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Abstract. In this article, we introduce a class of multi-term fractional-order

boundary-value problems involving nonlocal integral boundary conditions. Ex-

istence results for the given problem are obtained by means of standard tools
of fixed point theory. The results are illustrated with the aid of examples and

make a useful contribution to the existing literature on the topic.

1. Introduction

Fractional differential equations arise in the mathematical modeling of many
engineering and scientific disciplines such as biophysics, bio-engineering, virology,
control theory, signal and image processing, blood flow phenomena, etc. A huge
amount of mathematically and physically interesting works published in recent
years, including several excellent monographs, clearly reflects the overwhelming
interest in the topic. For details we refer the reader the texts [8, 12, 17, 19, 20] and
references cited therein.

Nonlocal boundary-value problems of fractional-order differential equations and
inclusions have received significant attention. One can witness a great deal of work
on the topic involving different kinds of boundary conditions in the literature, for
example, see [1, 3, 7, 9, 11, 18] and the references cited therein.

There is another class of differential equations containing more than one fractional-
order differential operators. Such equations appear in the modeling of the motion
of a rigid plate immersed in a Newtonian fluid. Other typical examples include
Bagley-Torvik [22] and Basset equation [16]. Some recent results on multi-term
fractional differential equations can be found in the articles [6, 2, 4, 5, 14, 21].

In this article, we introduce and investigate the following nonlinear multi-term
fractional order boundary value problem with nonlocal integral conditions:

(p2
cDδ+2 + p1

cDδ+1 + p0
cDδ)x(t) = f(t, x(t)), 0 < δ < 1, 0 < t < 1, (1.1)

x(0) = 0, x(ξ) = 0, x(1) = λ

∫ σ

0

x(s)ds, 0 < σ < ξ < 1, λ ∈ R, (1.2)
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where cDδ denote the Caputo fractional derivative of order δ, f : [0, 1]× R→ R is
a given continuous functions, and pj , j = 0, 1, 2 are real constants.

Existence results for problem (1.1)-(1.2) are obtained with the help of Kras-
noselskii fixed point theorem and Leray-Schauder nonlinear alternative, while the
uniqueness result is proved via Banach contraction mapping principle. These re-
sults are presented in Section 3. Some preliminary concepts and lemmas are given
in Section 2. The obtained results are well illustrated by examples.

2. Preliminary concepts and basic result

We begin this section with some definitions [12].

Definition 2.1. The Riemann-Liouville fractional integral of order τ > 0 for a
function h : [0, 1]→ R with h ∈ L(0, 1) is defined by

Iτh(u) =
∫ u

0

(u− v)τ−1

Γ(τ)
h(v)dv, for a.e, u ∈ [0, 1], (2.1)

where Γ is the Gamma function.

Definition 2.2. The Caputo derivative of order τ ∈ (n − 1, n) for a function
h : [0, 1]→ R with h ∈ Cn[0, 1] is defined by

cDτh(u) =
1

Γ(n− τ)

∫ u

0

h(n)(v)
(u− v)τ+1−n dv = In−τh(n)(u), u > 0.

Property 2.3. With the given notations, the following equality holds:

Iτ (cDτh(u)) = h(u)− c0 − c1u− · · · − cn−1u
n−1, u > 0, n− 1 < τ < n, (2.2)

where ci (i = 1, . . . , n− 1) are arbitrary constants.

To define the solution for problem (1.1)-(1.2), we consider its linear variant in
the following lemma.

Lemma 2.4. Let p0, p1, p2 be positive constants such that p1
2− 4p0p2 > 0 and y ∈

C(0, 1) ∩ L(0, 1). Then the solution of the linear multi-term fractional differential
equation

(p2
cDδ+2 + p1

cDδ+1 + p0
cDδ)x(t) = y(t), 0 < δ < 1, 0 < t < 1, (2.3)

supplemented with the boundary conditions (1.2) is given by

x(t)

=
1

p2(m2 −m1)

