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REGULARITY FOR ANISOTROPIC QUASI-LINEAR
PARABOLIC EQUATIONS WITH VARIABLE GROWTH
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ABSTRACT. In this article, we study a class of anisotropic quasi-linear par-
abolic equations with variable exponents. Following DiBenedetto’s intrinsic
scaling method, we prove local continuity of solutions under the condition for
which only local boundedness was known.

1. INTRODUCTION

The study of nonlinear partial differential equations gained a significant impor-
tance in the recent past years, not only for their physical and biological relevance
but, and no less important, also for the mathematical novelties intrinsically related
to the subject. The development of the regularity theory for degenerate and/or
singular parabolic PDEs is one example of the contemporary analysis of nonlin-
ear PDEs. One has to go back to the late fifties to encounter the now standard
procedure that allows one to get a regularity result for the solutions of nonlinear
PDEs: regularity for elliptic PDEs was established by De Giorgi [[I7]]; while Moser
[23] 24, 28] 26], Nash [27] and DiBenedetto [12] dealt with parabolic PDEs.

In this article we are concerned with the anisotropic parabolic equation

N
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where Qr = Q x (0,7], Q is a bounded simple-connected domain in RY and 0 <
T < 4o00. Throughout the paper we assume that the exponents p;(x,t) are given
measurable functions in 27 such that for alli=1,..., N

pi(z,t) C (p;,pf) Clp,pT] C (2,00).

with finite constants pi,pfE > 2. Moreover, we assume that p; satisfies the following
log-continuity condition:

pi(fvt)*Q@
85(}7;

] =0 inQr, (1.1)

@ V(l‘,t), (y7T) € QT,

1
[t—7[+|z—y| (1.2)
lt—7|+ ]z -yl <

Ipi(x,t) — pi(y,7)] < 1
n

DN | =
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In this framework, a particularly relevant class of interest is given by functionals
with anisotropic structures, i.e. those whose energy sees each derivatives being
penalized with a different exponent. Yet firstly studied by Marcellini [22], further
contributions have been given by Leonetti [19, 20], Acerbi and Fusco [I], Fusco and
Sbordone [15] [16].

Anisotropic equations like have strong physical background. They emerge,
for instance, from the mathematical description of the dynamics of fluids with
different conductivities in different directions. We refer to the extensive books by
Antontsev-Diaz-Shmarev [3] and Bear [8] for discussions in this direction. They
also appear in biology, see Bendahmane-Karlsen [9] and Bendahmane-Langlais-
Saad [10], as a model describing the spread of an epidemic disease in heterogeneous
environments.

Our aim here is to obtain a local regularity result for local weak solutions of .
In order to achieve this goal, and since the equation is degenerate (the diffusion
coefficient vanishes when ‘%‘ = 0), the idea is to study the equation within a geom-
etry that takes this feature into consideration. The building blocks of DiBenedetto’s
intrinsic scaling method is to show that the continuity of the solution at a point fol-
lows from measuring its oscillation in a sequence of nested and shrinking cylinders,
with vertex at that point, and showing that the oscillation converge to zero as the
cylinders shrink to the point. To fully understand the technical procedure, based
on the study of an alternative argument which makes use of energy and logarith-
mic estimates, one has not only to be familiar with Dibenedetto’s technique (see
[12, [13] [30]) but also to overcome the difficulty of having an (z;,t)—dependence on
the exponents p; for i =1,..., N.

The local continuity of the anisotropic elliptic equation have been studied, and
the results are well documented. We refer to [14} 21] for the results and the refer-
ences to the original papers. It is known that the local solutions of the isotropic
parabolic case of equation with variable growth are locally Hélder continuous
[2,[7]. To the best of the author’s knowledge, no regularity result is known for the
anisotropic parabolic equations with variable growth.

2. PRELIMINARY AND MAIN RESULTS

2.1. Function spaces. We recall in what follows some definitions and basic propri-
eties of the generalized Lebesgue-Sobolev spaces. We begin by defining the variable
exponent Lebesgue space as follows

LP('T)(Q) = {u : 2 — R is measurable and / |u|p(z) dzdt < +oo}.
Q
This set equipped with the Luxemburg norm
[l Lrer (@) == inf {a>0: / |g\p(z) dedt <1}
Q

becomes a reflexive Banach space. Now, we define the Sobolev space
WP@(Q) := {u € LP@(Q), Vu € LP@(Q)}
endowed with the norm

lullwrro @) = llullee @) + 1Vl Lo -
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In addition, if p(x) is log-Hdlder continuous then Wol’p(w) (€2) is the closure of C§°(Q2)
in Whr@)(Q).

Now, in connection with the anisotropic operators that we are considering, we
need to recall the definitions of the anisotropic Sobolev spaces:

ou
Oz
ou
ox;

W) (Q) = {u e WH(Q), € LPi(Q),fori=1,...,N},

Wy (@) = {u e Wi (@), 5— € L (Q),fori=1,...,N}.

