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STABLE SOLUTIONS TO WEIGHTED QUASILINEAR
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ABSTRACT. We prove that all entire stable I/Vi)’f solutions of weighted quasi-
linear problem

—div(w(z)|VulP2Vu) = f(z)|u|? u
must be zero. The result holds true for p > 2 and p — 1 < g < ge(p, N, a,b).
Here b > a —p and qc(p, N, a, b) is a new critical exponent, which is infinity in
low dimension and is always larger than the classic critical one, while w, f €

LL (RN) are nonnegative functions such that w(z) < Ci|z|* and f(z) >

Ca|z|® for large |z|. We also construct an example to show the sharpness of
our result.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article we assume that ¢ > p—1> land w, f € L. (R™) are nonnegative

functions. Let us consider the following weighted quasilinear equation
— div(w(x)|VulP2Vu) = f(z)|u|? u  in RY. (1.1)

If w = 1, the left hand side of becomes the well-known p-Laplace operator. The
terms w(z) and f(x) are usually regarded as weights while |u|9 1 u is the so-called
Lane-Emden nonlinearity. Because of the degenerate nature of the term |Vu|P~2
when p > 2, solutions to must be understood in the weak sense. Moreover,
solutions to elliptic equations with Hardy potentials may possess singularities (see
Proposition for an example). Therefore, it is natural to study weak solutions of
in a suitable weighted Sobolev space. For this purpose, let us define

el = ( [ w@velrds)”

for ¢ € C°(RN) and denote by Wy P (RN, w) the closure of C2°(RN) with respect
to the || - ||l,-norm. Remark that for w € L. (RY) we have C}(RN) ¢ Wy ?(RN, w)
and u € WP(RN,w) means that if for any ¢ € C®(RN), there holds up €
WyP(RY,w). Let us make also the meaning of weak solution and stable solution

more precisely.
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Definition 1.1. A function u € VVli’f(RN, w) is said to be a weak solution of (1.1))
if f(z)|ul? € LL (RY) and

loc

/ w(z)|VulP~2(Vu, V) de = / f(@)|u|T tup de (1.2)
RN RN

for all p € CL(RY).

Definition 1.2. A weak solution u of is stable if

/ w(z) [[VuP 2|Vl + (p — 2)| V"~ (Vu, Ve)?] dz > g / F@)lult o de
RN RN

(1.3)
for all p € CL(RN).

We recall that the stability condition translates into the fact that the second
variation at u of the energy functional

B - [ (HelTer f(x)luq“) "

D qg+1

is nonnegative. Therefore all the local minima of the functional are stable weak

solutions of (|L.1J).
Proposition 1.3. If u is a stable solution of (L.1)), then

0-1) [ @V ez g [ f@T e (1)

for every ¢ € CHRN).

We remark that and hold for any ¢ € VVO1 P(RN,w) by density argu-
ments.

In this article we prove a Liouville type theorem for stable solutions of . We
recall that Liouville type theorems concern about the nonexistence of nontrivial
solution in the entire Euclidean space RY. This type of theorems for has
drawn much attention in the last four decades. Let us mention the pioneering
article [19], where Gidas and Spruck established the optimal nonexistence result
for positive solutions to the equation —Au = |u[?"*u in RY. They proved that
this equation has no positive solution if and only if ¢ is less than the critical exponent
%, which is co if N = 2.

In recent years, not only weak and positive solutions but also other types of
solutions to equation such as stable solutions have been studied immensely by
several authors. Readers can find physical motivation and recent development on
the topic of stable solutions in monograph [10] by Dupaigne and references therein.

