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SUPERLINEAR FRACTIONAL BOUNDARY VALUE PROBLEMS
WITHOUT THE AMBROSETTI-RABINOWITZ CONDITION
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ABSTRACT. In this article, by means of a direct variational approach and the
theory of the fractional differential space, we prove the existence of a non-
trivial solution for superlinear fractional boundary value problems without
Ambrosetti and Rabinowitz condition.

1. INTRODUCTION

Fractional differential equations have recently been proved to be valuable tools
in the modeling of many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in viscoelasticity, neurons, electrochem-
istry, control, porous media, electromagnetism, etc., (see [4, 10} 1T, 15, 17, 20]). Re-
cently, the study of various mathematical problems with the existence of solutions
of various BVP of fractional differential equations has been received considerable
attention, we refer the reader to [T, 2 5 [6] [8], @ 12| 191 24} 25| 26] for an overview
of and references on this subject.

In this article we are concerned with the existence of a nontrivial solution for
the following Dirichlet problem of fractional order differential equation

& (30D (0) + 30DF* W/ (1)) + AVE(u(t) =0, aa t € [0,7),

dt (1.1)
u(0) =u(T) =0,

where oD, F and OD;5 are the left and right Riemann-Liouville fractional integrals
of order 0 < 3 < 1, respectively, A > 0 is a real number, F : [0,7] x RY — R is a
given function and VF(¢,x) is the gradient of F at x.

Such a type of behaviour occurs, for example, when A = 1, in this case (1.1)

becomes

4 (%OD;ﬁ(u'(t)) + %OD;B(u'(t))) + VF(t,u(t)) =0, a.a.tecl0,T],

dt
u(0) = u(T) =0.

There have been many works about the existence of nontrivial solutions to (|1.2))
by using variational methods. Jiao and Zhou [3] obtained the existence of solutions

(1.2)
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for by the Mountain Pass theorem under the Ambrosetti-Rabinowitz (AR)
condition. Chen and Tang [I3] studied the existence and multiplicity of solutions
for the system when the nonlinearity F'(t, -) are superquadratic, asymptotically
quadratic, and subquadratic, respectively. For more recent results, we can refer to
[7, 14, 18] and the references therein.

It is well known, the (AR) condition is quite important not only to ensure that
the Euler-lagrange functional associated to problem has a mountain pass ge-
ometry, but also to guarantee that Palais-Smale sequence of the Euler-Lagrange
functional is bounded. However, this condition is very restrictive and eliminates
many interesting and important nonlinearities.

Motivated by the works described above, we try to get the existence of a non-
trivial solution for problem without (AR) condition. To state our main result,
we assume that F(t, z) satisfies the following general conditions:

(A1) F(t,0) =0, limjy o 282 = 0 uniformly a.e. ¢ € [0,T].

ER
(A2) There are positive constant positive constants a, b and p > 1 such that

|VF(t,z)| < a+blzfP, for a.e. t € [0,T], all z € RV,

(A3) limy oo % = +oo uniformly a.e. ¢t € [0,7].
(A4) There exists a constant C, > 0 such that
H(t,y) < H(t,z) + Cy,
for any t € [0,T], 0 < |y| < |z| or 0 < |z| < |y|, where H(t,z) =
(x, VF(t,z)) — 2F (¢, ).
This article is organized as follows. In Sect.2 we introduce the fractional differential

space setting that we adopt throughout the paper. In Sect.3 we give the main result
and its proof.

2. PRELIMINARY RESULTS

In this section, we introduce some basic definitions and properties of the frac-
tional calculus which are used further in this paper. For the proofs, which are
omitted, we refer the reader to [3, [7, 13| 16, 2T], 22] or other texts on basic frac-
tional calculus.

Definition 2.1 ([16])). Let g(t) be a function defined on [a, b] and g > 0. The left
and right Riemann-Liouville fractional integrals of order y for function g(¢) denoted
by «D; "g(t) and D, " g(t), respectively, are defined by
1 t
oD gt z—/ t—s)""tg(s)ds, t € [a,b],
o) = s [ s, el

1 b
Df”gt:—/ t—s)*"Lg(s)ds, tea,b],
where T'(p) = [~ t#te~dt.

