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ABSTRACT. This article concerns nonlinear functional integral equations of
product type. The first two equations set on a the positive half-axis encompass
different classes of nonlinear integral equations and may involve the product
of finitely many integral functions. The existence of integrable solutions is
based on improved versions of Krasnoselskii’s fixed point theorem combined
with techniques of measure of weak noncompactness and some elements from
functional analysis. The third one is an integro-differential equation set on a
bounded interval, for which the existence of absolutely continuous solutions is
provided. Examples show the applicability of our results.

1. INTRODUCTION

Nonlinear integral equations appear in several mathematical problems modeling
nonlinear phenomena. As special cases, integral equations of product type arise,
e.g., in the study of the spread of an infectious disease that does not induce perma-
nent immunity (see, e.g., [3, 12} 14l 15, 29] and references therein). For instance,
Gripenberg [14] studied the existence of periodic solutions to the following integral
equation of product type:

t

(1) = k(P - /_; At — s)x(s)ds) (/_

This equation is related to models of disease spread that does not induce permanent
immunity and the function x stands for the infection rate, i.e., the rate at which in-
dividuals susceptible to catch the disease become infected. Then fioo a(t—s)xz(s)ds
is approximately proportional to the total infectivity if the average infectivity of
an individual infected at time s is proportional to a(t — s) at time ¢ > s. P is
the size of population and P — ffoo A(t — s)x(s)ds is approximately the number of
susceptibles provided that the cumulative probability for the loss of immunity of
an individual infected at time s is 1 — A(t — s) (see [14] [15]).

Gripenberg [I5] also studied the existence and the uniqueness of a bounded,
continuous, and nonnegative solution to the following integral equation of product

a(t — s)m(s)ds), teR.

oo
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type:

m(t):k(p(t)+/0tA(t—s)x( /Bt—s 9ds). (L)

for ¢ > 0, under appropriate assumptions on functions A and B. The functions p, ¢
are related to the past-time infection. Gripenberg also obtained sufficient conditions
that guarantee the convergence of the solution as t — oco.

Pachpatte [27] provided a new integral inequality that he used to study the
boundedness, asymptotic behavior, and growth of solutions of equation .

Abdeldaim [I], and Li et al. [2I] generalized Pachpatte’s inequality to some
integral inequalities in order to study the boundedness and the asymptotic behavior
of continuous solutions to equation .

Olaru [25] generalized and showed the existence and uniqueness of a con-
tinuous solution to the following integral equation:

= ﬁAi(x)(t), a<t<b,

where A;(x)(t) = ¢;(t) + fcf K;(t,s,z(s))ds, t € [a,b], and K; is continuous Lips-
chitzian for i =1,...,m.

Later Olaru [26] generalized by studying the existence of a continuous
solution to the integral equation

z(t) = ( / Ki(t,s,z(s)) ds gg / Ks(t, s, z( )ds) (1.2)

for t > 0. He employed the weakly Picard technique operators in a gauge space.
Finally we mention Bellour et al. [8] who studied the existence of an integrable
solution to the following integral equation on the interval [0, 1],

o) = uttx(®) + (p(0)+ [ Fa(t.5) (5. 0(5)s)
(1.3)

+/Ot kg(t,s)fg(s,x(s))ds>.

In this paper, we consider the more general nonlinear integral equation

(1) :f(t,x(t))+f1(t,/Otvl(t,s,x(s))ds)fg(t,/otvg(t, sa(e)ds),  (14)

for t > 0. This equation encompasses many important integral and functional
equations that arise in nonlinear analysis and its applications, in particular integral
equations (LI)), (L.2), and (see also [I3] 20] for some other special cases).
When considering continuous solutions, we refer to [9] and some references therein.

However, many models of the spread of infectious diseases include data functions,
which are discontinuous. For this reason, we devote our investigations to extend
the theory developed for and to discuss the existence of a solution to
in the space of integrable real functions on R when f1, fo obey linear growths
in the second argument, which ensures continuity of the superposition operators.
The product term involves two nonlinear operators acting from L' to L' and to
L, respectively. An example is included to illustrate the applicability of our first
existence result. This is the content of Section 3.
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Section 4 is devoted to a generalization of equation (L.4)) to m product terms
(m > 2), each transforming L' into LP¢ with conjugate exponents p; > 1 (1 <i <
m), which we call (L?, L?) product integrals:

m t
#(t) = £(t,2(0) + [ (t/ ult s, 2(s))ds), > 0.
i=1 0
Theorem providing existence of integrable solution is proved via a fixed point
argument.

The main tools used in our considerations rely on conjunction of some techniques
of measures of noncompactness together with compactness criteria and an improved
version of Krasnosel’skii fixed point theorem proved in [24].

The third nonlinear integral equation discussed in this work is also of product
type and is set a bounded interval [a, b]:

t t
o(t) =20+ [ flsia()ds+ [ (als) + Via(s)) (35 + Vas(s) ds,
0 0
for a < t < b. The existence of absolutely continuous solutions is obtained in
Theorem Section 5, extending results from [25].
Some elements from functional analysis including Dunford-Pettis weak compact-
ness criterion and fixed point theorems are collected in next Section 2.

2. PRELIMINARY RESULTS

We denote by LP = LP(Ry) (1 < p < c0) the Banach space of equivalence classes
of measurable functions on R, such that f0+oo |z(t)|Pdt < oo. Tt is equipped with
the norm ||z, = ( 0+°° |z (t)[Pdt) VP pee = oo (R ) will refer to the Banach space
of classes of measurable functions that are essentially bounded. Its norm is referred
to by ||z|lec = esssup,sq |z(t)]. For the sake of clarity, we will shorten ||z||1 to ||zl
unless specified otherwise.

Theorem 2.1 (Generalized Holder’s theorem [10]). Assume that f1, fa,..., fn are
functions such that

1 1

1 1
fie LP"(Ry), 1<i<n with —+—+ - +—==<1 (2.1)
P11 P2 Pn P
Then the product f = fifa... fn belongs to LP(Ry) and
||pr < ”lelef?sz e ”anpn (22)

The following result is a kind of converse to the Lebesgue dominated convergence
theorem.

Theorem 2.2 ([10, Théoreme IV.9]). Let Q be a measurable set of R™ and (f,) a
sequence in LP(Q). If fr, — f in LP(Q) with p > 1, then there exists a subsequence
(fny) of (fn) and a function g € LP(QY) such that:

(1) fo, — f, ace. in Q,

(2) |fn, @) < g(t), for allk >1 and a.et € Q.