We should refer to the works [I3] [14] by Farina for Lane-Emden equation

—Au = |u/T 'y in RY,

where he proved that all stable C? solutions must be zero if 1 < ¢ < ¢.(INV), where
qc.(N) is explicitly given and is always greater than the classic critical exponent
NE2 T ater, similar results were proved in [8] for stable C'! solutions of quasilinear

N—2"
equation —Apu = |ul?1u.
The weighted semilinear elliptic equation

—div(w(z)Vu) = f(z)|ul? v in RY
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was also studied recently by some authors. In [7], several Liouville type theorems for
classical stable solutions of this equation were established under different assump-
tions on w and f. Paper [26] deals with more specific equation —Awu = |2[°|u|?" u
but for stable solutions of class Hlloc, which covers solutions having singularities.
Related works on existence, nonexistence and bifurcation results for singular elliptic
problems can be found in [II, 12 [15] 16, 17, I8, 20, 23] 24] and references therein.

For other types of nonlinearities, we refer to paper [I1] for stable C? solutions of
semilinear equation —Awu = f(u) and papers [4, 22, 21], 25] for stable C'* solutions
of quasilinear equation —A,u = f(u). In general, Liouville type theorems for stable
solutions of nonlinear elliptic equations are usually guaranteed in low dimensional
case.

The main purpose of this paper is to obtain a sharp Liouville type theorem
for stable solutions of class Wé’cp to equation . Our result therefore directly
extends the result in [6], which deals with equation

~Apu = f(z)|ul”ru  in RV,

It should be noted that in [6], the author only considered the case p < N and
C’llo’f (R™) solutions, which are locally bounded. This C’llo’f(RN ) regularity assump-
tion is natural when w = f = 1. However, if the weights w and f are Hardy
potentials, then solutions of equation may have singularities and do not be-
long to class C’llo’g (RYN) anymore. Therefore, weak solutions of class VVﬁ)f are more
suitable settings for and we will work with this type of solutions in this paper.
Furthermore, we also construct an example to show the sharpness of our result.

We begin with the following a priori estimate for stable solutions of (L.1J).
Proposition 1.4. Suppose that ¢ > p—1 and u is a stable solution of (1.1). Then

for any
2q — 1 —
- (1’ q—p+1+2V4q(q p+1)>7
p—1
there exists a constant C' = C(p,q,a) > 0 such that for any function n € CL(RY)
with 0 < n <1 and V= 0 in a neighborhood of {x € RN : f(z) = 0} we have

[ @@ Ta a4 f@)ul ) 55 do
y v o (atq) (1.5)
<C | w@)Tri f(z)" Tr V|t da.

RN

With the help of Proposition [I.4] it is not hard to obtain our main result.

Theorem 1.5. Let b > a—p and C1,Ca, Ry > 0. Suppose that w(x) < C1|z|* and

f(z) > Colx|® for a.e. x € RN\ B(0,Ry), in addition, w(z) + f(z) > 0 for a.e.

x € B(0,Ro). Let u be a stable solution of equation (1.1)). Assume that

(p—a)(p+3)+4b
p—1

. (p—a)(p+3)+4b
-1 N <
p <g<oo, if N ]

p_1<q<qc(p7N7aab)7 ZfN>

)

with the critical exponent

2(p—a+b)\/(p—1)(p—a+b)(Np+bp+a—b—p)
(N+a=p)p—1N —(p—a)(p+3)— 40

4e(p, N, a,b) =
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+ (p—l)[NQ(p— 1)=p(N(p+2)—p)+a(N(2a+p) —2p+a)
+b(N(p—4) —p* + pa — 2b)})

= (N +a=plp— DN = (p—a)(p+3) - 4]).

Then u=0.

Remark 1.6. Since b > a — p, if N > w, we deduce that a —p > — N

and ¢.(p, N, a,b) is well-defined. The assumption on ¢ in Theorem is equivalent
to

(pP—a+b)2¢—p+1+2y/9(¢—p+1) +alp—a)p—1)+bp—1)°

(p-1(@—p+1) '
Indeed, the critical exponent g.(p, N,a,b) is explicitly computed by solving the
above quadratic inequation in gq.