Definition 2.2 ([16]). Let g(t) be a function defined on [a,b]. The left and right
Riemann-Liouville fractional derivatives of order p for function ¢(t) denoted by
oD/ g(t) and (D} g(t), respectively, are defined by

dr I A
“w - pH—n _ el _ \n—p—1
DYglt) = G oDE0(0) = g ([ =9 g(e)as)
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n n b
(Dholt) = (1" D" 0(0) = g g ([ =9 g(s),

where t € [a,b], n —1 < pu<n,and n € N.

The left and right Caputo fractional derivatives are defined via the Riemann-

Liouville fractional derivatives. In particular, they are defined for the function
belonging to the space of absolutely continuous functions, which we denote by
AC([a,b],RN). ACk([a,b],RYN) (k =1,2,...) is the space of functions g such that
g € C*([a,b],RY). In particular, AC([a,b],RY) = AC*([a,b],RY).
Definition 2.3 ([I6]). Let ¢ > 0 and n € N. If p € [n — 1,n) and ¢g(t) €
AC™([a,b],RYN), then the left and right Caputo fractional derivatives of order p for
function g(t) denoted by & D} g(t) and { D} g(t), respectively, exist almost everywhere
on [a,b]. ¢D{'g(t) and {D;'g(t) are represented by

DYg(t) = DE ™0 = s ([ (=9 g s)ds).

b
c M — (_1\r e (n) — _ \n—p—1_(n)
*Dlg(t) = (—1)F DE~"g ™ (1) 7F(n—,u)(/t (t — 5"+~ (5)ds).
respectively, where ¢ € [a, b].

Definition 2.4 ([I3]). Define 0 < @ < 1and 1 < p < co. The fractional derivative
space Eg°P is defined by the closure of C§°([0, 7], RY) with respect to the norm

T T 1/p
fullo = ([ tutolrae+ [ oputopar) . vue g5
0 0

where C§°([0,T],RY) denotes the set of all functions u € C°°([0,T],RY) with
u(0) = u(T) = 0. It is obvious that the fractional derivative space Ej " is the space
of functions v € LP([0,T],RY) having an a-order Caputo fractional derivative
¢D¢u € LP([0,T),RY) and u(0) = w(T) = 0.

Proposition 2.5 ([I3]). Let 0 < o <1 and 1 < p < co. The fractional derivative
space Ey°P is a reflexive and separable space.

Throughout this paper, we denote the norm of u in Ey"?([0,7]) and LP([0,T7),
1 < p < o0, respectively, by

T e P T\
o= ([ t02apae) = ([ i)™l = ma o)
Proposition 2.6 ([13]). Let 0 < a <1 and 1 < p < co. For all u € E°", one has
T(X

ull, < WHSD?UM (2.1)
Moreover, if « > 1/p and % + % =1, then
a—1
TT (& «
[ulloe < T 16D ullp- (2.2)

') ((a +1)g+ 1) !
According to (2.1]), one can consider E;” with respect to the norm

T 1/p
ludlo = 1505l = ([ t5Dupar) . (23)
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Proposition 2.7 ([13]). Define 0 < a <1 and 1 < p < co. Assume that a > %,

and the sequence uy converges weakly to w € Eg°, that is, ux, — u. Then up — u
in C([0,T],RN), that is, ||ux — ul — 0, as k — .

By Definition for any u € AC([0,T],RY), problem (T.1)) is equivalent to the
problem

@ (3oDr ™ GDFu(t) — 3 D5 (DFu(E)) + AVE(E, u(t)) = 0,

dt
a.e. t €[0,T), (2.4)
u(0) =u(T) =0,

where o =1 — g €(3,1].
In the following, we will treat problem (2.4)) in the Hilbert space E* = E 2 and

corresponding norm ||u||q = ||t||q,2. It follows from that the functional ¢ : E* — R
given by
1 (T T
ortw) =5 [ (Dru Djuat - A [ Feuyit, we B, (29
0 0
is continuously differentiable on E*. Moreover, for u,v € E“, we have
, 17 .
@Aw.0h =5 [ (GDRu(O)F DF(0) + ((DFult)§ DFole)lde

