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BESOV-MORREY SPACES ASSOCIATED WITH HERMITE
OPERATORS AND APPLICATIONS TO FRACTIONAL
HERMITE EQUATIONS

NGUYEN ANH DAO, NGUYEN NGOC TRONG, LE XUAN TRUONG

Communicated by Jesus Ildefonso Diaz

ABSTRACT. The purpose of this article is to establish the molecular decompo-
sition of the homogeneous Besov-Morrey spaces associated with the Hermite
operator H = —A + |z|? on the Euclidean space R™. Particularly, we obtain
some estimates for the operator H on the Hermite-Besov-Morrey spaces and
the regularity results to the fractional Hermite equations

(A + |z*)*u = 1,
and
(A +|z2 +D)u=f.
Our results generalize some results by Anh and Thinh [T].

1. INTRODUCTION

In this article, we study the Besov-Morrey spaces associated with the Hermite
operator H = —A + |z|? on R", n > 1. It is known that the classical theory of
the Besov and Triebel-Lizorkin spaces plays a crucial role not only in the theory of
function spaces, but also in the theory of partial differential equations and harmonic
analysis, see e.g. [7, [9] 10} 1], T2} 14}, 5], and the references therein.

Recently, the theory of the Besov and Triebel-Lizorkin spaces associated with the
operators has been developed by many authors when one observed that the classical
Besov and Triebel-Lizorkin spaces are not always the most suitable to investigate
a number of operators, see [Il, 2, B, [l 18 10, 1T, 19], and their references. For
example, Petrusev and Xu [13] studied the characterization of the inhomogeneous
Besov and Triebel-Lizorkin spaces in terms of Littlewood-Paley decomposition in
the context of Hermite expansions that the frame elements have almost exponential
localization. Note that these frame elements can be viewed as an analogue of the
p-transform of Frazier and Jawerth [7]. Another approach introduced by Anh and
Thinh [I] is of defining the Besov and Triebel-Lizorkin spaces in terms of the heat
kernels via square functions. Their approach adapted to the study of the theory
of both homogeneous and inhomogeneous Besov and Triebel-Lizorkin spaces. This
allows them to extend the range of indices 1 < p,q < oo of the homogeneous Besov
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space BM;’;QH (resp. Triebel-Lizorkin spaces FMIO)‘,’(]]H) to 0 < p,q < oo, compare to
the results in [8].

One of the most interesting studies of the theory of Besov spaces is the Besov-
Morrey spaces, introduced first by Kozono and Yamazaki [9] to investigate time-
local solutions of the Navier-Stokes equations with the initial data in the spaces of
this type. As a matter of fact, the Besov-Morrey spaces share several features of
Besov and Morrey spaces. They represent the local oscillations and singularities of
functions more precisely than the classical Besov spaces. Thus, they behav better
in many aspects, particularly under the action of singular integrals and pseudo-
differential operators. In addition, Mazzucato [11l [12] established the wavelet de-
compositions to characterize the homogeneous and inhomogeneous Besov-Morrey
spaces. For more results on the Besov-Morrey spaces, we refer the reader to
[9, 10, 111, 12, 14, 15, 17, 19] and the references therein.

Inspired by the above results, we would like to generalize the theory of the
homogeneous Besov spaces associated with the Hermite operator BM;’qH to the one
of the homogeneous Besov-Morrey spaces associated with the Hermite operator
BM;”,]JH’IT in this paper. To study BMZ"’;H}T, we use the results in [I], specifically, the
estimates on the heat kernels via the square functions. Beside, we also establish the

molecular decompositions for BM;"’ET. As applications, we obtain the regularity of

solutions to the fractional Hermite equations:
Hou = f,
and
(H+1)°u=f.

We organize this paper as follows: Section 2 contains some preliminary results
and definitions of functional spaces. Section 3 is devoted to the study of the molec-
ular decomposition for the Hermite-Besov-Morrey space. Finally, we investigate the
regularity of solutions on Hermite-Besov-Morrey spaces to the fractional Hermite
equations in Section 4.