Remark 1.7. If a = 0, then

2(p+b)/(p — D(p+b)(Np+bp — b —p)
(N =p)llp =N —p(p +3) — 4b]
L= DIN*(p—1) — p(N(p+2) = p) + b(N(p — 4) — p* — 20)
(N =p)l(p— 1N —p(p +3) — 4b] ’
which is the critical exponent ¢, in [6]. Furthermore, if a = b = 0, then we obtain
2p*/(p—1)(N -1+ (- DN*(p—1) —p(N(p+2) —p)]
(N =p)[(p—1)N = p(p + 3)] ’
which equals the critical exponent p. in [§]. We observe that the critical exponent

N <

qe(p, N,0,b) =

qe(p, N,0,0) =

qc(p, N, 0,0) is always greater than the classic critical exponent N(zj’v_ill))ﬂ’. Ifa=0
and p = 2, we find

2(b+2)\/(b+2)(b+2N —2) + (N —2)2 —2(b+2)(b+ N)

(N —2)(N —4b—10) ’
which is the critical exponent p(b) in [9]. Finally, if « =b =0 and p = 2, we have
8N -1+ N? —8N +4

(N —2)(N —10)
It is the critical exponent p. in [I4]. Therefore, our conclusion in Theorem [1.5

extends results in [6l 8 @] [14] to stable solutions of class VVﬁ)f .

qc(27 Nv 07 b) =

q¢(2,N,0,0) =

The assumption on ¢ in Theorem is optimal. Indeed, let us consider the limit
problem
— div(|z]*|VulP~2Vu) = |2z|°u|? T in RV, (1.6)
We have the following result.

Proposition 1.8. Let b > a — p. Suppose that N > W& and q >
qe(p, N,a,b), which is defined in Theorem then U(x) = m/|z|™ is a stable
solution of equation (1.6)). Here,
p—a+b
n=-——

p—— and m = [np_l(N+a —1—(n+1)(p- 1))]1/(q—p+1).
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2. PROOFS

This section is devoted to the proofs of Proposition[I.4] Theorem 1.5 and Proposi-
tion[L.8] For convenience, we always denote by C' a generic constant whose concrete
Values may change from line to line or even in the same line. If this constant de-
pends on an arbitrary small number ¢, then we may denote it by C.. We also use
Young inequality in the form ab < ea? + C.b? for p,q > 0 satisfying zlz + % =1.

Proof of Proposition[1.]} For each k € N we define
a—1
tI=t, |t <k tete, |t <k
ak@):{"ﬂi <k bk(t):{u Ll <k,

k= t, |t| >k, ket |t > k.
It is easy to check that
a(t)? > th(t), aj(1)* < b (),

|ar (6)[Paj, (£)* 77 + [be (1)[P0,(8) 77 < Cle[**P!

(a+1)2
do (2.1)

for all t € R, where C depends only on p and a. Moreover, since u € Wﬁ)’Cp(RN, w),
clearly ax(u),br(u) € WliCp(RN w) for any k € N. We split the proof into four
steps.

Step 1. For any € € (0,1), any k € N and any nonnegative function v € C}(RY),
there exists a constant C. = C(p,e) > 0 such that

(1=2) [ 0@ VuPt o) do
(2.2)
<C. / ) by, (w) [Pb), (w) '~ P|V¢\de+/ F(@) |l tubg (u)y? da.
To prove this, using ¢ = by (u)1? as a test function. Since
Vo = by, (w) " Vu + pby (w)? ' Vi,
using (1.2)) we obtain

/ w(@)|VulP, () de + p / w(@)|VulP~2b (WP~ (Vu, Vi) dar
RN RN
_ / F()u] by ()P da.

RN

Therefore,
[ wIvult e da
RN
SP/RN ’LU(Q?)|Vu|P—1|bk(u)|¢ll—1|vw|dx_’_‘/RN f($)|U|q_1ubk(u)1pp du
< [ (0 v T )
+C. (w(z)l/ﬂbk(uﬂb;@(u)l%|V1/,| P d:r—i—/ £()u] 7 tubg (w)eP do
RN

:E/RN w(@)|VulPby,(w)y” de + C / ) [bg (1) [P0 () P [V P da



6 P. LE, V. HO EJDE-2018/71

+ / £ (@)l by (w) 6 da,
]RN
which implies (2.2]).

