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EXISTENCE AND PROPERTIES OF TRAVELING WAVES FOR
DOUBLY NONLOCAL FISHER-KPP EQUATIONS

DMITRI FINKELSHTEIN, YURI KONDRATIEV, PASHA TKACHOV

ABSTRACT. We consider a reaction-diffusion equation with nonlocal anisotropic
diffusion and a linear combination of local and nonlocal monostable-type re-
actions in a space of bounded functions on R?. Using the properties of the
corresponding semiflow, we prove the existence of monotone traveling waves
along those directions where the diffusion kernel is exponentially integrable.
Among other properties, we prove continuity, strict monotonicity and expo-
nential integrability of the traveling wave profiles.

1. INTRODUCTION

1.1. Description of equation. We study the initial value problem

@(x,t) =rt(a xu)(z,t) — mu(z,t) — u(z,t)(Gu)(z,t), t>0,

ot (1.1)
u(z,0) = uo(x),

where
(Gu)(z,t) := keu(x,t) + kpe(a™ *xu)(z,t), (1.2)
which generates a semi-flow u(-,0) — u(,t), t > 0, in a class of bounded nonneg-
ative functions on R%, d > 1. Here x1,m > 0 and k¢, kne > 0 are constants, such
that
K~ 1= Kg+ Kne > 0; (1.3)
and the functions 0 < a®™ € L'(R?) are probability densities, i.e.

at = a =1. .
/Rd (y)dy /Rd (y)dy =1 (1.4)

The symbol * denotes the convolution with respect to the space variable, i.e.

(a* % u)(z,t) == / a*(x —y)u(y, t)dy.

Rd
The solution u = wu(z,t) describes the local density of a species at the point
z € R? at the moment of time ¢ > 0. The individuals of the species spread over
the space R? according to the dispersion kernel a* and the fecundity rate x7.
The individuals may die according to both constant mortality rate m and density
dependent competition, described by the rate x~. The competition may be local,
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when the density u(z,t) at a point z is influenced by itself only, with the rate ry,
or nonlocal, when the density u(x,t) is influenced by all values u(y,t), y € RY,
averaged over R? according to the competition kernel a~ with the rate .

For the case 8 := kT —m > 0, equation can be rewritten in the reaction-
diffusion form

%(x,t) = /<a+/ at(z—y) (u(y7t) — u(x,t)) dy
Rd

ot
+ u(z,1)(8 — (Gu)(w,t)).

The first summand here describes a non-local diffusion generator, see e.g. [2] (also
known as the generator of a continuous time random walk in R? or of a compound
Poisson process on R%). As a result, the solution u to may be interpreted as
a density of a species which invades according to a nonlocal diffusion within the
space R? meeting a reaction Fu := u(3 — Gu); see e.g. [12] 29] [34].

The non-local diffusion in reaction-diffusion equations first appeared (for the
case d = 1) in the seminal paper [24] by Kolmogorov, Petrovsky and Piskunov,
to describe a dynamics where individuals move during the time between birth and
reproduction meeting a local reaction Fu = f(u) = u(1l — u)?. Using a diffusive
scaling, the equation in [24] was informally transformed to

0

a—?(x,t) = aAu(x, t) + f(u(z,1)), (1.6)
where A denotes the Laplace operator, o > 0. The choice of the local reaction
f(u) = u(l — u)? was motivated by a discrete genetic model. Equation (1.6) was

studied in [24], for a class of reactions which includes also, in particular,

flu) =u(l —wu)
that corresponds to fne =0, kg =1, S =11n and (L5). The latter reaction
was early considered by Fisher in [20] for another genetic model. The Fisher-
KPP equation has been actively studied and generalized since then, see e.g.
[3, 23] [38] and references therein.

Later, equation with local G, i.e. with x,, = 0 in , was considered in
[BI] (motivated by an analogy to Kendall’s epidemic model) and has been actively
studied in the last decade, see e.g. [I1 5 6, [8, 22], 25 [36] [41] for d = 1 and [7), 33]
ford > 1.

Equation with pure nonlocal G, i.e. with Ky = 0, K~ = Kye in , first
appeared, for the case kTa™ = k~a~, m = 0, in [27, 28]. Next, it was derived from
a lattice ‘crabgrass model’, for the case KTa™ = k~a™, m > 0 in [10] and latter
considered in [30].

Note also that, in the pure nonlocal case k;, = 0, the microscopic (individual-
based) model of spatial ecology corresponding to equation was proposed by
Bolker and Pacala in [4]. In this case, equation can be rigorously derived
in a proper scaling limit of the corresponding multi-particle evolution; see [21] for
integrable species densities and [I3], [14] for bounded ones.

In this article, we consider a unified approach to both local and nonlocal com-

petition terms in (1.1f).

1.2. Description of results. Clearly, u = 0 is a constant stationary solution to
(1.1)). We will assume in the sequel that

KT >m. (1.7)

(1.5)
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Then equation (|1.1)) has the unique positive constant stationary solution u = 6,
where
kT —m

0= > 0. (1.8)

K

Our primary object of investigation are monotone traveling waves, which connect
0 and 6. Let My(R) denote the set of all decreasing and right-continuous functions
f :R — [0,6]. By a (monotone) traveling wave solution to in a direction
¢ € 971 (the unit sphere in R?), we will understand a solution of the form

u(z,t) =(x-E—ct), t>0, aa zecR?

Y(—00) =0, Y(+00) =0,
where ¢ € R is called the speed of the wave and the function ¥ € Mjy(R) is called
the profile of the wave. Here and below - ¢ denotes the scalar product in R?. Such

solutions are also called in literature as traveling planes, see e.g. [I1].
Define the function

(1.9)

Jo(x) := kTat (z) — kneba™ (z), € RL (1.10)
For a fixed ¢ € S9!, we introduce the following assumptions:
/{ . }Jg(l’) dr >0 fora.a. seR, (1.11)
cf. (3.6), below, and
there exists p = p(€) > 0 such that /Rd at(z)et S da < oc. (1.12)

Stress that assumption is redundant for the case of the local G, when x,y = 0,
i.e. for the case of the local reaction Fu = f(u) = u(f — keu).

We will also use the following counterpart of : there exist p,d > 0 (de-
pending on &), such that

/ Jo(z)dx > p for a.a. |s| < 4. (1.13)
{w-g=s}

The following theorem is the main result of this article.

Theorem 1.1. Let £ € S be fized, and suppose that (1.7), (1.11]), (1.12) hold.

Then there exists c.(§) € R, such that for any ¢ < ¢.(§), a traveling wave solution to
of the form with ¥ € Mg(R) does not exist; whereas, for any ¢ > c.(§),
(1) there exists a traveling wave solution to with the speed ¢ and a profile
P € Mp(R) such that holds;
(2) if ¢ # 0, then the profile € Cp°(R) (the class of infinitely many times
differentiable functions on R with bounded derivatives); if c = 0 (in the case
e.(€) <0), then v € C(R);
(3) there exists = p(c,a™,k=,0) > 0 such that

/ P(s)et® ds < oo; (1.14)
R

(4) let (1.13)) hold, then the profile 1 is a strictly decreasing function on R;
(5) let (1.13)) hold, then, for any c # 0, there exists v > 0, such that ¢(t)e’t is
a strictly increasing function.
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Remark 1.2. The last two items of Theorem[I.1]will be proven in Propositions[3.14]
and below under assumptions weaker than (1.13)).

Remark 1.3. The results of [I7, [I8] show that the assumption (1.12) is ‘almost’
necessary to have traveling wave solutions in equation (1.1)).

By a solution to on [0,T), T < oo, we will understand the so-called classical
solution, that is a mapping from [0,7") to a Banach space E of bounded functions
on R? which is continuous in ¢ € [0,T'), continuously differentiable (in the sense of
the norm in E) in t € (0,7, and satisfies . The space E is either the space
L>(R?) of essentially bounded (with respect to the Lebesgue measure) functions
on R? with esssup-norm, or its Banach subspaces Cy(R?) or Cyy(R%) of bounded
continuous or, respectively, bounded uniformly continuous functions on R¢ with
sup-norm.