Throughout this paper, we always use C' and ¢ to denote positive constants that
are independent of the main parameters involved but whose values may differ from
line to line. We write A < B if there is a universal constant C such that A < CB;
and A~ Bif A< B and B < A. We use the following notation: N = {0,1,2,...},
Ny ={1,2,3,...}, Z= ={-1,-2,...}, Zy, ={0,—-1,-2,...} a A b = min{a, b},
a Vb =max{a,b}, and int[a] is the integer part of a.

2. PRELIMINARIES

2.1. Dyadic cube. The set of all dyadic cubes D in R is defined by

n
D= { H[ijk,(mj +1)2%) i my,ma, ... mp, k € Z}.
j=1

For a dyadic cube Q := [[}_, {mﬂk, (m; + 1)2’“), for some my,ma, ..., mpy, k € Z
we denote by 4(Q) and z¢ the length and the center of the dyadic cube Q. In this
case, £(Q) = 2F and zg = ((m; + 1/2)2’“)?:1. Moreover, for every v € Z, we set

D, ={QeD: Q) =2"}.
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2.2. Morrey space. Let us first recall the definition of the Morrey spaces.

Definition 2.1. For every 0 < p <r < oo, the Morrey space M, is defined by

My = {f €Ly (R"):||flny = sup sup R**" || £l Lo (5, ) < o0}
roER™ R>0

Next, we point out some known results about the Morrey norms.

Proposition 2.2. Let 0 <p <r < oo. Then
1_1
1l ~ sup [Q" "7 [ flle () (2.1)
QeD

1 = £ 134rg: 70 >0, (2.2)

dt 1/q dt
/|F HM’— /HF ||Mr*) , forO<g<p  (23)

Proof. Note that (2.1]) and (2.2) follow from the definition of the Morrey spaces.
While, (2.3 can be obtained by using Minkowski integral inequality, see also [8]
(2.20)]. O

For 6 > 0, we denote by My the Hardy—Littlewood maximal function
1/6
vof(a) = sup (o [ wlan) . e

where the supremum is taken over all balls B C R™ containing x.
Then, we have a version of the Fefferman-Stein vector-valued maximal inequality
for the Morrey spaces, see [16, Proposition 2.1].

Proposition 2.3. Let 0 < ¢ <00, 0<p <r < oo, and 0 < § < min{p, q}. Then
1/q
(3 Mo file) ||M;sn(z\fk DRV
keZ ke

Remark 2.4. As a consequence of Proposition the Hardy-Littlewood maximal
operator My is bounded on M.

Next, we put

A, — ( sup (|1J|>1p/r Z |Q|17p/T|SQ|p>1/P

JeD,L(J) =27 QeD,,QCJ

We borrow a result of Wang [19, p.779] involving the characterization of A, in the
Morrey norms.

Lemma 2.5. Let 0 < p < r < oo, and v € Z. Assume that the sequence
{sq : Q € D,} satisfies
1> 1017 salxelly < oc.
QED,
Then
1> 1R sqlxallvy ~ Au.

QeD,
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2.3. Kernel estimates on Hermite operators. For any & > 0 and for ¢t > 0, we
denote the kernel associated with (tv/H)*e *VE by prk(z,y). We recall here the
results of [I, Lemma 2.1 and Propisition 2.2].

Proposition 2.6. For k € N, there exist C > 0 and § > 0 so that

( ) |pt k(x y)‘ < Cw, fO’f' x,y c R™.
(2) for any |h| < t, we have
tk

——  foruxz,y € R™.
(t e —gere Jor oy

BN
et + o)~ pesce ) < o (1)

Proposition 2.7. For every y € R™, we have py (-, y) € S.

2.4. Calderén reproducing formulas. In this part we recall Calderén’s formula
from [1], that is useful for studying the homogeneous Besov-Morrey spaces.