Step 2. For any ¢ € (0,1), any k € N and any nonnegative function 1 € C}(R™M),
there exists a constant C; = C(p, ) > 0 such that

o[ @l i de < =1+9) [ () VuPei P da

(2.3)
el / 2)|ap (w) P, ()2 | V[P da.
To prove this, we use the stability assumption with ¢ = a (u)wp/ 2. Since
Ve = aj (u)yp?*Vu + ak( W' vy,
using we obtain
0 [ @l (w2 do
]RN
<=1 [ w@)Valayaper ds
RN (2.4)
Ho-1p [ w@IVaPanwla () Vel ds
]RN
—1)p?
e R
]RN

Now we use Young inequality to estimate the last two terms
(=10 [ wl@)|TuP ™ law(a)lah(w)7 ! Vo] do
€ p—1 2(p—1) o1
< = (w(x) 7 |VulP~td: (u PPl
15 (@ 19ar a0 )
1/p e P
+ . (w(@)Plax(wai, () 7 V) d
=5 |, w@VuPa P de+ O [ w@enw)Pai V0 da
]RN

2

and
= 1p* / (@) Vul~2ag (u)? ¢p’2lvw|2dx
4 .
: /RN © (wle) 7 [Vup2a ) 5 ) 7

2 2(2—p /2
+ € (w(e) Far(w?al (0“5 w0 P) " do
9

=5 [ w(@)|VulPaj(u)*y? do + C: / @)|ax () Paj, (u)* 7| V|? da.

ZRN

Using these two estimates into (2.4), we obtain ([2.3]).
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Step 3. We claim that there exists a constant C = C(p,q,«) > 0 such that for
any nonnegative function 1 € C}(RY) we have

/ (w(x)|Vu\p|u\o‘71 + f(x)|u|a+q) PP dx < C’/ w(x)|u|a+p71|v¢\pd:c. (2.5)
RN

(p—14¢)(a+1)?
4(1—e)agq
0, we can fix some ¢ € (0, 1) depending on p, ¢ and « such that 5. > 0.

Collecting (2.2)), (2.3) and with the help of (2.1)) we obtain
¢ [ F@hd ana e da
RN

(p=1)(a+1)?

To prove this, we set 8. = 1— Tog

. Since lim,_,g+ B = 1—

<o-1+2) [ wl@)VuPa w2 do

+C/ @)|ax(u)Paj,(w)* P |V [P du
(. —1+e><a+1> / w(@) [Vl (u)y? da
RN
+C/ o)|ax (u) P a (u)* 7| V|” da

< Ot QLR [l by o

+CE/]R w(@) [lax(u)[Pag (u)* ™ + |o (W) [P0, (w) 7] [V [P da

= I (C e

+C. [ @l Vo da.

Therefore,

e | F@) ™ an(w)eP de < C. / () [u] LT
]RN

RN
Letting kK — 0o, by the monotone convergence theorem we obtain

[ @i as<c [ w@lumr v, (26)
where C depends only on p, ¢ and «. On the other hand, applying (2.2)) for ¢ = 1/2,
[ @Vt da
< c/ )bk (w)|Pb), (w) P |VY|P do + 2/ f(@)|u]? tubg (w)y® da
< c/ )l V[P da + 2/ F@) |l a ()2 da.
Letting k£ — oo, by the monotone convergence theorem and (2.6 we obtain
/ w@VuPll*tde <€ [ @ wer @)
RN
Combining ([2.6)) and - we obtain .
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Step 4. We are now in a position to prove a priori estimate (1.5). Applying (2.5))
for ¢ = nqiﬁl to obtain

/ (w(@)| VP[] + f(@)]ul*) 5 da
RN

p(atp—1)

SC{/ w () |u|* PPy T da
RN

1 atp—1 4p—1 p(atp—1) ai:zl
< [ 5 (F@) S ety T
RN 2

_atp—1

a+tq
(we)f@) =5 o) da
+p—1 p(a+q)

