Electronic Journal of Differential Equations, Vol. 2018 (2018), No. 45, pp. 1-23.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

NONLINEAR ANISOTROPIC ELLIPTIC EQUATIONS WITH
VARIABLE EXPONENTS AND DEGENERATE COERCIVITY

HOCINE AYADI, FARES MOKHTARI

Communicated by Jesis Ildefonso Diaz

ABSTRACT. In this article, we prove the existence and the regularity of distri-
butional solutions for a class of nonlinear anisotropic elliptic equations with
pi(z) growth conditions, degenerate coercivity and L™C) data, with m(-) being
small, in appropriate Lebesgue-Sobolev spaces with variable exponents. The
obtained results extend some existing ones [8] [10].

1. INTRODUCTION
We consider the problem

N
- ZDi (ai(z, u)|Diu\p7‘(w)_2Diu) + u @y = f inQ,
P (1.1)
u=0 on 0,

where (2 is a bounded open domain in RY (N > 2) with Lipschitz boundary 052,
and the right-hand side f in L'(Q) (or L™()(Q)). We assume that the variable

exponents s :  — (0,+00), p; : @ — (1,400), i = 1,...,N are continuous
functions such that

1 1
1<p(z) <N Wher677:—§
plz) = p(z) N

1
(z)’

Y23
N are Carathéodory functions

vz € Q. (1.2)
i=1
Here, we suppose that a; : @ xR - R, i =1,...,
such that for a.e. = € €, for every ¢t € R, we have

a .
Wéai(%t)éﬁ, i=1,...,N, (1.3)

where «, 3 are strictly positive real numbers and ; € C(Q), v;(x) > 0 for all x €
andi=1,...,N.
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The main difficulty in dealing with problem (1.1)) is the fact that, because of
assumption (1.3]), the differential operator

sz)—Qljiu)

N
A(u) = — Z D;(a;(z,u)|Diu

i=1

is well defined between W17()(Q) and its dual but it fails to be coercive if u is
large (see [I7]). This shows that the classical methods for elliptic operators can’t
be applied. To overcome this problem, we will proceed by approximation by means
of truncatures in a(x,t) to get a coercive differential operator. We cite some papers
that have dealt with the equation or similar problems, see [I1 3} [5, 6} [7, 8 [
10, 14, 20] and the references therein. In case of a constant exponent p;(x) = 2,
s(z) = g and v;(z) = v (resp. p;(x) = p) similar results can be found in [8,[T0]. The
problem was also considered in [T4] when p;(x) = p(z) and 7;(x) = y(z) > 0, where
the authors supposed that a;(x,u) = a(z,u) < B(Ju|) with 8 : [0,400) — (0,400)
is a continuous function. The lack of growth condition on a(x,u) prompted them to
consider only the renormalized and entropy solutions. The corresponding results in
the isotropic case and without lower order term are developed in [I1, 5] [6 [7, [20]. More
general results are obtained in [I] in the constant case p;(z) = p, v;(x) = 0(p — 1),

0 € [0,1]. In the case p;(x) = p(z) and v;(z) = 6(p(x) — 1) where 0 < 0 < Z;:i the
main results are collected in the paper [20]. Recently, the mathematical researchers
paid attention to the anisotropic nonlinear problems with variable exponents. For
instance, Problem was investigated in [3] [4] [T5] [16] under uniform ellipticity
condition i.e v;(x) = 0. In this article we assume that the condition holds
and f € L™ (Q) where p; is assumed to be merely a continuous function, and we
treat the regularity of distributional solution u depending simultaneously on s(-)

and m(-).

2. PRELIMINARIES

In this section we recall some facts on anisotropic spaces with variable exponents
and we give some of their properties. For further details on the Lebesgue-Sobolev
spaces with variable exponents, we refer to [2, [I1l [I2] and references therein. In
this article we set

Ci(Q) ={peC():p(x) > 1, for any z in Q}.
For any p € C(Q), we denote

p" =maxp(z) and p- =minp(x).
€ €N

We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable functions u :  — R for which the convex modular

Pt () = /Q ) da,

is finite. The expression

. U
||qu(.) = ||uHL,,(.)(Q) = mf{)\ >0: pp(‘)(x) < 1},
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defines a norm on LP() (Q2), called the Luxemburg norm. The space (LP() (), llullpcy)
is a separable Banach space. Moreover, if 1 < p~ < p*™ < 400, then L”(')(Q) is uni-
formly Convex hence reflexive and its dual space is isomorphic to Lp/(')(Q) where

ﬁ + (w) =1. For all u € LPC )(Q) and v € LP'O)(Q), the Holder type inequality

| [ wwde] < (o= + ==l ol < 2l ol

holds. We define also the Banach space

wrO(Q) = {u e LPO(Q) : |[Vu| € LFO(Q)},
which is equipped with the norm

lullipe) = llullwrro @) = llullpe) + [1Vullpe)-
The space (W5PO)(Q), |lull1 () is a Banach space. Next, we define Wy P(Q) the
Sobolev space with zero boundary values by

Wol’p(')(Q) ={ue WhPO(Q) :u =0 on o0},

endowed with the norm || - [[; ). The space Wol’p(')(Q) is separable and reflexive
provided that 1 < p~ < pT < 4o0. For u € Wol’p(')(Q) with p € C4(Q), the
Poincaré inequality holds
lullpy < ClIVullpe), (2.1)

for some C' > 0 which depends on € and p(-). Therefore, ||[Vul|,.) and [lul[y ,(.) are
equivalent norms.

An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular p,.)(u) of the space LP()(Q). We have the following
results.