Proposition 2.8. Let mi,ms € Nt and f € §'. Then

1 OO my ,— mo — at . /

where m = my +ms, and 8’ is the dual space of the Schwartz functions S as usual.

3. BESOV-MORREY SPACES ASSOCIATED WITH THE HERMITE OPERATORS

It is convenient for us to introduce first the homogeneous Besov-Morrey spaces
corresponding to the Hermite operator H.

Definition 3.1. Let « € R, 0 < p,q < 00, p < 7 < 00, and for every positive
integer m > n + max{a, 0} + int[n(% —1)] + 1, with 6y = min{1,p,q}. Then, we

a,H,m
p,q,T

BMg s = {£ €8s | fllpngg s = (/0 (ol eVEe A ) 2

< oo}.
Remark 3.2. If »r = p, then the space BMg,’E;m is exactly the space BM,", Hm i
.

We will show that BM;’ qHTm is independent of the choice of m when m is large

enough. Precisely, we have the following result.

define the homogeneous Hermite-Besov-Morrey space BM as follows

Theorem 3.3. Let o € R, 0 < p,g < 00, and p < r < oco. Let mi,my be the
positive integers such that

1
mi, mg > n + max{a, 0} + int[n(e— -1)]+1,
0

with 6y = min{1,p,q}. Then, the spaces BMy: qHTml and BMj; gﬂrmz coincide with
equivalent norms.

As a consequence of Theorem . we can define the Besov space BMP 0 88 any
space BM; qHTm, for any positive integer m > n + max{«, 0} + int[n (— -1)]+1.

We now recall the definition of the molecules associated with the Herrmte oper-
ator in [1J.
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Definition 3.4. Let 0 < r < oo,a € R, and N,M € N,. A function u is said to
be an (H, M, N, o, ) molecule if there exist a function b from the domain (vH)™
and a dyadic cube Q € D so that (i) u = (VH)Mb, and (ii)

T — a/n—1/r |l‘7$Q| —n=N r o
[(VH)Fb(x)| < £(Q)MF|Q|o/n (1+7€(Q) ) , fork=0,...,2M.

Briefly, we denote uv = mg, for every dyadic cube Q € D.
Next, we have some elementary estimates.

Lemma 3.5. Let N e Ny anda >t > 0. For cmyx z € R,

/n(1+| ty|> (1+| ay‘) d <t”(1+|$;z\) N

For a proof of the above lemma, we refer to [I, Lemma 3.6]. Next, we have a

result of the molecular decomposition for BMj: qH,m.

Theorem 3.6. Let « € R, 0 < p,q < o0, p <1 <00, and §p = min{1,p, q}.
(i) For every M, N € Ni and m > n + max{q, O} + int[n (— —D]+1, 4 f €
BME™ then there exist a sequence of (H, M, N,a,r) molecules {mqg}oep, vez

Pg,T
and a sequence of coefficients {sQ}gep, vez so that

fzz Z somg, nS'.

VEZ QED,

/
(3 48)"" < Wl (3.1)

vEZ

fzz Z somg, S,

VEZ QED,
where {mg}gep, vez s a sequence of (H, M, N, a,r) molecules and {sq}qep, vez

Moreover,

(ii) Conversely, if

is a sequence of coefficients satisfying (Y, ez Ag)l/" < oo, then f € BMy (]ZHITm, and
1/q
Il < (242) (32)

VEZ
provided that N,M € Ny such that 5 < 6o, M > max{% — a,m}, with m >
max{«a,0} + N +n.