Also we need the following result.

Lemma 2.3. Let E be a topological space and (x,,), a sequence in E. If there exists
z € E such that any subsequence (5, )k of (xn) has a new subsequence (zy,, )i such
that:rnkl —zinkF, asl — oco. Then x, — x in E, as n — oo.



4 B. BOULFOUL, A. BELLOUR, S. DJEBALI EJDE-2018/19

This is a classical result in topology whose proof is sketched here for the sake of
completeness (see, e.g., [4, Exercise 9, Section 3.4, p.80].

Proof. On the contrary, there would exist some €y > 0 such that for all k =1,2,...,
there exists n, > k such that |x,, — x| > . Then the sequence (z,,) has no
convergent subsequence, a contradiction. Another way to see this result is to let
z = liminf,, o z, and T = limsup,,_,., #,. Now consider two subsequences (zy,,)
and (x,,) that converge to z and T respectively. By Assumption these subsequences
have subsequences that converge to z. As a consequence x =z = 7. O

Definition 2.4. Let I C R be an interval (bounded or unbounded) and n > 1 an
integer. A function f: 1 x R™ — R satisfies Carathéodory’s conditions if
(i) for all z € R™, the function ¢t — f(¢,z) is Lebesgue measurable on I,

(ii) for almost every (a.e. for short) ¢ € I, the function « — f(¢, ) is continuous
on R”.

One of the most important operators in nonlinear analysis is the superposition
(or Nemytskii) operator generated by a time-space argument function f and defined
by (Fz)(t) = f(t,x(t)), where z : I — R is a measurable function. It is well known
that Nz is also measurable and that if N is defined in LP with values in L9, then it
is bounded and continuous. Moreover Krasnosel’skii [I8] and Appell and Zabreiko
[2] proven the following characterization.

Theorem 2.5. Let I C R be an interval (bounded or unbounded) and p,q €
[1,+00). Then the superposition operator generated by Carathéodory’s function
f maps continuously the space LP(I) into LU(I) if and only if |f(t,z)| < a(t) +
c\mﬁ, for a.e. t € I and all x € R, where ¢ is a nonnegative constant and
a € L1, (0,+00)).

The Sorza Dragoni Theorem reads as follows.

Theorem 2.6 ([23]). Let I C R be a bounded interval and let f : I x R™ — R be
a function satisfying Carathéodory’s conditions. Then, for each € > 0, there exists
a closed subset D, C I such that meas(I \ D.) < € and the restriction of f on the
set D, x R™ is continuous.

The Dunford-Pettis Theorem provides a useful characterization of weakly com-
pact sets of L.

Theorem 2.7 ([10]). A bounded subset M of the Banach space L*(R.) has compact
closure in the weak topology if and only if the following two conditions are fulfilled:

(a) for each € > 0 there exists & > 0 such that
/ |z(t)|dt <e, VD CRy, meas(D) <4, Vo € M
D
(b) for each & > 0 there exists T > 0 such that

+oo
/ ()|t <e, VoM.

T

Given a Banach space F, let B(E) denote the family of all nonempty bounded
subsets of E and W(E) the subset of B(E) consisting of all relatively weakly com-
pact subsets of E. B, will refer to the closed ball centered at 0 with radius r in E.
The following concept of the measure of weak noncompactness was first introduced
by [11]; see also [6]. It is recalled in its axiomatic form.
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Definition 2.8. A function u: B(E) — R is called a measure of weak noncom-
pactness if it satisfies the conditions:
(1) The set ker(u) = {M € B(E) : u(M) = 0} is nonempty and ker(u) C
) M, C My = /L(Ml) < ,u(Mg)
) p(co(M)) = u(M), where co(M) is the closed convex hull of M.
) p(AMy + (1= N)Ms) < Ap(My) + (1 — N)p(My), for all A € [0, 1].
) If (M},)n>1 is a sequence of nonempty, weakly closed subsets of E with M
bounded and My 2 My D ... O M, D ... such that lim,, ., u(M,) = 0,
then My, := NS2, M,, is nonempty.

An important example of measure of weak noncompactness in L*(R, ) has been
constructed by Banas and Knap [7] in the following way: for a bounded subset X
of Ll(RJ,_), let

u(X) = e(X) + d(X),
where
¢(X) = lim (sup {sup {/ |z(t)|dt : D C Ry, meas(D) <e, x € X}}),
e reX D
“+o0

d(X)leiiI;O(sup{/T \J;(t)|dt:xeX}>.

Notice that the first term is related to integrability condition (a) in Theorem
while the second one treats the equiconvergence at positive infinity, namely condi-
tion (b) in Theorem Moreover by Dunford-Pettis theorem the kernel of
the measure of weak noncompactness p coincides with the collection of all weakly
relatively compact subsets of the Banach space L'(R.).

The following two definitions are needed in Theorems and The first
one extends the concept of nonlinear contraction.

Definition 2.9. [22] Let (X,d) be a metric space. we say that T : X — X is a
separate contraction if there exist two functions ¢, : R; — R, satisfying

(1) ¥(0) =0, 1 is strictly increasing,

(2) d(Tz,Ty) < p(d(z,y)), for all z,y € X,

(3) ¥(r)+ o(r) <r, for r > 0.

Definition 2.10. [I6] Let M be a subset of a Banach space E. A continuous map
A : M — F is said to be (ws)-compact if for every weakly convergent sequence
(zn)n in M, the sequence (Ax,,), has a strongly convergent subsequence in E.

Our existence results are based on the following two fixed point theorems. The
first one is a Krasnosels’kii type theorem under the weak topology.

Theorem 2.11 ([24]). Let M be a nonempty, bounded, closed, and convex subset
of a Banach space E. Suppose that F': M — E and G : M — E satisfy:

(i) F is a separate contraction,

(ii) G is (ws)-compact,

(iii) there exists v € [0,1) such that u(FS+ GS) < yu(S) for all S C M, where

w is an arbitrary measure of weak noncompactness on F,

(iv) F(M)+ G(M) C M.

Then there exists © € M such that Fx + Gx = .
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This is a generalization of the following result.
Theorem 2.12 (|20]). Let M be a nonempty bounded closed convex subset of a
Banach space E. Suppose that A : M — M satisfies:
(i) A is (ws)-compact.
(if) A(M) is relatively weakly compact.
Then there is a x € M such that Az = x.
We finish this section with some reminders and properties of absolute continuous

functions (see, e.g., [I7), 28])

Definition 2.13. A function 6 : [a,b] — R is absolutely continuous if for each
€ > 0 there exists § > 0 such that

S 10 — () < e

for any finite collection {(z;,x}) : i = 1,...,n} of pairwise disjoint intervals in [a, b]
with Y00 @) — a5 < 6.