According to , we consider the mapping

Gu := Kot + kpea™ *u, uc€ k. (1.15)

Clearly, G maps E to FE and preserves the cone {0 < u € E}. Here and below, all
point-wise inequalities for functions from E we consider, for the case E = L>(R%),
almost everywhere only. Moreover, the mapping G is globally Lipschitz on E. In
particular, it satisfies the conditions of [I9] Theorem 2.2] that can be read, in our
case, as follows.

Theorem 1.4 ([I9, Theorems 2.2, 3.3]). Let 0 < a* € L*(R?), m > 0, k¢, kine >0
be such that and hold. Then, for any 0 < ug € E and for any T > 0,
there exists a unique classical solution u to on [0,T). In particular, u is a
unique classical solution to on [0, 00).

For any t > 0 and 0 < f € L=(R%), we define
(Qif)(x) :=u(z,t), a.a. xR (1.16)

where u(z,t) is the solution to with the initial condition u(x,0) = f(z). From
the uniqueness arguments and the proof of [I9, Theorems 2.2, 3.3, we immediately
get that (Q;)¢>0 constitutes a continuous semi-flow on the cone {0 < f € L>=(R%)},
i.e. Qy is continuous at t = 0 and

Qt+sf = Qt(st)7 t7 § 2 07

for each 0 < f € L>(R?).
It can be checked (see Proposition below) that w = 0 is an unstable solution
to (1.1)) and that the following reinforced version of (|1.11)),

Jo(x) >0, aa zcRY (1.17)

is a sufficient condition to that w = € is a uniformly and asymptotically stable
solution, in the sense of Lyapunov.

Similarly to above, the assumption is redundant for the case of the local
G, when kpg =0, Fu = f(u) = u(f — keu).

In [I9, Proposition 5.4], we considered properties of the semi-flow Q; generated
by equation , cf. (1.16), with a general G which satisfies a list of conditions. We
will show in Subsection below, that G given by fulfills these conditions,
that will imply the items[(Q1)H(Q5)|of the following statement. We define the tube

Ef ={ueE|0<u<b}. (1.18)
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For the case d = 1, we recall also that My(R) denotes the set of all decreasing and
right-continuous functions f : R — [0, 6], cf. Remark below.

Theorem 1.5 (|19, Proposition 5.4]). Let (1.7) and (T.17) hold. Let E = L>=(R?)
and (Qq)¢>0 be the semi-flow (L.16)) on the cone {0 < f € L®(RY)}. Then, for
each t >0, Q = Q; satisfies the following properties:

Q1) Q maps each of sets Ef, EX N Cy(RY), Ef N Cyup(RY) into itself;
0 Lo 0
(Q2) let Ty, y € R?, be a translation operator, given by

(Tyf)(z) = fx —y), zeR, (1.19)
then
QT,)@) = (T,@N)(@), wy R, [ e By (1.20)
3) Q0 =0, Q0 =0, and Qr > r, for any constant r € (0,0);
4) if f,ge Ef, f <g, then Qf < Qg;
5)
6)

if fur f € Ef, fn 23 f, then (Qf.)(x) — (Qf)(x) for (a.a.) = € RY;
if d =1, then Q : My(R) — Mp(R).

Here and below 2% denotes the locally uniform convergence of functions on R%
(in other words, f, 15 converge to fll in E, for each compact A C R9).

The property states that the solution u(-,t) remains in the tube E; for all
t > 0 if only u(-,0) is in this tube. In Remark below, we will show that, under
, the assumption is necessary to the fact that the set E;' is invariant for
Q, t > 0.

The property means that the comparison principle holds for the solutions
to . Namely, if u1, us are classical solutions to on Ry and 0 < uy(zx,0) <
uz(r,0) < 0, x € RY, then, for all t € Ry, (a.a.) z € RY,

0 < wy(z,t) <wus(x,t) <6 (1.21)

See also Proposition [2.8] below.

Our proof for the first part of Theorem [I.1]is based on an abstract result, for the
case d = 1, by Yagisita [41] for a continuous semi-flow which satisfies F- (Q6)]
on My(R) and has an appropriate super-solution (see Proposition below for
details). As an application, Yagisita considered a generalization of equation
with a local G in , i.e. with k¢ = 0 (and for d = 1).

Early, in [7], it was shown how to reduce the study of traveling waves of the form
for the case d > 1 to the study of the case d = 1, cf. Proposition below;
and, for a continuous anisotropic kernel at and for also a generalization of a local
G in , the traveling waves for were studied using the technique of sub-
and super-solutions; see also [36]. For generalizations in the case of local reaction
depending on space variable (i.e. ks = 0 and k¢, m depend on z), see e.g. [26] [32]

The case of a nonlocal G in 7 appeared more difficult for analysis. The
only known results for the case kp¢ # 0 in were obtained in [42] [40] for the
case of a symmetric quickly decaying kernel a¥, the latter mean that the integral
in is finite for all p > 0.

In this paper, we find an upper estimate for c,(£), see and below.
Note that the present and forthcoming papers [I6] [I7] are based on our unpublished
preprint [I5] and thesis [37]. In particular, in [16], we will prove that the estimate
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(3.19) is, as a matter of fact, equality, namely,

e (§) = r/\n>1r01 % (/-e"' /]Rd at(x)er dr — m)
(that coincides with the result in [7] for £, = 0). We will find also in [T6] the exact
asymptotic of the profile ¥ at co, that implies, in particular, . Note that, the
quite technical result is crucial for the analysis of traveling waves used in [16]
which is based on the usage of the Laplace transform.

It is worth noting also that, in [39], Weinberger considered spreading speeds of
a discrete-time dynamical system u,, = Qu,_1 constructed by a mapping @ on
E = Cy(R?%) which satisfies the properties He has also obtained results
about a traveling wave solution (in discrete time), however, under an additional
assumption that @Q is a compact mapping on E = Cy(R%) in the topology of the
locally uniform convergence. The traveling wave appeared the limit of a subse-
quence of appropriately chosen sequence (u,)nen. However, for equation , it
is unclear how to check whether the operator Q) = Q;, given by , is compact
on E = Cy(R%) even for the local G in (kne = 0); and hence we can’t apply
Weinberger’s results. On the other hand, Yagisita in [41] has pointed out that, con-
sidering traveling waves with monotone profiles 1, the existence of the limit
above follows from Helly’s theorem, which implies that @ is compact on My(R) in
the topology of the locally uniform convergence. Note also that a modification of
Weinberger’s results about spreading speeds for continuous time for equation
with an arbitrary ug € E; will be considered in [17].

This paper is organized as follows. In Section [2, we check properties [(Q1)H(Q5)
Cup(R%)

of Theorem and prove the strong maximum principle for the case £ =

(see Theorem cf. e.g. [7] for k,, = 0). In Section [3| we prove (see
Proposition [3.7) and Theorem

2. PROPERTIES OF SEMI-FLOW

2.1. Verification of properties|(Q1) to this end we to use [19, Proposition
5.4], and check the assumptlons of the latter Statement Let the mapping G be given

by - Then, under (1.7)), by (1.8)), we have

0=G0<Gv<Gl=~rt—m, veES, (2.1)
cf. . Moreover, it is easy to see that
Gr <kt —m, 1€/(0,0). (2.2)
Note also, that, for T}, t € R? given by , we evidently have
(T,,Gv)(z) = (GT,v)(z), z=€R veES. (2.3)

We denote also by
Hu:=rk"a’ xu — mu — uGu (2.4)
the right-hand side of (1.1J).
Let (1.17)) hold. Then, for u,v € Eg' with u < v, we have, by (1.8]), (1.15]), that
0<Gv <kt —mand Gv— Gu = ke(v—u) + knea~ * (v —u), and hence
Hv—Hu=r%a" % (v—u)—m(v—u) — (v—u)Gv —u(Gv — Gu)
> Jpx (v—u) — (k1 + 0kg) (v — u).
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Therefore, there exists p = T 4+ 0k, > 0, such that the operator H is quasi-
monotone on E‘j , namely,

Hu + pu < Hv + pv, u,vEEj,ugv. (2.5)
We will use also the following simple lemmas in the sequel.

