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EXISTENCE OF SOLUTIONS FOR A QUASI-LINEAR PHASE
SEPARATION OF MULTI-COMPONENT SYSTEM
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ABSTRACT. This article formulates a new model of the phase separation of
multi-component system, which is a fourth-order quasi-linear evolution partial
differential equation. By using the acute angle principle, we obtain a weak
solution of the corresponding steady-state equations. In addition, we show
that the quasi-linear dynamic equations have at least one global weak solution,
based on the T-weakly continuous operators theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Phase separation of multi-component, which consists of N (N > 2) different
kinds of components, is a fundamental physical phenomenon. When the temper-
ature of the system 7" > T, (T. is the critical temperature), the concentration of
N different kinds of components is homogeneous distribution. However, the tem-
perature T' < T, the multi-component system may lead to phase separation, i.e.,
the concentration which is homogeneous distribution undergoes changes leading to
heterogeneous spatial distribution. In the case that N = 2, it is the binary mixture
system described by the well-known Cahn-Hilliard equations [7]. There have been
many mathematical studies on the dynamics of the Cahn-Hilliard equations, see
[T, 2, 8, 10, 12, 13} 16, 17, 19l 20l 2T, 251 26] 27, 28] and the references therein.

Note that the existence, uniqueness, regularity and numerical approximate so-
lution of the version of stochastic Cahn-Hilliard equation have attracted much at-
tentions [9] [I5], B0]. As we known, there are few mathematical researches for the
phase separation of multi-component systems. For the phase separation of a multi-
component alloy by the finite element method, we refer the readers to [3] 4 [l [6].
For the phase separation of multi-component mixture with interfacial free energy,
Elliott and Luckhaus[I] studied a nonlinear multi-component diffusion equation in-
corporating uphill diffusion and capillarity effects. Moreover, Elliott and Garcke[12]
derived a model of fourth-order degenerate parabolic partial differential equations
for the phase separation in multi-component systems by considering the possibility
of a concentration dependence of the mobility matrix. It is worth pointing out that
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they also showed some properties of the model and proved a global existence result
for the degenerate system.

Based on the equilibrium phase transition dynamics theory established by Ma
and Wang [22] 23], we derive a fourth-order quasi-linear dynamic model for phase
separation of multi-component system with Ginzburg-Landau free energy. The
fourth-order quasi-linear dynamic equations can be expressed as follows

0
% = Dj[af}(z,u, Vu, D*u)D;Aw] — f*(z,u,Vu, Au), (1.1)
with the initial-boundary value conditions
u(z,0) = p(z), (1.2)
ulon =0, Aulsn =0, (1.3)

and the physical condition

/Qudm =0, (1.4)

where 2 C R" is a bounded open set, u = (ug,ug, ..., Uy) (m > 2) is the unknown
function, 1 < k,1 < m, 1 < i,57 < n. The boundary conditions ([1.3)) show that
there is no component on the boundary. And the physical conditio indicates
that the system satisfies the certain phyasical conservation laws.

u

When u is in equilibrium state, i.e., 3¢ = 0, the corresponding stationary equa-

tions of (L.1)—(L.4) can be expressed as
Di[afj(x,u, Vu, D*u)D;Au] — f(x,u, Vu, Au) = 0,
u|8§2 == 07 Au|3§2 = 07

/udx:O,
Q

where z € Q CR™, u = (u1,...,um), L <k, 1<m,1<4j<n.

The main aim of this article is to study the existence of global weak solution for
the dynamic system 7 and the existence of weak solution for the corre-
sponding stationary equations . The main techniques are the T-weakly contin-
uous operators theory for the evolution partial differential equations established by
Ma et al [22] 23] 24] and the acute angle principle for weakly continuous operators
proposed by Ma et al [18] 23] [24], respectively.

First, we define the following two spaces, which are crucial to our theorems and
the proofs.