Proposition 2.1 ([2, T1]). If u,,u € LPO(Q) and pT < +oo, then the following
properties hold:

o |lullpy <1 (resp =1,> 1) > pp(y(u) <1 (resp. —1 >1),
1
o min (py() ()7 ppy (W) 7)< ullpy < max () ()7 gy (w)7).
. ot - +
. mm(nun ,Hull ) < oy () < mase (. 2, ).
* Jlullp <Pp()( )+1,

|t — ullpy — 0 <= ppey (U —u) — 0.
Remark 2.2. Note that the inequality

/ [FP de < C / D) de,
Q Q
in general does not hold (see [13]). But by Proposition and (2.1) we have

o
119 do < Conax D15 1D - (2:2)

Now, we present the anisotropic Sobolev space with variable exponent which
is used for the study of problem (LI]). First of all, let p;(:) : @ — [1,+00), i =
1,...,N be continuous functions, we set p(-) = (p1(*),...,pn(-)) and pi(z) =
maxi<;<n pi(z), for all z € Q. The anisotropic variable exponent Sobolev space
WP (Q) is defined as

WhPO(Q) = {u e LP+O(Q) : Diu e IPO(Q), i =1,...,N},
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which is Banach space with respect to the norm

N
ullwrmo @) = ullp, ) + Y | Diu

i=1
We denote by Wol’ﬁ(‘)(Q) the closure of C§°(2) in WP()(Q), and we define
WP (Q) = WO (Q) n Wy (Q).
If Q is a bounded open set with Lipschitz boundary 0f, then
WHPO(Q) = {u € WP(Q) : ulpq = 0}.

—,

It is well-known that in the constant exponent case, that is, when p(-) = p €
[1, +00)V, Wol’ﬁ(Q) = WLP(Q). However in the variable exponent case, in general
Wol’ﬁ(‘)(Q) C WP0)(Q) and the smooth functions are in general not dense in
I/i/l’ﬁ(‘)(Q)7 but if for each i = 1,..., N, p; is log-Holder continuous, that is, there
exists a positive constant L such that

L
. — D, < - -
lpi(z) — pi(y)| < By ey p—

, Ve,yeQ, |zx—y| <1
Then C§°(€) is dense in W17 (), thus Wol’ﬁ(')(Q) = WLPO)(Q). We set for all
r€EQ

Pla) = =y
S S
2i=1 pi@

and we define

Np(x —
ﬁ*(z) _ N_pp((gz)a for p(x) <N,
+00, for p(x) > N.
We have the following embedding results.
Lemma 2.3 ([12]). Let Q C RY be a bounded domain, and p(-) € (CL(Q)N. If
q € Cy(Q) and for all x € Q, q(x) < max(py(z), p*(x)). Then the embedding
ﬁ/l-ﬁ(-)(g) N L‘I(')(Q)’
18 compact.

Lemma 2.4 ([12]). Let @ C RY be a bounded domain, and p(-) € (Cy(Q))N.
Suppose that

vz € Q, py(z) <p*(z). (2.3)
Then the following Poincaré-type inequality holds
N
ull g oy < €S I Ditll iy, Y € WO (), (2.4)
i=1

where C is a positive constant independent of uw. Thus Zf\;l [ Divll pricr (o) s an

equivalent norm on W170)(().

The following embedding results for the anisotropic constant exponent Sobolev
space are well-known [18] [19].
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Lemma 2.5. Let o; > 1, i = 1,...,N, we pose & = (a1,...,an). Suppose
ue Wy (Q), and set

1 11 o= Yo ifa <N,

— = X " r= . e

a N<Ha any number in [1,400) if @ > N.

Then, there exists a constant C depending on N,p1,...,pn if @ < N and also on
r and |Q| if @ > N, such that

N
1/N
@ < CTT Dl - (2.5)
=1

lul

Lemma 2.6. Let Q be a cube of RN with faces parallel to the coordinate planes
and a; > 1, i=1,...,N. Suppose u € WH%(Q), and set

r=a* ifa<N,
re[l,400) ifa>N.

Then, there ezists a constant C depending on N,aq,...,ay if @ < N and also on
r and |Q| if T > N, such that

N
1/N
lullz-@) < CT] (lullze: @) + I DivllLes () - (2.6)
i=1
We will use through the paper, the truncation function T at height k (k > 0),
that is Ty (t) = max{—k, min{k,¢}}.
Proposition 2.7. If u : Q@ — R is a measurable function such that Ty(u) €
WLPO)(Q) for all k > 0, then there exists a unique measurable function v : Q — RY
such that
VTi(u) = vX{ul<k} a-e. in S, (2.7
where x4 denotes the characteristic function of a measurable set A. Moreover, if
u € Wol’l(Q) then v coincides with the standard distributional gradient of u.

A function u such that Tj(u) € WP0)(Q) for any k > 0, does not necessarily
belong to WO1 1(Q) However, according to the above proposition, it is possible
to define its weak gradient, still denoted by Vu, as the unique function v which

satisfies (2.7]).

Definition 2.8. For 0 < r < 400, the set of all measurable functions v : 2 — R
such that the functional [u], = sup,.,kmeas{z € Q : |u(z)| > k}'/" is finite is
called a Marcinkiewicz space and is denoted by M7 (€2). If ] < coand 0 < € < r—1,
we can show that L™(Q2) C M"(Q) C L"¢(Q).

3. STATEMENT OF RESULTS

Definition 3.1. We say that « is a distributional solution for problem (1.1f) if
we Wyt (Q), [ul*® € LY(Q) and

N
Z/ a;(z,u)|Diu
=179

for every ¢ € C§°(Q2).

pi($)*2DiuDig0d:v+/ |u\s(m)*1u<pdx:/fgod:c, (3.1)
Q Q
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Our main results are the following

Theorem 3.2. Let f € LY(Q), p; : 2 — (1,+00), s : Q — (0,+00) and 7; :  —
[0, +00) be continuous functions such that for all x € €,

s(x) > pi(z), i=1,...,N, (3.2)
p(x)(N =1 —~7)

= < pi(x) < k(x), (3.3)
N(@(x) =1 -77)
where
B@WN-1-7})
77’ < N
k(x) = (1+73)(N—p(x)) if () and yi = max max~y;(z).

o0, if plr) = N ISISN aeh

Let a; be Carathéodory functions for i = 1,--- | N satisfying (L.3). Then, prob-
lem (L.1) has at least one distributional solution u € WLt (Q) where ¢;(+) are
continuous functions on ) satisfying

N(p(z) — 1 = 9{)pi(z)
P(x)(N —1-~)
Theorem 3.3. Let f € LY(Q), pi : © — (1,4+00), s : Q — (0,+00) and v; : Q@ —