Absolutely continuous functions enjoy important properties.

Theorem 2.14. If 0 is absolutely continuous on [a,b], then 6 has a derivative
defined almost everywhere on [a,b]. Moreover 0'(t) is integrable on [a,b] and

0(t) = 6(a) +/ ' (s)ds.

Theorem 2.15. Let 0 be an integrable function on [a,b], then the function

9(t) = 9(a) + / () ds

is absolutely continuous. Moreover, ¥ is derivable almost everywhere on [a,b] and
¥ (t) = 0(t) a.e. t € [a,b).

3. (L', L>°) PRODUCT TYPE INTEGRAL EQUATION

To investigate the existence of integrable solutions to equation , we adopt
the following assumptions on the given nonlinearities. Notice that by Theorem
[2.5] sublinear growth conditions are optimal to assure continuity of superposition
operators in L.

(Al) The function f : Ry x R — R satisfies Carathéodory’s conditions and it

is a separate contraction with respect the second variable; moreover there
exist a function ¢ € L'(Ry) and a positive constant ¢ such that

[f(t,2)] < o(t) + clz],
for a.e, t € Ry and all x € R.

(A2) The functions f; : Ry xR — R (i = 1, 2) satisfy Carathéodory’s conditions
and there exist two functions ¢1 € L*(Ry), g2 € L*(Ry) N L®°(R,), and
positive constants ¢; (i = 1,2) such that

[fi(t, ) < @i(t) + cifz],
for a.e. t,s € Ry and all z € R.
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(A3) The functions v; : Ry x Ry x R — R (i = 1,2) satisfy Carathéodory’s
conditions and there exist two functions a; € L' (R, ) and positive constants
b; such that for a.e. t,s € Ry and all z € R
|Ui(t> S, $)| < ki(tﬂ 8)(&1'(8) + bil‘ﬂ)ﬂ

where k; : Ri x Ry — R (i = 1, 2) satisfy Carathéodory’s conditions.

(A4) The linear Volterra operator K; (i = 1,2) transforms the space L'(R.)
into itself and K, transforms continuously the space L!'(R, ) into L>(R.),
where

¢
Kx(t) = / ki(t,s)z(s)ds, t>0.
0
Let || K;|| be the norm of the bounded linear operator K; (i = 1,2).

Remark 3.1. A sufficient condition for the linear operator
t

(Kz)(t) = ; k(t,s)x(s)ds, te R,

map L' into itself is that the mapping

—+o0
5o / e(t, )|t

be L= (R) (see [B, Theorem 2]). This implies that K is continuous (see [30]). Clearly
a sufficient condition for the linear operator K map L' into L* is that k € L>°(R?).

Observe that solving ([1.4) amounts to finding a fixed point of the operator
H:=F+G:L'(Ry) — L'Y(R,) (3.1)

defined by the right side of equation (|1.4). Furthermore the map H can be written
as

Hx(t) = Fa(t) + Giz(t) x Goz(t), te Ry, (3.2)
where F' is the Nemytskii operator generated by the function f, i.e.:

Fa(t) = f(t,z(1)),
Giz(t) = fi (t/o vi(t,s,x(s))d5>, £>0, (i=1,2).

Let Gz(t) = Giz(t) x Goz(t). N = {1,2,3,...} will denote the set of positive
integers. To abbreviate notation, we put

o = bibacico || K ||[| Kzl
8=l + (leull + el K llllarl]) (le2lloe + c2l Kzl [lazl]), (3.3)
§ = c+bicr|[ K[| ([l@z2lloo + coll Kallllazll) + bacal| Kl (llpa || + cill Killlal])-
We start our proof with a compactness result crucial for our subsequent arguments.

Lemma 3.2. Under Assumptions (A1)-(A4), operators Gy and G2 are (ws)-com-
pact from L*(R,) into it self.

Proof. Let (y,)n be a weakly convergent sequence in L*(R, ). Then the set X =
{yn : m € N} is relatively weakly compact, hence bounded for the L!'—mnorm.
Consequently some positive constant r exists and satisfies ||y, | < r, for all integer
n. Let ¢ > 0. Appealing to Dunford-Pettis theorem Assumptions (A2)—(A4)
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guarantee the existence of some positive constant 7" and § > 0 such that for each
closed subset D C R4 with meas(D) < §, we have for all integer n € N

[ 1Gmla+ [ i@l <5, (3.4)
D

T

=] M

Theorem ensures the existence of a closed subset D, of the interval [0, T] sat-
isfying meas([0,7] \ D:) < ¢ and such that the functions @1, k1, v1, and f; are
continuous on the sets D, D x [0,T], D, x [0,T] x R, and D, x R respectively.

Claim 1. The set G1(X) is relatively compact in L*(R,). Let
pr=sup{pi(t):t€D.}, ki =sup{ki(t,s):(t s)€ D.x[0,T]}.
Then for n € N and for each t € D., we have
¢ ¢
v1(t, s, Yn(s ds‘g/ k1(t,s)|a1(s) + b1|yn(s)|)ds
| [ osntonas] < [ (in9lar () + bl (o)) 55
< ki ([lar] + bir) = Ki(e).

Consequently,

‘f1<t,/0tv1(t,s,yn(s))ds)‘ <+ ak(lal +bir) =Gie).  (36)

This proves that G1(X) is equibounded on the subset D.. To show that G1(X)
is equicontinuous on D, take ¢; and to in D.. Without loss of generality we may
assume that t; < t3. Then for each n € N, we have the estimate

to t1
| / o1(ta, 5, yn(s))ds — / o1 (1,5, yn())ds|
0 0
t] t2
< / (01 (2, 5,y (5)) — 01 (t1, 5y () Ids + | / 01 (b2, 5,y (5))ds|
0 t1

< / (01 (£, 5, Yn (5)) — V1 (t1, 5, yn(5))|ds

€

+ / o1 (£2, 5, yn ()]s + / [on(t1, 5, g (5))|ds
[Ovtl]\DE [07t1]\DE

R ( " aa(s)ds + by / " no)lds)

1 1

< meas(D.) w? (vy,ts — t1)

—1—21?1(/ al(s)ds—I—bl/ \yn(s)|d3)
[0,t2]\De [0,t4]\De
. to 12
+/<:1(/ al(s)ds+b1/ a(s)]ds)
t t

1 1

where w” (vy,ty — t1) refers to the modulus of continuity of v; on the cartesian
product D, x [0,T] x [-K;(g), Ki(g)]. Since a single set of L! is weakly rela-
tively compact, we deduce from Theorem [2.7] that the terms of the real sequence
( ttf lyn(s)|ds)  as well as f:f a1(s)ds are arbitrarily small provided that the num-
ber to — t; is small enough. In addition the function f; is uniformly continuous
on the product D. x [—Ki (), K1(¢)], then the set G1(X) is equicontinuous and
equibounded on D.. Ascoli-Arzela Theorem then implies that G1(X) is relatively
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strongly compact in C(D.). Consequently, for each integer p € N there exists a
closed subset D,, of [0,T] with meas([0,T1\D,) < % such that G1(X) is relatively
compact in C(D,).