Lemma 2.1. Let a € L'(R?), f € E. Then a* f € Cuw(R?). Moreover, if
veECI — E), I CRy, then axv € Cy(I — Cyup(R?)).

Proof. The convolution is a bounded function, as
((ax @) < | fllellallp ey, a€L'(RY,f€E. (2.6)

Next, let a, € Co(R?), n € N, be such that [|a — an|/p1(rs)y — 0, n — co. For
any n > 1, the proof of that a, * f € Cyuy(RY) is straightforward. Next, by (2.6),
llax f—an*fllg — 0, n — co. Hence a*u is a uniform limit of uniformly continuous

functions that fulfills the proof of the first statement. The second statement is
followed from the first one and the inequality (2.6). O

Lemma 2.2. Let a € L*(RY), {fn, f} C L®RY), ||full < C, for some C > 0, and

loc

mh=1r Thena*fnga*f.

Proof. Let {am} C Co(R?) be such that ||an — al/z1®e) — 0, m — oo, and denote
Ay, = supp a,,. Note that, there exists D > 0, such that ||a,,|[z1 ey < D, m € N.
Next, for any compact A C R?,

U@ @« (o = @IS [ L, @U@l Wllfnlz = 9) ~ Fo =)l dy

< llamllpr ey La,, (fn = I = 0,n — oo, (2.7)
for some compact A, C R%. Next,

1A (@ (fn = O < [Talam * (fo = DI+ 1TA((@ = am) * (fn = F))]|
< D, (fo = HI+(C+ [ fIDlla = amllLr @),

and the second term may be arbitrary small by a choice of m. O

Remark 2.3. By the first inequality in (2.7) and the dominated convergence the-
orem, we can conclude that f,(z) — f(x) a.e. implies that (ax f,)(z) — (a* f)(x)
a.e.

By Lemma both operators Av = kTa™ * v and Gv = Kgv + Kpea™ * v are
continuous in the topology of the locally uniformly convergence.

Because of (2.1, (2.2)), (2.3)), (2.5), and the continuity of G in both uniform and

locally uniform convergences inside the tube E; , one can apply [19] Proposition

5.4] to get the properties [(Q1)H(Q5)| of Theorem

Remark 2.4. We assumed in [19] also that the condition (3.47[)) below holds, how-
ever, it is straightforward to check that this was not used to prove [19, Proposition
5.4].
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2.2. The comparison principle. For each 0 < T < Ty < oo, let X7, 7, denote
the Banach space of all continuous mappings from [T7, T5] to E with the norm
lullry,z, == sup lu(-t)|e-
te[T1,Ts]
For any 7" > 0, we set also Xr := Xy r and consider the subset Uy C Xr of
all mappings which are continuously differentiable on (0,7]. Here and below, we
consider the left derivative at ¢t =T only. We consider also the vector space X, of

all continuous mappings from R, to F.
Note that, by (2.5, we can apply [19, Theorem 2.3] to get the following state-

ment, which is nothing but the combination of [(Q1)| and [(Q4)]

Proposition 2.5. Let and hold. Let functions uy,us be classical
solutions to on Ry with the corresponding initial conditions which satisfy
0 < uy(z,0) < uz(x,0) < 0 for (a.a.) x € R Then holds. In particular,
0 <u(-,0) <0 for (a.a.) x € R implies that 0 < u(z,t) < 0 fort >0 and (a.a.)
r € RL

Remark 2.6. Condition is a necessary one for Proposition Indeed,
let condition fail in a ball B,(yp) only, 7 > 0, yo € R%, ie. Jp(z) < 0,
for a.a. © € Br(yo), where Jy is given by (1.10). Take any y € B,(yo) with
% <ly—wol < 3, then yo ¢ B:(y) whereas Bz (y) C B,(yo). Take ug € Cyp(R?)
such that ug(z) = 0, z € R?\ Bz (yo — y), and ug(z) < 0, x € Bz (yo — y). Since
Jga Jo(x) dz = KT — K0 = m + K40, one has

O (10,0) = —(m + K0)0 + 5+ (a* 5 ) (4, 0) — KB %) (30, 0)

ot
= (Jo * u)(y0,0) — (k¥ — Kne0)8 = (Jg * (uo — 0))(yo)

:/ Jo(@)(uo(yo — ) — 0) dz > 0,
Bz (y)

Therefore, u(yo,t) > u(yo, 0) = 0, for small enough ¢ > 0, and hence, the statement
of Proposition [2.5] does not hold in this case.

As a simple corollary of we will show that the semi-flow (Q)¢>0

preserves functions which are monotone along a given direction. More precisely, a
function f € L°°(RY) is said to be increasing (decreasing, constant) along the vector
¢ € S9! (recall that S9~! denotes a unit sphere in R? centered at the origin) if,
for a.a. € RY, the function f(z + s&) = (T_s¢f)(z) is increasing (decreasing,
constant) in s € R, respectively.

Proposition 2.7. Let and hold. Let ug € Eg' be the initial condition
for equation which is increasing (decreasing, constant) along a vector & €
St and u(-,t) € Ey , t > 0, be the corresponding solution (cf. Proposition .
Then, for any t > 0, u(-,t) is increasing (decreasing, constant, respectively) along
the £.

Proof. Let ugy be decreasing along a ¢ € S9~1. Take any s; < s» and consider two
initial conditions to (L.1): u}(z) = ug(x + 8:€) = (T—s,eu0)(x), i = 1,2. Since ug is
decreasing, ul(x) > u(z), € R%. Then, by Theorem |1.5]

T s,6Quuo = Qi T—s,cu0 = Quup > Quui = QuT—s,cu0 = T—s,¢Qruo,
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that proves the statement. The cases of a increasing ug can be considered in
the same way. The constant function along a vector is increasing and decreasing
simultaneously. O

For each T' > 0 and u € Ur, one can define

(Fu)(z,t) :== %(a@ t) — &t (a® xu)(z,t) + mu(z, t) + u(z,t) (Gu)(z,t)  (2.8)

for all t € (0,7] and = € R? (a.a. z € R? in the case E = L>(RY)).
By [19, Theorem 2.3], we will also get the following counterpart of Proposi-
tion

Proposition 2.8. Let (1.7) and (L.17) hold. Let T > 0 be fized and uq,us € Ur
be such that, for allt € (0,T], z € R

(Fuq)(z,t) < (Fug)(z,t), (2.9)
0 <wuy(z,t) <0, 0<us(x,t) <0,
0 <wui(z,0) <wug(z,0) <6.

Then (1.21) holds for all t € [0,T], x € R<.

Below, for technical reasons, we will need to extend the result of Proposition 2.8]
to a wider class of functions in the case E = Cy,(R%). Namely, the expression
is well-defined for a.a. t if the function u is absolutely continuous in ¢ only. In view
of this, for any 7' € (0, 00|, we define the set 27 of all functions u : R x R, — R,
such that, for all t € [0,T), u(-,t) € Cup(R?), and, for all z € R?, the function
f(z,t) is absolutely continuous in ¢t on [0,T). Then, for any u € Pr, one can define
the function (2.8), for all z € R and a.a. t € [0,T).

Proposition 2.9. The statement of Proposition remains true, if we assume
that ui,us € D7 and, for any v € R?, the inequality (2.9)) holds for a.a. t € (0,T)
only.