Hy = {u € H2(Q,R™) : /

udz = 0,ulspq = 0},
Q

X, = {u c W3’2(Q,Rm) N WQ’pQ(Q7Rm) : / udz = 0,ulgq =0, Aulgg = 0},
Q

where py > 2.
We make the following assumptions:
(A1) af}(m,z,g,n) and f*(z,2,6m), 1 < kI < m, 1 < i,j < n, satisfy the
Carathéodory conditions.
(A2) There exists a A > 0, such that

kl ~k -l 2 nm
a;;Gi G > A[¢]5,  for any ¢ € R™™\{0}.
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(A3) f*(x,2,& n)(1 <k < m) satisfy the structural conditions
Dy f*(w,2,6,1) 2 6 >0,
(@, 2,6 mme = CilnlP = Ca,

where § > 0, C1, Cy > 0 are constants, py > 2.
(A4) af}(m,z,f,n) and f*(z,z,¢&,n) satisfy the increasing conditions

C(In|% + (€1 + 1217 +1), n > max{6,2p,},
|a7l;c}(1,7z,§777)| S MS(‘Z|)(|77|%3 + |§‘q72 + ]-)7 max{41p2} <n< maX{672p2}v

M4(‘5|a|z|)<|77|73 +1), p2 < n < max{4,ps}.

a3 a2 a1
Clnl7> + [€]72 + ||z +1), n > max{6,2ps},
a3 a2
@, 2, 6m) < S (2 (nlvz + 1672 +1),  max{4,ps} < n < max{6,2p,},
a3
pa(I€], [21) (In]»> + 1), p2 <n < max{4,ps}.

where C' > 0 is a constant, u;(i = 1,2,3,4) are monotonically increasing

and continuous functions. ¢; < max{ anG, n’igjaz }, @2 < max{ n’f’;’Q , % ,

g3 < max{pa, %}

For the stationary equations (|1.5]), we have the following existence result.

Theorem 1.1. Assume that (A1)—(A4) hold, then (1.5) have at least one weak
solution u € Xo.

For the evolution equations (1.1))~(1.4]), the structural condition (A3) can be
replaced by the following condition:
(A3") fE(x,2,&n)(1 <k < m) satisfy the structural condition

2,6 mme > CrinlP? = Ca(Inl* + 1617 + 121%) — g1(2),
where C1, Cy > 0 are constants, ps > 2, g1(x) € L*().
Now, we give the existence of global weak solution for system ([L.1))—(L.4]).
Theorem 1.2. Let ¢ € Ha, and (Al), (A2), (A3’) (A4) hold. Then (1.1)—(1.4)

have at least one global weak solution

ue L ((0,00), X2) N LS ((0,00), Ha).

loc

Remark 1.3. Here we need to introduce the space mentioned in Theorem For
a Banach space X, we let

17((0,7), X) = {u: (0,7) — X : (/OT ||u||pdt)1/p < oo},

where p = (p1,p2,.,pm), i > 1 (1 < i <m), |lul|? = 3502, [uli, | - ]i is the
semi-norm in X and || - |[x =>", |- |
Then we can define
LP

loc

((0,00), X) ={u(t) € X :u € LP((0,T), X), for any T > 0}.

Remark 1.4. According to the definition of the space L?((0,T), X), it is easy to
see that p = (2,p2) in Theorem |1.2
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The rest of this paper is organized as follows. The preliminaries, the acute angle
principle for weakly continuous operators and the T-weakly continuous operators
theory for parabolic equations are given in Section 2. In Section 3, we first introduce
some basic physical quantities and then derive the fourth-order quasi-linear dynamic
equations of phase separation of multi-component system. Section 4 is devoted to
proving the main results.

2. PRELIMINARIES

In this section, we introduce the acute principle for the weakly continuous op-
erators and the T-weakly continuous operators theory for the evolution equations
respectively.

2.1. Acute angle principle for weakly continuous operators. Weakly con-
tinuous operators theory is a useful tool to solve the existence of elliptic equations
[14]. Here, we mainly introduce the definition and the acute angle principle for
weakly continuous operators proposed by Ma in [23] [24].

Let X be a linear space and X7, X5 be the completion of X with the norm
II-1l1, |- l2, respectively. Let X; be a separable Banach space and X5 be a reflexive
Banach space. X7 is the dual space of X; and X C Xs. There is a linear operator
L satisfying

L : X — X is a one-to-one and dense linear operator.