Moreover there exists pp > 1 such that meas([0, T]\D,,,) < 6. Then the sequence
(G1(yn))n has a convergent subsequence (G1(zy)), with respect to the standard
norm of C(D,,). Therefore some integer ng € N exists and satisfies that for all
m, n > ng and for every t € D,,,, we have

€
G1(zn)(t) = G1(zm)(1)] < T+ 2meas(Dy,)”

From (3.4) and (3.7), we deduce the estimates:

(Ammm%xw—au%mww

(3.7)

SA wwwmf&um@w+/ G (20 (1)t

0 [0,T7T\Dp,

* /[o,T]\D,,O |G (zm) (B) dt + / G (20) () — G (20n) ()] < .

T
Finally, we have proven that (G1(z,))» is a Cauchy sequence in the Banach space
L'(R.,), proving that G1(X) is strongly relatively compact.

Claim 2. (7 is continuous. For this aim, consider a sequence (z,,), converging
to some limit  in L'. Theorem [2.2] yields some subsequence (z,, )i of (z,), and
an integrable function g such that z,, — z, as k — oo for a.e. ¢ € Ry and
|z, (t)] < g(t), for a.e. t € Ry and all & € N. Since v, satisfies Carathéodory’s
condition (A3), then vi(t,s,xn,(s)) — vi(t,s,z(s)), as k — oo for a.e. t > 0.
According to Assumptions (A2) and (A3), we infer that

/ (01t 5, 2, (5))|ds < / Rt )[ar(s) + big(s)]ds € L'(R,).  (3.8)
0 0

Lebesgue’s Dominated Convergence Theorem guarantees that

J.

Using Theorem we deduce that
(Gizn,) — (G12)|]| — 0, as k — +oo. (3.10)

This together with Lemma imply that | (Gixyn) — (G196)H — 0, proving that
Gy : L' — L' is continuous. We conclude that G is (ws)-compact. By an argument
similar to the one above, we infer that the set Go(X) is relatively compact in L* (R )
and that Gy is continuous, proving that G : L' — L! is (ws)-compact. O

t t
/ v1(t, S, Tn, (s))ds — / vy (t, s,x(s))ds‘dt — 0, ask — oo. (3.9)
0 0

Theorem 3.3. In addition to (A1)-(A4) assume that
(A5) vag < 12;5, where «, 3,0 are defined in (3.3)).
Then the nonlinear integral equation (1.4) has at least one solution v € L'(R.).

Proof. We will show that operator H defined by (3.1)) satisfies all conditions of
Theorem [2.11] The proof is split into three steps.
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Claim 1. There exists 79 > 0 such that F(B,,) + G(By,) € B,,. To see this, let
x,y € B, for some positive constant r to be determined. We have the estimates:

[Fz + Gyl
< [ \tesoar
Ry
—|—/R ‘f1<t,/0tvl(t,s,y(s))ds)’ f2<t,/tvg(t s,y(s )‘dt

<lell+ellel+ [ [oa®+a | " (ka(t,9)la(s) + baly()] ) ]

Ry
t
< [eatt) o [ (kalt,9)laz(s) + balus)] ) s
0
< llell+ ellel + [lleall + exllEall(Jlanll + byl )|
x [lg2lloo + call Kol (llazll + byl
< llgll+er =+ [lipall + exll Kl (el + brr)]

x [lealloe + call ol (Jlazll + bor) ]

(3.11)

Define the quadratic function 8(r) = ar? + (§ — 1)r + 3, 7 > 0, where o, 3,0 are
defined in (3.3). According to Assumption (A5), the discriminant A = (§—1)2—4a0
of the equation

(r) =0 (3.12)

is a positive and 0 < § < 1. If 0 < r; < 79 are the roots of this equation, then
taking any rg € [r1, 2] gives |[Fx + Gy|| < ro, proving our claim.

Claim 2. There exists v € [0,1) such that u(FX +GX) < yu(X) for all X C B,,.
Let X be a nonempty subset of B,,, ¢ > 0, and D a nonempty measurable subset
of Ry with meas(D) < e. Then for all z,y € X, we have the estimate

/ F(t) + Gy(t)dt
D

< [ 1staenian+ [ (e [ oatosanis) (e [ vatesutsnas)

<ol +ellelono + [ a0+ [ it o) +niv)es]
< [alt) + 2 /O t (kat,s)las(s) + baly(s)] ) ds] at

< [ etydrt el + | [ @i+ alml( [ a@dnlvlo)]
D D D
X [[l2loc + 2l K2||([laz]| + b270)].
Using Theorem we obtain

lim (sup { /Dﬁ(t)dt : D C Ry, meas(D) < 5}) =0, (3.13)

e—0
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where ¢ is any one of the functions ¢, ¢1,a;. Hence
c(FX 4+ GX) <~ve(X), (3.14)
where
v = c+ bier||[ K| [[lpz2lleo + c2l K2 ([laz]| + b2ro)] - (3.15)

Let us fix an arbitrary positive number T. Then for any functions z,y € X, we
have

/ T Fa(t) + Gyt
T

< [“irtealar+ [ ]n (e [ wtsats)

X ‘fg (L/Ot vg(t,s,y(s))ds) ’dt
< /TOo gp(t)dt-i—c/Too |z(t)|dt

#[lewea | (ka(t 5)iaa(5) + (o))

T

(3.16)

< (patt) s [ (it 9)laas) + ba)u(o)) )
g/: ga(t)dtJrc/Too ()|t + (/Tooapl(t)dtJrclK1||(/Tooa1(t)dt

0 [ lutolar)) (ealle + call Kl (loa] + baro)):

T

A single set of L' being weakly relatively compact, by applying Dunford-Pettis
theorem [2.7] with & any one of the functions o(t), 1 (t), and a;(t), we find that
—+o0

7}1_120 . &(t)dt = 0.
Hence
d(FX +GX) <~vd(X), foral X C B,,. (3.17)
Finally, adding and leads to
WFX +GX) <~yu(X), forall X C B,,. (3.18)
Let

1= c+ b [ Kiflllpzfloc + brecal K[l Kzl azll
Using notation (3.3]), the constant v in (3.15) may be rewritten as
7=n+ar0:n+(1—5—rﬁ),
0
where ¢ is any root of the quadratic equation (3.12)). Since 0 <7 < ¢, we deduce
that 0 < v < 1, showing that F'+ G is a strict y-set contraction, as claimed.