Proof. One can literally follow the proof of [19, Theorem 4.2]: the auxiliary function
v(z,t) = ef(ug(z,t) — up(x,t)) with large enough K > 0 will satisfy a proper
differential equation Luv(z,t) = O(t,v(x,t)), see [19, (4.12)], for a.a. t € [0,T].
However, the corresponding integral equation v(x,t) = v(z,0) + fot O(s,v(z,s))ds
holds still for all ¢ € [0,T], since v is continuous in ¢. Hence, the rest of the proof
remains the same. (]

We are going to show now that any solution to is bounded from below
by a solution to the corresponding equation with ‘truncated’ kernels a®. Namely,
suppose that the conditions , hold. Consider a family of Borel sets
{Ag | R > 0}, such that Ag / R%, R — co. Define, for any R > 0, the following
kernels:

ag(r) = la,(v)at(z), zeRY (2.10)
and the corresponding ‘truncated’ equation, cf. (L.1J),

%(z,t) = /Q+(a§ * w)(ajyt) _ mw(a:,t) _ ng2(x,t)
— Kpew(z, t)(ap * w)(z,t), =R >0, (2.11)

w(z,0) = wo(z), = €R%
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We set
AL = / a*(z)dz /1, R— oo, (2.12)
Ag
by (1.4). Then the non-zero constant solution to (2.11)) is equal to
+4t —
hr= LR g R, (2.13)
HngAR + Ky

however, the convergence 0 to 6 is, in general, not monotonic. Clearly, by (1.7)),
Or > 0 if only

A > % € (0,1). (2.14)

Proposition 2.10. Let (1.7) and (1.17) hold, and let R > 0 be such that (2.14)
holds, cf. [2.12)). Let wy € E be such that 0 < wy < 0r, x € R, Then there exists

the unique solution w € Xy to (2.11)), such that
0 <w(z,t) <O, 2zcRY t>0. (2.15)
Let ug € Ej and u € Xs be the corresponding solution to (L1). If wo(z) <

ug(z),r € R, then
w(z,t) <u(x,t), =R t>0. (2.16)

Proof. Denote A, := R?\ Ag. We have

0 0n— kne0Ag + ke — /@JFA; +m kT (1 — AE) — k(1 — Ap)
K™ (KneAR + Ke) K™ (KneApR + ki)
1 . _
= - kTa" (x) — kpeba™ (x)) dx > 0,

by (1.17). Therefore,
Clearly, (L.17) and (2.17) yield

ktafy(z) > Ok ap(x), = eR7 (2.18)

Thus one can apply Proposition to (2.11) using trivial equalities a%(z) =
ALa%(x), where the kernels a5 (z) = (A5)~'af(x) are normalized, cf. (T.4); and
the inequality (2.18)) is the corresponding analog of (|1.17)), according to (2.13)). This
proves the existence and uniqueness of the solution to (2.11)) and the bound (2.15)).

Next, for F given by (2.8)), one gets from (2.10) and (2.11)), that the solution w

to (2.11)) satisfies the equality

Fuat) =t [ at e -yt dy
& (2.19)
trnntat) [ a @t -0 dy

By 2.15)), @.17), (1.17), one gets from (2.19) that

(Fw)(z,t) < -kt /Ac at(Yw(z —y,t) dy + Knebd a” (y)w(x —y,t)dy

R AR
< 0= (Fu)(z,1),

where v is the solution to (1.1). Therefore, we may apply Proposition to get
the statement. (]

0<0r<8. (2.17)
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In the following two propositions we consider results about stability of stationary
solutions to .

According to the proof of [19, Theorems 2.2, 3.4], which implies Theorem
the solution u(z,t) to may be obtained on an arbitrary time interval [0, T] as
follows. There exist m € Nand 0 =: 79 < 71 < --- < T, With 7, > T, such that for
each [7,7] := [Tp—1,7k], 1 < k < m, there exists ry > 0, such that, for any v € X, 7
with 0 < v <7y, v = lim,_.o ®7v in X, 7, where

t

(P, v)(x,t) := (Bv)(z, 7, t)u () +/ (Bv)(z,s,t)kT (a xv)(z,s)ds,  (2.20)

(Bv)(z, s,t) := exp ( — /St (m + (Gv)(z,p)) dp), (2.21)

for x € R%, t,s € [r,T], and G is given by (1.2)). By the uniqueness arguments, we
will immediately get the following proposition.

Proposition 2.11. Let tg > 0 be such that the solution u to is a constant in
space at the moment of time to, namely, u(z,to) = u(ty) > 0, x € RY. Then this
solution will be a constant in space for all further moments of time. In particular,
if holds (and hence 8 = k™ —m > 0), then

_ _ Ou(to) d
u(z,t) = u(t) = W) (1 — e=Pt) + GePt >0, zeR t>tg, (2.22)

and u(t) — 0, t — oco.

Remark 2.12. Note that (2.22)) solves the classical logistic equation
d
%u(t) =r"u(t)(@ —u(t)), t>to, wulty) >0. (2.23)

We are going to study stability of constant stationary solutions to (|1.1)).

Proposition 2.13. Let (1.7) and (1.17) hold. Then u* = 0 is a uniformly and
asymptoticaly stable solution to (1.1), whereas u. = 0 is an unstable solution

to (L.1).
Proof. Let H and Jy be given by (2.4) and (1.10]), correspondingly. Find the linear
operator H'(u) on E: namely, for v € E,

H'(u)v =1 (a™ *v) —mv — kpev(a™ xu) — kpeu(a™ *v) — 260uv. (2.24)

Therefore, by (1.10)),
H’(G)v =Jopxv— (kT + Keh)v.

By (1.10] fRd Jo(x) Kkt —knef, thus, the spectrum o(A) of the operator Av :=
Jyp * v on Cub( 4) is a bubset of {|z| < kT —kne0} C C. Therefore,

o(H'(9)) C{2€C:|z+ k" + k| < KT—rpb}.

Therefore, o(H'(0)) C {z € C | Rez < 0}. Hence, by e.g. [9, Chapter VII], u* =
is uniformly and abymptotically stable solution in the sense of Lyapunov.

Next, by (2:24), H'(0)v = T (at *v) — mo. If holds, then the operator
H'(0) has an elgenvalue kT —m > 0 whose corresponding eigenfunctions will be
constants on R?. Therefore o(H’(0)) has points in the right half-plane and since
H"(0) exists, one has, again by [0, Chapter VII], that u, = 0 is unstable. O
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2.3. Strong maximum principle. Now we are going to study the maximum
principle for solutions to in the space £ = C,3(R?). For this case, we denote
Uy .= E;' .

We introduce also the following assumption: there exist p,é > 0 such that, cf.

[T10).

Jo(z) = kta™(z) — kpebla™ (z) > p for a.a. |z| < 4. (2.25)
Clearly, (2.25) implies (1.13)) and implies also that the following condition holds:
there exist p,d > 0, such that

at(z) > p fora.a. |z| <. (13-47)

It is straightforward to check that, under assumptions , (1.17), (3.47[), one
can apply [19, Proposition 5.2], that yields the following statement about strict

positivity of solutions to (|1.1]).

Proposition 2.14. Let E = Cy;,(R?) and ., 1.17), (3.47[) hold. Let ug € Uy,
(1.1),

ug £ 0, ug # 0, be the initial condmon to and u € X5 be the corresponding
solution. Then

u(z,t) > inf u(y,s) >0, x€RYt>0.
yE]R
s>0

In contrast to the case of the infimum, the solution to (1.1) may attain its
supremum but not the value 6. As a matter of fact, under (2.25), a much stronger
statement than unattainability of § does hold.

Theorem 2.15. Let E = C,,(R?) and (1.7), (1.17), [2.25) hold. Let uy,uz € Xwo
be two solutions to (L.1)), such that 0 < uy(z,t) < ug(w,t) <0,z € R4, t > 0. Then
either uy(z,t) = ug(x,t), z € R, t >0 or ui(z,t) < ug(z,t), v € R, ¢ > 0.