[0, +00) be continuous functions such that (2.3) holds and for all x € Q,

S (@@ - D). =1 N 6
Let a; be Carathéodory functions satisfying . Then, problem has at least
one distributional solution v € W4T (Q) N L*O)(Q) where () are continuous
functions on Q satisfying

1< qi(z) < , VYxeQ,i=1,...,N. (3.4)

s(x) > max (

pi(2)s(x)
s(x) + 1+ v(x)
Theorem 3.4. Let m : Q — (1,+00), p; : © — (1,+00), 7 : Q@ — [0, +00) and
s:Q — (0, +00) be continuous functions such that (2.3)) holds and for all x € Q

1 <qi(z) < , YxeQ,i=1,...,N. (3.6)

1 <m(z) < h(z), VmeL>®(Q), (3.7
where Noe) o
M) = {NW”N Jp) <N
pr(@)—1° if p(z) = N,
and

()2 D Gse D@, Vi € INO), (o) = max (o)
(3.8)

Let f € L™)(Q) and let a; be Carathéodory functions satisfying (1.3). Then,
problem (L) has at least one distributional solution u € WHPO)(Q) N LsO™mC)(Q).

Theorem 3.5. Let f € L™0)(Q) with m as in (3.7), pi : @ — (1,4+00), v : @ —
[0,4+00), and s : Q@ — (0,4+00) be continuous functions. Assume ([2.3)), and for all
z €Q,
1+ 74 (2)
m(x) — 1

1+ (x)

> s(x) > max (W

L1+ %@ pia) ~ 1), (3.9)
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Vse L>®(Q), andi=1,...,N, where y1(-) = maxi<;<n Y(-). Let a; be Carathéodory
functions satisfying (1.3)). Then, problem (L.1)) has at least one distributional solu-
tion u such that |u|™®*®) ¢ LY(Q) and u € WHIC)(Q) where ¢;(-) are continuous
functions on Q satisfying
pi(z)m(z)s(z)
s(z) + 1+ v(x)
Remark 3.6. In Theorem it is clear that the conditions (1.2]) and (3.3)) imply
that (2.3)) holds since we have
k(z) < p*(x), Vx € Q.
Remark 3.7. Observe that the conditions (3.7), (3.8), and (2.3) guarantee that
s(x) > (1 +v4(2))(pi(x) —1), VreQ,i=1,...,N.

Remark 3.8. In Theorem the conditions (3.7) and (2.3) imply that the as-
sumption ([3.9) is not empty since we have

_

m(z) —1

1 <qi(z) = , VzeQ,i=1,...,N. (3.10)

>pi(r)—1, VYoeeQ,i=1,...,N. (3.11)

Remark 3.9. Let f € LY(Q). Assume that for all z € Q, p(z) < N and s(z) >

(I+7i(2)) N (B(z) =1-+7) C . o
D (N—7) foralli =1,...,N. Then, assumption (3.3) implies (3.5 and

pi(z)s(x) N(@(z) =1 —~])pi(2)
s(@)+1+7(@) = Ba)(N-1-77)
so Theorem [3.3 improves Theorem (and [3, Theorem 3.1]).

, YreQ,i=1,...,N,

4. APPROXIMATE EQUATION

We will use the following approximating problem

N
=" Di(aila, T () D

i=1

Pi(w)*QDiun> + |un|8($)*1un _ T’n,(f) in Q, (4.1)

u, =0 on 9.
We are going to prove the existence of solution u,, to problem (4.1)).

Lemma 4.1. Let f € LY(Q) and let s : Q — (0,400), p; : @ — (1,+00), i =
1,..., N be continuous functions. Assume that (2.3) holds. Then, there exists at
least one solution u, € WP (Q) to problem (A1) in the sense that

N
Z/Qai(:zr,Tn(un)ﬂDiun

pl(z)72D1UnDZQ0d$+/ |un|s(1)71un<pdx
Q

(4.2)
- [ reds
Q
for every o € WP (Q) N L (Q). Moreover
| |*®) da < / | f| dax. (4.3)
Q Q



8 H. AYADI, F. MOKHTARI EJDE-2018/45

Proof. Consider the problem

N
= >~ Di(aie, T DI Dty -2 Ditn, ) + T ([, )

=1 4.4

Up, =0 on 0.

It has been proved in [12] that there exists a solution u,, € W1#)(2) to problem
(4.4), which satisfies

N
> [ aite Tun )| Ditn,
=179

+/§2Tk(|unk|s(x)_1unk)<pdx (4.5)

pi(z)*QDiunkDigp dx

:/Tn(f)godx, V@EVifl’ﬁ(')(Q).
Q

Choosing ¢ = uy, in ({@F), by (L.3) and using that Tj(|u,, [*@ " )u,, >0, we have

N
(0%
——— > | |Diu,
n(1+n)71' i_1/ﬂ 1 Uny

Using Young’s inequality for all € > 0, we obtain

N
Z/ | Dy, |P*®) da < 5/ |, [P~ dz + Cy
=179 @

< 5C2/ | D, [P~ dz + Oy
Q

N
§502Z/ | Dyt
i=178

where C7, Cy, and C3 are positive constants not depending on k. Now, we choose
e =1/(2C3), then

pi(m)darg/ [t | d.
Q

Pi(®) dp 4+ O,

Pi®) dp < C(n).

