r > 0 and 6 > 0, there is a constant C,.s, € (0,00), depending only on r, §, and
the polynomial p, such that the following inequalities hold for all z = xz +iy, z* € C
with |y| < r and |2*] < 4:

|h(x + iy + 2*)|

- Ref(x + iy + z*)2]>

N =

= |p(z +iy 4+ 2")| - exp (—

= |p(z +iy + 27)| - exp ( — = Re[(z +iy)* + 2(z +iy)2* + (z*)2]> (11.2)

N~ N~

< Ip(a +iy+ )| -exp (= 5 - [0 = 4 = 2(0al + [yDl="| - |="))

1
< Crsp-€Xp < — §$2 + 25\m|> .

Consequently, the square of the L?(R)-norm of the function x }NL(erierz*) R —
C is uniformly bounded, provided |y| < r and |z*| < ¢ are satisfied:

+oo 5 —+oo
h(z +iy + 2%)[*dz < C? exp (—x? 4 46|z|) dz
r,0,p

—o0 —o0
2

= const;. 5, < 00.

A Hermite polynomial based expansion has already been applied to Black-Scholes
and Merton type models for European option prices, e.g., in the recent work by
Xiu [55].

Analogously, in 2 we use Laguerre functions, £(§) = q(§)exp (—%f), where
q(€) is a polynomial obtained by a linear combination of Laguerre polynomials
L,(&); n=0,1,2,.... We refer to Lebedev [4I], §4.17, pp. 76-78] for a common
definition of Laguerre polynomials and their basic properties. In particular, L, (£)
is a polynomial of degree n > 0 and the Laguerre functions

Zn(g):Ln(f)exp<_%§) of ¢ eRy, n=0,1,2,...,

form an orthonormal basis in L?(R), by Lebedev [41] §4.21, pp. 83-84]. Further-
more, an arbitrary linear combination of these functions, £(§) = ¢(§) exp (7%5),
where ¢(€) is a polynomial, can be extended uniquely to an entire function £(¢) =
q(¢) exp (—1(¢) of the complex variable ( = £(1+iw) € C. Finally, given any ¢, > 0
and 6 > 0, there is a constant Cy, 54 € (0,00), depending only on ¥,, ¢, and the
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polynomial ¢, such that the following inequalities hold for all { = £(1 +iw),(* € C
with £ € Ry, |arctanw| < 9,, and |[(*] < §:

EE(1 +iw) + )] = g€ +iw) + ¢ - exp (= SRele(1 +iw) +¢7])

(€~ 1<) (11.3)

N = N =

< lg(¢(1 +iw) + ¢ -exp  —

1
< Cppg-exn (~ 1),

Consequently, the square of the L?(R, )-norm of the function & — £(£(1 + iw) +
¢*): Ry — C is uniformly bounded, provided |arctanw| < ¢, and |(*| < § are
satisfied:

—+o0

+oo 1
| i)+ A< CB g, [ exp (- 56 dE =263, 5, < .
0 0

Summarizing the properties of the Hermite and Laguerre functions, we observe
that the product functions

emn (2, &) .= hp ()0, (§) of (z,8) €H; m,n=0,1,2,...,

form an orthonormal basis in L?(H) [47, Chapt. I, §4].

11.2. Approximation of the initial conditions (Galérkin’s method). We
have just shown that, given any initial condition ug € H = L*(H;w), there is a
sequence of entire (holomorphic) functions

UO,n(Zag):Pn(Z»OeXP(*%(ZzJFC))v (Z,C)ECZ, TL:1,2,37... )

with the restrictions wg,|g in the tensor product L?(H) = L*(R) ® L*(Ry) —
H = $H1 ® 9H9, such that:

(i) P,: C? — C is a polynomial with complex coefficients.

(ii) The restrictions g,y |m of ug » to H = R x (0, 00) satisty ||uon|u—uollag — 0
as n — oo.

(iii) There is a constant K,, = Kp, € (0,00), depending on P,, r, and ¥,,
0<7r<ooand 0 < ¥, < 7/2, but independent from y,w € R in z =
z+1iy,( =&(1+iw) € C and z*,¢* € C with |y| < r, |arctanw| < ¥, and
max{|z*|,|C*|} < 4, such that

/ [uo.n (= +iy + 2%, €(1 +iw) + ¢*) |* dr dé < K,, = const < oo,
i

whenever |y| < r, |arctanw| < 9, and max{|z*|, |¢*|} < J.

An analogous estimate remains valid in the weighted Lebesgue space H if
the standard Lebesgue measure dx dwv is replaced by the weighted Lebesgue
measure w(z,v) dz dv, thanks to 0 < w(z,v) < const < co.
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Notice that the estimate in (iii) above follows from

/|uo,n (2 +iy + 2% €(1 + iw) + ¢*) [ dade
H

=[] P o) R

0 —o0
x exp (—Re[(z + iy + 2*)* + £(1 +iw) + ¢*]) dwd¢

- e oo Pn . *7 1 . *\ |2 . 22y

_/0 /_Oo\ (z +iy+ 27, (1 +iw) + ) [P rexp (= (2 = y°) =€) (11.4)
x exp (2[a +iy| - |2 + [2*]* + [¢*]) dard¢

- [e'e] oo Pn 3 *7 1 . * 2' _ 2_

<[] P £ O e (e - )

x exp (r® +2(|z| +7)0 + 6% +6) dwdé
< K,, = const < 00

whenever |y| < r, |arctanw| < 9, and max{|z*|, |C*|} < 4.

As an obvious consequence of (i), (ii), and (iii) we obtain that ug ,: X" x Ay, —
C is a holomorphic function in both its variables (z,() and belongs to the Hardy
space H2(X(") x Ay,).
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