Proof. Let uy(x,t) < ug(z,t), v € R% ¢t > 0, and suppose that there exist tq > 0,
ro € R? such that uy(wg,tg) = ua(wo,t0). Define w := uy — u; € Xo. Then
w(z,t) > 0 and w(xg,ty) = 0, hence %w(wo,to) = 0. Since both u; and uy solve
(1.1), one easily gets that w satisfies the following linear equation
0
—w(x,t) = (Jg xw)(x,t) + kne(0 —ur(z,t))(a” *w)(x,t
vl 1) = Uy e ), 1)+ a0 — (o, 1)) @™ » )21 226)
— w(w, t) (ke (uz(z, t) + ur (2, 1)) +rne(a™ * uz)(z,t) + m);
or, at the point (zo, tg), we will have
0= (Jo * w)(xo,to) + kne(0 — u1(xo,t0))(a™ * w)(xo, o). (2.27)
Since the both summands in (2.27) are nonnegative, one has (Jy * w)(zg,tg) = 0.
Then, by (2.25)), we have that w(z,ty) = 0, for all € Bs(zg). Using the same
arguments as in the proof of [I9, Proposition 5.2], one gets that w(z,ty) = 0,
z € R?. Then, by Proposition w(z,t) =0, v € RY t > tg. Finally, one can
reverse the time in the linear equation (2.26|) (cf. the proof of [19, Proposition 5.2]),
and the uniqueness arguments imply that w = 0, i.e. ui(z,t) = uz(z,t), z € RY,
t > 0. The statement is proved. [l

By choosing uy = 0 in Theorem [2.15] we immediately get the following result.

Corollary 2.16. Let E = Cy,(R?) and (1.7), (T.17), [2.25) hold. Let ug € Us,
ug # 0, be the initial condition to (1.1), and u € X be the corresponding solution.
Then u(z,t) <0, v € RY, t > 0.
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3. TRAVELING WAVES

Through this section, £ = L>*(R%). Similarly to the above, we denote by Us,
the subset of X, of all continuously differentiable mappings from (0,00) to E.

Recall that My (R) denotes the set of all decreasing and right-continuous functions
f:R—10,0].

Remark 3.1. There is a natural embedding of My (R) into L*>°(R). According to
this, for a function f € L>°(R), the inclusion f € My(R) means that there exists
g € Mp(R), such that f = g a.s. on R.

Recall also the definition of a traveling wave solution.

Definition 3.2. A function u € Uy is said to be a traveling wave solution to (|1.1)
with a speed ¢ € R and in a direction & € SV if there exists a profile ¥ € My(R),

such that (1.9) holds.

We will use some ideas and results from [41]. To study traveling wave solutions
to (1.1)), it is natural to consider the corresponding initial conditions of the form

uo(z) = Y(z-§), (3.1)
for some ¢ € S, 1) € My(R). Then the solutions will have a special form as
well, namely, the following proposition holds.

Proposition 3.3. Let ¢ € S971, o € My(R), and an initial condition to
be given by ug(z) = Y(z - &), a.a. € RY; let also u € Xy be the corresponding
solution. Then there exist a function ¢ : RxRy — [0,0], such that ¢(-,t) € My(R),
foranyt >0, and

u(z,t) = ¢p(x- &), t>0, aa xR (3.2)

Moreover, there exist functions a* (depending on &) on R with 0 < a* € L'(R),
fR a*(s)ds =1, such that ¢ is a solution to the following one-dimensional version
of :
9¢ _ (st 2
E(S’t) =Rk (a" *@)(s,t) — mo(s,t) — ked=(s,1)
~ kmed(5,8)(@ % d)(s,1), >0, a.a. s€R, (3:3)

#(s,0) =(s), a.a. seR.

Proof. Choose any 1 € S9! which is orthogonal to the £&. Then the initial condition
ug is constant along 7, indeed, for any s € R,

uo(x +sm) = Y((z +sm) - §) = Y(x- &) =uo(w), aa. xeR™

Then, by Proposition for any fixed ¢ > 0, the solution u(-,t) is constant along
n as well. Next, for any 7 € R, there exists € R? such that - £ = 7; and, clearly,
if y-& =7 then y = z + sn, for some s € R and some 7 as above. Therefore, if we
just set, for a.a. x € RY, ¢(7,t) := u(x,t), t > 0, this definition will be correct a.e.
in 7 € R; and it will give (3.2). Next, for a.a. fixed z € RY, ug(z+s§) = ¢(z- £ +5)
is decreasing in s, therefore, ug is decreasing along the £, and by Proposition
u(-,t), t > 0, will be decreasing along the £ as well. The latter means that, for any

s1 < S2, W€ have, by ‘ )
¢($ : E + Slvt) = U(SU + slfat) > u(:r + 32570 = ¢(.’£ ' f + SQat)v
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and one can choose in the previous any x which is orthogonal to £ to prove that ¢
is decreasing in the first coordinate.

To prove the second statement, for d > 2, choose any {11, 12,...,m4_1} C S%*
which form a complement of ¢ € S¢~! to an orthonormal basis in R%. Then, for a.a.
r € RY, with 2 = Z?;ll Tin; + s, T, ..., Ta—1,s € R, we have (using an analogous
expansion of y inside the integral below an taking into account that any linear
transformation of orthonormal bases preserves volumes)

(a* * u)(z,1) (3.4)

- [ @@t = vty
-/ (S +5e)u( 3
Re =1 =1

d—1
— /}R(/R(F1 ai(ZT]{nj + s'{) dry ... dT(;_l)u((s - s')f,t) ds’, (3.5)
j=1

where we used again Proposition to show that u is constant along the vector

n= Z?;i (75 — 7;)n; which is orthogonal to the &.

Therefore, one can set

d

—

(rj = 7mj + (s — s’)g,t) dry...dr)_,ds

<

&:I:( ) _ I]Rdil ai(T1771+"'+7'd—177d—1 +5§) dTl...de_l, d> 27 (3 6)
a*(s¢), d=1. .
It is easily seen that o = Ezgi does not depend on the choice of 7y, ...,n4—1, which

constitute a basis in the space He := {z € R? | - & = 0} = {¢}. Note that,
clearly,

/ a*t(s)ds = / at(y)dy = 1. (3.7)
R R4
Next, by (3.2), u((s —s')¢, t) = ¢(s — &', t); therefore, (3.5) may be rewritten as
(@* s u)(at) = [ @005 = 5'0) ds' = @ 0)(s.0)
R
where s = x - £. The rest of the proof is obvious now. O

Remark 3.4. Let £ € S% ! be fixed and a* be defined by (3.6). Let ¢ be a
traveling wave solution to (in the sense of Definition for d = 1) in the
direction 1 € S = {—1,1}, with a profile ) € My(R) and a speed ¢ € R. Then
the function u given by

u(x?t) = w<x £ - Ct) = ’(/}(S - Ct) = ¢(S,t), (3-8)

forz € R% ¢t >0, 5 =x-£ €R, is a traveling wave solution to (I.1)) in the direction
&, with the profile ¢ and the speed c.

Remark 3.5. One can realize all previous considerations for increasing traveling
wave, increasing solution along a vector £ etc. Indeed, it is easily seen that the
function @(xz,t) = u(—=x,t) with the initial condition @g(z) = uo(—2z) is a solution to
with a® replaced by @* (z) = a®(—z); note that (a®*u)(—x,t) = (@T*a)(z,t).
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Remark 3.6. It is a straightforward application of ([1.20)), that if v € My(R),
c € R gets (1.9)) then, for any s € R, ¥(- + s) is a traveling wave to (|1.1)) with the

same C.

We can prove now the following simple statement, which implies, in particular,

the property [(Q6)]in Theorem[I.5] Consider one-dimensional equation (3.3, where
a* are given by (3.6). The latter equality together with (1.17) imply (1.11)) that is

equivalent to

kTat(s) > kpeba~ (s), a.a. s€R. (3.9)
Proposition 3.7. Let (1.7) and (1.11)) hold, and let ¢ € S~ be fized. Define, for
an arbitrary t > 0, the mapping Q; : L°(R) — L>®(R) as follows: Qub(s) = ¢(s,t),
s € R, where ¢ : R x Ry — [0,0] solves (3.3) with 0 < ¢ € LY(R). Then such a
Q: is well-defined and satisfies all properties of Theorem (with d =1).

Proof. Note that all previous results (e.g. Theorem hold for the solution to

(3.3) as well. In particular, properties |(Q1)H(Q5)| of Theorem hold true, for
Q = Qq, d = 1. Moreover (see the proof of [I9, Theorems 2.2, 3.4] for E = L>(R%),

which implies Theorem , the mappings B and @, cf. (2.21), (2.20), map the
set My (R) into itself; as a result, we have that @, has this property as well, cf.