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
y(u) du ds

+ ρ1(t)
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
y(u) du ds

+ ρ2(t)
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
y(u) du ds

− λ
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)
y(u) du ds

]}
,

(2.4)
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where
Φ(κ) = em2(κ−s) − em1(κ−s) κ = t, 1, ξ ,

m1 =
−p1 −

√
p2

1 − 4p0p2

2p2
, m2 =

−p1 +
√
p2

1 − 4p0p2

2p2
,

ρ1(t) =
ω4%1(t)− ω3%2(t)

µ1
, ρ2(t) =

ω1%2(t)− ω2%1(t)
µ1

,

%1(t) =
m1(1− em2t)−m2(1− em1t)

m1m2
,

%2(t) = p2(m2 −m1)(em2t − em1t),

µ1 = ω1ω4 − ω2ω3 6= 0, ω1 =
m2(1− em1ξ)−m1(1− em2ξ)

m1m2
,

ω2 = p2(m2 −m1)(em1ξ − em2ξ),

ω3 =
(
m2

(
1− em1 − λσ + λ/m1(em1σ − 1)

)
−m1

(
1− em2 − λσ + λ/m2(em2σ − 1)

))
/(m1m2),

ω4 = p2(m2 −m1)
(

(em1 + λ/m1(1− em1σ))

− (em2 + λ/m2(1− em2σ))
)
.

(2.5)

Proof. Applying the operator Iδ on (2.3) and using Property (2.3), we get

(p2D
2 + p1D + p0)x(t) =

∫ t

0

(t− s)δ−1

Γ(δ)
y(s)ds+ c1, (2.6)

where c1 is an arbitrary constant. By the method of variation of parameters, the
solution of (2.6) can be written as

x(t) = c2e
m1t + c3e

m2t − 1
p2(m2 −m1)

∫ t

0

em1(t−s)
(∫ s

0

(s− u)δ−1

Γ(δ)
y(u)du+ c1

)
ds

+
1

p2(m2 −m1)

∫ t

0

em2(t−s)
(∫ s

0

(s− u)δ−1

Γ(δ)
y(u)du+ c1

)
ds,

(2.7)
where m1 and m2 are given by (2.5). Using x(0) = 0 in (2.7), we get

x(t) = c1

[m2(1− em1t)−m1(1− em2t)
p2m1m2(m2 −m1)

]
+ c2

(
em1t − em2t

)
− 1
p2(m2 −m1)

[ ∫ t

0

(
em1(t−s) − em2(t−s)

)(∫ s

0

(s− u)δ−1

Γ(δ)
y(u)du

)
ds
]
,

(2.8)
which together with the conditions x(ξ) = 0 and x(1) = λ

∫ σ
0
x(s)ds yields the

following system of equations in the unknown constants c1 and c2:

c1ω1 + c2ω2 = V1, (2.9)

c1ω3 + c2ω4 = V2. (2.10)

where

V1 =
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
y(u) du ds,



4 A. ALSAEDI, N. ALGHAMDI, R. P. AGARWAL, S. K. NTOUYAS, B. AHMAD EJDE-2018/87

V2 =
∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
y(u) du ds

− λ
∫ σ

0

∫ s

0

[ (em1(σ−s) − 1)
m1

− (em2(σ−s) − 1)
m2

] (s− u)δ−1

Γ(δ)
y(u) du ds.

Solving system (2.9)-(2.10) and using (2.5), we find that

c1 =
V1ω4 − V2ω2

µ1
, c2 =

V2ω1 − V1ω3

µ1
.

Substituting the value of c1 and c2 in (2.8), we obtain the solution (2.4). The
converse of the lemma follows by direct computation. This completes the proof. �

Remark 2.5. (i) When p1
2 − 4p0p2 = 0 the solution of (2.3) equipped with con-

dition (1.2) is

x(t) =
1
p2

{∫ t

0

∫ s

0

Ψ(t)
(s− u)δ−1

Γ(δ)
y(u) du ds

+ χ1(t)
∫ ξ

0

∫ s

0

Ψ(ξ)
(s− u)δ−1

Γ(δ)
y(u) du ds

+ χ2(t)
[ ∫ 1

0

∫ s

0

Ψ(1)
(s− u)δ−1

Γ(δ)
y(u) du ds

− λ
∫ σ

0

(m(σ − s)em(σ−s) − em(σ−s) + 1
m2

) (s− u)δ−1

Γ(δ)
y(u) du ds

]}
,

(2.11)

where
Ψ(κ) = (κ− s)em(κ−s) κ = t, 1, ξ ,

m =
−p1

2p2
,

χ1(t) =
$3v2(t)−$4v1(t)