N
;/Q |Diunk

It follows that the sequence {uy, }5 is bounded in WL (Q). So, there exists a
function u,, € WP0)(Q) and a subsequence (still denoted by wu,, ) such that
U, — U, weakly in W70 (Q) and a.e in Q. (4.6)

Choosing ¢ = uy,, — u, in (4.5) as a test function, we can easily prove that, for all
i=1,...,N,

| i@ T )) [IDitn,
as k — +oo. By (L.3), we obtain

pi(r)_QDiunk - |Dlun

”’7(9”)_2Diun} Di(tt, — ) dz — 0

Ei(k) = /Q [ Dty [P "2 Dy, — |Dsin | "2 Dy ] Di (i, — ) dz — 0
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as k — +o0o. We recall the following well-known inequalities, that hold for any two
real vectors &, 7 and a real p > 1:

227Plg — P, if p> 2,
P26 — Il )€ —n) > o e (4.7)
{ no (0= et if1<p<2

Therefore,

zefd,pi(T) 2

<

/{ Q,pi(x)>2} [lDiun’“|pi(z)_2Diunk - ‘Diun‘pi(m)_QDiun} D;(up, —uy,)dx
xel),p;(x)>

Q

= Ey(k).

pi (I)izDiunk - |D1un

pi(m)*zDiun]Di(unk — uy) dx

On the set Q; = {z € 2,1 < p;(x) < 2}, we employ (4.7) as follows

/ | Ditin,, — Diun|P*® d:
Q;

D, — Dju,|Pi(®) Pi(®)(2=p;(x)
S/ Dt : :i|<z)<2fpi<z>> (IDitun,. | + [ Diunl) : dx
@i (|Diun, | + [Diunl) 2
| Ditin,, — Diuy, pi(z)

< 2|

pi(z)(2—p;

noEnw | 5 g,
(|IDittny | + | Dsun)) 2 L7i0 ()

Pi(z)@;m(z))
X || (| Dt | + | Diun ) LT (@)

Dy, — Dyu, [P 52
< 2max{(/ Ditin, ZUM da;) 2 ’
@ (|Din, | + | Diug|) ’

pi(2) o

|Diun — D;uy, P}
(/ I S ) | (4.9)
% (IDitin, | + |Diun]) 2

X max{(/ (lDiunk|+|Diun|)pi(E) d:z:) -
Q

(/Q (|1Dstin, | + \Diunqux(w) dx)%}

+ + -
P} P} -~ P; P;

< 2max{(p; —1)" = Ey(k)

X max{(/Q (|Diun,€| + |Diun|)i’7ﬁ(m) dac) 2 7

(/Q (|1Diun, | + \Diun|)pi(w) dx) 2 }
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Since uy,, is bounded in W70 (Q) and u,, € WHP0)(Q), after letting k — 400 in

and , we find

lim / | Dy, — Dyt |P'™®) da = 0,
k—-4o0 Q

which implies, for alli=1,..., N,
Djtn, — Diu,,  strongly in LP*()(Q) and a.e. in Q. (4.10)
We are going to prove (4.2]) by passing to the limit in (4.5). By (4.10) we have

Pi®) 2D, weakly in L¥iO)(Q), pi(-) = _pil)
From (4.6) and Lebesgue’s dominated convergence theorem, we obtain

ai(, To(ttn,)) Dip — @i, Tu(un)) Do~ strongly in LMO(Q), 1< i < N.

i(x)—2
|Diunk pi(@) Diunk - |Dzun

Let p;(t) be an increasing, uniformly bounded Lipschitz function [5] (or W1°°(9)
function), such that p;(0) — x{|o|>¢}sign(o), as j — +oo. Taking p;(uy,) as a
test function in (4.5, we obtain

N
> / P (g V@i (2, Ty ()| Dyt [P de + / T ([t [* Y, ) pj (ny, ) de
=179 Q

- / To(£)p; (tn,) o
Q

As j — 400, we obtain

/{ Tl e < / £ d. (4.11)
Uny, |>

{lunk|>t}

Let E C Q be any measurable set, using (4.11)), we have

/E Tty [, )|

-/ [Tl ) ) o+ [ [Tl ) )|
En{lun, |<t} En{lun, |>t}
< (" 4+t )meas(E) +/ \f] da.
{|unk|>t}

Then we deduce that the sequence {Tj (|un, [*®)~'u,, )} is equi-integrable in L*(€),
and since T, ([tin, [y, ) — [t |*® 1, ae. in Q, Vitali’s theorem implies that
T ([t |*® Y, ) = |n[*® "ty in LY(Q).

Therefore, we can obtain (4.2)) by passing to the limit in (4.5).
To show (4.3)), we choose ¢ = % in (4.2) as a test function, we have

s(z)— Tk(un) Tk(un)
/Q|un| 1, 2l d:cs/QTn(f)T dxé/ﬂlfldm-

Fatou’s lemma implies that estimate (4.3)) holds as k — 0. O

In the rest of this paper, we will denote by C; (or C) the positive constants
depending only on the data of the problem, but not on n.



EJDE-2018/45 ANISOTROPIC EQUATIONS WITH DEGENERATE COERCIVITY 11

5. UNIFORM ESTIMATES

In this section, we assume that u,, is a solution of (4.1)).

Lemma 5.1. Let p; : Q — (1,00), s : Q — (0,00) and v; : Q@ — [0,00) be
continuous functions. Then, there exists a constant C > 0 such that

|D Un, pl(x)
Z/ R ey de <O YA > (5.1)
k
/ | DTy () [P1) da < &(1 + /s)7+||f||L1(Q), i=1,...,N. (5.2)
Q

Proof. We introduce the function 9 : R — R by

) = [ s = T+ )~ s, 2> 1

Note that 1 is a continuous function satisfies 5 (0) = 0 and |} (-)| < 1. We take
Pa(uy) as a test function in (4.2)) and we use the assumption (1.3)), we obtain

| Dy, |Pi(®
Z/ 1+|u|%(x)+)\dx<01 |f] dz,

In particular, there exists C'; > 0 such that
-Di n Py .
/%dngg, Vi=1,...,N. (5.3)
Q (14 Juy))+*A
We take ¢ = Tj(uy) in (4.2), we find

/ |DiTk(un)‘m(m) J
Q

k
< — .
@+ gy &= Gl

Hence
, DyTy (uy, )P ) _
D;Ty.(uy, pl(””)dx:/ | DiT; (v 1+ [T (un,) ) ™) da
| D7) e (1 [T
k +
< a(l + k) fllzr @)
Which yields (5.2)). O

Lemma 5.2. Assume that s(-), pi(-) and ~;(-) are restricted as in Theorem [3.3
Then, there exists a constant C' > 0 such that for all continuous functions q;(-),

i=1,...,N onQ asin , we have
| Diven || a0y < C, (5.4)
lwnll Lo (@) < C-

Proof. Firstly, for p; is defined in , we have
N(@(z) — 1 — 71 pila)
pa)(N =1 -~3)
By (3.4) and ., we deduce g;(x) < p;i(x) forallz € Q,i=1,...,N.