2 0 (2.6)
—A/(VF@u@LMUMt
0

Proposition 2.8 ([13]). A function u € AC([0,T],RY) is a solution of ([2.4) if
(i) D*(u(t)) is derivative for almost every t € [0,T],
(ii) u satisfies (2.4), where D*(u(t)) = %Ofol(gD?u(t)) - %tD%fl(fD%u(t)).
Proposition 2.9 ([13]). If% < a <1 then for any u € E%, one has

T
Jcosra)lfull < = [ (D ule); Diule))de <
0

= ml\ulla- (2.7)

Proposition 2.10 ([I3]). Let 3 < a < 1 and ¢y be defined by [2.5). If u € E“
is a solution of ¢\ (u) =0, then u is a solution of problem (2.4) which satisfies the

problem (L.1)).

3. MAIN RESULT AND ITS PROOF

Lemma 3.1. Suppose that (A1)—(A4) holds. Then we have the following assertions:

(a) ¢x is unbounded from below on E®;
(b) uw =0 is a strict local minimum for the functional ¢y.

Proof. By (A3), for any M > 0, there exists Ky > 0, such that

F(t,z) > M|z|?, for all |z| > Ko, a.e. t € [0,T]. (3.1)
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On the other hand, by the mean value theorem and (A2), we obtain
[E(t,2)| =|(VF(t, Aoz), )]
<IVE(t, Aoz)| - |2
<(a+ bAG|z[") - |z|
<(a+blz[") - |z|
<aKo +bKET = Oy,
for for some X\ € (0,1), |z| < Ky and a.e. t € [0,T].
Hence, for any M > 0, there exists Cj; > 0, such that
F(t,x) > Mg|z|? — Cpy,,  ae. t €[0,T), all z € RV,
where My = M + %%f
Choosing ug = (0,...,0, Zsin(%)) € E“, then
T3—2a

2 r 2 T3 9
Hu0||2=/0 [uol*dt = — and |[Juo|ff, <

T2 -a)(3-2a)

For n > 0, and noting that (3.3) and (3.4)), we have
T

1 T
or(0) == 5 | GDEmu0(0)5 Dimuo(e)dt = [ P(t.quo(e)

2 T
" 2 2 2
2l cos(na)| —A (M — Cy,)dt
~ 2| cos(ma)| lolle /0 (Mo~ [uol Mo)
Ui T
e —lluoll2 — AMor? [ fuofdt + ACa, T
2| cos(mar)| 0
2 3—2a 3
n T , T
= ' — AMyn® - 55 + ACar, T
~2|cos(ma)| T2(2—a)(3 - 2a) o 53 + AC s,
1 T332« T3
= ' — AMo o )n* + AC, T.
(2|cos(7ra)| I2(2 - a)(3 - 2a) 05,2 )" + ACh,

If My is large enough so that
1 T372a T3
— AMy—
2| cos(ra)| T?(2 — a)(3 — 2a) 272

<0,

then
da(nug) — —oo, as N — +oo.
This proves (a).
By (Al), for any £ > 0, there exists d() > 0, such that

|F(t,x)] < |z%, |z| <.
Analogously, by the mean value theorem and (A2), we have
[F'(t,2)| <(a+ blz|”)|]
1
=lzlPq - — + b
o (@ D)

<Jal"* (55 +)

ZCs |$|p+1’

(3.9)
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where |z| > d,¢t € [0,7],1 < p < co. Hence, for almost all t € [0, 7] and all x € RV,
we have

F(t,z) < |z|*e + Cc|z|PT. (3.10)
Then
1 /7 T
ortu) == 3 [ GDRu(t); Dju(e)d— ) [ Pt u)ae
0 0
_|cosé7706)|” 2 - /\/ (|uf?e + CufulPYydt (3.11)
|Cos(7ra)| a2

+1
= Aellull3 = ACe|lullp -

By Proposition we have

T T
< - |ep = a- 12
Jull < g D8l = g s el (312)
Hence,
| cos(mar)] T
Pa(u) > TH 1% - As(m)zllul\i - Ce“UHZﬁ- (3.13)

Since embedding E* — C[0,T] is continous, then there exists a constant ¢ > 0
such that
lullp+1 < cllulla, Yu e E®,

which implies

| cos(ma)] AeT?
Oa(u) 2———| [ m”“”i — collul 5+
, (3.14)
| cos(mar)| AeT>e 5 pi1
=("F ~ faga gyl — ol

For a given )\, choose that ¢ = £(\) satisfies ¢ < | cos(ma)|T?(a + 1)/(2AT??), then
we have

PA(u) >0, lulla <p (3.15)
for some p € (0,1). So u =0 is a strict local minimum for ¢,. O

Lemma 3.2. Assume (A1)—(A3) hold and 0 < Ao < po, Ao < A < g, ¢y =
inf,ep max.epo,1] #A(7(2)), then cx/X is monotone decreasing and is left semi-con-
tinuous.