Claim 3. Operator G is (ws)-compact. Let (z,,), be a weakly convergent sequence
in B,,. From Lemma there exists a subsequence (z,,); and two functions
91,92 € LY(R,) such that the sequences (Gix,, ), and (Gaz,, )k converge to g
and gy respectively for the L' norm. By Theorem we can find a subsequence
(n,, )rr of (T, )k such that (Gaxy,, )i converges to gz, as k' — oo, for a.e. t € Ry.



12 B. BOULFOUL, A. BELLOUR, S. DJEBALI EJDE-2018/19

By straightforward computations, we obtain that g, is essentially bounded. Indeed
for all integer k' and a.e. ¢t € R, we have

(G ) ()] < a(t) + c2 / (ka(t, 9)[as(s) + balarn,, ()] ) ds

< lpallos + c2ll Ka||(lazl| 4 baro) := M.

Hence [|Gaxp,, |l < M. With the triangle and Hélder’s inequalities, we deduce
the following estimates:

1GZn,, — 9192l
< (Grap,, )(Goan,,) — (Gazn,, )g1ll + [(Gazn,, )91 — 9192111
< Gz, oollGran,, — g1l + (Gaan,, )91 — 9192
< M||Gizn,, — g1l + [[(G22n,, )91 — 9192])-
Since for a.e. t € R, we have
[(Gan,, ) (H)g1(t) — 91(t)g2(t)] < 2M|g1(8)] € L (Ry),

and an application of Lebesgue’s Dominated Convergence Theorem implies

(3.19)

(3.20)

[(Gaan,, )91 — 9192]| — 0, as k' — +oc. (3.21)

Hence

Gan,, —g9192]| — 0, as k" — +o0. (3.22)
Then G is (ws)-compact. Finally Assumption (A1) guarantees that F is a separate
contraction mapping and Theorem [2.11] completes the proof of Theorem 333} O

Example 3.4. Consider the nonlinear integral equation of product type

1 z2(t)
= T35 T 00+ k@)
+ (M + /t S S W #2(5))ds ) (3.23)
10(1+t)  Jy ts+ A+ 22(s) '
cos(t) ¢ 1 .
X (1 P + /0 exp(—(t + s))(m + sm(x(s)))ds),
for ¢ > 0. Note that (3.23)) is a special case of ([1.4])) where we have set

1 n x?
m(1+¢2) 101+ |z|)’

hit) = B o, o) = 20

f(t’x) =

+z,

1

7t8 T by T .’L’2 111(1 —+ 132),

vi(t, s,x) =

va(t, s, 1) = exp(—(t—&-s))(w —I—sin(x)),

1
(1+5?)

k1(t, s) ka(t,s) = exp(—(t + s)).

T st
By simple calculations, we can check that all of Assumptions (A1)—(A5) are fulfilled

for every A > Ay = (152—”8)2(\/13 + V/37)%.  As a consequence, by Theorem
Equation (3.23)) has at least one integrable solution, for all A > Aq.
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4. (LP,L9) PRODUCT TYPE INTEGRAL EQUATION

In what follows, let m > 2 be an integer and p; € (1,400) (i = 1,...,m) satisfy

pil 4+ 4+ pim = 1. Consider the product functional integral equation
m t
2(t) = f(t,2(t) + [ f (t/ vi(t7s,x(s))ds), teRy (4.1)
i=1 0
and set

(A2) For ¢ = 1,...,m, the functions f; : Ry x R — R (¢ = 1,m) satisfy
Carathéodory’s conditions and there exist a function ¢, € LPi(R;) and
positive constants ¢; such that

Ifi(t, )| < @ilt) +cilx|V/Pi,  for ae. t,s € Ry and all 2 € R.

(A4’) The linear Volterra operator K; (i = 1,...,m) maps continuously the space
L'(R,) into itself. || K;|| denotes the norm of the linear operator K.
(A5) e+ T2, clbil K DYP < 1,

Theorem 4.1. Under Assumptions (A1), (A2’), (A3), (A4"), (AB’), equation (4.1)
has at least one integrable solution on R, .

Proof. Note that, in view of our assumptions, Theorem [2.5]assures that the Nemyt-
skii operator F is continuous from L! into L' while G; (i = 1,...m) is continuous
from L' into LPi (i = 1,...,m). In addition the generalized Holder inequality im-
plies that the operator G := [[/~, G; : L'(R;) — L'(Ry) is well defined and thus
the operator F + G is also well defined from L!(R.) into itself. Observe further
that for any measurable set Q C R, and for x,y € L'(R, ), by Holder’s inequality
we have the estimates:

| Fz + Gyl (o)

</Qf(lt,x(t))d’”r/gfl1

< lellzi) + cllzllzi@)

+ﬁ ([]a(es [ wt.snvtonas)

< lellzi) + cllzllzi@)

+H(H¢i|[ﬂn(@)+ (/Q/O (ki(t,s)[ai(s)+bl_|y(s)”)d8dt)1/pi>

< lellzi) + cllzllzi@)

t
0

fi(t,/ vi(t7s7y(s))ds)‘dt

pi 1/pi
dt)

i ) 1/pi
+ T [Iilzrs o + call Kl 7 (lasllzaco) + billylliey) -

=1

Claim 1. There exists 1o > 0 such that F(B,,) + G(B,,) C By,. From (4.2), for
z,y € B, we have

[Fz+ Gyl

m

1/p:
< llgll+ e+ TT (il + csll Kl /7 (llaill oy +bir) )

i=1
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m
_ 1/p: i llps 711/ P 1/pi<||az'|| )1/”"')
=||¢ll + er +i1;[1r (77“1/1’1' + ¢ || K[|/ Pib; bor +1

_ il gt/ (laill |\
—||w||+cr+r£[l(m+cl||m| b (e 1) )

By Assumption (A5’), we conclude that

i - s pi 1/pip1/pi llai]l 1/pi B
TEIEOOHSOH-FCT—&-T[II(M + cil [ K || Py, <W+1> ) = 0.