The space WO1 (P 1)(9) also denotes the closure of C5°(£2) with respect to the norm

lull,p) = Z H*HLM(Q

The theory of anisotropic Sobolev spaces is developed in [I8| 28] 29], and in
particular, the corresponding Sobolev embedding theorems were studied there. We

define
Sl
, for p< N and Z o (2.1)

'@H’—‘

Nﬁ
“N_
In [29] it is proved that if p < NN, then

Wy P Q) = Lr(Q), e lp).
This embedding is continuous and also compact if » < p*. If p > N, then
Wy Q) = L7(Q), Vr e [1,+00).

The following Sobolev type inequality is also proved; if p < N, then there exists a
positive constant C', depending only on , p;", and IV, such that

|Mm<CHH yﬁ,Wemm, (2.2)

for any u € Wol’(p;)(Q).
For a.e. t € (0,T) we introduce the anisotropic Banach space

Ou(x)

o, |p i(zt) ¢ 1 (Q)}

= {u(z) : u(z) € LX(Q) N Wy (Q), |5~

N ou
lullv,@) = llullze + > 55 i 0.0
i=1 v

The elements of the space V;(2) depend on t € (0,T) as a parameter and the norms
l|lullv, ) are functions of t. By W (€2r) we denote the Banach space

0
— {u:(0,T) — Vy(Q) : u e LX), \a—g @t ¢ LYQp), u=0onT},

N ou
+ Z ||%
i=1 v

pi(+), Q-
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2.2. Mollification in time. Since weak solutions of parabolic equations, respec-
tively inequalities possess only weak regularity properties with respect to time, it
is in principle not possible to use the solution itself as a test-function in the weak
formulation of the problem. In order to be nevertheless able to test properly, there
are several possibilities to smooth the solution with respect to the time direction.
To overcome these faculties, we consider the Friedrichs mollifier as was done in [2].
Indeed, taking the kernel

p20. peCFRY), pa)=0forfe= 1 [ pe)dr=1
]RN

we introduce regularization of f € LP® t)(Q ) by

loc
t+h
I"f = fu(x,t) = / / - [, 7)pn(x — y) dy dr,
T—y

pn(z) =h~Np(h~'x),

and consider these inside the cylinder Qp, i.e., in cylinders Q) = Q' x (T1,T%),
where Q' C Q, 0 < Ty < Ty, < T. The basic property of the mollification, which
can be retrieved from [2] Lemma 2.1], is summarized in the following lemma.

(2.3)

Lemma 2.1. If the exponent p satisfies condition (1.2)), then fr, — f in Lfof t)(QT)
as h — 0, for any f € LY “)(QT).

loc

2.3. Formulation of the problem. We will consider here local weak solutions of
equation (1.1]), the existence of such solutions is guaranteed by [5l [6].

Definition 2.2. A local weak solution of (1.1) is a measurable function u(x,t)
defined in Q7, such that

(i) uweW(Qr) N C((0,T]; L*(Q));
(i) for every subset K of 2 and for every subinterval [t1,t2] of (0,T], we have

to t2 N 8’[,[, 8“ 6¢
_ Y pi(zt)y-2 Y% YV _
[/Kuqbdx}tl +/t1 /K{ “¢t+;|axi| o &Ci}dxdt 0, (24)

for any locally bounded tested function ¢ € Wioe(Q) N WL2(0, T; Wy ? (K)).

loc

We can write (ii) in a way that is technically more convenient and involves the
discrete time derivative. This can be accomplished by using the Friedrichs mollifier
of a function (see [2] for more details). Then, we obtain the following result.

Lemma 2.3. If u is a solution of (1.1) in the sense of Definition then for
every subset K of Q, and for any h < t; <to <T — h, the

t2 Lz, ou dp B
/tl/ uht90+2(8xl\p N )h 6xl]da:dt—0 (2.5)

holds for any locally bounded test function © € Wige(Qr) NW,22(0, T; Wy % (K)).

loc

Proof. As in [2], we introduce the regularization operator

I f = foent) = bt / ) /| Sy 26)
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Consider equation ([2.4) with
6=1"(px), © € Wioe(Qr) N W20, T; Wy *(K)).

loc

ta Ifh ta
—/ /umd:ﬂdt:/ /uh7t<pxdmdt,
4 JK ot 4 JK

it follows that

t N
2 OU (2,02 Oty OleX)
- pl($7t) 27 . _
/t1 /K [uh,t¢X+;(|axi| 8zi)h oz, ] dxdt = 0.