Definition 2.1. A mapping G : Xy — X7 is called weakly continuous. If for any
{un} C Xa, up — up in Xo, we have

lim (G(uy,),v) = (G(up),v), foranyve X;.

n—oo

The following lemma for weakly continuous operator is crucial to our proof.

Lemma 2.2 (Acute angle principle). Suppose that G : Xo — X7 is weakly contin-
wous. Let U C X5 be a bounded open set and 0 € U. If

(G(u),Lu) >0, for anyu € dUNX,
then the equation G(u) = 0 has a solution in Xs.

2.2. T-weakly continuous operators theory for parabolic equations. The
T-weakly continuous operators theory was established by Ma [23], which can effec-
tively solve the global weak solutions for many nonlinear problems [22] 23] [24] 29].

Assume that the nonlinear evolution equations can be expressed as the abstract
form

d ~
—uzGu,O<t<oo,

dt
u(0) = ¢,

where ¢ € H, H is a Hilbert space. u : [0,00) — H is the unknown function.
Let Y7 and Y3 be Banach spaces, Y7,Y> C H and Y7* be the dual space of Y7.

(2.1)
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Basic definitions and lemmas. First, we introduce the definition of global weak
solution for the equations (2.1)).

Definition 2.3. Let ¢ € H. u € Lt ((0,00),Y2)NLX.((0,00), H) is called a global

loc loc

weak solution of (2.1)), if u satisfies the following equality:

t
(ult), ) = / (Gu, v)dr + {0, v} i
0
foranyv e Yy C H.

Next we give the definitions of uniformly weak convergence and T-weak conti-
nuity.

Definition 2.4. Let {u,} C LP((0,7T),Y2), up € L?((0,T),Y2). We say that
up, — up in LP((0,7),Y2) is uniformly weakly convergent, if {u,} C L*>((0,7), H)
is bounded and satisfies

up, — ug in LP((0,T),Y2),
T
lim |(tn — o, v)gr|?dt =0, for any v € H.
n—oo 0
Definition 2.5. A mapping G:Ys x (0,00) — Y7 is called T-weakly continuous.
If for any p = (p1,p2,---,Pm), 0 < T < oo and u,, — wup is uniformly weakly
convergent in LP((0,7),Y2), we have

T T
lim (G, v)dt = / (Gug,v)dt, for any v € Y7.
0

n—oo 0

The following two elementary lemmas will be used later. Their proofs can be
found in [23] .

Lemma 2.6. Let Q@ C R" be a bounded set, {u,} C LP((0,T), W=P(Q))(s >
1,p > 2) be a bounded sequence and {u,} is uniformly weakly convergent to ug €
LP((0,T),W*P(Q)). Then for any |a| < s—1, we have

Dy — D%y in L2((0,T) x Q).

Lemma 2.7. Let Q C R” be an open set, the function f : Q x RN — R! satisfy
the Carathéodory conditions and

N
|f(@, &) < C Y I&IM 7 + b(a),

i=1
where C' > 0 is a constant and p;,p > 1, b(z) € LP(£2).
If {u;,} € LPi(Q) (1 < i < N) is bounded and {u;, } converges to {u;} by
measure in o for any bounded subregion Qg C 2, then for any v € Lp/(Q), we
have

lim/f(x,ulk,...,uNk)vdx:/f(a:,ul,...,uN)vdx,
Q Q

k—oo

where p' satisfies 1% + % - 1.
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Existence of a global weak solution for nonlinear parabolic equations.
First, we introduce the following function spaces
YCY,CY, CH,
Y, C H, C Hy C H,
where Y is a linear space, Y7, Y5 are Banach spaces, H, H; and Hy are Hilbert
spaces. We remark that all inclusion relations are dense embedding.
Moreover, suppose that there exists an operator L satisfying the following con-
ditions .
L:Y — Y] is a one-to-one and dense linear operator,

_ 2.2
(Lu,v)g = (u,v)p,, forany u,v €Y. (22)

In addition, there exists a sequence {ej}72; C Y such that
Ley = prex, k=1,2,..., (2.3)
where pj, # 0, {ex}72, is the common orthogonal basis of H.
Here we also assume that G : Y5 x (0,00) — Y;* satisfies the following inequality,

(Gu, Tu) < —C|lully, + Callullf, + £(2), (2.4)

where p = (p1,p2,--+,Pm), pi > 1 (1 <@ <m), [[ully, = 200, [uli*, |- ]i is the
semi-norm in Ya, |Jully, = >, |ul;, C1,Ca > 0 are constants, f € Li (0, 00).
Then we give the following existence result of global weak solutions for the

nonlinear parabolic equations (2.1)).