+C

1 p(atq « o

<z / f(aj)|u|°‘+qn$ dx +C u}(gj) qu;il f(.%')i a—pT1 |V77| pTT (.
2 Jgpn RN

Hence, (|1.5) follows. O

Proof of Theorem[I.5. Applying (L.5) for a test function ng € C}(RY) satisfying
OgnRglinRN and

nr =1 in B(0, R),
nr =0 in RN\ B(0,2R),
C
Vil < 7 in B(0,2R) \ B(O, R).
Consequently, for all R > R there exists a constant C' independent of R such that

[ @I TuPlaf @)l do < CR 23)
B(0,R)

where
g n_P-alatgt+batp-1)
qg—p+1

Note that a € (1, ap(q)) where

2 —p+ 142/t —p+1)
- P .

(670} (t)

Let us define the function

Mﬂ:(p—wmdﬂj?;fﬁdﬂ+p—n

iy p—atbd o Jt—p+l
g@%_@—p+ly< b t )<Q

the function g(t) is decreasing in ¢ > p — 1. On the other hand,

. . (p—a)(p+3)+4b
tq(;,rzll)Jr g(t) +OO7 t;gloo g(t) p— 1

, fort>p—1.

Since

Therefore, if N < W#, then N < g(g¢) since ¢ > p — 1. Hence if we fix
a € [1,a0(q)), suitably near ag(q), we obtain
(p—a)la+q) +blat+p-1)
g—p+1

N <

)
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which means that # < 0. Then the desired result follows by letting R — oo in .
Assume now N > w. Since g is decreasing, we obtain in this case a
critical value ¢.(p, N, a,b) such that N < g(q) for 1 < ¢ < g.(p, N, a,b). From this,
the desired result follows again by letting R — oo in . Clearly, q.(p, N,a,b)
may be deduced from the equation N = ¢(q), which is given the value in Theorem

m (see also Remark . Then we complete the proof. ([

Proof of Proposition[1.§ Direct calculation yields that U is a weak solution of
(1.6). In order to show that U is stable, we need the following inequality (see
13, B5]).

N=2 " then for all

Lemma 2.1 (Caffarelli-Kohn-Nirenberg inequality). Let r < =5

¢ € CLHRYN) we have

|Vel|? N—-2-2r 2/ |2
dr > (7) dz. 2.9
L e 2 T o T2 (2.9)

Applying (2.9) with r = % we obtain

|Vl|? N—-2—-(n+1)(p—2)+a\2 ©?
/RN D=2 ¥ = ( 3 ) o Toprta—D 5 4%

(2.10)

Since U is radially symmetric and decreasing in |z|, by arguing as in [2| Remark

1.7] it is necessary to check stability of U for all radially symmetric test function
¢ € CL(RYN). For such ¢ we have

/ (2| VUP~2|Vl* + (p = 2)|2|*|VU P~ (VU, V)? — gla|*|U|"¢?] da
RN
= [ [ = DlelIVUP#96f? alal' VP~ 2] o

2 2
_ P YT L 2 R S o }
74N {(mn) (p 1)|x|(n+1)(zﬂ—2)—a qm ‘x|n(f1—1)—b dx

> /RN [(mn)pfz(p— 1) (N_ 2—(n +21)(p— 2) —|—a)2 qmql}mn(le)bdx’

where we have used (2.10]) in the last estimate. Direct computation yields

(mn)P~2(p — 1)(N —2-(n +21)(p —2 7 a>2 —qm?!

= -2y (N2 Do ey’

—ng(N+a=-1-(m+1)p-1)],

We want to show that

N—2—(n+1)(p—2)+a\2
(-1 (n 2)@ ) “) —nalN+a—1-(n+1)p-1)] 20
After substituting n = Z :;Ill’, this inequality is equivalent to

N Pmatb)Re—p+1+2Valg—p+1)+alp—a)p—1)+blp—1)°
- (p—1)(g—p+1) '
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The last inequality is verified by Remark and assumption ¢ > ¢.(p, N, a,b).
Thus, U is stable. ([
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