Passing here from x € C§°(t1,t2) to characteristic function of the segment [t1,t2],
we obtain the desired relation (2.5)). O

Since

2.4. Regularity result. To obtain the interior continuity of the solutions by means
of intrinsic scaling, we need to consider a geometry that accommodates the degen-
eracy of the anisotropic parabolic equation . For this purpose let (xq, ) be an
interior point of the space time domain 27, by translation and to simplify, assume
(zo,t0) = (0,0). Also, let 0 < R < 1, be sufficiently small such that the cylinder

2 py _ P2 ) — . , _p2
QR R) = Kn > (~R*,0) = {a s max |o] < R} x (~F20)

is a subset of {7, and define
put =ess SUPQ(Rr2,R) Uy M = essinfo(r2 gy u, w =essoscq(re R U= pt— .

Let ag = (w/2*)? P be a positive real number, for some A > 1 to be chosen later.
We construct the cylinder

Q(agR?",R) = Kg x (—aoR?",0).

Under the assumption
2—pt w
R2-»~ < 277 (27)

the inclusion Q(aoR”+,R) C Q(R?, R) holds, and consequently we have

€88 0SCey o0 prt Ry U < w.

Remark 2.4. If (2.7) does not hold, then the essential oscillation w approaches
zero when the radius R goes to zero, and then there is nothing to prove.

To begin our approach, inside Q(aORP+,R) consider subcylinders of small size
constructed as follows

(0,*) + QOR*",R), 6

I
—
S
~—
ll\D
kS

These are contained in Q(aORP+,R) if
+

_ _ P
(2P ~2 A *%L <t* <.
wP™—2

For a given vy € (0,1), to be determined in terms of the data and w, either

{(@.t) € (0.7) + QR R) : ulw,t) <~ + 2} < wlQOR . R)|  (28)
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or, noting that u* — % =p~ + %, and
w
{(z, +Q(9Rp R): u(m,t)>u+—§}‘

<(1- uo>|Q<9Rp+,R>|.

The analysis of this alternative leads to the following result.

(2.9)

Proposition 2.5. Assume that D < N, then there exist positive numbers vy, o €
(0,1), depending on the data and w, such that

eS8 08C()(g( &)yt By U S OW. (2.10)
An immediate consequence is the following result.

Theorem 2.6. Under the assumption that p < N, any locally bounded weak solu-
tion of (1.1]) is locally continuous in Q.

Remark 2.7. Local continuity of the weak solutions in the elliptic case of our
equation is also established for p < N (see [14},[21]). This assumption is necessary to
apply (2.2 . Moreover, the Holder-continuity of the weak solutions for the isotropic

case of our equation is established for p € (N+2 ,00).

Remark 2.8. The proof of Theorem follows from a slight modification of the
arguments in Proposition 9 in [13]. From one defines recursively a sequence
Q., of nested and shrinking cylinders and a sequence w,, converging to zero, such
that

€ss 0sCq,, U < Wy
This is enough to obtain the continuity of u but we are unable to derive a modulus
since the constant o appearing in Proposition depends on the oscillation of w.

3. LOCAL ENERCY AND LOGARITHMIC ESTIMATES

Let 7 and p be small such that Q(7,p) C Qr, in addition let £ be a piecewise
smooth cutoff function in Q(r, p) such that

o€
8:@-

Proposition 3.1. Let u be a local weak solution of (L.1)) in Qr, then there exists a
positive constant C' such that, for every cylinder Q(7,p) C Qr and for every k € R,
we have

R A W W A
g/K (u— )igl’ (z,—7)dw +p* /_T/ u— k)LeP Tl dadt (3.1)

+OZ/ / ’”(“’Iag

Proof. In the weak formulation (2.5 we take the test function ¢ = £(uy, — k)i§p+,
where

£ 0,1],

;=1,...,N, and ¢{(z,t) =0 for x outside K.

) [PiED P dg dt

Pi(@t) do dt.

(up, — k)- = (k — up)+ = max{k — u, 0},
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and uy, are regularizations of the form (2.3). Then integrate over (—7,t), t € (—7,0),
and use Lemma Now we estimating the various terms separately. The first
term gives

t
//uh,t@dmdt
-TJK,
¢ +
- / / wn o (£ — k)€ ) da dt

_>_7/ / u — k)ieP _1§tdxdt+2/ (u— k)2 (2,t) do
—r K

P

_i/K(u— k)2 (v, —7)dx,  h—0.

P

For the remaining term, when h — 0, we obtain
Ou ;9 pt +_p O¢
pi(x,t)—2 v . » G pt—1 0€
Z /77’ / Oz; | axi [(’m ((u = k)e)zi® £ p7(u— k)£ P ] dx dt

zz//

k) |;vz(3f t)gcp dx dt

pi(wt)—1(,, _ p**lﬁ
k)+ (u— k)£ |axi|d$dt

N

1 0 4
> - _ pi(@,t) ¢p
32 /_T/ g, (0 = R 08 dodt

(@) 98 e
—CZ/ (u— k)R t>|a—xi|pz< ) da dt.