Proof. By choosing € > 0, such that

<|cos(7ra)| 7 AeT? ) S | cos(ma)|
2 T2+ 1) 1
By (3.14] , we have

o) > | cos(ﬂ'a)

That is, there exist p > 0 and R > 0, such that
oa(u) > R, ulla =p, VA< po. (3.17)
By choosing e € E* such that ¢, (e) < 0, we infer that

dale)  oa,(e)
IV

| |ull2 — collulZtt, Yue€ E* 0< X < o, co>0. (3.16)

<0, Vie [)\Q,Mo].
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The same can be done to obtain

gf))\T(u) < gb#’u(u)7 Yu € E%, u< A (3.18)

Define
P ={~:[0,1] — E* : v is continuous and v(0) = 0, y(1) = e}.
According to the definition of ¢y, we have ¢,, > 0. Thus map ¢ : [Ag, fto] — R4 is
defined as ¢()\) = cx. In fact, the formula (3.18]) contains 5 is monotone decreasing,
the formula (3.17)) contains ¢y > R > 0 and ¢, is bounded from below.

Now we prove left semi-continuity of c¢y/A. Fix p € [Ao, po] and € > 0. Then
exists v € P, such that

Ep

Cu < nax, $u(v(2)) < €+ o (3.19)
Let 7o = max.cpo. | fy F(t,7(2))dt|. Then, for y < 21 and + < L + 55, e can
bt 1 (1(2)) =00 (1(2)) + (02 (1(2)) — B (1(2)))
@Awa>+wA)ATF@vu»ﬁ (3.20)
<c, + %” + 7ol — Al

If | — A < gk, then ¢y < ¢, + 5. Hence, if A <y, then

TR T N The ke W TR
I I A A A 4A (3.21)
cu+€u2< (1+5) € cu+ .
— 4+ ——<ecu(—+— - =L te.
A 4~ "u 2, 2 u
Hence, ¢y /A and ¢y are left semi-continuous. O

Remark 3.3. We recall that the map b : [Ao, uo] — R4, given by b(\) = S,
is monotone decreasing. Thus, by and c) are differentiable at almost all values

A € (Ao, o)
Lemma 3.4. There exists C > 0, such that
16, () = AA(Wll (o) < C(L+ [[ull@) = Al VA, p>0. (3.22)

Proof. By (A2), we have
IVE(t,u)| < a+blul”. (3.23)
For all v € E® with |[v|o < 1, we have

T
{8, (w) = @5(u), v) =\/\—u|\/o (VE(, u(t)), v)di]

T
<=l [ 1o ol
0 (3.24)

T
<n—ll [ lfa+ blup)ider
0

T
su—uw/\w+www>mw|Mﬁ.
0 telo,T]
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Since the embedding E* — ([0, T] is continuous, there exists a constant ¢; > 0
such that

[0lloe < erllvflas llvllp < erllvlla, Vv e E,
which implies that

(¢, (u) — S (), v)] <IA = pll[vllo (aT + bull})
<SIA = pler||vlla(aT + b [ullZ) (3.25)
<SIA = pler||vfla(aT + bey[[ullZ).
So that there exists C' > 0, such that
16, (w) = S5 (W)l (o) < CA+Julle) e — Al VA, > 0.
O
Lemma 3.5. Assume that map ¢ : [Ag, po] — Ry, satisfies ¢(\) = cx and ¢(N) is
differentiable at point u, then there exists a sequence {u,} € E%, such that

T
Bultn) = s () =0~ [ (GDFule) Du(e))de < Ca
0
as n — oo, where Cy = 2¢;, +2u(2 — ¢ (p)) + 1.