1< , Yz eq.
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Case (a): In the first step, let ¢ be a constant satisfying

q; < , 1=

N#H —1—~Npo 1 1L 1
s N L2 VR T S R o )
PN —1-=75) =11

+ ot
4 . q" 1 _
We can assume that e = where E* = N § =1, If not, we set 0 =

max{q /p; ,i=1,...,N} and replace qz by 0p; . Observe that, since Op; > q;r,

the fact that (Dlun) remains in a bounded set of L (Q) implies the result.
+ _p— p_ g N@E —1-+1)
From now on, we set ¢;” = 0p; , 0 = =€ (0, 7p7*(N71771)) C (0,1). Then (5.6)

is equivalent to

1-90 Ng*
—+% + FT* —
- _ >1 =
(a7 - >l T =
Hence there exists A > 1 such that
1-6,_
(T)(f* —yf>A>1,
S0,
(w +N (=) <7 (5.7)

Using Holder’s inequality and ( , we obtain

Q

i

+
Di nq
_/ [Dew (L Juy ) OF Y g
Q@ (14 Juy )+

o |Pi 0 1-6
< ([ APl (([ (1t i)
Q (14 |up )7+ Q

1-0
<o [+ pu)orome)

so that
N

1/N e =9
H (HDz ol ) < C;* (/(1 + ‘un‘)('y?ﬂ)%) T
Lo (@) Q

i=1
Therefore, by (5.7) and Young’s inequality, we can write

6

N 1/N N =
T (100l ) < Crte ([ ™) 7 (5.9

=1

In view of (2.5), with » = g**, we obtain

N 1
/N Nu-0)
lnl| L+ @) = Co 111 (HDiunHqu (Q)) < Oa(e) +eCo(Jlunll pa++ () ¥ -
(5.9)
We choose € = 1/(2C)), then
N
HU’I’LHLqu* () < 03 + = ||un||Lq+* (2)7 n= (1 — a)m (510)

The assumption (|1.2)) implies that n € (0,1]. Hence, the estimate (5.10) implies
(5.5)), and by (5.8 we deduce that (5.4) holds. This completes the proof of the case

().
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Case (b): In the second, we suppose that (3.4) holds and
Np~ —1-p;
(N —1-7])
By the continuity of p;(+) and g¢;(-) on €, there exists a constant § > 0 such that

max  ¢;(t) < min N ) —1 - ’yi)pi(t), Ve, (5.11)

1R )0 @i PN —1—~7)

g >

where Q(z,d) is a cube with center x and diameter §. Note that € is compact
and therefore we can cover it with a finite number of cubes (Q;);=1,... » With edges
parallel to the coordinate axes. Moreover there exists a constant v > 0 such that

d > |Q;] = meas(Q;) >v, Q;=0Q,NQ forallj=1,... k.

We denote by q;f ; the local maximum of ¢;(-) on Q; (respectively p;; the local
minimum of p;(-) on Q;), such that

N@p; —1—~)p; Y1
at; < ff_gﬂ 7+)+p” forall j =1,..., ZT (5.12)
: Py (N —1—77) p; N&
By (2.6), we have
N 1/N
N o <C ( . Dju,, ) . 5.13
lenll e g ) = 11-1;[1 Fenll ot ) T I1Psnl it (513)

We combine (3.2), (4.3)), (5.13)), and the fact that q;,rj <p;; <s; =min, o s(z),
we obtain

1/N
||“nHLq+*(Q) 2H(1+||Dun|| ) . (5.14)

Now, arguing locally as in ) and -, we obtain

+ D Y C + -
n gT* 1 n ) n X 5 515
||u ||qu+ ©, Cy | I ( || U || (Q) 3 ||u | + @) ( )

where
o ( Qf) N
PV N e
Thanks to , we have n; € (0,1]. Hence, the estimate implies

/ \un\aﬂﬁdﬂcSCﬁ forj=1,...,k,

J

Q.

J

W dr < Cs forj=1,...,k (5.16)

Knowing that ¢;(x) < qzj and g*(z) < + for all z € Q; and for j = 1,...,k, we
conclude that

/ |un|5*(x) dx—i—/ |Diun\qi(”) dz < Cs,

J Q2



14 H. AYADI, F. MOKHTARI EJDE-2018/45

which finally implies

/|un|q d:ch/ | Dy,

Where C' is a constant independent of n. This finishes the proof of lemma[5.2l O

k

4@ g < Z(/ PRERS dx+/ | Dy,

j=1 Q;

) dz) < C.

Lemma 5.3. Let m, s, p; and y; be restricted as in Theorem[3.5. Then, there exists
a constant C' > 0 such that

pi(T)

Z/ T |%(r)+1 e 4 T Q|un| dz<C.  (5.17)

Proof. Taking t(z,u,) = ((14 |u,|)™@ D@ — 1) sign(u,) in (@) as a test
function, by (1.3)) and the fact that for a.e. x € Q and foralli=1,..., N

Dip(,up) = (m(a) = D)1+ |un )™ 7D sign(u,) Dis() In(L + [un])

(m(x) — 1)s(x)Djuy,
(1 + Iun‘)l—(m(x)—l)s(x)

+ Dym () (1 + Jun ) D7D sign(uy, ) s(2) n(1 + |ug),

we obtain

\D | P (@)

. / ) ((1 v |un|><m<f>—”s<f> - 1) o
Q

< / Ki ((1 + ‘unD(m(m)fl)S(r) _ 1) dz
Q

N
+C1 Y / (14 Jup ) @ =D5@ 1n(1 4 |uy|)| Dy, [P d.
; Q

Using that |u,|[*® > min{1;2=" }(1 + |u,|)*® — 1, Proposition and Young
inequality, we have

pi(x)

Z/ T @@=y @+ g | 0+ [unl) de

< Cy + C3max (||f||Lm<> Q)7||fHLm() Q)) (5.18)

+C4Z/(1+ [ ) 7D I (1 4 [ |) | Dy [P d.
; Q
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We can estimate the last term in (5.18)) by applying Young’s inequality

/ (14 Jup )@ =D I (1 + fu,|) | Dy,
Q

(m(z)—1)s(@)+(p;(x)—1) (v (x)+1)
:/ (1 fun]) e In(1 + )
Q

| Dy, |Pi(*) 1
x @ =(n@) = Da() dz (5.19)
(1 + unl) Pi(®)

e / (1 + | ) ) = Ds@+Ei@)=DED (1n(1 4 [, )@ dr
Q

pi(x)=1 1.