Here we used Young’s inequality, and the fact that 0 < £ < 1 and p(l(m)t) 7> pftl
pile,t)(pt 1)

imply that § pe0=T < €P7 Wi =1,...,N. Hence, since t € (—7,0) is arbitrary,

we can combine both estimates to obtain (3.1)). O

Now, introduce the logarithmic function

0 = T 0 R1,0) = (i (e )

where HF = ess SUPQ(rp) |(u — k)| and 0 < ¢ < Hif. In the cylinder Q(, p), we

take a cutoff function satisfying ¢ € [0,1], |aE | < oofori=1,...,N and ¢ is
independent of t € (—7,0).

Proposition 3.2. Let u be a local weak solution of (1.1) in Qr, then there exists
a positive constant C such that for every cylinder Q(t, p) C Qr and for every level
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keR,

n
ess sup7T<t<0/ [wi(u)]2§p dx
K,x{t}

£ (w)2e" da
<[ e

N 0
+C;/_T /Kp ’(/Ji(u)[(wi)/(u)]Q_pi(x’t)|%|pi(%t) du dt.

Proof. In (2.5) we take the test function ¢ = 2¢/% (up)[(E) (u)]€P", and by direct

computation we obtain

(¥ (w)" = {(v* ()},

Therefore, we estimate the various terms separately, integrate in time over (—7,t)

for t € (—7,0), and use Lemma The first term gives

[ / wn i { 20 (wn) () (un)J7" } da dt

/77/ 2),6" dg dt

- [ (w)]2€"" da — /K { }[¢i(u)]2£p+dx.

K,x{t}

as h — 0. For the remaining term, we first let h — 0, to obtain
ou 0
pi(z,t)—2 . 9®
Z [T / Ox; | afﬂi Ox; da dt
Ju
_ pi(z,t)—2 Y% +
Z// Fr o 2 W) (W)

(@(w*) (W] doat
N

+Z/ / axz |p1 (z,t)— §;2p+¢i(u)[(¢i) ( )]fp

P2 E) ()21 + v (u) — $F(w)e?" dadt

¢ Z /,T /K wi(U)[(wi)'(u)]zfpi(z,t)|§)Ti

>0y [ iy P e S e de

*1‘%

i@ dy dt

ddt

(3.3)

Hence, since t € (—7,0) is arbitrary, we can combine both estimates to obtain

B2).

O
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4. CONTINUITY OF THE WEAK SOLUTIONS

In this section we analyze the alternative and prove Proposition[2.5] Assume that
(2.8) is satisfied. The following lemma determines the number vy and guarantees
that the solution u is above a smaller level within a smaller cylinder.

Lemma 4.1. There exists vy € (0,1), depending on the data and w, such that if
(2.8) holds then
R.,+ R

u(m,t)>,u_+% a.e. in (0, )+Q(( i 2).

Proof. Up to translation we can assume that (0,¢*) = (0,0). We define two de-
creasing sequences of positive numbers

R R w

Rn:§+2n+17 k /.L +4+2n+2’

(4.1)

n=20,1,...

We construct the family of nested and shrinking cylinders Q(GRff,Rn), and let
0 < &, (x,t) <1 be piecewise smooth functions in Q(@R{r,Rn) such that

€ =1 QOR,,, Rns1), & =0on3,QOR R,),

(7l+1+)P+ +( )
&, 2 P opT (n+1 .
|ax|§Ta 0<(5n)t§W, VZ:].,...,N.
i Rpj—

Now, by using the energy inequality (3.1)) for the functions (u — k,)_ we obtain

sup / (u — k)2 €2 (2, 1) dx
KRW,

—oR? <t<0

N 0
* Z/_ oret /
<C’ / / (u—k §n (&) dadt
oRET
z afn
+ / / _ p1( ,t)
Z oRPT KR" |
/ - / _>0)da dt)
p (n+1)
2 / / (u— 2 dxdt
oRr?"
+ / / (u — k)"0 dz dt
Z - ok
/ / (u—ky,)- >0)dz dt)
oRr:" KRn

opT (n+1) _
=~ CT((%)I) g Pt +1 / Rp+/ >0)dl‘dt

— ken)_ [P €T dzadt

(@b dy dt
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2p+(n+2)
SOT *p +1 /eRer/ >O)d$dt

By means of (2.7)), this implies

sup / (u— kzn)%fff (z,t) dzx
KRn

eRP+ <t<0
-
+ / / P e drdt
Z o e, V3 4 )
P n+2
<C—rr- / / (u—kp)— > 0)dzdt,
or:" JKg,

where xg denotes the characteristic function of the set E. Using the fact that
(u—kn)- =0o0r
w w