µ2
, χ2(t) =

$2v1(t)−$1v2(t)
µ2

,

v1(t) =
mtemt − emt + 1

m2
, v2(t) = p2te

mt,

$1 =
mξemξ − emξ + 1

m2
, $2 = p2ξe

mξ,

$3 =
m2em −mem +m−mσemσ + 2emσ − 2−mσ

m3
,

$4 = p2
m2em − λmσemσ + λemσ − λ

m2
,

µ2 = $1$4 −$2$3 6= 0;

(2.12)

(ii) When p1
2 − 4p0p2 < 0 the solution of (2.3) equipped with condition (1.2) is

x(t) =
1
p2b

{∫ t

0

∫ s

0

Ω(t)
(s− u)δ−1

Γ(δ)
y(u) du ds

+ τ1(t)
∫ ξ

0

∫ s

0

Ω(ξ)
(s− u)δ−1

Γ(δ)
y(u) du ds

+ τ2(t)
[ ∫ 1

0

∫ s

0

Ω(1)
(s− u)δ−1

Γ(δ)
y(u) du ds
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− λ

a2 + b2

∫ σ

0

(
b+ be−a(σ−s) cos b(σ − s)

− ae−a(σ−s) sin b(σ − s)
) (s− u)δ−1

Γ(δ)
y(u) du ds

]}
,

where

Ω(κ) = e−a(κ−s) sin b(κ− s) κ = t, 1, ξ ,

m1,2 = −a± bi, a =
p1

2p2
, b =

√
4p0p2 − p1

2

2p2
,

τ1(t) =
q3ν2(t)− q4ν1(t)

µ3
, τ2(t) =

q2ν1(t)− q1ν2(t)
µ3

,

ν1(t) =
b+ be−at cos bt− ae−at sin bt

a2 + b2
, ν2(t) = p2be

−at sin bt

q1 =
b− be−aξ cos bξ − ae−aξ sin bξ

a2 + b2
, q2 = p2be

−aξ sin bξ,

q3 =
1

a2 + b2

[
b− be−a cos b− ae−a sin b− bλσ +

bλ

a2 + b2
(a− ae−aσ cos bσ

+ be−aσ sin bσ) +
aλ

a2 + b2
(b− be−aσ cos bσ − ae−aσ sin bσ)

]
,

q4 = p2b
[
e−a sin b− λ

a2 + b2
(b− be−aσ cos bσ − ae−aσ sin bσ)

]
,

µ3 = q1q4 − q2q3 6= 0.

(2.13)

3. Existence and uniqueness results

Denote by C = C([0, 1],R) the Banach space of all continuous functions from
[0, 1] → R endowed with the norm defined by ‖x‖ = sup {|x(t)| : t ∈ [0, 1]}. By
Lemma 2.4, we can transform problem (1.1)-(1.2) into a fixed point problem as
follows:

(i) For p1
2 − 4p0p2 > 0, we introduce an operator J : C → C given by

(J x)(t) =
1

p2(m2 −m1)

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ ρ1(t)
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ ρ2(t)
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

− λ
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

)
× (s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

]}
,

(3.1)

such that
x = J x. (3.2)

(ii) For p1
2 − 4p0p2 = 0, we have an operator equation

x = Hx, (3.3)
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where the operator H : C → C is defined by

(Hx)(t)

=
1
p2

{∫ t

0

∫ s

0

Ψ(t)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ χ1(t)
∫ ξ

0

∫ s

0

Ψ(ξ)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ χ2(t)
[ ∫ 1

0

∫ s

0

Ψ(1)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

− λ
∫ σ

0

(m(σ − s)em(σ−s) − em(σ−s) + 1
m2

) (s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

]}
.