Remark B.11 O

Now we prove the existence of the traveling wave solution to (1.1)). Denote, for
any A >0, £ € §91,

ag(A) == /]Rd at (x)e? € dx € [0, 00]. (3.10)

Therefore, for a &€ € S9!, the assumption (1.12) means that a¢(u) < oo for some
= (&) > 0. We will prove now the first statement of Theorem

Proposition 3.8. Let ¢ € S~ and assumptions (1.7), (1.11)), (1.12) hold. Then
there exists c,.(§) € R such that

(1) for any ¢ > c.(§), there exists a traveling wave solution, in the sense of
Definition [3.4, with a profile » € Mg(R) and the speed c,
(2) for any c < c.(£), such a traveling wave does not eist.

Proof. Let u > 0 be such that ((1.12]) holds. Then, by (3.6)),

/ at(s)etsds = / / aE(rim 4+ A Tam1na—1 + sE)e dry ... drg_1ds
R R JR-1
= ag(p) < oo. (3.11)

Clearly, the integral equality in (3.11) holds true for any A € R as well, with
ag(A) € [0, 00].
Let > 0 be such that (1.12) holds. Define a function from Mjy(R) by
©(s) := Omin{e "% 1}. (3.12)
Let us prove that there exists ¢ € R such that ¢(s,t) := ¢(s—ct) is a super-solution

to (3.3)), i.e. B
Fo(s,t) >0, seR,t>0, (3.13)

where F is given by (2.8) (in the case d = 1). We have
(F)(s,t) = —cg'(s —ct) = kT (a" * @)(s — ct) + mep(s — ct)
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+ knep(s — ct) (@™ * ) (s — ct) + kep?(s — ct),
hence, to prove , it is enough to show that, for all s € R,
To(8) = cp'(s) + wT(at * p)(s) — me(s)
~ hap(s)(@ # 9)(5) — () (3.14)
<0.
By , , for s < 0, we have
T(8) = kT (at * 0)(s) — ml — knef (@™ * p)(s) — keb?
< ((kTa — Kkpefa™) % 0)(s) — mb — k0* = 0.
Next, by ,
(@* xp)(s) <0 /R at(r)e " dr = fe M ag (),
therefore, for s > 0, we have
Tols) < —pebe™ + K+ e ag (i) — mbe
and to get it is enough to demand that st ag () — m — pe < 0, in particular,

_ wtag(p) —m

3.15
. (3.15)

As a result, for ¢(s,t) = @(s — ct) with ¢ given by (3.15)), we have
Fp20=F(Qu), (3.16)

as Qup is a solution to (3.3). Then, by (T.17) and the inequality ¢ < 6, one can
apply Proposition 2.9 and obtain

Qip(s) < d(t,s') = o(s' —ct), aa. s €R,

where ¢ is given by (3.15)); note that, by (3.12), for any s € R, the function ¢(s,t)
is absolutely continuous in ¢. In particular, for t = 1, s’ = s + ¢, we obtain

Qio(s+¢) < p(s), aa.scR. (3.17)

And now one can apply [41l, Theorem 5] which states that, if there exists a flow
of abstract mappings éh each of them maps My(R) into itself and has properties
(Q1)H(Q5)| of Theorem and if, for some ¢ (e.g. t = 1), for some ¢ € R, and for
some ¢ € My(R), the inequality holds, then there exists ¢ € My(R) such
that, for any ¢ > 0,

Q) (s + ct) =1(s), a.a. seR, (3.18)
that yields the solution to in the form , and hence, by Remark we
will get the existence of a solution to in the form . It is worth noting
that, in [41], the results were obtained for increasing functions. By Remark
the same results do hold for decreasing functions needed for our settings.

Next, by [41l, Theorem 6], there exists ¢, = ¢.(§) € (—o0, 0] such that, for any
¢ > ¢, there exists ¥ = ¥, € My(R) such that (3.18) holds, and for any ¢ < c.
such a ¢ does not exist. Since for ¢ given by (3.15) such a 9 exists, we have that
¢« < ¢ < 00, moreover, one can take any p in ([3.15)) for that holds. Therefore,

+ _
e < inf o) —m
A>0 A

(3.19)
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The statement is proved. g

Remark 3.9. It can be seen from the proof above that we did not use the special
form of the function ¢ after the inequality . Therefore, if a function
©1 € My(R) is such that the function ¢(s,t) := ¢1(s—ct), s € R, t > 0, is a super-
solution to , for some ¢ € R, i.e. if ED holds, then there exists a traveling
wave solution to , and hence to (]E , with some profile 1) € My(R) and the
same speed c.

Now we prove the second item of Theorem [I.1}

Proposition 3.10. Let ¢ € My(R) and ¢ € R be such that there exists a solution
u € U to (L1)) such that (1.9) holds, for some &€ € S=L. Then € CH(R — [0,6)]),
forec#0, and v € C(R — [0,0]), otherwise.

Proof. The condition (1.9)) implies for the € € S4~1. Then, by Proposition
there exists ¢ given b which solves ; moreover, by Remark (13-8)
holds.

Let ¢ # 0. It is well-known that any monotone function is differentiable almost
everywhere. Prove first that ¢ is differentiable everywhere on R. Fix any sy € R.
It follows directly from Proposition that ¢ € C*((0,00) — L*(R)). Therefore,
for any tg > 0 and for any £ > 0, there exists § = §(tp,€) > 0 such that, for all
t € R with |ct| < ¢ and to + ¢t > 0, the following inequalities hold, for a.a. s € R,

8¢ ¢(5a tO + t) 7 ¢(5a tO) 3(;5

E(S,to) —e< n < E(S, tO) + ¢, (320)
0¢ J¢ 0¢
a(s,to) —e< E(S,to + t) < E(S,to) +e. (321)

For simplicity of notation, set zo = so + ctg. Take any 0 < h < 1 with 2h <
min{é, c|to, |c|5}. Since v is a decreasing function, one has, for almost all s €
(z0, 0 + h?),

b(so+h) —P(so) _ (s —cto+h— h?) — (s — cto)
h - h

s,to 4+ =) — (s, to) h2 — h
_ ¢( 0 h37}3 ¢( 0) Ch (322)

< (Lestyxe) 1,

by (3.20) with ¢ = Lc_h; note that |ct| = h—h? < h <4, and to+t > 0 (the latter
holds, for ¢ < 0, because of tg + t > to then; and, for ¢ > 0, it is equivalent to
cty > —ct = h— h?, that follows from h < ctg). Stress, that, in ([3.22]), one needs to
choose —¢, for ¢ > 0, and +¢, for ¢ < 0, according to the left and right inequalities
in (3.20)), correspondingly.
Similarly, for almost all s € (x¢ — h?, ), one has
Y(so +h) —¥(s0) - Y(s — cto + h 4+ h*) — (s — cto)
h - h
9(s,to — ") — g(s,to) h + h

- —— — (3.23)

> (%(Svto)if)h—i_l,

—C
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where we take again the upper sign, for ¢ > 0, and the lower sign, for ¢ < 0; note
also that h + h%? < 2h < 6. Next, one needs to ‘shift’ values of s in (3.23) to get
them the same as in (3.22)). To do this note that, by (3.8),
h2
¢><s + 02t + —) — é(s,t0), aa. s € R (3.24)
c

As a result,

h? h?
-+ 2 _ = o 2
(a *¢)<s+h,to+c> /Ra (s)¢(s s+h,t0+—c)ds

(3.25)
= (a* * §)(s,t9), a.a.secR™L
Then, by (33), §24), (B25), one gets
3} h? 0
En (3 + hZ, o + ?) = aqﬁ(s,to), a.a. s € RY, (3.26)

Therefore, by (3.26)), one gets from (3.23)) that, for almost all s € (xg, zg + h?), cf.