Proof of part (i). For every f € BM®H™ it follows from Proposition that

p,q,r
o dt
f= Cm,M,N/ (t\/ﬁ)MJrNeit\/ﬁ(t\/ﬁ)me*t\/ﬁf?, in&’,
0
with Cm,M,N = *2m+M+N—1(,,1n+M+N_1)! . Thus,
gut1l

dt

f=cmmnN Z/ (t\/ﬁ)M+Ne*“/ﬁ(t\/ﬁ)me*t‘/ﬁf7
vez v 2"

2'u+1

—CmMNZ Z / (tVH)M*+Ne —tf[(tfm —tffx ]

vEZ QED,
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For any v € Z and Q € D,,, we set

sg=27""mmsup VH)me VR (y)), (3.3)
(y,t)eQx[2v,2vF1)

and mg = HM/sz, with

1 gutl - - dt
bo = o M (VE)Y e VHVE) e fxol S
2'u

Obviously, we have
f= Z Z sgmg, inS'.
vEZ QED,

Thus, it remains to show that mg is an (H, M, N,«,r) molecule. Indeed, for
k=0,...,2M, and for any x € R", from Proposition [2.6] we have

1 2'u+1 dt
IH* 2bg (2)| = | — / tME (i /HYN R VR (1/H) e VE fxal 7|
SQ u
I dt
< [ [ v lleVE e )|y
7Q Jor Q (3.4)
1
< = sup ’(t\/ﬁ)me_t\/ﬁf(z)‘
5Q (z,)€@x[2v,2v+1)
qutl N
t dt
v o t+]z—yhn t
On the other hand, it is not difficult to verify that
tN |z — zg|\ "N
gy <C(n,N (1+7 Ve [2v,2vtY). (3.5

Combination (3.3), (3.4) and (3.5 yields

— —n—N
|Hk/2bQ(1‘)| < gv(at+M—k—n/r) (1 + |2 2UxQ‘) '

This implies that mq is an (H, M, N, o, r) molecule.
Next, we prove (3.1)). We observe that w(x,t) = Hm/Qe_t‘/ﬁf(x) is a solution of
the equation

Qg+ [2)w =0, with Ay w = wy + Aw.

So, w is a subharmonic function. Thanks to [5 Lemma 5.2], for every 6 € (0, 00)
we obtain

B 1 s 1/6
sup_ B2 )| 5 (= [ e ) fayar)
(y.)eQ QI /26

where Q = Q x [2¢,2F1) is a cube in R" L.
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Note that |Q| ~ 2°|Q| and ¢ ~ 2, for any (y,t) € Q. Hence, it follows from the
last inequality that

m_—tvH
w (V015 (g [

(y,)eQ

92v+1 dt 1/

[ evEre )y )
5Q t

921}+1

8
5(/
3o

for any z € . From ({3.3)) and (3.6]), we obtain

I | (1VED) e ) ) )
(3.6)

221)+1
—v(a—n/Tr m — dt 1/9
salxa(@) £ 27 ([ My(leVE"e @) xal)
Z v
or
g2t diN1/6
> 1Q1 lsolxate) S 2 ( [ MoV V@) )
QeD, F2v
Thanks to Lemma [2.5] we have
99v+1

' 9 dt\1/0
Avgz—wu(/@v Mo (VeI

Next, Minkowski integral inequality (see (2.3)) yields
g21)+1

—va 8 m_ — dt11/0
g [0 o (evEme ) g T

At the moment, for a fixed 8 € (0,6p), then My is a bounded operator on My,
likewise

g20t dt11/6
Avgre [T Ve g, T
120
g2t 0 dt11/0
[ (enevErne ) 7
120

99utl

s (eonevEme R ) §]

where the last inequality is obtained by using Holder’s inequality. Therefore,
gu+1

(Z) s Z/ (1 VA e R g ) ]

By noting that »_ ., X(32v,92v+1) < 2, we obtain

2/2“”1 = O‘H(t\ﬁ)m *t\er ) = <2/OOo (t*a”(t\/ﬁ)me,t\/ﬁf”MZ)q%7

VEZ
which implies

() <[ [ (ron0vBme i) §1" = o g
vEZ

This completes the proof of part (i). a
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To prove (ii) of Theorem we need the following auxiliary lemmas.