Lemma 2.8. Assume that (2.2)—(2.4) hold. Ifé 1Yy x (0,00) — Yi* is T-weakly

continuous, then problem (2.1) has a global weak solution

uwe L ((0,00),Y2) N L2 ((0,00), Hy)

loc

for any p € Hs.

3. DYNAMIC EQUATIONS OF PHASE SEPARATION OF MULTI-COMPONENT SYSTEM

In this section, we devote to deriving the new dynamic model (1.1)—(1.4)) of phase
separation of multi-component system by using the equilibrium phase transition
dynamics theory founded by Ma and Wang[22].

3.1. Basic physical quantities. Let X be a multi-component system mixed by
m + 1 different kinds of components Ay,..., Api1 (m>2). up (1<k<m+1)is
the molar density of Ay, i.e.,

ug(x) = the molar number of Ay in unit volume at z € Q.
Note that w1, ..., um41 satisfy the relation
U + U + -+ + Up41 = constant.

It is worth noticing that the order parameter u contains only m independent vari-
ables, i.e., u = (uj,ug2,...,Uy). In fact u = (uy,us,...,uy) is the unknown
function.

Based on the physical experiments, this system is also related to the tempera-
ture 7' and the container volume |Q2]. Hence, we regard T and |Q2] as the control
parameters. More generally, the control parameter can be expressed as

k= (T,|Q,w1,...,wn),
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where wy, is the proportion of A in the multi-component system.

3.2. A new dynamic model. In this subsection, we are focused on obtaining the
dynamic equations for the order parameter u.

According to the Ginzburg-Landau mean field theory, the free energy of a m+ 1-
components system(see|22]) can be expressed as

H(u, k) = /Q [% iuk|Vuk|2 + g(u, n)} dz, (3.1)
k=1

where pr = ug(k) > 0 is the physical parameter. g(u, k) is a polynomial on u,
which can be given by

g(u, k) = Z ayultud® cooudr, oy = (1,72, Ym)- (3.2)
1<]y|<2r

Based on the equilibrium phase transition dynamics theory (see[22]), the follow-
ing dynamic equations can be deduced from ({3.1)—(3.2]):
8uk i
5 = —BiV - [; LV (mAu; — gi(u, /‘f))}
- (3.3)

+V- (iLle@(u, "),
=1

where B > 0, Ly = Lgi(u,Du) (1 < k,I < m) is positive and symmetric, and
o a . . .
gi(u, k) = a—ulg(u, k). ¢y is independent of u; and satisfies

m
|3 LuVlmdu - g0) - Vouds = (3.4)
Q=1
where g (u, k) = %g(u, K).

In this paper, we consider the more general case that the equations are
quasi-linear. Meanwhile, we take ¢;(u,x) = 0 in and , which has no ma-
terial impact to the main characteristics of this physical system. Furthermore, we
supplement with the initial-boundary conditions f and the physical con-
servation laws condition . Therefore, we obtain the modified dynamic model
7, which is a fourth-order quasi-linear evolution partial differential equa-
tions.

4. PROOFS OF MAIN RESULTS

4.1. Proof of Theorem Now we will apply Lemma and Lemma to
prove the existence of a weak solution for the steady state equations (|1.5). We will
prove Theorem [[.1]in three steps.

Step 1. Define the operator G. Let

x ={ueo=@E") ;/

Q
X, = {u c COO(Q,Rm) : u|89 = O}a

udl‘ = O7u|69 = O7Au\aQ = O},

X, = {u € W32(Q,R™) N W2P2(Q,R™) : /

udz = 0,u|spn = 0, Aulgg = 0}~
Q
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According to the general definition of weak solution, we define the operator G :
X9 — X7 by the inner product from

(Gu,v) = / [af!(z,u, Vu, D*u)D;jAw Dy + f*(2,u, Vu, Au)vg)dr,
Q

ij

where v = (v1,v2,...,0,) € X1, X7 is the dual space of X;. From (A4), it is easy
to show that the operator GG is a bounded operator.