Consequently some positive number 7 exists and satisfies | Fz 4+ Gy|| < rg, for all
z,y € B,,.

Claim 2. There exists v € [0, 1) such that u(FX+GX) < yu(X), for all X C B, .
Let X be a nonempty subset of B,,, ¢ > 0, and D a nonempty measurable subset
of Ry with meas(D) < e. Using (4.2), we obtain for z,y € X

1F2 4+ Gylloso) < lellr) +ellzler o) + TT [lleillers o)
i=1 (4.3)
) 1/pi
+ el K7 (laall oy + Bllyllia )

Letting e — 0 and taking into account the fact that the single sets {¢}, {|¢:ilP},
and {a;} are weakly relatively compact in L', we obtain that

(FX 4+ GX) < ye(X),

where
m

vi=c+ [[ el K7 < 1. (4.4)
i=1
Similarly, for each T > 0, we have

£z + Gyl L1 (17, 4-00])

m 40
< plesroen + elleluagrcn + TT[( [l
=1

+oo

) Too 1/pi
el ([ e [ ).

Letting T' — +o00, we obtain ¢(FX + GX) < y¢(X). Hence
W(FX +GX) <yu(X), YXC B,.

Di (t)dt) o (4.5)

Claim 3. Operator G : L' — L' is (ws)-compact. To see that G is continuous
take a sequence (r,), converging to some limit z € L'. Since G; : L' — LPi are
continuous, we conclude that for each 1 <i < m,

= 0. (4.6)

lim |Gz, — Gix
n—oo
Moreover, by Holder’s inequality, we infer that the sequence (HZQ Gimn)n con-

verges to [\, G;x in L"-norm with 1 = p%) + p% T pi Hence there exists some

m
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M > 0 with H e, Gz,

< M, for all integer n. As a consequence
T

m m
|G — Gal| < M|Grzy — Graly, + [Grly, | T] Gz — [[ Ginll,.  (47)
i=2 i=2
showing that G is continuous.
Let (yn)n be a weakly convergent sequence in L'(R,). Then the set X = {y,, :
n € N} is relatively weakly compact, hence bounded for the L'-norm. As a result,
some positive constant r exists and satisfies ||y, || < r, for all integer n. Let ¢ > 0.
Since G(X) is weakly relatively compact, Dunford-Pettis Theorem guarantees
the existence of some positive constants 7" and § such that for each closed subset
D C R, with meas(D) < § and all integer n € N, we have

[ 1w+ [ (G < 5. (4.9
D T
Theorem implies the existence of a closed subset D, of the interval [0, 7] sat-
isfying meas([0,7] \ D.) < e and such that the functions ¢;, k;,v;, and f; for
(¢t = 1,...,m) are continuous on the sets D., D, x [0,T],D. x [0,T] x R, and
D. x R respectively.

We show that the set G(X) is relatively compact in L'(Ry). From and
Assumption (A2’), we deduce that for each n € N and for each ¢ € D,, we have

| /0 vilt, 5, yn(s))ds| < /0 (ka(t. $)las) + bilya (5) ) s 0o
< E(H%H +bi7“) = K(e).
Hence

fi (t, /Ot vi(t, s, yn(s))ds) ’ <P +c¢ (K(e))l/m = Gi(e). (4.10)

This proves that for each ¢ = 1,...m, the set G;(X) is equibounded on D.. Ar-
guing as in Lemma we can see that the sequences (fot vi(t,s,yn(s))ds)n is
equicontinuous on D,. Since the function g := [[;~, fi : R*™ — R defined by

m
g(x1,...,xom) = Hfi(zm—l,wm)
=1

is uniformly continuous on the product []/", D. x [—K;(g), K;(¢)]], then the set
G(X) is equicontinuous and equibounded on D.. By Ascoli-Arzela Theorem, the
set G(X) is relatively strongly compact in C'(D.). Consequently, for each integer
p € N, there exists a closed subset D, of [0,7] with meas([0,T]\D,) < % such
that G(X) is relatively compact in C(D,). Moreover there exists pp > 1 such that
meas([0, T\D,,) < 0. Therefore the sequence (G(y,)), has a subsequence, still
denoted (G(yn))n, which converges with respect to the standard norm of C(D,,).
Then some integer ng € N exists and satisfies that for all m,n > ny and for every
t € Dy,

5
G0 = G )0 < g
From and , we deduce the estimates:

/ G (1) — Clym) ()t

(4.11)
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fgémm@mw—G@mumrﬁAﬂwmm@mmm

" /[O,T]\Dpo G ym) (1)1t +/ |G (yn)(t) — Gym)(t)|dt < e.

T

We conclude that (G(y,)), is a Cauchy sequence in the Banach space L'(R.),
proving that G(X) is strongly relatively compact. Finally G is (ws)-compact,
which completes the proof. ([

Remark 4.2. A comparison between conditions (A5) and (A5’) shows that the
first one derived from an algebraic quadratic equation is optimal for existence of
solution in case of (L', L°) product operators. However, the second condition,
derived from a first-order inequality is a sufficient condition for existence. In this
respect, it is to point out that Theorem does not encompass Theorem [3.3]

5. ABSOLUTELY CONTINUOUS SOLUTIONS FOR A NONLINEAR
INTEGRO-DIFFERENTIAL EQUATION OF PRODUCT TYPE

In this section, we study the nonlinear integro-differential equation of product
type in the space AC([a,b]) (a < b):
t

2(t) = f(t,z(t)) + (a(t) n / vl(t7s,w(s))ds)

0

t
< (90 + [ valtos,alo)ds),
0
x(0) = xp.
Consider the following assumptions:
(A6) The function o € L([a,b]) and 3 € L>([a, b]).

(A7) The function f : [a,b] x R — R satisfies Carathéodory’s conditions and
there exist a function ¢ € L([a, b]) and a positive constant ¢ such that

[f(t, )| < ¢(t) + cla],

for a.e. ¢t € [a,b] and for all x € R.

(A8) The functions v1, vg : [a,b] x [a,b] x R — R satisfy Carathéodory’s con-
ditions and there exist a constant b; > 0 and two functions a; € L*([a, b])
(i = 1,2) such that

lvi(t, s, )| < ki(t, s)(ai(s) + bi|a:|),

for a.e. t,s € [a,b], where k; : [a,b] X [a,b] — R, (i = 1,2) satisfy
Carathéodory’s conditions.