_ w
(u—Fkn)- = (p _u)+Z+WS§’ (4.2)
we obtain
(u—kn)? > 0(u— k)" . (4.3)
Then the above estimates reads
sup / (w— kp)? Eff (z,t)dx
—0RE" <t<0” Krn
P" dz dt 4.4
GZ/RP+/ ‘&r " dn (44)
+
or (n42) (1
<C————(2) = —kn)— > 0)dzdt,
<0t (%) 9/_9RZ+ /K&Lx((u ) > 0)dr
Let us now consider the change of variable ¢ = 5 and define the functions
1](72?) = u("t)v gn( ’ ) En( ) )
Then, for
/ / (@ — ky)— > 0)dxdt,
Ryt KRn
inequality (4.4) becomes
N Pl P
sup / (0 —kn)? & (z,t)dx
—Ry" <i<0/Ern
— ot N
* Z/ + / —ka)-[" &" dedi (4.5)
RL

M f)f
Rp* 2
From the definition of k,,, we have

w 0

_ _ _ - ~ B -
(W)pAn-l-l = [kn — kpt1[P Api1 < / + / (U —kp)2 & dudt.
_RZ KRn
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Now we use Holder’s inequality with exponents Ni_ﬁ and = to obtain

P 0 ~ B B/p* . _
(72:13>pAn+1 <C / - ( /K (i~ ko) &) x) diAP/N,
—fin Ry,

where p* is defined in (2.1). So, by the anisotropic Sobolev inequality (2.2)), we
have

N _ P
5 B/p = o~ .5
< _ P; Np; Ap/N
e o T T ho) 7 e o
N 0 Bp;
) R
<C / i—kn)_|Pi & T dadi
H{ e b | a@( )|

0
+/ (i — kn)? | 22217 da dt}”” AP/N.
-ry" JKkng,

N
D

Since 0 < &,(x,t) < 1, we choose § such that p™ < 6’%, fori = 1,2,...,N.
Therefore, using (4.5 we obtain

+
op™ (n+2) + El
(2n+3)pAn+l < CT % p A»}L+N. (46)
A direct calculation leads to
+ 1+ _
|Q(RY, R)|' < 9P HN RPOHE), (4.7)

T
|Q(sz+17 Rn+1)|
Next, if we define
An

Xy = ——"
QR Ry)

)

we obtain the recursive relation

Xnt1 < C4np+(;)p X,

Thus, [12) Lemma 4.1 in Chapter I] implies that if
Xo < [y ) Nt B <y, (48)
then
X, — 0. (4.9)
But (4.8]) is nothing but the assumption (2.8). Hence, the result easily follows from
(14.9)- 0

Now consider the time level —f = t* — 9(§)p+, then from the conclusion of
Lemma [£.1] we have
. w
u(z, —t) > p~ + 1 e forz € Kr.
We will use this time level as an initial condition to bring the information up to
t = 0, and therefore to obtain an analogous inequality in a in a smaller cylinder.
The first step in this direction is given by the following lemma.
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Lemma 4.2. For every vy € (0,1), there exists a positive integer s; depending on
the data and w, such that

_ w .
|{.’L’ S KR/4 : u(gc,t) <pu + 2T1}| < 1/1|KR/4|, vVt € (—t,O). (410)

Proof. Consider the cylinder Q(f, R/2) and write the logarithmic estimate (3.2)
over this cylinder, for the function (v — k)_, with
W w

k = ‘LL + Z and C = W,
where n is to be chosen later. We define H, such that

_ _w w

k—u< H :esssupQ(tA%)Ku—u fz)_| 1

Assuming H,. < % (else the result is trivial). Then the logarithmic function 1~ is

8
well defined and satisfies the inequality

IN

(4.11)

¥~ <nln(2) since Hk_ﬁzk_—k—i—c < % =27 (4.12)
and, for u # —k + ¢,
1 1
0< (W) < T vu_hte << (4.13)
and
(Y @P = (Hy fu—kto < () 2 (4.14)

For t = —, by Lemma we have u(zx, —t) > k, and therefore
[~ (w)](z,—t) =0 forx € Kg.

To obtain the estimate, we choose a cutoff function 0 < {(x) < 1, defined on Kz,
such that

pt
{=1in Kz and |§§i|§(%)ﬁ,fori:1,2,...,N.

Gathering these estimates in (3.2]), and using that
2~ W \2—p~ +
f<(G)" R, (4.15)

we arrive at

sssup_jco [ (P do
Kg X{t}

N 0 8&-
- Y 2—pi(z,t) i(z,t)
<OX [ vl e 2 e

8 (4.16)
W, - +
<C ”111(2)(5)]0 Q(E)p ﬂKR/4|

W - 8.\ ,+
< 2y =22 \p
<Cn(5) 2H)" (
SCnQA(p7_2)|KR/4|.

w

2-p~ pt
2)\) P RP |KR/4|
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The left hand side of (4.16) is estimated from below integrating over the smaller
set

w ~
2n+2}CKg, te (—t,O).