(3.4)

(iii) For p1
2 − 4p0p2 < 0, we have the fixed point problem:

x = Kx, (3.5)

where the operator K : C → C is defined by

(Kx)(t) =
1
p2b

{∫ t

0

∫ s

0

Ω(t)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ τ1(t)
∫ ξ

0

∫ s

0

Ω(ξ)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ τ2(t)
[ ∫ 1

0

∫ s

0

Ω(1)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

− λ

a2 + b2

∫ σ

0

(
b+ be−a(σ−s) cos b(σ − s)ae−a(σ−s) sin b(σ − s)

)
× (s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

]}
.

(3.6)

Now we set

ρ̂1 = max
t∈[0,1]

|ρ1(t)|, ρ̂2 = max
t∈[0,1]

|ρ2(t)|,

ε = max
t∈[0,1]

∣∣∣m2(1− em1t)−m1(1− em2t)
∣∣∣,

α =
1

p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ξδρ̂1(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2

[
(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))
]}
,

α1 = α− ε

p2m1m2(m2 −m1)Γ(δ + 1)
;

(3.7)
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also we set
χ̂1 = max

t∈[0,1]
|χ1(t)|, χ̂2 = max

t∈[0,1]
|χ2(t)|,

β =
1

p2m2Γ(δ + 1)

{
(1 + χ̂2)|mem − em + 1|+ ξδχ̂1|mξemξ − emξ + 1|

+
|λ|σδχ̂2

|m|
|2(emσ − 1)−mσ(emσ + 1)|

}
,

β1 = β − |me
m − em + 1|

p2m2Γ(δ + 1)
;

(3.8)

and
τ̂1 = max

t∈[0,1]
|τ1(t)|, τ̂2 = max

t∈[0,1]
|τ2(t)|

γ =
1

p2b(a2 + b2)Γ(δ + 1)

{
(1 + τ̂2)|b− be−a cos b− ae−a sin b|

+ ξδ τ̂1|b− be−aξ cos bξ − ae−aξ sin bξ|+ |λ|σ
δ τ̂2

a2 + b2

×
∣∣2ab− (a2 + b2)bσ − 2abe−aσ cos bσ + (a2 − b2)e−aσ sin bσ

∣∣},
γ1 = γ − |b− be

−a cos b− ae−a sin b|
p2b(a2 + b2)Γ(δ + 1)

.

(3.9)

Now we discus the existence and uniqueness of solutions for the problem (1.1)-
(1.2) by using the standard fixed point theorems. We give the details for the case
where p1

2 − 4p0p2 > 0, while the details for other two cases p1
2 − 4p0p2 = 0 and

p1
2 − 4p0p2 < 0 can be completed in a similar manner.
Our first result is based on Krasnoselskii’s fixed point theorem, which is stated

below.

Theorem 3.1 ([13]). Let Y be a bounded, closed, convex, and nonempty subset
of a Banach space X. Let A1, A2 be the operators such that (i) A1x + A2y ∈ M
whenever x, y ∈ Y ; (ii) A1 is compact and continuous; and (iii) A2 is a contraction
mapping. Then there exists w ∈ Y such that w = A1w +A2w.

Theorem 3.2. Let f : [0, 1] × R → R be a continuous function satisfying the
conditions:

(A1) |f(t, x)− f(t, y)| ≤ `|x− y| for all t ∈ [0, 1], x, y ∈ R, ` > 0;
(A2) |f(t, x)| ≤ θ(t), for all (t, x) ∈ [0, 1]× R and θ ∈ C([0, 1],R+).

Then problem (1.1)-(1.2) with p2
1 − 4p0p2 > 0, has at least one solution on [0, 1] if

`α1 < 1, (3.10)

where α1 is given by (3.7).

Proof. Setting supt∈[0,1] |θ(t)| = ‖θ‖, we can fix

r ≥ ‖θ‖
p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ξδρ̂1(m2(1− em1ξ) +m1(1− em2ξ))

+ ρ̂2

[
(m2(1− em1)−m1(1− em2)) +

σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)

−m2
2(m1σ − em1σ + 1))

]}
,

(3.11)
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and consider Br = {x ∈ C : ‖x‖ ≤ r}. Introduce the operators J1 and J2 defined
on Br as follows:

(J1x)(t) =
1

p2(m2 −m1)

∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds, (3.12)

(J2x)(t) =
1

p2(m2 −m1)

{
ρ1(t)

∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+ ρ2(t)
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

− λ
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

)
× (s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

]}
.