(A9) The linear Volterra operator K; transforms the space L!([a,b]) into itself
and K, transforms continuously the space L!([a,b]) into L>([a, b]), where

Kia(t) = /O ka(t, $)a(s)ds, t€ab] (i=1,2).

Let || K;|| be a norm of the linear operator K.

Solving (|5.1)) is equivalent to finding a fixed point of the operator @ defined on
the space L!([a,b]) into itself by

Qx(t) = xo + /0 f(s,z(s))ds + /0 (a(s) + Vaz(s)) (B(s) + Voz(s))ds,  (5.2)
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where

Vix(s) = /OS vi(s, T, x(1))dr  (i=1,2). (5.3)

Theorem 5.1. Assume (A6)-(A9) and that
(A10)
2(buba K[| Ko kol + 161 + (llall + 1K laa ) (B

1/2 _
1 lllazll)]) "+ e+ bullEa | (B + 1K lazl)

+ ba|| K| ([led| + (1K [ [laa )
1
b—a’
where 3 = ess SUPyeq,p B(t)-
Then the nonlinear integro-differential equation (5.1)) has a solution x in the space
AC([a, b]).
Proof. We show that Q : L'([a, b]) — L*([a, b]) satisfies all hypotheses of Theorem

Claim 1. There exists a ball B,, = B(0,r¢) in L*([a, b]) such that Q(B,,) C B,-
To see this, pick an arbitrary x € B, for some positive constant r and observe that:

<

Q|| L1 ([a,8))

g/ab|a:0|dt+/ab/:|f(s,x(s))|dsdt+/ab/:

X ‘ﬁ(s) + /a vg(s77'7x(7'))d7"ds dt

< (b—a) (lzo| + 9]l + er) + (b — a) [B + | K[ ([laz|| + b2 7)]
< [llall + 1Kl (laxll + b1 )]

a(5)+/ vi(s, 7, x(T))dr

S
a

(5.5)

Hence ||Q:c||L1([a o) < r whenever ¢(r) < 0, where
<(r) = bib| K [|[| K|l 7? + |zol + 6] + (lal + [ K1 [l ) (B + | Kl az)
— 1
+ [e+ bl @ + 1Kalllazl) + ball o (el + 1 Eallon ) — =]

From Assumption (A10), it suffices to choose

s — [e+ bl Kl (B + [ Kallllazll) + ball | (el + 1K [ lar )] + VA

0<ry=
’ 2by ba || Ky ||| K2 |
where A > 0 is the discriminant of the quadratic equation ¢(r) = 0.

Claim 2. The set Q(B,,) is relatively weakly compact. Take an arbitrary € > 0
and a measurable subset D of [a,b] such that meas(D) < e. For each z € B,,,
arguing as in Claim 1, we obtain

)

/D |Q(t)]dt < meas(D)||zo| + (|¢ll + cro)] + meas(D) [ + || Kzl ([laz]| + b2ro)]

< [l + 1K1 (lax || + baro) |-
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Hence

gii% (sup { /D |Qx(t)|dt : D C [a,b], meas(D) < 5}) =0.

Consequently Q(B,,) is a weakly relatively compact subset of L[a, b].

Claim 3. Operator Q : L'[a,b] — L'[a,b] is (ws)-compact. In view of assump-
tions and Theorem [2.5] @ is a continuous operator. Consider an arbitrary weakly
convergence sequence (z,,) in L'[a, b]; then there exists > 0 such that ||z,|| < r,
for all n € N. Without loss of generality, let ¢;,t3 € [a,b] be such that t; < to.
Then for each integer n, we have the estimate

|Qxy, (t2) — Qup(t1)]

‘/ f(s,2n(s dsf/ f(s,2,(8))ds
+\ / t2 a(s) + / Coi(s, mn(T))dT) (5(s)+ / SUQ(S,T,xn(T))dT)dS

a

- /atl (a(s) + /: vi(s, T, ZEn(T))dT> (ﬂ(s) + /as va(s, T, £n(T))dT)d$‘
< [iseniass [ (e + [Cntsmanr)

X (ﬁ(s) + /S va(s, T, xn(T))dT)

a

to to
< [ots e [ lan(s)lds

+ / [a(s) + / (ka(s.m)lar (1) + bl () ) ]

x [5(3) + /Ot (kg(s,f)[ag(ﬂ + b2|xn(7)|)d7} ds

to 2
S/tl ¢(s)ds—&—c/t1 |z, (s)|ds

+ B+ ke ||(||a2||+b2ro)]/t2 [a(s) + || (@1 (3) + by |n(s)])ds].

Since a single set of L![a,b] is weakly relatively compact and from the relative
weakly compactness of the set {z,, : n € N}, we conclude that the terms |Qw.,(t2) —
Qx,,(t1)| are arbitrarily small provided that the number ¢; — ¢; is small enough.
Hence the sequence (Qx,,), is equicontinuous on [a, b]. Moreover for each t € [a, ]
and for all n € N, we have

Qo] <lool + [ VfGszaids+ [ o)+ [ ortsran(rar

a

x ]5(8) +/: UQ(S,T,xn(T))dT]ds

b
< |o| + / (6(5) + c|za(s)]) ds



EJDE-2018/19 INTEGRAL EQUATIONS OF PRODUCT TYPE 19

+ /ab [a(s) + / (ka(s.)laa(7) + (7))

x [B(s) +/ (k2 (s, 7)[az(T) + ba|zn (7)])dr]ds

a

< |wol + [l + cro + [B + 1Kz (|laz|| + b2ro)]
< [lledl + 1K1 ([ (laa | + biro)].

This proves that the sequence (Qx),, is equibounded on [a,b]. By Ascoli Arzela
Theorem, the sequence (Qxy), has a convergent subsequence with respect to the
sup-norm. Therefore it is convergent in L![a,b]. This implies that operator Q
is (ws)-compact. Finally, all conditions Theorem are fulfilled. Hence equa-
tion has at lest one solution = € L'[a,b]. Since the functions f(-,z(-)) and
(a(-) + Viz()(B(-) + Vaz(+)) are integrable on [a, b], we infer that the solution z is
absolutely continuous on [a, b]. O

Acknowledgments. The authors are grateful to the two referees for their careful
reading of the manuscript, which led to substantial improvement of this article.

REFERENCES

[1] A. Abdeldaim; On some new Gronwall-Bellman-Ou-Iang type integral inequalities to study
certain epidemic models, Integral Equations Appl., 24 (2012), no. 2, 149-166

[2] J. Appel, P. P. Zabrejko; Nonlinear Superposition Operators, Cambridge Tracts in Mathe-
matics, 95. Cambridge University Press, Cambridge, 1990.