On such set, £ =1 and ¥~ > ((n — 1) In(2)), because
_ Hk_ Z — % — = — > — 2n71
H vu—k+ 5%  Stu—k+55 u—p +55 2012

Putting this in (4.16)), we obtain that for all ¢ € (—%,0),

S={rec Kpy, u(z,t) <p +

IS
N

|| < C——52"" "2 |Kpyl.

n
(n—1)
The proof is complete once we choose s1 =n+ 2 withn > 1+ %2)‘(”7_2). O

The conclusion of Lemma[d.2] will be employed to deduce that, within the cylinder
Q(t, %), the set where u is away from its infimum is arbitrarily small.

Lemma 4.3. There exists 1 < sg € N, depending on the data and w, such that

_ w - R
u(z,t) > p~ + Joati  O€ (x,t) € Q(t, g) (4.17)
Proof. Define two decreasing sequences of positive numbers
R R _ w w
ang‘f'm, k’n:/J/ +252+1+252+1+n’ 712071,....

We construct the family of nested and shrinking cylinders Q(#, R,,), and letting
0 < &n(x) <1 be piecewise smooth functions in K'g, that equal one on Kg, ., and
ot 2m+pt/pf
Oy 2
Lemmaimplies that (u—k,)_ (v, —t) = 0in Kg,. Now, since (u—k,)_ < w/2°2,

by using (4.15) and letting so > A +

fori=1,...,N.
Rpt/pt

pf’_z we obtain

t
()P
Therefore, with these choices, and by applying the local energy inequalities (3.1
on the functions (u — k,,)_, we obtain

-t
sup / (u— k)P & dx
(?)” —#<t<0J Kg,, x{t} " !

AN 9 _ ot
+ // w—kp)_|P €L dxdt
; —t KR7L|8$1‘( )
N 0 p+
(g o k)

+ /Ot/KRn X((u = k)~ > 0) do dt)

CLnN( “ )P+ /0/ ((u—ky) Ydxd
< x((w n)— > 0)dxdt.
RpT 2252 —iJKn,

(u—kp)2 > (u—kn)? .

t

%I”? da dt (4.18)
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We divide by ﬁ, and introduce the change of variable t = t(%)p+ /t. As in the
B

proof of Lemma [4.1] we arrive at

w

n
np 4 5
2 w )p 1+Z

D
(282+2+n) Ant1 < O (282 : (4.19)
where
0 ~
A, = / / X((@ — kp)— > 0)dx dt.
~($)" JKr,
Here we have considered @(z,t) = u(x,t). Next, we define the numbers
A
Xp=—p——r.
QUF)P", Rn)
Dividing (4.19) by Q((%)er,RnJrl), we obtain the recursive relation
w = P
Xns1 < 6*4:"1)*(2?2?+ PX, T
Therefore, [12, Lemma 4.1 in Chapter I} implies that if
Xo < [C(g5) 7 PG <y, (4.20)
then
X, — 0. (4.21)

By applying Lemma with s; := so we obtain easily (4.20). Hence, the result
easily follows from (4.21). O

As an immediate consequence we obtain the reduction of the oscillation of w.

Corollary 4.4. There exists a constant oy € (0,1), depending only on the data
and w, such that if (2.8)) holds then

€SS 0SCq (g(r/s)yrt Rys) U < TOW. (4.22)
Prloof. The proof follows since Q(H(%)p+, %) c Q(i, %), where we have og = 1 —

" O

Assume that (2.8) does not hold, then (2.9 holds. Even in this case, we are able
to deduce a result analogous to Corollary [£.4]

Lemma 4.5. Assume that (2.9)) holds, then there exists a time level

to €[t —ORY ¢t — %93?*], (4.23)
such that
L ow 11—y
o € Kn, ule,to) > " — £} < (1) | Kal. (4.24)
2
Proof. In fact, if (4.24)) does not hold, then also (2.9)) does not hold. O

This lemma shows that at the time level £y, the portion of the cube K where
u(zx) is close to its supremum is small. The next lemma claims that this indeed

occurs for all time levels near the top of the cylinder (0,¢*) + Q(OR?", R).
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Lemma 4.6. There exists 1 < s3 € N, depending on the data and w, such that, for
all t € [t* — “ORP" 1%],

o€ Kr:u(e,t) > pt = 223 < (1= ()))|Krl. (4.25)

Proof. Consider the cylinder Kg X (to,t*), and the level kK = p* — . Then we

2
define
w

2) +l = 2
Assuming that H ,': > ¢ (otherwise there is nothing to prove). Select n € N big
enough so that

u—k<H! = €8S SUD e (10,4+) | (U — T +

(4.26)

w
_ +
O<ec= 2n+1<H

Then the logarithmic function ¢ is well defined and satisfies the inequalities
+ Hy 7
<nln(2) since <& =27 4.27
YT snn() Hf—u+k+c™ c (4.27)

and, for u # k + ¢,

by ! !
O s pF ke S e (4.28)

and
(W) @) PP = (H —ut ko 2< (o) 2 (4.29)

2
In the logarithmic inequality (3.2 applied to the function (u — k)4, let © — £(x)
be a smooth cutoff function defined in K such that for some 7w € (0,1)

0<¢{<1inKgr, §=1on Ki g,

+

< (xR) * fori=1,...,N.