+ ﬁ (1 + |un |)7i($)+1—(m($)—1)s(a¢)

We combine ) and -, we obtain

|D Up p7(m) 1 m(z)s(m)

dx.

< Cs+Cy Z/ (1 4 [ty [)(2) = Ds() (s () =D @) +1) (5.20)
— Ja
x In(1 + |u, )P do = I.
Since s(z) > (p;(z) — 1)(v:(x) + 1), we have
(Pi(x) = D(vi(e) +1) = s(@) < ((pi(x) = D(v(@) +1) = s(2)" =b; < % <0,

and (1 + \t|)(pi(m)_l)('“(’”)“‘1)_8(”)_% In(1 + [t))?*®) is bounded for all € © and
t € R. We conclude that

(1 + |y ) (M@ =Ds@)+Ei(@) =i @)+ 11y (1 4 |, )P ) = (14 ‘un|)m(w)s(w)+%
3 (14 |t ) @ =D i@+ D =5@)=F 11(1 4 |y, [)Pi ()
< O+ )"+,

By another application of Young inequality, we obtain

1
1<d / (14 Jun)™@5@ g 4 C. (5.21)
Q
Therefore, by (5.20) and (5.21]) we obtain the estimation (5.17). O

Lemma 5.4. Let p;, s and v; be restricted as in Theorem[3.3. Then, there exists
a positive constant C such that

[ Divn || o)y < C, (5.22)
for all continuous functions q; on Q satisfying (3.6]).

Proof. Note that, assumption (3.6) implies that ¢;(z) < p;(z) for all x € Q, i =
1,...,N. We can write

. qi(z)
/‘Diunrh(%) dx:/ |Dzu:(|w) (1+ [un]) pm L (vi(2)+A) da.
Q Q1+ |un|)m(w@)+>\)
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Using Young inequality and (5.1)), we obtain

Q

Then assumption (3.6)) implies Ww —v;(z) > 1. Choosing

2)

2 (®) (v (®)+N)

MO dr <O G [ (14 fun) TR e (.29
Q

Thanks to the choice of A and (3.6]), we have
qi()(vi(x) + A)
pi(z) — ¢i(x)

Combining (|5.24]), (5.23)), and (4.3) results (5.22)). |

Lemma 5.5. Let m, s, p;, and ; be restricted as in Theorem |3.5. Then, there
ezists a constant C > 0 such that

”DiunHLqi(*)(Q) <C, (5.25)
for all continuous functions q; on S satisfying (3.10)).
Proof. Note that s(x) < L) and (3.10) imply ¢;(x) < p;(z). Then by Young’s

A = min min
1<i<N zeq

<s(z), VxeQ, Vi=1,...,N. (5.24)

m(z)—1
inequality, we have
/|Diun 42) dy
Q
:/ |D1’Uzn|qb(iv) (1+|u ‘)(’yi(x)+1—[(m(z)—l)s(z)])% de
(@) +1—[(m(z)—1)s(x)]) 2i(x) "
& (1 + [t |) 0 @1 0n@)-Ds(@)]) £2)

- (qz'(x)) | Dy, [P (%)
= Ja \pi(x)/ (1 + |uy|)ri@+1={m(z)=1)s()]
; (i (@) +1=[(m(2) =D (@) a (2)
Q pi(z)
and by (3.10), we obtain

dx

/ | Dy, 2 (®) Jp
Q
v (5.26)
- o (14 |u,|)i@+1=lm@)-1)s()] 9 n :
Therefore, (5.26) and (5.17) imply the desired result. O

Lemma 5.6. Let m, s, p;, and ~y; be restricted as in Theorem [3.] Then, there
exists a constant C > 0 such that

N
> [ b,
=179
Proof. Taking ¥(z,u,) = ((1+ |un|)' ™+ — 1) sign(u,,) in (EI) as a test func-
tion, by (1.3) and the fact that for a.e. x € Q, foralli=1,... N,
Ditp(w,up) = (1474 (2))(1 + |un )+ ) Dy,
Dy () (1 + ) ) (1 + Juy ) sign (),

Pi(®) gy 4 / | [*EHF @) g < (5.27)
Q
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we set 7y = maxi<ij<y min g5 7;i(z), we obtain
N
a7 Y [ 1D dot [ il (14 )47+ 1) o
i=1"9 Q

< L1 (0 a5 <1 do

pi(@) =1 gq.

N
+G Z / (14 Jun )+ (1 + )| Dy,
=179

Using that |u,,|*® > min{1,2'=%" }(1 + |u,|)*®) — 1, Proposition [2.1| and Young’s
inequality and since m/(-)(1 4+ v4(z)) < s(z) + 1+ v4(x), we have

N
> / |Dwn|’”"”)+1 / (1 + |uy|) )T+ (@) gy
[ 2 Jo
=1
m+ m-
< Gy + Cymax (|17 gy I oo ) (5.28)
N
+C4Z/(1 + Jun ) @) In(1 4 [up]) | Dt |7~ da.
=179

We can estimate the last term in (5.28)) by applying Young’s inequality,

0 ) a0 ) D)
Q

) (5.29)
< 05/(1 + |un|)pi(ﬁf)(l+’)’+($)) (In(1 + |un‘))Pi(w) + 7/ |Diun|pi(x) de.
Q 204 9]
We combine (5.28]) and (5.29)) to obtain
N
Z/ | D [P0 dx+/(1 + [up )T Gy
i=1 /0 Q
(5.30)

N
< Cs+C> Z / (14 |un )P @@+ 10 (1 4 |u, )P @) da = .
=179

Thanks to Remark [3.7] we have s(z) > (p;(x) — 1)(v4(z) + 1), so

(i) = D7 (2) + 1) = s(2) < (a(e) ~ s (@) + 1) — s@)* = ds < & <0,

and (14 |t|)(pf‘(x)_l)(W(x)‘*‘l)_s(”)_% In(1 + [t])?**) is bounded for all z € Q and
t € R. We write

(14 |t )P @O+ @D I (1 + Ju, )P
— (14 )5 @+ @+ (], )i @HD @@ =D =50 = F (] 1 g, )P ().