[3] N.T . J. Bailey; The Mathematical Theory of Infectious Diseases and its Applications, Hafner,
New York, 1975.

[4] R. G. Bartle, D. R. Sherbert; Introduction to Real Analysis, John Wiley & Sons, 3rd Edition,
2000.

[5] J. Banas, W. G. El-Sayed; Measures of noncompactness and solvability of an integral equation
in the class of functions of locally bounded variation, J. Math. Anal. appl., 167 (1992), no
1, 133-151.

[6] J. Banas, J. Rivero; On measures of weak mnoncompactness, Ann. Mat. Pure Appl., 151
(1988), 213-224.

[7] J. Banas, Z. Knap; Measures of weak moncompactness and nonlinear integral equations of
convolution type, J. Math. Anal. Appl., 146 (1990), 353-362.

[8] A. Bellour, M. Bousselsal, M. A. Taoudi; Integrable solutions of a nonlinear integral equation
related to some epidemic models, Glasnik Matematicki, 49 (2014), 395-406.

[9] L. Benhammouche, S. Djebali; Solvability of functional integral equations in the Fréchet space
C(2), Mediterr. J. Math., 13 (2016), no. 6, 4805-4817.

[10] H. Brezis; Analyse Fonctionnelle Théorie et Application, Masson, Paris 1983.

[11] F. S. De Blasi; On a property of the unit sphere in Banach spaces, Bull. Math. Soc. Sci.
Math. Roumanie, 21 (1977), 259-262.

[12] O. Diekmann; Run for your life. A note on the asymptotic speed of propagation of an epi-
demic, J. Differential Equations, 33 (1979), no. 1, 58-73.

[13] S. Djebali, Z. Sahnoun; Nonlinear alternatives of Schauder and Krasnosel’skij types with
applications to Hammerstein integral equations in L' spaces, J. Differential Equations 249
(2010), no. 9, 2061-2075.

[14] G. Gripenberg; Periodic solutions of an epidemic model, J. Math. Biol., 10 (1980), 271-280.

[15] G. Gripenberg; On some epidemic models, Quart. Appl. Math., 39 (1981), 317-327.

[16] J. Jachymski; On Isac’s fized point theorem for selfmaps of a Galerkin cone, Ann. Sci. Math.
Québec, 18 (1994), no. 2, 169-171.

[17] P. K. Jain, V. P. Gupta; Lebesgue measure and integration, Wiley Eastern Limited (New
Delhi, 1989).

[18] M. A. Krasnosel’skii; On the continuity of the operator Fu(z) = f(z,u(z)), Dokl. Akad.
Nauk. SSSR 77 (1951), 185-189.



20

(19]

20]

(21]

(22]
23]
24]
[25]
[26]
27]

28]
29]

(30]

B. BOULFOUL, A. BELLOUR, S. DJEBALI EJDE-2018/19

M. A. Krasnosel’skii, P. P. Zabreiko, E. 1. Pustyl’nik, P. E. Sobolevskii; Integral Operators in
Spaces of Summable Functions, Translated from the Russian by T. Ando. Monographs and
Textbooks on Mechanics of Solids and Fluids, Mechanics: Analysis. Noordhoff International
Publishing, Leiden, 1976.

K. Latrach, M. A. Taoudi, A. Zeghal; Some fized point theorems of the Schauder and Kras-
nosel’skii type and application to nonlinear transport equations, J. Differential Equations 221
(2006), no. 1, 256-271.

L. Li, F. Meng, P. Ju; Some new integral inequalities and their applications in studying the
stability of nonlinear integro-differential equations with time delay, J. Math. Anal. Appl. 377
(2011), no. 2, 853-862.

Y. C. Liu, Z. X. Li; Schaefer type theorem and periodic solutions of evolution equations, J.
Math. Anal. Appl., 316 (2006), no. 1, 237-255.

G. Scorza Dragoni; Un teorema sulle funzioni continue rispetto ad una e misurabili rispetto
ad un’altra variabile, (Italian) Rend. Sem. Mat. Univ. Padova , 17, (1948). 102-106.

M. A. Taoudi; Integrable solutions of a nonlinear functional integral equation on an un-
bounded interval, Nonlinear Anal., 71 (2009), no. 9, 4131-4136.

I. M. Olaru; Generalization of an integral equation related to some epidemic models,
Carpathian J. Math., 26 (2010), no. 1, 92-96.

I. M. Olaru; An integral equation related to an epidemic model via weakly Picard operators
technique in a gauge space, Fixed Point Theory, 15 (2014), no. 1, 179-188.

B. G. Pachpatte; On a new inequality suggested by the study of certain epidemic models, J.
Math. Anal. Appl., 195 (1995), no. 3, 638-644.

K. L. Royden; Real analysis, Third edition. Macmillan Publishing Company, New York, 1988.
P. Waltman; Deterministic Threshold Models in the Theory of Epidemics, Lecture Notes in
Biomathematics, vol. 1, Springer-Verlag, New York, 1974.

P. P. Zabreyko, A.I. Koshelev, M. A. Krasnosel’skii, S. G. Mikhlin, L. S. Rakovshchik, V.Ya.
Stet’senko; Integral Equations, Noordhoff International Publishinf, Leyden, 1975.

BiLAL BouLrouL

DEPARTMENT OF MATHEMATICS, ESSA, ALGIERS, ALGERIA.
LABORATORY OF FIXED POINT THEORY AND APPLICATIONS, ENS, KOUBA-ALGIERS, ALGERIA

E-mail address: bilal maths@hotmail.com

AZZEDDINE BELLOUR

DEPARTMENT OF MATHEMATICS, ENS CONSTANTINE, ALGERIA

E-mail address: bellourazzel123@yahoo.com

SMAIL DJEBALI

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, AL IMAM MOHAMMAD IBN SAUD ISLAMIC
UNIVERSITY (IMSIU), P.O. Box 90950, RiyADH 11623, SAUDI ARABIA.
LABORATORY OF FIXED POINT THEORY AND APPLICATIONS, ENS, KOUBA-ALGIERS, ALGERIA

E-mail address: djebali@hotmail.com



	1. Introduction
	2. Preliminary results
	3. (L1, L) product type integral equation
	4. (Lp, Lq) product type integral equation
	5. Absolutely continuous solutions for a nonlinear integro-differential equation of product type
	Acknowledgments

	References