Step 2. Check the conditions for the acute angle principle. Let L = A : X — X;.
The conditions (A2) and (A3) imply that

(Gu, Au) = / [af}(a:,u, Vu, D*u)D;AuyD;Auy + f¥(x,u, Vu, Au)Auy]dz
Q

> )\/ |V(Au)|?dz + 01/ |Au|P2dz — Cs.
; . (4.1)
By , it is clear that
(Gu,Au) >0, for any u € X5 and ||lul|x, is large enough,
which implies that the operator G : Xy — X} satisfies the condition of Lemma

Step 3. Verify the weak continuity of the operator G. Let {u,} C X3, u, — ug
in X,. Based on the Definition we only need to prove that the following limit
holds

lim [af} (z,u,, Vu,, D2un)DjAunlDivk + fF (z,u,, Vu,, Au,)vg]dz

n—oo Q

(4.2)
= / [af]l (:c, uo, VUO, DQUO)DjAuOlDﬂ}k -+ fk (’JJ, o, Vuo, AUO)Uk]dZL'.
Q
for any v € Xj.
We should divide (4.2)) into the following two parts.
lim ¥z, up,, Vu,, Au, ) vpds = / ¥ (z, g, Vug, Aug)vgde, (4.3)
lim af} (z,up, Vu,, D2un)Dj Ay Divgdx
@ (4.4)

:/af}(%uo,Vuo,DQuO)DjAUOlDivkdm.
Q

By the compact embedding theorem, it is easy to check the following relations
L% x L9 x L9,
(u,, Du,,, D*u,) — (1, Dug, D*uy) in { C° x L% x L9, (4.5)
C% x C% x L%,

2n np2 np2 2n 2n :
where ¢ < max{-*%, "—2p3 }, g2 < max{ el =}, g3 < max{ps, ;%5 }. Combin-

ing (A4), (4.5) and Lemma[2.7] it is easy to see that (4.3) is valid.
Notice that (4.4]) is equivalent to

lim [aiﬂ(x, u,, Vu,, D*u,)D;Auy,
n—oo Jo ¥ ! (4.6)

— af}(m, ug, Vuo, DQuO)DjAum]Divkdx =0.
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Moreover, the left part of (4.6) can be rewritten as

: ki 2
lim [aij (z,up, Vu,, Du,)D; Aupy
n—oo Q

_ afjl (LL', ug, VU_O’ DQUO)DJ‘AuOl]DZ"I}kd.’ﬂ

ij

= lim {/[akl(x,un,Vun,D2un)—af;(ac,uo,VuO,Dzuo)]DjAunlDivkdx
Q

—l—/Qaff(a:,uo,Vuo,DQuo)[DjAunl —DjAuOZ]Divkdx}.

(4.7)
Analogously, under the assumption (A4), we get following equality basing on (4.5))
and Lemma

lim [af} (z,u,, Vu,, D*u,)
n—oo Jq (4.8)
— af}(m, ug, Vug, Dzuo)}DjAunlDivkdx =0.

For the second term on the right hand of (4.7)), it is not difficult to derive the
following result from u,, — ug in Xo,
lim af(z,ug, Vuy, Dzuo)[DjAunl — D;Aug|D;vpdx = 0. (4.9)

n— oo Q v

Obviously, and infer that holds true. Then the weak continuity of
the operator G : Xy — X{ is obtained.

Therefore, we can immediately get that problem has a weak solution by
using Lemma [2.2]

4.2. Proof of Theorem We now apply Lemmato prove the system ([1.1[)—
(1.4) has a global weak solution. The proof is divided into three steps.
Step 1. Define the operator G. Let

X ={uecc¥@rm) ;/

Q
X1 ={ue€ C®Q,R™): ulpg = 0},

udz = 0,ulpo = 0, Aulpo = 0}7

X = {u € W2(Q,R™) N W?P2(Q, R™) : /

udz = 0,ulgn = 0, Aulgg = 0},
Q

H= {u € L2(Q,R™) : /

Q

udr = 0,ulpq = 0},

udr = 0},

Hy = {u e H'(Q,R™) : /Q

Hy = {u € H*(Q,R™): / udr = 0,ulpq = o}.
Q

According to the Definition we define the operator G : X x (0,00) — X} by
the inner product form