Lemma 3.7. Let N > 0, and let n,v € Z be such that v < n. Let {fo}gep, be a
sequence of functions satisfying

o) S (L+27"z — o) """

Then, for any 6 € (;15,00) and for a sequence of numbers {sq}qep,, we have

> Isallfe@)] 5277 My (Y Isalxe) (@)

QeD, QeD,

The proof of the above lemma can be found in [7, p.147]. Next, we recall [II
Lemma 3.6].

Lemma 3.8. Under the assumptions as in (ii) of Theorem we have

o t \m—N-n — —n—N
(Ve Fmg(@)] S 1Q1FH(5)" (14 ELEN T <o

2’[}
o 2U\ M — —n—N
tVH)™e Vo (x < Q?*% — 1—|—L zq| , YVt >2".
@ t t
Proof of part (ii) of Theorem . We begin by writing
2k+1 adt
Mgz =3 [, (CIE 3 saltVBye“Tmalu)'
o vEZ QED,
_ q
SE I X el s [0VE) e gl )
kez v>k QED, te[2k 2k +1)
_ q
F I Y Isal _swp (0VE) gy )
keZ v<k QED, te[2k, 20 1)
= Il + 12.

Thus, the proof is complete if we can demonstrate that
LSy Al (3.7)
vEZ

We first prove (3.7)) for I;. Keep in mind that v > k+-1 in this case. Since 6y > -
and M > maX{ - — a,m}, we can choose a real number 6 € (;7'5,00) such that

n+N?
M > % — a. By noting that 2° > 2"+1 > ¢, Lemma [3.8| implies

sup |(t\/ﬁ)m6_t\/ﬁmQ(x)\ < \Q|%_%2(k_“)(m_N_”) (1 +27%z — xQ|)_n_N )

te[2k 2k+1)

Thus,
S Isql  sup  [VH)™e YEmg ()|

QeD, te[2k 2k+1)

& —Lo(k—v)(m—N— ")|SQ|(1—|—2 v|a:—xQ|) -N

QeD

5 2va2(k7v)(mfN7n) Z |Q|*1/’I‘|SQ| (1 + 277j|x . IQD*an .
QED,
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Now, we apply Lemma with n = v and fo(z) = (1+27"|z — xQ|)_n_N to
obtain

> Q1 sl (1427l —ael) TN S Mo D 1R salxe) (@), (3.9)

QeD, QeD,
for 0 € (35 00). Inserting (3.9) into (3.8) yields

> Il sup I(t\/ﬁ)me‘t Fmg (@)

QG'D,, {Qk 2k+1)
§2vo¢2(k7v)(mfN7n)M9( Z |Q|71/T|SQ|XQ)(‘]:)
QeD,
Then
I 5 Z [Q—kaH Z2av2(k—v)(m—N—n)M0( Z |Q|—1/T‘SQ|XQ)HMT}(1
kez v>k QEDy ’
:Z||Zz<k—”><m—N—"—a>Me( > IQI‘”’"ISQIXQNKA; (3.10)
k€Z wv>k QeD,
<> [Zz(k v)(m=N-n-a HMe( Z QI ”TISQ\XQ)HMT} :
keZ v>k

Again the fact that My is bounded on M; nnphes

o (32 |Q|*1/’“|SQ|XQ)||M;5|| S 1R Y Isqlxallg ~ A (3.11)

QED, QED,

Combination (3.10]) and ( - yields
gy [ ok, I
kEZ v>k
Applying Young’s inequality yields
Z Q(kfv)(mfonfa)AU

v>k

—1
(k=v)(m=N-n—a)q\ ‘o (k—v)(m—N—-n—a)q 1/q
(k=v)(m=—N-n-a)q

v>k v>k

(k—v)(m—N-—n—a)

Since m > N +n+a, > .2 2(a-1) * is then bounded by a constant
independent of k,v. Thus,