Gathering these estimates in (3.2]), using Lemma and that
t* —t < ORP", (4.30)
we arrive at

esssupt0<t<t*/ [w+(u)]2§p+dx§/ [t ()2 da

Krx{t} Krx{to}
" + 2—p;(x,t) af i(z,t)
+CZ @) ]P0 i) g gy
to
1-— _
<n?<hﬂ2>2<1 Vo)lKR|+On1n<2><§>P —2<wR>—p*<t*_to)\KR\ (4.31)
2
1

n?(In2)? (55 ) || + cn1n<2><§>f-2<wR>-p*eRp*|KR|
2
1-—

n2(1n2)2( )|KR|—|—C —|Kg|.
5

The left hand side is estimated below by integrating over the smaller set

S={zreKq_mpr:uzt)>p" - } C Kp.

2n+1
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On such set, £ =1 and %" > (n — 1) In 2, because

Hy
Hf —u+k+c ™ §—u+

o~ [NIES
IV
\E‘M\S
IV
[\
3
i

w
+ 2n+1

N

since one has —u + pu* < w/2". Therefore for all t € (to,t*),
n 2 l—VO
S| <
‘ |—{(n71) (171/72())—'_

Consequently, for all ¢ € (tg,t*),

C
nwP" }|KR|'

w
on+1 }|

Hz € Kg:u(z,t) >ut —

n 2,1—1 c
S{(n—1> (1_%)—’_”,”1# +N7T}|KR|'

The proof will be complete once we choose 7 so small that N7 < %Vg, then n so
large that

c 3, n o2 7
p— Sg”o and (n—l) S(l—?)(1+1/0)<1,
and finally take s3 =n + 1. O

Recalling that t € [t*—0RP ", t*— ”—2"¢9R”+} and choosing A so that 2-D(P™=2) >
2, the previous lemma immediately implies the following lemma.

Lemma 4.7. There exists 1 < s3 € N, depending on the data and w, such that for
allt € (~%RP",0),

w

{z € Kr, uz,t) > p" — o

H< (= (KR (4.33)

From Lemmawe deduce that within the cylinder Q(LLQRP+ , R), the set where
u is close to its supremum is arbitrarily small.

Lemma 4.8. For every vy € (0,1), there exists s3 < A € N depending on the data
and w, such that

{(@,t) € QR R) ulat) > i = SH S mlQ(GR LR (4.34)

Proof. Consider the cylinder Q(aOR”+,2R) and the level k = ™ — £ for s3 < s <
A, consider also the local energy estimates (3.1) for the functions (u — k), where

0 < &(x,t) < 1is a smooth cutoff function defined in Q(agRP",2R) and satisfying

§=1inQ(FR",R), ¢=00n0,Q(aR" 2R),

23
8xi

| <

S fori=1,....,N, 0<&<

aORP+ ’
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Neglecting the first term on the left hand side of (3.1), and using the indicated
choices, we obtain

Z//(%R+ o Ty 8~ R0l dot

ﬁvﬁ
X

+
< C / / — k)"
Z Q(agRrT, 2R) 1o
+ // (u— k)2 & dr dt
Q(aoRP™ 2R)
+ // X(u = k) > 0)dudt)
Q(aoRPT 2R)
N 4.35)
1 + (
<Ol — // (u—k)pi dx dt
(Rp+ z:zl Q(GTORP+7R) +
1
S — k)2 dzdt
- agRP* //Q(“QORP*,R)(U Jide

+ // x((u—=k)y >0) dxdt)
Q(LR**R)

1 p* 1 P — pt
SC(RM;) +Rp+(2%) () 1) QG R R)|
C
SR,,+( QLR R).

Here, we used (| and the fact that s < .
Next, for each s < A, introduce the two Complimentary sets

As(t) ={zr € Kg :u(z,t) > p" — 25

Kp—As(t)={zx € Kp:u(x,t) < p* ;
and let

0
As = / Agy(t) dt.
—aoRP+/2

Now, consider the doubly truncated function such that for all t € (f%’Rer ,0)

0 for u(z,t) < pt — %
o= - 8) for - $ o) < g (430
skt for put — 545 < u(m,t).
By construction v vanishes on Kg— A,(t). Selecting two points x = (1, ..., TN, t)

in A; and y = (y1,-..,yn,t) in Kg— A(t), we construct a polygonal joining x and
y with sides parallel to the coordinate axes, for example Py = x and
Py_1=(x1,...,on_1,Yn), Pn_2=(21,...,yN-1,YUN)s---,
P1:($1a2127--~7yN)a PO:(Z/17~-~,?JN)~

By elementary computations, we have

vs(x,t) = [us(Pnyt) — vs(Pn_1,t)] + -+« + [vs( Py, t) — vs( Py, t)]
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0
/yN 8$N xla'--7xN—1aC7t)dC

N-—-1 8
—1—/ Vs(X1,. o xN—2,(, YN, t)dC + ...
y

N-1 drN -1

Xy a
+/ 8551 (C y27"'7yN7t)dC

_Z/ Vs (@1, .y Coee ey yns )| dC

Integrate in dx over A4(t) and in dy over K — A4(t), and take into account Lemma
[4.7] to obtain

85
”0 |KR|/ vsdm<2R|KR|Z/ !