(éu, v) = / [—aF(z,u, Vu, D2u)DjAulDivk — ¥z, u, Vu, Au)v]dz,
Q

j

where v € X;. By assumption (A4), it is easy to check that the G is a bounded
operator.
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Step 2. Check conditions (2.2)-([2.4). Let L = A : X — X;. It is obvious that
(2.2) and (2.3)) are valid. It follows from assumptions (A2) and (A3’) that

(Gu, Au)

:/Pag@,u,Vu, D?*u)D;AuD; Ay, — f¥(x,u, Vu, Au)Auy|dz
Q
(4.10)
< f)\/ \V(Au)|2dmf(71/ |Au|P2dx
Q Q
+Ca [ (8uP + Vu? + [aPyde + [ gr(a)da,
Q Q

which implies that (2.4) holds true.

Step 3. Verify the condition for the T-weak continuity of the operator G. Let
{u,} € L?((0,T), X2) N L>((0,T), Hz), u,, — ug in LP((0,T"), X2) be uniformly
weakly convergent. By definition we only need to show the following limit
holds,

lim / / (z .u,, Vu,, D? u,)DjAuy D;vg

n—oo

— fk (z,uy,, Vu,, Au,)vg] dz dr

(4.11)
/ / (z, ug, Vug, D? ug)D;Aug D;vy,
— fk(x,uo,VuO,Auo)vk] dx dr.
Obviously, (4.11]) can be divided into the following two parts.
t
lim / / fE(x,u,, Vu,, Auy, vy, de dr
: (4.12)
:/ /f’“(%uo,VuO,AuO)v;€ dx dr.
0 Ja
t
nlingo/ / af;(x,un,Vun,DQun)DjAunlDivk dx dr
0 JQ (4.13)

t
:/ /af;(x,uO,VuO,D2u0)DjAuolDivkdde.
Q

OWll’lg to {un} C Lp((()?T)vXQ) N LOO((O,T)aH2)7 u, — Up in Lp((O,T)aXZ) is
uniformly weakly convergent, we can derive the following convergence properties
by using the Lemma
u, — ug in L*((0,7T) x Q),

Du,, — Dug in L?((0,T) x Q), (4.14)

D?*u,, — D?*uq in L*((0,T) x Q),
which infer that {u,}, {Du,} and {D?u,} converge to ug, Duy and D?*uy by
measure in ) X (0,7), respectively. Then, together the assumption (A4) with

Lemma [2.7} we see that (4.12)) holds.
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Note that (4.13)) is equivalent to

lim / / (z,u,, Vu,, D? u,)DjAuy

a (J; ug, Vuo, DQuO)D i Augy| Doy, dx dr = 0.
Furthermore, the left part of (4.15) can be rewritten as

(4.15)

lim // (z un,Vun,DQUn)DjAunl

n—oo

a (ac ug, Vug, D? ug)D;Aug|D;vy de dr

= hm / / (z,u,, Vu,, D*u,,) (4.16)

n—o0

a (3: ug, Vug, D? ug)| D AupD;vy, dz dr
+/ /af}(x,uo,VuO,Dzuo)[DjAunlijAuol]Divk d:ch}.
Q

Combining assumption (A4), (£.14) and Lemma[2.7] it is clear that

lim / / (z,u,, Vu,, D*u,)
e (4.17)
(x ug, Vug, D? ug)|D; Aty Divy, dx dr = 0.

Because u,, — ug in LP((0,T"), X3) which is uniformly weakly convergent, it is
easy to see that the following limit holds

t
lim / / afl(z, 19, Vug, D*ug)[D; Ay — DjAug]Divg dedr = 0. (4.18)
Note that (4.17) and (4.18) imply that (4.13]) holds. Hence, G : X3x(0,00) — X7
is T-weakly continuous.
Consequently, from Lemma we can easily obtain that problem (1.1[)—(1.4])
has one global weak solution

uc Lloc((07 OO)7X2) N Lﬁfc((oa OO), HQ)'
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