By another application of Young’s inequality, we obtain

1
J< / (L )70 iy + . (5.31)
Q

Using (5.30) and (5.31)), we obtain (5.27]). O
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Lemma 5.7. Let f,, € L>(Q) be a sequence of functions which is strongly conver-
gent to some f in LY(Q) and let u,, be a solution of the problem

N
o (asCo, TuCun ) Drl” 2D ) = fu i 0,
u, =0 on O0.

Suppose that:
(i) wp is such that Ty(u,) € WHPO(Q) for all k > 0.
(ii) uy, converges almost everywhere in 0 to some measurable function u which
is finite almost everywhere, and such that Ty(u) € WPO)(Q) for all k >
0 (note that (i) and (ii) imply that Ty(uy,) weakly converges to Ty(u) in
WPO(Q)).
(iii) wy, is bounded in M™(Q) for some r1 >0 and u € M™(Q).
(iv) There exists 6; >0 ,i=1,...,N such that |D;u,|% is bounded in L™ (),
for some ro > 1 and |D;u|% € L™ ().
Then, up to a subsequence, D;u, converges to D;u almost everywhere in Q for all
i=1,...,N.

Proof. Tt has been proved in [I2] that there exists a solution u, € W1#0)(Q) to
problem . We follow the technique in [II 20] with some modifications, since
our method depends on the anisotropic variable exponent. Define the vector-valued
function a(z,s,&) : @ x R x RY — RY | where a(z, s, &) = {a;(x, s,€) }iz1,.. v with
ai(x,s,€) = ai(z,s)|&P*)=2¢. Let 6 be a real number between 0 and 1, which
will be chosen later, and

/ {(a( n), V) — a(z, Ty (un), V) )V (uy, — u)}e dx.

Note that I(n) is well defined and I(n) > 0. We fixe k > 0 and split the integral
I(n) on the sets {|u| > k} and {|u| < k}, obtaining

Li(n, k)= / {(&(m,Tn(un), V) — alz, Tn(uy), Vu))V(un — u)}a dzx,
{lul>k}

Iy(n, k) = / {(a(z, T (tn), Vtun) — a(z, To (un), Vi) )V (uy, — u) Y da.
{lul<k}

By condition (|1.3]) and Young’s inequality, we have

Ii(n, k) <C4 /{|u|>k} {i’; <|Diun pi(z) | |D;u m(z)) }9 dx,
N

< clz/ (2+ | Dyun | + \Diu|9pf) dz.
= Julzk)

‘We now choose 6 < 1 such that ij' <0;,i=1,...,N. Using the Holder inequality
and (iv), we obtain
/ |D;u

Ii(n, k) <C2 (/Du

+ C2|{|U| > kY| < C|{|u] > k}\“@ + Ca| {|u| > K} |.

)|{| >k}
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By (ii), for any k > 1, we have

C

I{\UIZk}ISI{IU\>k—1}\SW-

Using the above inequality, we obtain

lim limsup I1(n, k) = 0. (5.33)

k—+00 n—+oo

As Vu = VT (u) on the set {|u| < k}, we obtain
Ir(n, k) = / {(&(%Tn(un),Vun)—&(m,Tn(un),VTk(u)))V(un—Tk(u))}e dx.
{lul<k}

Take h > k + 1 and split the integral Iz(n, k) on the sets {|u, — Ti(u)| > h} and
{Jun — T (u)| < h}, obtaining

Ig(n,k,h)
= / {(&(l‘, Tn(un), Vun) — &(xa Tn(un)’ ka(u)))v(un - Tk(u))}a dl‘,
{lun =Ty (u)|>h}

and

Li(n, b, h) = /

{lun =Tk (u)|<h}

{(&(m,Tn(un),Vun)

6
— az, Ta(un), VTk(u)))V(un - Tk(u))} da.

As |up| > h — k on the set {|u, — Tk (u)| > h}, we obtain

C
n — 1 >h}| < n|l>h—k}| < 7.
[l = T3] > 1} < [{fual > h =} < G
Similarly to the discussion of I (n, k) (with the same choice of ), we obtain
lim limsuplimsup I3(n, k,h) = 0. (5.34)

h—400 k400 n—do0

Since V(u, — Tx(u)) = VTh(uy — T (u)) on the set {|u, — Tk (u)| < h}, by Holder
inequality (with exponents % and 1%9), we have

Li(n,k, h) < |Q|1—9{/

{lun =Tk (u)|<h}

6
— a(z, Ta(up), VTk(u))>VTh(un — Ti(w)) da:} .

(d(x, T, (), Vi)

Define
15 (’n’a k) h’)

- / (@, T (), V) — s T ), VT () VT (1t — T (1)) dr,
{|twn —Tk (u)|<h}

which we split as the difference Ig — I7, where

Is(n,k, h) = / a(x, Ty (un), Vur ) VT (u, — Tr(u)) da,
{|un =Tk (u)|<h}
I;(n,k,h) = / a(z, Tn(un), VI (w) VT (uy — Tk (u)) da.
{lun—Tk(u)|<h}
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Take n sufficiently large such that n > h + k. Since |u,| < k + h on the set where
{lun — Ti(u)| < h}, we obtain

Ir(n,k, ) = / 62, Ty (1), VT4 (1)) VT (11, — Ti () dl

According to condition 7 we have
s (z, Thn(un), VTk(w)| < BID:iTh(w)) [P @~ Vi=1,...,N.
Note that
ai(z, Thar(un), VIp(uw)) — ai(z,u, VI (u)) ae inQ,i=1,..., N,
using Lebesgue dominated convergence theorem, we derive
a5 (2, T (tn ), V(1)) — @;(z,u, VT (u))  strongly in LPi()(Q),Vi =1,...,N.