(3-22),
h+1

—¢ (3.27)

+h) — ) h?
oo W Z000) 5 (920 1y + ) )
> (%25, 10) +2c) 4L,

since |h72| < ¢, one can apply the right and left inequalities in (3.21)), for ¢ > 0 and
¢ < 0. Combining (3.22)) and ([3.27)), we obtain

o h+1 Y(so +h) — Y (s0)
(ess Supse(z0,$0+h2) E(S’ t()) + 28) —C S h

0o h—1
< (esssupse(mowﬁhz) a(&to) + 6) P

(3.28)

For fixed sg € R, ty > 0 and for xg = sg + ctg, the function

0
f(h) := esSSUP,e (g wo4+h2) a—?(s,to), h e (0,1),

is bounded, as |f(h)| < H%(',to)ﬂw < 00, and monotone; hence there exists f =
limy, 04 f(h). As a result, for small enough h, (3.28)) yields

- 1 h) — - -1
(Faoe) L —og BTN Z0lo0) o5y =l
—c h c
and, therefore, there exists %—f(so—&—) = _Tf . In the same way, one can prove that

there exists %(307) = _Tf, and, therefore, v is differentiable at sq. As a result, ¥

is differentiable (and hence continuous) on the whole R.
Next, for any s, s2,h € R, we have

|1/)(51 +h)—(s1)  Y(s2+h)—1(s2) |
h h

_ i‘ d(s1+ cto, to — &) — ¢(s1 + cto, to)

e

h

C

_ ¢(S1 + cto, to + 22 — %) - ¢(81 + cto, to + 751252) ‘
E ’
c
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and if we pass h to 0, we obtain

S1 —52)

/(60) = 0/ (s2)| = | 6051+ tonta) = (o1 -+ ot +
(3.29)

= |1|H<§t¢("t0) - %¢('7t0 I 82)”.

And now, by the continuity of % (,t) in t in the sense of the norm in L*°(R),
we have that, by (3.21), the inequality |s; — s2| < |c¢|d implies that, by (3.29)),

[ (s1) — ¥ (s2)| < ror€- As a result, ¥’(s) is uniformly continuous on R and hence

continuous.
Finally, consider the case ¢ = 0. Then ({3.8]) implies that ¢(s,t) must be constant
in time, i.e. ¢(s,t) = ¥(s), for a.a. s € R. Thus one can rewrite (3.3) as follows

0= —r"(a" +)(s) +ma(s) + wpetp(s)(a™ *)(s) + ke (s)
= ke (s) + A(s)¥(s) — B(s),
where A(s) = m + kne(@a™ * 1) (s) and B(s) = kT (a* x1)(s). Equivalently,

(s) = VA2(s) + 4:/;3(5) - A(s)

Since 1) € L>°(R), then, by Lemma[2.1] the right-hand side of (3.31)) is a continuous
in s function, and hence ¢ € C(R). O

(3.30)

(3.31)

Proposition 3.11. Let ¢ € My(R), c € R, & € S971 be such that there erists a
solution u € Uso to (1.1) such that (1.9) holds. Then, for each s € R,

CU/(8) + H (" 2 )(s) — mib(s) — magb($)(E B)(s) — R2(s) =0, (3.32)
Proof. Let ¢ # 0. Then, by Remark [3.4] and Proposition one can differentiate

Y(s—ect) in ¢t > 0. By this and Lemma 2.1 we obtain (3.32)) for all s € R. For ¢ =0,
one has (3.30)), i.e. (3.32)) holds in this case as well. O

Let k € NU {00} and CF(R) denote the class of all functions on R which are k
times differentiable and whose derivatives (up to the order k) are continuous and

bounded on R. The following corollary finishes the proof of the second item of
Theorem [[11

Corollary 3.12. Let ¢ € My(R), c€R, ¢ #0, £ € S9! be such that there exists
a solution v € Uy, to (L.1) such that (1.9) holds. Then ¢ € Cp°(R).

Proof. By Lemma a* %1 € Cp(R). Then yields ¢ € Cp(R), ie. ¢ €
CL(R). By e.g. [35, Proposition 5.4.1], a* ¢ € C}(R) and (a* x ) = a* =/,
therefore, the equality holds with v’ replaced by 1" and v replaced by 1’.
Then, by the same arguments ¢ € Cg(]R), and so on. The statement is proved. O

Now we prove the third item of Theorem We follow ideas of [g].

Proposition 3.13. Let (1.7) and (T.11)) hold. Let ) € My(R), c € R, £ € S91 be
such that there exists a solution u € Us, to (1.1) such that (1.9) holds. Then there
exists 1 = p(c,a™, k7, 0) > 0 such that [ (s)et* ds < oco.
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Proof. At first, we prove that v € L'(R,;). Under assumptions (1.7) and (1.11)),
define the function

Jo(s) == wtat(s) —vknea(s), s€R,ve(0,0]. (3.33)
Then, by (39), Ju(s) > Jo(s) > 0 for s € R, v € (0,0]. Since [ Ji(s)ds =
KT — Ukne > m + Kkev, one can choose Ry > 0, such that
Ry
/ Ju(s)ds = m+ kev. (3.34)
—Ro

We rewrite as follows
' (s) + (Jo x¥)(s) + (v —1(s)) (kerp(s)

B (3.35)
T (@™ 5 0)(s) — (m+ s0)(s) =0, s €R.
Fix arbitrary ro > 0, such that
Y(ro) < w. (3.36)
Let r > rg + Ro. Integrate over [rg,r]; one gets
c((r) —y(ro)) + A+ B =0, (3.37)
where
A= / (Jy *9)(s)ds — (m + wv)/ P(s)ds
Bim [ (0= 0 (e(s) + rela” b)) ds
By and -, one has
A>// J s—T)des—(m—i—wv/w ds
/ / P(s)ds — / P(s ds dr
(3.38)

/OROJU(T)( [ dsf/ 1/;_ ds) dr

[ e[ v [ s ds)ar

—Ro
and since 1 is a decreasing function and r — Ry > rg, from (3.38)), we have
0

Ry
A> ((ro) —(r — Ro)) / P Jo(r) dr + (b(r + Ro) — (ro) / (=)o (r) dr

0 - o
> —0/ (—7)Ju(T)dr =: —0J, R,. (3.39)
—Ro
Next, and monotonicity of ¢ imply
B > (v—1(rp)) / (ke (8) + Kpe(a™ = 1p)(s)) ds. (3.40)

Then, by [.37), (3.39), (3.40), (3.36), one gets

0 (0= 00)) [ (sebls) + @™ 5 0)(s)) ds

To
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< 0Jy.ry + c(P(ro) — (1)) — GJMRO +cep(rg) < oo, T — 00,

therefore, rpt) + kpea~ x ¢ € LY(Ry). Finally, implies that there exist a
measurable bounded set A C R, with m(A) := [, ds € (0,00), and a constant
@ > 0, such that a=(7) > p, for a.a. 7 € A. Let 6 = inf A € R. Then, for any
s € R, one has

ROE /A G (ryi(s — 1) dr > b(s — Sm(A).

Therefore ¢ € L}(Ry).

For any N € N, we define pn(s) := I(_oo n)(s) + e_A(S_N)]l[N’OO)(S), where
A > 0. By the proved above, ©,a* ¢ € LI(R+) N L>=(R) hence, by (3.32),
ey’ € LY (R, )NL>®(R). Therefore, all terms of (3.32)) being multiplied on e**py(s)
are integrable over R. After this integration, (3.32)) will be read as follows

I +IQ+13 =0, (341)

/1/1 )e*on (s) ds

L= ”+/R((“ £ 9)(5) — 1(5)) X pn (s) ds,

where (recall that k=0 — kT = —

Iyi= | (s)(K = m = ketp(s) = kne(a ) (s)) e pn () ds

R
We estimate now Iy, I, I3 from below.
We start with I5. One can write

[ s enas= [ [ a(s=rueeon(s) rds
// )N on (T + ) ds X (T) dT (3.42)

-/ (/,Oﬁ( e ds o (7 + R0 () dr

for any R > 0, as ¢ is nonincreasing. By (3.7)), one can choose R > 0 such that

/R ()dr>1_”‘Te

— 00

By continuity arguments, there exists v > 0 such that, for any 0 < A < v,

/R at(r)er dr > (1 - %)eﬁi. (3.43)