(3.13)

Observe that J = J1 + J2. For x, y ∈ Br, we have

‖J1x+ J2y‖
= sup
t∈[0,1]

|(J1x)(t) + (J2y)(t)|

≤ 1
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ1(t)|
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

)
× (s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

]}
≤ ‖θ‖
p2(m2 −m1)Γ(δ + 1)

sup
t∈[0,1]

{
tδ
∫ t

0

(
em2(t−s) − em1(t−s)

)
ds

+ ξδ|ρ1(t)|
∫ ξ

0

(
em2(ξ−s) − em1(ξ−s)

)
ds

+ |ρ2(t)|
[ ∫ 1

0

(
em2(1−s) − em1(1−s)

)
ds

+ |λ|σδ
∫ σ

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

)
ds
]}

≤ ‖θ‖
p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}
≤ r,
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where we used (3.11). Thus J1x+ J2y ∈ Br. Using the assumption (A1) together
with (3.10), we show that J2 is a contraction as follows:

‖J2x− J2y‖
= sup
t∈[0,1]

|(J2x)(t)− (J2y)(t)|

≤ 1
p2(m2 −m1)

sup
t∈[0,1]

{
|ρ1(t)|

∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)

× |f(u, x(u))− f(u, y(u))| du ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, x(u))− f(u, y(u))| du ds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)

× |f(u, x(u))− f(u, y(u))| du ds
]}

≤ `

p2(m2 −m1)
sup
t∈[0,1]

{
ξδ|ρ1(t)|

∫ ξ

0

(
em2(ξ−s) − em1(ξ−s)

)
ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

(
em2(1−s) − em1(1−s)

)
ds

+ |λ|σδ
∫ σ

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

)
ds
]}
‖x− y‖

≤ `

p2m1m2(m2 −m1)Γ(δ + 1)

{
ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2[(m2(1− em1)−m1(1− em2)) +
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)

−m2
2(m1σ − em1σ + 1))]

}
‖x− y‖

= `α1‖x− y‖.
Note that continuity of f implies that the operator J1 is continuous. Also, J1 is
uniformly bounded on Br as

‖J1x‖ = sup
t∈[0,1]

|(J1x)(t)| ≤ ‖θ‖ε
p2m1m2(m2 −m1)Γ(δ + 1)

.

Now we prove compactness of operator J1. We define sup(t,x)∈[0,1]×Br
|f(t, x)| =

f . Thus, for 0 < t1 < t2 < 1, we have

|(J1x)(t2)− (J1x)(t1)|

=
1

p2(m2 −m1)

∣∣∣ ∫ t1

0

∫ s

0

[
Φ(t2)− Φ(t1)

] (s− u)δ−1

Γ(δ)
f(u, x(u))duds

+
∫ t2

t1

∫ s

0

Φ(t2)
(s− u)δ−1

Γ(δ)
f(u, x(u))duds

∣∣∣
≤ f

p2m1m2(m2 −m1)Γ(δ + 1)

{(
tδ1 − tδ2

)(
m1(1− em2(t2−t1))

−m2(1− em1(t2−t1))
)

+ tδ1

(
m1(em2t2 − em2t1)−m2(em1t2 − em1t1)

)}
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→ 0, as t1 → t2,

and is independent of x. Thus, J1 is relatively compact on Br. Hence, by the
Arzelá-Ascoli Theorem, J1 is compact on Br. Thus all the assumption of Theorem
(3.1) are satisfied. So by the conclusion of Theorem 3.1, the problem (1.1)-(1.2)
has at least one solution [0, 1]. The proof is complete. �

Remark 3.3. In the above theorem we can interchange the roles of the operators
J1 and J2 to obtain a second result by replacing (3.10) by the following condition:

`ε

p2m1m2(m2 −m1)Γ(δ + 1)
< 1.