Using the weak convergence of D; T}, (u, — Ty (w)) to DT (u—Ty(u)) in LPiC)(Q),i =
1,..., N (a consequence of (i) and (ii)), we find

n—-+o0o

N
lim I7(Tl,k,h):LZ(di(x,U>VTk(u))DiTh(u7Tk(u)))dx7

S0
lim lim I7(n,k,h) =0. (5.35)

k— 400 n—-+00

For Ig(n,k, h), by (5.32)) we obtain
(ko) = [ fuTiun — Talu)
Q

by the strong convergence of f,, in L*(2), we have
lim lim Ig(n,k,h) =0 (5.36)

k——4o00 n—-+oo

Putting together (5.33)), (5.34)), (5.35)), and (5.36]), one thus has
lim I(n)=0.

n—-+o0o

As in [20], we obtain D;u,, — D;u a.e. in Q,i=1,..., N. a

Lemma 5.8. Let u,, be a solution to the equation (4.1), suppose that u,, converges
to u almost everywhere in 2. Then

|t 5@y — |u* @y i LH(Q).
Proof. Let p;(t) be an increasing, uniformly bounded Lipschitz function such that

pj — X{lt|>k}sign(t) (k > 0), as j — +oo. Taking p;(u,) as a test function in
(4.2)), we obtain

N
S [ s umas T D) o+ [ fan )
i=1 "% Q

- / To(£)p; () da

Q
As j — 400, we obtain

/ | dr < / | da. (5.37)
{lun|>k} {lun|>k}
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Let E C Q be any measurable set, using ([5.37)). We have

/ |un|s(x) dz :/ |un|s(ac) dm—i—/ |un|s(x) dr
B En{lun|<k} Enf{lun|>k}

< (lcs+ + k% )meas(E) + / |f] dz.
En{|un|>k}

Then we deduce that (|u,|**)~1u,) is equi-integrable in L'(Q), and since u, —
u a.e. in 2, then Vitali’s theorem implies

[

6. PROOF OF MAIN RESULTS

In this section, using the uniform estimates of Section [4] we prove Theorem
B3 B4 and B3}

6.1. Proof of theorems By Lemma the sequence (u,,) is bounded
in Wh4)(Q) where ¢;(-) is defined as (3.4). Without loss of generality, we can
therefore assume that

Up — u  weakly in WHI0)(Q),

un, — u strongly in L?°(Q), ¢o = 1211<nN min ¢;(x), (6.1)
SIS zeQ)

U, — u a.e. in .

It follows from (4.3)) and Fatou’s lemma that
/ ul*@ dz < liminf/ un |*® dz < C,
Q n—+too Jo

thus |u[*@) € LY(Q), furthermore, u € M* (). Then, there exists r; = s~ > 0
such that

|tunllpiri ) < C and  we M™(Q). (6.2)
Let fr, = T, (f) =T (Jup|*®'u,) € L®(9Q), where u,, is a solution of (5.32). Then,
from (5.2), (5.4), (6.2)), (6.1]), and lemma we can deduce that

Diu, — D;u a.e. in Q foralli=1,..., N.

So, by (b.4), we have
i(z)—2 i(x)—2 : 417() .
| Dy, |P? D;uy, — |Diu|P D;u  weakly in L»O=-T(Q), Vi=1,...,N,
(6.3)

where ¢; is defined as in (3.4]). The choice of p?{_ggl > 1 is possible since we have
(3.3). From (|1.3)) and (6.1)), we obtain

ai(z, Ty (un)) — a;i(z,u) weak™ in L(Q). (6.4)
For any given ¢ € C§°(Q), using ¢ as a test function in (4.1)), we have

N
Z/ai(sr:,Tn(un))|Diun|p"(’”)_2DiunDi<pdm+/ |un|s(‘”)_1un<pdx:/Tn(f)gpdm,
= Ja ) Q

(6.5)
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Letting n — oo in (6.5)), by (6.3), (6.4), and (5.38), we obtain
Z/ ai(z,u)| DaulP" D2 DyuD;p d —|—/ u|* @ up dr = / fodz.
- /e Q Q
For the proof of Theorem we only replace (6.3 with
()
| Djuy, Pi®) =2y, weakly in Lo (Q), Vi=1,...,N.
where ¢; is defined as in (3.6)). The choice of 90 > 1 s possible since we have

()1
B3).

6.2. Proof of theorem [3.4} [3.5] Because the proof of Theorem [3.5 is similar to
that of Theorem [3.2] here we only give the proof of Theorem [3.4] According to
Lemma 5.6} the sequence (u,,) is bounded in W170)(2). This implies that we can
extract a subbequence (denote again by (u,)), such that

Up — u  weakly in W70 (),

u, — u strongly in LP°(Q), po= 12111<n min p; (z),
N zeq

p,;(m)—QDiun — |Diu

Up, — U a.e. in .
Arguing as the proof of Theorem by using , we conclude that
| D, |72 Dy, — |Dju|P"®=2Dyju weakly in L) (Q), Vi=1,...,N.
The proof of Theorem is complete.

Remark 6.1. All the results in this work also hold if our problem is exchanged by
a more general one,

—div(a(z,u, Vu)) + g(z,u) = f in Q,
u=0 on 01,

where a(z,t,€) = {ai(x,t,8) izt~ : QX RXRY — RY is a Carathéodory vector-
valued function such that for a.e. z €  and for every (¢,£) € RxRY | the following
assumptions hold:

N

|&ifPe )
£8E > a >0,
a(z,t,£)¢ > Z A1 ® a

N 1
jas(x,t,€)| @+ZMW% =1, N, B> 0,

(CL(SC, Sag)ia(xvsag))(gfél) >O7 Vf#f,
Assume that g :  x R — R is a Carathéodory function satisfying
sup |g(,t)| = hi(x) € L'(Q), Vk >0,

[t|<k
g(z, t)sign(t) > [¢)°*)
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