Proof. Assume, by contradiction, that the lemma is false. Then there exists § > 0,
such that

¢, (w)]l =20, ¥ueNs,
where Ny = {u € B* : — [\ (§D2u(t),; Dgu(t))dt < Co,|$p(u) — ¢,| < 8}
There exists constant Cs, such that
T 1 T
| /0 F(t,u)dt| = EW“(U) - /0 — (6D u(t),s Dyu(t))dt|
< (5, YueNs.

Let V : Ns — E“ be the pseudo-gradient vector field for ¢, in N5, that is, V is
locally Lipschitz, ||[V|| <1 and

(3.26)

¢ (u) - (V(u)) < =06, Yu e Ns (3.27)
(see [23]). Now, fix a sequence {A,} C (Ao, o) such that pu < App1 < A, Ay — U,
A — | < g, ley —en, | < %7 for each n, let v,, € P be such that

o p(n(2)) < et (An — 1), (3.28)

Consider the set

An ={z€[0,1]: gr, (m(2)) > ex, — (An — p)}-
By definition of ¢y, A, is nonempty. If v € v, (4, ), we have

/ " byt =) = 92, (0)
0

An — M
<ot (An — 1) —exn, + (A — ) (3.29)
< pY—
T o

)\n_/J'
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Since ¢(u) is differentiable, we have

N2
ex, =0+ () (A — 1) + 0o((An — 1)) (3.30)
=cu + ¢/ (1) (An = 1) + 0n (1) (An — p);
that is, ¢, —cx, = [, + 0n(1)](r — An). So fo (t,v)dt = —c, + 2+ 0, (1).
Since [i —(§D2v(t),¢ Dgo(t))dt = 2,,(v) + 2[5 F(t,v(t))dt, we have
T
| ~@pee) Djvio)a 1)

< 26+ 2(An — ) + 2p(—C (1) + 2 + on(1)) < Co,

for n large.
It is easy to see that inequality (3.26)) is satisfied for v € ~,,(A,). Thus v, (A,) C
Ns, since

C>\n - <>\n - :u’) S ¢)xn (’U), ¢M(’U) S CH + ()\n - IU/)a

T
163, () — Bu(0)] = [Am — ] / F(t,0)dt] < cslAn — .

So v € Ng, that is v,(A,) C Ns.

Using we have ¢ -(V(u)) < —§, for all u € N5. Now consider a Lipschitz
continuous cut-off function 7 such that 0 § n<1,n(u) =0inu ¢ Ng, and n(u) =1
for u € Ns.

Let ¢ 1tie the flow generated by nV, that is,

99 (,r) = (s )V (@l 7)), >0,

or
¢(u,0) =u
Integrating the both sides of the equation, we have

|2 = [ wotu oo

That is ¢(u,t) = u+ [y n(¢(u, 1))V (A(u,t))dt is the solution of (3.33). Applying
the ODE uniqueness we have:

If u & Ny, then ¢(u,r) = u for all » > 0.

If u € Ng, then ¢(u,r) € Ng for all r» > 0,

If u € E“, then %(u,r) = V(¢(u,r)) and

0 )
O3, (9, 7) 50 () < =3 <0, 7 >0,

If ¢(u,r) € Ng, for all r € [0,r¢], then ¢y, (d(u,r)) < P, (u) — 6%.

It is casy to see that if u € Ny, then ¢, (6(u,1)) < ¢y, (u) — 5.

Since e ¢ Ng, we have ¢(e,r) = e and ¢(0,7) = 0, for all » > 0, and then
¢(y,7) € P, for all r € R and v € P. This implies that hy,(2) = ¢(yn(2),1) is
continuous path in P such that

¢An (hn(z)) < (b)\n (’Yn(z))v

and then for its maximum point s, € [0, 1], we have s, € A,, and

Cu — On(l) =y, < max ¢y, ( ( )) = P, (hn<5n)) < Py, (’Vn(sn)) -

z€[0,1]

(3.32)

(3.33)

[NCNIS)
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That is,

N

O, ('Vn(sn)) >y — On(l) + (334)

On the other hand, by and , we obtain
O3, (tn(50)) < 0 (50)) + Coldn = il e+ (L4 Co)Ph =il (335)
According to and , we have
Gt g < m by, (alsa)) < €5
which is a contradiction. So the original conclusion is true. O
From Lemma [3.5] we can obtain the following statement.
Lemma 3.6. For almost all A > 0, ¢y is a critical value for ¢y .