Therefore, by the definitions of A4(t) and v,, we have

w
o] < S /
Qs+1 1478 Z A,

Integrating for ¢ € (fa—ORp ,0), and using (4.35)) we conclude that

w
S Ml < Z//
5+1

|dac
(£) = Auir (t) 3%

CR // ou - L/n- 4.37
— P dadt)/? A~ A (4.37)
< ; N \axil )
C  wipt/p™ a0 1/
< (= P Ay — Agyy| 7
<2 (G IR R B4~ Al
If s is large enough so that (Qi) - 2 B 1, from we obtain
C _
[Aui| < SIQ(ZR R)7|A, - A (4.38)
Yo

for all s3 < s < A. According to the previous energy estimates we obtain, for
s=83,83+1,...,A—1,

+

- —2p~ agp » 1
[Asa[ 7771 < Clwo) =1 |Q( BY L R)[7™ =1 [As = Asal,

and we then add these inequalities for s = s3,s3+1,..., A — 1.
Since pt — 355 < pt — 3%, and Ay > Ay, we have

A=l -

DAL > (A—s)AL

8§=83

Also note that Zs . |As — Asi1| < |Q(LRP
arrive at

+,R)|. Collecting these results, we

AASi( 0)~ 2|Q( R)|
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The proof is complete once we choose s3 < A € N sufficiently large so that

C

O

Lemma 4.9. The number vi € (0,1) can be chosen (and consequently \), such
that

w ao R +
u(z,t) < pt — i e (z,1) € Q(— 5 (2) ,R). (4.39)
Proof. Define two decreasing sequences of positive numbers
R R 4 w w
R":§+2n+1’ fin = po ~ i1 g =01

Now, consider the local energy estimates (3.1) for the functions (u — ky)+ over
the constructed family of nested and shrinking cylinders Q(%Rﬁfr, R,), where 0 <
&n(z,t) <1 are smooth functions defined in Q(%Rf’:,Rn) such that

S0 =1 Q(FRYy Rua). & =000 9,Q(F R Ra),

afn 2n+1 :Di 2P+(n+1)
|8Ii‘§(R) fori=1,...,N, 0<(5n)t§w-

Since (u — k)3 > ag(u — kn)ﬁi, we obtain

- ot

A0 ESSSUP 4y o+ / (u—kp)t & dx

- RET <t<0 Kn, % {t} +
Y / o 1m0

n+1
< C T / / dx dt

CL() 20 R”+
Pl(x t)
+Z[mRP+/I( u—k dx dt
/ / (u—kp)y >0)de dt)
20 Rp+ KR”

n+1
07 -k 0)dz dt.
< () / /KR” (1= k) > 0) s

We divide by ag throughout the above inequality, and introduce the change of
variable t = <. Using the same tools as in Lemma H we arrive at the inequality

2

fp dx dt

w

_ o
(o) Ant < O (55)7 An'Y (4.40)

=7 ReT \2X

// Ekn)y > 0)da dt,

where
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here we considered u(z,f) = u(z,t) and &,(z,1) = & (x,t). Next, if we denote

= IQ(R:‘#)I’ then we obtain

n

npt s W t_p 1+ 2
Xn+1 < c4nr (27)\)20 an N

Therefore, by using [12] Lemma 4.1 in Chapter I], the result is proved if we assume
that

W pt =P =N/P ,—pt+ ()2
Xo <[C(57)" ] &) = (4.41)
For this value of 1, Lemma [4.8] implies that X, < v;. Hence, we can conclude that
X,, — 0 when n — 400 and the result follows. O

As an immediate consequence we obtain the reduction of the oscillation of u in
the second case.

Corollary 4.10. There exists a constant o1 € (0,1), depending only on the data
and w, such that if (2.9)) holds then

€8S 05Cy ag ()t 1) U < oqw. (4.42)

The proof of the above corollary follows by choosing 07 = 1 — ﬁ Now, we are

able to prove Proposition recalling the conclusions of Corollaries [1.4] and

and since 9(%)1’Jr < % (8)r7 | we obtain that

€SS 0SC u < ow
QO(Z)rt By Y = ’

where o = max{og, o1}
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