Now we apply Banach’s contraction mapping principle to prove existence and
uniqueness of solutions for the problem (1.1)-(1.2).

Theorem 3.4. Assume that f : [0, 1]× R→ R is a continuous function such that
(A1) is satisfied. Then there exists a unique solution for the problem (1.1)-(1.2) on
[0, 1] if ` < 1/α, where α is given by (3.7).

Proof. Let us define supt∈[0,1] |f(t, 0)| = M and select r̄ ≥ αM
1−`α to show that JBr̄ ⊂

Br̄, where Br̄ = {x ∈ C : ‖x‖ ≤ r̄} and J is defined by (3.1). Using the condition
(A1), we have

|f(t, x)| = |f(t, x)− f(t, 0) + f(t, 0)| ≤ |f(t, x)− f(t, 0)|+ |f(x, 0)|
≤ `‖x‖+M ≤ `r̄ +M.

(3.14)

Then, for x ∈ Br̄, we obtain

‖J (x)‖
= sup
t∈[0,1]

|J (x)(t)|

≤ 1
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ1(t)|
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, x(u))|duds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

]}
≤ (`r̄ +M)
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

(
em2(t−s) − em1(t−s)

) sδ

Γ(δ + 1)
ds

+ |ρ1(t)|
∫ ξ

0

(
em2(ξ−s) − em1(ξ−s)

) sδ

Γ(δ + 1)
ds

+ |ρ2(t)|
[ ∫ 1

0

(
em2(1−s) − em1(1−s)

) sδ

Γ(δ + 1)
ds

+ |λ|
∫ σ

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) sδ

Γ(δ + 1)
ds
]}

≤ (`r̄ +M)
p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))
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+ ρ̂2[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}

= (`r̄ +M)α ≤ r̄,
which clearly shows that J x ∈ Br̄ for any x ∈ Br̄. Thus JBr̄ ⊂ Br̄. Now, for
x, y ∈ C and for each t ∈ [0, 1], we have

‖(J x)− (J y)‖

≤ 1
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
|f(u, x(u))− f(u, y(u))| du ds

+ |ρ1(t)|
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
|f(u, x(u))− f(u, y(u))| du ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, x(u))− f(u, y(u))| du ds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)

× |f(u, x(u))− f(u, y(u))| du ds
]}

≤ `

p2(m2 −m1)
sup
t∈[0,1]

{∫ t

0

(
em2(t−s) − em1(t−s)

) sδ

Γ(δ + 1)
ds

+ |ρ1(t)|
∫ ξ

0

(
em2(ξ−s) − em1(ξ−s)

) sδ

Γ(δ + 1)
ds

+ |ρ2(t)|
[ ∫ 1

0

(
em2(1−s) − em1(1−s)

) sδ

Γ(δ + 1)
ds

+ |λ|
∫ σ

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) sδ

Γ(δ + 1)
ds
]}
‖x− y‖

≤ `

p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}
‖x− y‖

= `α‖x− y‖,

where α is given by (3.7) and depends only on the parameters involved in the
problem. In view of the condition ` < 1/α, it follows that J is a contraction. Thus,
by the contraction mapping principle (Banach fixed point theorem), the problem
(1.1) and (1.2) has a unique solution on [0, 1]. This completes the proof. �

The next existence result is based on Leray-Schauder nonlinear alternative.

Theorem 3.5 (Nonlinear alternative for single valued maps [10]). Let C be a
closed, convex subset of a Banach space E and U be an open subset of C with
0 ∈ U . Suppose that F : U → C is a continuous, compact (that is, F (U) is a
relatively compact subset of C) map. Then either (i) F has a fixed point in U, or
(ii) there is a u ∈ ∂U (the boundary of U in C) and ε ∈ (0, 1) such that u = εFu.
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Theorem 3.6. Let f : [0, 1] × R → R be a continuous function satisfying the
conditions:

(A3) There exist a function g ∈ C([0, 1],R+), and a nondecreasing function ψ :
R+ → R+ such that |f(t, y)| ≤ g(t)ψ(‖y‖) for all (t, y) ∈ [0, 1]× R;

(A4) There exists a constant K > 0 such that
K

‖g‖ψ(K)α
> 1.