I]_ S Z ZQ(k‘*'U)(m;N*n*a)q Ag

keZ v>k
(k—v)(m—N—-n—a)q
— S E— q q
Z(Zz 2 >Avngv.
vEZ \k<v VEL

It remains to show that estimate (3.7) holds for I5. Actually, the proof for I is
most likely to the one for I7, with only one different point that we use Lemma
for v <k, i.e.

a — —n—N
sup (V)™ eV Emg(a)] < [QIF oM (14 w) .

te[2k,2k+1) 2v
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Proceed similarly to the proof (from (3.8)) to (3.11)) above, we obtain

I < Z [Z 2(u7k)(IVI+a)AU}q'

keZ w<k

By noting that M + « > 0, apply Young’s inequality yields the result. This com-
pletes the proof of Theorem O

Proof of Theorem[3.3 Let N = int[n(g- —1)] +1, and M > max{my,ms, g- —a}.

Because m1 and ms play the same role, it then suffices to prove that BMO‘ Homy —

BM% JH,mo
pa
In fact, for f € BM; gﬂrml thanks to (i) of Theorem E’ there exist a sequence

of (H, M, N, a,r) molecules {mQ :Q €D,,veE Z}, and a sequence of coefficients
{SQ :Q eD,,veE Z} so that

fzz Z sgmg, in&’,

VEZ QED,

q 1/q
(ZAU) S ||f||BM;;g{;f"1'

VEZ
In other words, (3=, ., A9)"/4 is finite.
By (ii) of Theorem@ we obtain f € BM®Em2  Fyurthermore, f satisfies

p,q,T

/
gy < (32 42) "

vEZ
Or, we obtain the result. ([l

and

4. REGULARITY ON BESOV-MORREY SPACES FOR FRACTIONAL HERMITE
EQUATIONS

In this part, we study the regularity results of solutions of the two fractional
Hermite equations:

H°w=f, and (I+H)°=f, onR",

for any s > 0, and for f € BM? (]ZHIT To solve the indicated equations, it is necessary
to investigate the operators H™* and (I + H)~*, named by the Riesz potential of
Hermite operator and the Bessel potential of Hermite operator respectively.

In fact, by following [, Proposition 2.5], we can define the operators H™* : &' —

S and (I +H)*:8" — S by setting

(H°f,¢) = (f,H *¢), and ((I+H) *f,¢)=(f, (I +H) *¢),

for any f € &', and for ¢ € S. Note that (-,-) is the pair between a linear function
in & and a function in 8. Moreover, for any ¢ € S we have

s¢_ 2‘)/ ts 7tH¢7€S

(I+H) "¢ = 1"(15) /oo tsefteftH(b? es.
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Let K¢(z,y) (resp. K;x(x,y)) be the kernel of e ' (resp. (tH)*e~*). Thanks to
[0, Lemma 2.5], and [I, Lemma 2.4], we have the following results.

Lemma 4.1. For k € N, there exists ¢,C > 0 so that for all y € R

th%exp fcM , 0<t<1
LTS S A (a.1)
e ‘e , t>1.
C xr—yl?
Ky p(z,y) < a7z OXP ( - c%) (4.2)

Our regularity results are as follows.

Theorem 4.2. Leta € R, 0<¢<00,0<p<r<oo, and f € BMg,’qH'],IT. Assume
that u is a solution of equation H°u = f, Then, there exists a constant C' > 0 such

that
”uHBMgfg?}H < CHf”BMgEI,

Theorem 4.3. Leta € R, 0<g<00,0<p<r<oo, and f € BM;“”L]]H,IT. Assume
that u is a solution of equation (H+ I)*u = f. Then, there exists a constant C' > 0

such that
||uHBng{frsﬂ < C||f||BMa,]}H .

P,q,T

Theorems [£.2] and [£.3] are just a consequence of the theorem below.