Theorem 3.7. Suppose that (A1)—(A4) holds, then for any X > 0, problem (1.1)
has a nontrivial solution.

Proof. For cy is left semi-continuity, applying Lemma for any pu > 0, there
exists a sequences {u,} C E* and )\, C R, such that

An = l, Cx, = Cy, N — OQ.
DArn (un) = Cxp>» Qj)/)\n (“n) =0.

We only need to show that {u,} is bounded in E*. If {u,} is unbounded, we may
assume, without loss of generality, that ||u,|| — 00 as n — oco. Let w,, = HuuTnHa’

then w,, € E* with ||wp|la = 1. Then there are w € E* and h € LP*1([0,T]) such
that w, — w in B w, — w in C([0,T],Ry) and LPTL([0,T]), w,(t) — w(t), a.e.
t€[0,T], n — o0, |wn(t)] < h(t), a.e. t €[0,T], for all n € N.
Let Qo = {t € [0,T] : w(t) # 0}. If ¢ € Q, then by (A3),
E(t,un(t)) o

P Sy w:(t) = +o0 (3.37)

(3.36)

and

. I F(t,un(t))dt
1m
notee fo (6 D7 un (), Dgun, (t))dt

(3.38)
= lim ( (b)\ (un) ) _ i
ntoo \ 2\ X, [T (e Dfun (1).§ Dgun(t))dt! 20
By Proposition 2.9 and Fatou’s lemma
T
. F(t,un(t))
= 1 . t)dt
+o0 ; nLH;C\cos(wa)| ) w (t)
T
: F(t,un(t) o
1 —_— t)dt
< i [ Jeostra) T2 gy
3.39
<tim [ Fluw®) (339
T n—oo Jy mllun(t)lli

T
F
< lim Jo Flbun()dt 1

oo [T (6 Dow, (), D, (t))dt 21
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This is a contradiction. This shows that {2y has zero measure. Hence w = 0 a.e.
te0,T).
Let z, € [0,1], such that ¢z, (2,un) = max.cjo 1) dr, (2un). By (2.5) and (2.6),

we have

T T
20, (zpuy) = 7/ (5D 2t DT 2ty )dt — 2)\n/ F(t, zpup)dt (3.40)
0 0

and

1 T
O (zntin)(znttn) = — = / (6D 2t (£),§ Dz (1)) dt

=N

T
-5 / (§ DT 2nun(t),6 Df 2nun(t))dt (3.41)
0

[\

T
—An / (VE(t, zqun (1)), znun(t))dt.
0
From (ZSI)\H(Znun)(ZnUn) = 0, we have

2¢x, (2un) §2¢>\n(znun) - (Zsl/\n (2ntn)(2nun)

T (3.42)
:)\n/ (VE(t, znun(t)), znun(t)) — 2F(t, znuy,))dt.
0
By assumption (A4), it follows that
H(t, zpun) = (zpun, VE(t, zpuy)) — 2F(t, zpuy), (3.43)
and |zpu,| < |uy|. Therefore,
H(t, znun) < (Un, VE(t,un)) — 2F (t, up) + Cl. (3.44)
By (3.42)) and (3.44]), we obtain
T
2. (211n) < A / [, VE(t, un)) = 2F(t, up) + C]dt. (3.45)
0

Since @, (un) = cx,,, ¢4, (un) =0, it follows that
T

T
2er, = — / (€D (1), Dun (D)t — 27, | F(t, un(t))dt,
0 0

B (tin) (1) = — / (ED5un (1), D (1))dt — A / (VE(t, wn (1)), un (1) .

So 2¢x, (zun) < A\C.T + 2¢y,, for all z € [0, 1].
On the other hand, for all rg > 0,

T T
20, (rown) = — / (§Di'rown,; DFrows)dt — 2\, / F(t,rowy)dt,
0 0

=] COS(7TO¢)|7“(2) — On(1),

(3.46)

which contradicts 2¢y, (zun) < AyC T + 2¢y,. This contradiction shows {u,} is
unbounded in E¢. The proof is complete. (I
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