Then the problem (1.1)-(1.2) has at least one solution on [0, 1].

Proof. Consider the operator J : C → C defined by (3.1). We show that J maps
bounded sets into bounded sets in C = C([0, 1],R). For a positive number ζ, let
Bζ = {x ∈ C : ‖x‖ ≤ ζ} be a bounded set in C. Then we have

‖J (x)‖
= sup
t∈[0,1]

|J (x)(t)|

≤ 1
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ1|(t)
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

]}
≤ ‖g‖ψ(ζ)
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

(
em2(t−s) − em1(t−s)

) sδ

Γ(δ + 1)
ds

+ |ρ1(t)|
∫ ξ

0

(
em2(ξ−s) − em1(ξ−s)

) sδ

Γ(δ + 1)
ds

+ |ρ2(t)|
[ ∫ 1

0

(
em2(1−s) − em1(1−s)

) sδ

Γ(δ + 1)
ds

+ |λ|
∫ σ

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) sδ

Γ(δ + 1)
ds
]}

≤ ‖g‖ψ(ζ)
p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}
,

which yields

‖J x‖ ≤ ‖g‖ψ(ζ)
p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}
.
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Next we show that J maps bounded sets into equicontinuous sets of C. Let
t1, t2 ∈ [0, 1] with t1 < t2 and y ∈ Bζ , where Bζ is a bounded set of C. Then we
obtain

|(J x)(t2)− (J x)(t1)|

≤ 1
p2(m2 −m1)

{∣∣∣ ∫ t1

0

∫ s

0

[
Φ(t2)− Φ(t1)

] (s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

+
∫ t2

t1

∫ s

0

Φ(t2)
(s− u)δ−1

Γ(δ)
f(u, x(u)) du ds

∣∣∣
+ |ρ1(t2)− ρ1(t1)|

∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

+ |ρ2(t2)− ρ2(t1)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)
|f(u, y(u))| du ds

]}
≤ f

p2m1m2(m2 −m1)Γ(δ + 1)

{(
tδ1 − tδ2

)(
m1(1− em2(t2−t1))

−m2(1− em1(t2−t1))
)

+ tδ1

(
m1(em2t2 − em2t1)−m2(em1t2 − em1t1)

)
+ |ρ1(t2)− ρ1(t1)|ξδ(m2(1− em1ξ)−m1(1− em2ξ))

+ |ρ2(t2)− ρ2(t1)|[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}
,

which tends to zero independently of x ∈ Bζ as t2−t1 → 0. As J satisfies the above
assumptions, therefore it follows by the Arzelá-Ascoli theorem that J : C → C is
completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative once it is
shown that the set of all solutions to the equation x = ϑJ x is bounded for ϑ ∈ [0, 1].
For that, let x be a solution of x = ϑJ x for ϑ ∈ [0, 1]. Then, for t ∈ [0, 1], we have

|x(t)|
= |ϑJ x(t)|

≤ 1
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

∫ s

0

Φ(t)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ1|(t)
∫ ξ

0

∫ s

0

Φ(ξ)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |ρ2(t)|
[ ∫ 1

0

∫ s

0

Φ(1)
(s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

+ |λ|
∫ σ

0

∫ s

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) (s− u)δ−1

Γ(δ)
|f(u, x(u))| du ds

]}
≤ ‖g‖ψ(‖x‖)
p2(m2 −m1)

sup
t∈[0,1]

{∫ t

0

(
em2(t−s) − em1(t−s)

) sδ

Γ(δ + 1)
ds
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+ |ρ1(t)|
∫ ξ

0

(
em2(ξ−s) − em1(ξ−s)

) sδ

Γ(δ + 1)
ds

+ |ρ2(t)|
[ ∫ 1

0

(
em2(1−s) − em1(1−s)

) sδ

Γ(δ + 1)
ds

+ |λ|
∫ σ

0

( (em2(σ−s) − 1)
m2

− (em1(σ−s) − 1)
m1

) sδ

Γ(δ + 1)
ds
]}

≤ ‖g‖ψ(‖x‖)
p2m1m2(m2 −m1)Γ(δ + 1)

{
ε+ ρ̂1ξ

δ(m2(1− em1ξ)−m1(1− em2ξ))

+ ρ̂2[(m2(1− em1)−m1(1− em2))

+
σδ|λ|
m1m2

(m2
1(m2σ − em2σ + 1)−m2

2(m1σ − em1σ + 1))]
}

= ‖g‖ψ(‖x‖)α,
which implies

‖x‖
‖g‖ψ(‖x‖)α

≤ 1.