— 00

Therefore, combining (3.42)) and ( -7 we obtain

I, > /}R(l - KTH)e’\RgoN(T + R)e (1) dr — /Rw(s)e)‘sgo]v(s) ds

= /R(l - %Q)QON(T)E)\TQZJ(T — R)dr — /]Ri/)(s)e“goN(s) ds (3.44)

0
> —KT/Rw(s)e)‘S@N(s)ds



22 D. FINKELSHTEIN, Y. KONDRATIEV, P. TKACHOV EJDE-2019/10

as Y(r — R) > (1), T € R, R > 0.
Now we estimate Is. By (1.9), it is easily seen that the function (@~ * ¥)(s)
decreases monotonically to 0 as s — co. Suppose additionally that R > 0 above is

such that
K0

5 s> R.

re(s) + kne(a™ xP)(s) <

Then, one gets

13>7/ P(s)e*on(s)ds

4 / (5) (50 — rewh(s) — sme (@™ *)(s)) o (s) ds

;9 /ROO w(s)e/\sgoN(s) ds

as 0 < <0, on >0, (a~ x1)(s) <0
It remains to estimate I; (in the case ¢ # 0). Since lim,_ 4o ¥(s)e*on(s) = 0,
we have from the integration by parts formula, that

I == [ 0(s)en(s) + e (s))e™ ds.
R

For ¢ > 0, one can use that ¢\ (s) <0, s € R, and hence

L > —c)\/]sz(s)wN(s)e/\s ds.

For ¢ < 0, we use that, by the definition of ¢n, Apn(s) + ¢N(s) = 0, s > N;
therefore,

N
I = —c)\/ ¥(s)ds > 0. (3.45)
Therefore, combining ((3.44 - from , we obtain
0> )\c/w Yon(s)er® ds— /1/1 5)eMon (s ds—&—i/wego]v)

where ¢ = max{¢, 0}.
The latter inequality can be easily rewritten as

(Le—/\c/ P(s)e cpN()ds<(—+)\ / D(s)pn(s)er® ds

K0 _ R s
< (T—i—)\c)e e¥ds=:Iygr<oo, 0<A<uw (3.46)
Take now p < min{y, %}, for ¢ > 0, and p < v, otherwise. Then, by (3.46)),
for any N > R, one obtains

_ [e%s} N
o> (S =) > [ veren(ds> [ oo

R oo
/Rw(s)e“s ds=/ﬁOo P(s)e!’ ds+/R P(s)e! ds

thus,
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R k=0 —1
S@/ e“sds—I—IMR(T—/QLE) < 00,

that implies the dsired the statement. O

By Proposition a traveling wave solution to is continuous in space
as well. Because of this, to prove the fourth item of Theorem |1.1, we can use the
strong maximum principle. We suppose that a™ is not degenerated in the direction
¢ at the origin, namely, there exist r > 0, p,d > 0 (depending on &), such that

/ at(z)dz > p for a.a. |s| <6. (3.47)
{z-£=s}

Clearly, either of (T.13), (2.25) or (3.47]) implies (3.47).

Proposition 3.14. Let (1.7), (1.11) and (3.47) hold. Let v € My(R), ¢ € R,
€ € 8971 be such that there exists a solution u € Uy, to (L.1)) such that (1.9) holds.
Then v is a strictly decaying function, for any speed c.

Proof. By Remark there exists a traveling wave solution ¢(s,t) = ¥ (s — ct) to
(3.3). By Proposition 1 € C(R) and hence ¢(s,t) = ¥(s — ct) is continuous
in s as well. Suppose that v is not strictly decaying, then there exists do > 0 and
so € R, such that ¥(s) = ¥(sp), for all |s — so| < do. Take any § € (0, %0), and
consider the function ¢ (s) := 4 (54 d). Clearly, 1/°(s) < 1(s), s € R. By Remarks
0 is a profile for a traveling wave solution to with the same speed c.
Therefore, one has two solutions to (3.3): ¢(s,t) = ¥(s—ct) and ¢°(s,t) = ¥’ (s—ct)
and hence ¢°(s,t) < ¢(s,t), s € R, t > 0. By the maximum principle for 7 see
Theoremwith d = 1, either ¢ = ¢°, that contradicts § > 0 or ¢°(s,t) < ¢(s, 1),
s € R, t > 0. The latter, however, contradicts the equality ¢°(s,t) = ¢(s,t), which
holds e.g. for s = sg + ct, ct < §g. Hence 1 is a strictly decaying function. ]

To prove the last item of Theorem one can weaken the assumption (3.47)),
assuming that a™ is not degenerated in the direction ¢ (not necessarily at the
origin). Namely, we assume that there exist r > 0, p,d > 0 (depending on §), such
that

/ at(z)dz > p fora.a. s€[r—4,r+4d. (3.48)
{z-6=s}

Proposition 3.15. Let (1.7), (1.11) and (3.48) hold. Let v € My(R), ¢ € R,
c#0, &€ S be such that there exists a solution u € Uy, to (1.1) such that (1.9)

holds. Then there exists v > 0, such that 1(t)e*t is a strictly increasing function.

Proof. We start from the case ¢ > 0. Since t(t) > 0 for ¢ € R, it is sufficient to
prove that
Y'(t)

P(t)
Fix any p > % > 0. Then, clearly,
kel () + kpe(a™ ) ) +m <k 04+ m =rT < cp,
and from (3.32)), we obtain
0> cy'(s)+rt(at *1)(s) —cup(s), s€R. (3.50)
Multiply both parts of on e " > 0 and set
w(s) :=Y(s)e ™ >0, seR.

>—-v, teR. (3.49)
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Then w'(s) = ¢'(s)e™* — pw(s) and one can rewrite (3.50)) as follows
0> cw'(s) + kT (at x)(s)e

=cw'(s) + kT /Rd"_(T)w(s P dr, seR (3.51)

By (3.48), there exists ¢ := § + g > 0, such that

/ at(s)e "*ds > 0. (3.52)
2

4

Integrating (3 over s € [t,t + o], one gets
t+o
0> c(w(t+ o) — )+ kK / / (s —T)e Hdrds. (3.53)

Since w(t) is a monotonically decreasing function, we have

t+g
/ / (s —7)e " drds > g/ at(Mw(t+o—1)e Tdr

R

> Q/ at(Nw(t+o—T1)e " dr (3.54)
20

> ow(t — g)/2 at(r)e " dr.

4

We set, cf. (3.52),
4+  poo
C(p,p) = K—/ at(s)e "ds > 0.
C 20
Then (3.53)) and (3.54 - yield

w(t) — oC(u, p)w(t — o) > w(t+0) >0, teR. (3.55)

Now we integrate (3.51) over s € [t — p, t]. Similarly to above, one gets

0> ( () t* +I<L /t / 377—)6 BT drds
> clult) ~wlt = 0) + 0" [ & (Pult =)

By (3.55) and (3.56)), we have

1 w(t — o) Qlﬁ+/v+ w(t—71) _
> >142 [ gt () mnrgr 3.57
o) = wlD) e S uw 337
On the other hand, (3.32)) implies that

Q) < K (@« y)(t) "ﬁ/dJr(T)w(tT)erT, teR. (3.58)
R

w(w T W) e w(t)

Finally, (3.57) and ( - 3.58)) yield ([3.49| - with v = zc(u nike 0.

Let now ¢ < 0. For any v € R, one has
U(s) =e " ((s)e”) —vi(s), seR.
Hence, by , ,
0=ce " (d(s)e”*) — cvip(s) + wT(a* ) (s)
— ket?(s) = Kngp(s)(@” * ) (s) — ma(s)

(3.56)
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> Cefus(w(s)eus)/ _ CV@[}(S) 4 /{+(d+ % w)(s)
— Ke0(s) — kneb(a™ x ) (s) — map(s)
> ce " (Y(s)e”?) — cvip(s) — keb(s) — map(s), s€ER.

As a result, choosing v > %’Zw

_Ce_’/s('l)/)(s)eus)/ > (—CI/ — kel — m)"/}(s) >0, sekR,

ie. ¥(s)e”® is an increasing function. O

Combining Propositions [3-8] [3:10] B-I3H3.15] and Corolalry [3:12] we prove The-
orem [Tl
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