Theorem 4.4. Let a e R, 0 < p <r <oo, and 0 < ¢ < 0o. For any s > 0, the
operator H=* (resp. (I +H)~*) is bounded from BM>2  to BMo 1255,

P PsasT
Proof of Theorem[].]} Let {m¢g : Q € D,,v € Z} be a sequence of (H,4M, N, a,r)
molecules, with M, N € N, and M > s +n/2 + N/2.

We first prove that H™*(mq) is an (H,2M, N, a+2s, r) molecule associated with
the cube Q. Indeed, let mg = H2Mbg as in Deﬁnition and put yo = H*HMb,.
Then

Hist = HMyQ = (\/ﬁ)QMyQ.
Thus, it suffices to show that

k < IM —k) | 2t2e L [z — g\ N 4
(VB (@) S @M MR T (1 ) L (4)
for k=0,...,4M. In fact, we have
yo(z) = H*HMbg = ! /Ootse_tHHMb (ag)ﬂ
Q Q T(s) Jo Q L
Therefore,
VH)F LS A VH)2M Ak dt
(VH) yo ()| < == [ [Pe™ (V)™ bo(x)]—
L'(s) Jo t
- /OO |5~ (VH)2M R pg )|dt =1 + I
T(s) S € QWi = AT

First, we estimate I;. Thanks to Lemma [4.I] we have

VP ()] = [ K (VD Mg (w)ldy

1 x —yl?
S /R e exp(—2c—' : | V)44 ()| dy.
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Taking Definition [3.4] into account, we obtain
- 1 [z —yl? [z —y[\ N
tH 2M+k
le”™(VH) b@(x)\s/aneXp(—c - )(1+ NG )

a_ 1 — —n—N
X |Q‘;—;2v(2M—k) (1 + |y 2UxQ|> dy
Next, we apply the inequality (1 +a+b) < (14 a)(1+b), for all a,b > 0 and the
fact t < 4" to the right hand side of the above inequality to obtain

e (VH)* M bo (2)]

N _ —n—N 1 — |2
< |Q|E—Far@M k) (1 4 M) / ——exp ( — Cg)d%

21}

thus N
o - —-n—

e (V) g (@) S QI F b (14 [ tel) Y

This implies
I S|QIR—r2uBM=k) (1 4 lz —wqly =N T dt
T v t
0 (4.4)

a+2s xr—x —-n—N
< |Q|+T?—%2v(2M—k)(1+ | 5 Q|) .

It remains to consider I>. By , we have
Y e (VH) bo ()] = ¢~ |(tH)M e ™ (VH) bg ()]

=t M - | Ko ar (2, y) (VH) g (y)|dy

2l %M |(VH)*bg (y)|d
~ rn 172 P t QI

In similar to the above proof, we also have
[HY e~ (VEH) bo ()]

_ 1 |z —y|\ N a1 — ly — ol
<M 7(1 ) e —Lov(AM—k) (1 7) du.

By Lemma [3.5] and noting that ¢ > 4, we obtain
HM e~ (VH)*bg ()|

< t7M|Q|%7%2v(4M7k) <1 + |(E — "ﬁEQ‘)_n_N

Vi
— —n—N
S ()b (1 2 zely T
Thus
o T —xo\"N [ . dt
I, S |Q[7 ~rovM=k=N=n) (1 + |27EQ|) / 5t JEN—M?

(4.5)

at2s 1007 |z — xg|\ N

QI —reM k)(lJrTQ) :
Hence, (4.3)) follows from (4.4) and (4.5). Thus H™*(mg) is an (H,2M, N, a+2s,r)
molecule associated with the cube Q. By Theorem[3.6]and a suitable choice of M, N,

we obtain the boundedness of H™* from BM;‘:ET to BMS,JgiS’H.



EJDE-2018/187 BESOV-MORREY SPACES 13

Similarly, we can also establish the boundedness of the Bessel potential (I+H)~*

from BM;‘:E}T to BM;“;’%S’H. We leave the proof to the reader. O

Acknowledgments. We would like to thank the anonymous referees for their
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