In view of (A4), there is no solution x such that ‖x‖ 6= K. Let us set

U = {x ∈ C : ‖x‖ < K}.
The operator J : U → C is continuous and completely continuous. From the choice
of U , there is no u ∈ ∂U such that u = ϑJ (u) for some ϑ ∈ (0, 1). Consequently,
by the nonlinear alternative of Leray-Schauder type [10], we deduce that J has a
fixed point u ∈ U which is a solution of the problem (1.1)-(1.2). This completes
the proof. �

Example 3.7. Consider the boundary-value problem

(cD5/2 + 3cD3/2 + 2cD1/2)x(t) =
A√

t2 + 49

(
cosx+ tan−1 t

)
, 0 < t < 1, (3.15)

x(0) = 0, x(1/3) = 0, x(1) =
∫ 1/5

0

x(s)ds. (3.16)

Here, δ = 1/2, σ = 3/5, ξ = 1/3, p2 = 1, p1 = 3, p0 = 2, λ = 1, A is a positive
constant and

f(t, x) =
A√

t2 + 49

(
cosx+ tan−1 t

)
.

Clearly the constants p2, p1, and p0 satisfy the condition of Lemma 2.4, and

|f(t, x)− f(t, y)| ≤ A|x− y|/7,
where ` = A/7. Using the given values, we find α ≈ 0.44269 and α1 ≈ 0.21725, It is
easy to check that |f(t, x)| ≤ A(2+π)

2
√
t2+49

= θ(t) and `α1 < 1 when A < 32.22094. As
all the condition of Theorem 3.2 are satisfied the problem (3.15)-(3.16) has at least
one solution on [0, 1]. On the other hand, `α < 1 whenever A < 15.81242 and thus
there exists a unique solution for the problem (3.15)-(3.16) on [0, 1] by Theorem
3.4.

Example 3.8. Consider the boundary-value problem

(cD5/2 + 3cD3/2 + 2cD1/2)x(t) =
1

4π
sin (2πx) +

|x|2

1 + |x|2
, 0 < t < 1, (3.17)
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x(0) = 0, x(1/3) = 0, x(1) =
∫ 1/5

0

x(s)ds. (3.18)

Here, δ = 1/2, σ = 3/5, ξ = 1/3, p2
1 − 4p2p0 = 1 > 0, λ = 1, and

f(t, x) =
1

4π
sin (2πx) +

|x|2

1 + |x|2
.

Clearly

|f(t, x)| ≤ | 1
4π

sin (2πx) +
|x|2

1 + |x|2
| ≤ 1

2
‖x‖+ 1,

where g(t) = 1, ψ(‖x‖) = 1
2‖x‖+ 1.

Then by using the condition (A4), we find that K > 0.56853 (we have used
α = 0.44269). Thus, the conclusion of Theorem 3.6 applies to problem (3.17)-
(3.18).
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Addendum posted by the editor on May 2, 2018

A reader informed us that the second part of Lemma 2.4 is incorrect:

“The converse of the lemma follows by direct computation” is not
valid since solutions of (2.4) are found in the space C[0, 1] and it
has to be shown that such a solution of (2.4) is (2 + δ)-Caputo
differentiable for all t ∈ (0, 1) (or almost all).

The authors should (probably) use the alternative definition of
Caputo differential operator as given in K. Diethelm, The analysis
of fractional differential equations. Lecture Notes in Mathematics,
2004. Springer-Verlag, Berlin, 2010.

The fifth author tried to prove the part needed, but instead decided to write
“The converse of Lemma 2.4 remains an open problem under the current definition
of fractional derivative”

End of addendum.
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