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NEUTRAL STOCHASTIC PARTIAL FUNCTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS DRIVEN BY
G-BROWNIAN MOTION

BINGJUN WANG, HONGJUN GAO

ABSTRACT. In this article, we define the Hilbert-valued stochastic calculus
with respect to G-Brownian motion in G-framework. On that basis, we prove
the existence and uniqueness of mild solution for a class of neutral stochastic
partial functional integro-differential equations driven by G-Brownian motion
with non-Lipschitz coefficients. Our results are established by means of the
Picard approximation. Moreover, we establish the stability of mild solution.
An example is given to illustrate the theory.

1. INTRODUCTION

Neutral stochastic partial functional differential equations driven by Browniam
motion (or Lévy process ) arise in many areas of applied mathematics. For this
reason, the study of this type of equations has been receiving increased attention
in the last few years (see [2] and references therein). In [2], Bao and Hou stud-
ied a stochastic neutral partial functional differential equation. Then Diop et al.
[5] extended the results to stochastic neutral partial functional integro-differential
equations. In this paper, we focus on the study of neutral stochastic partial func-
tional integro-differential equations in G-expectation framework.

Motivated by uncertainty problems, risk measures and the superhedging in fi-
nance, Peng systemically established a time-consistent fully expectation theory. As
a typical and important case, Peng introduced the G-expectation theory(see[12] [13]
141, [15]), which provides a unified tool for stochastic analysis problems that involve
non-dominated family of probability measures. In the G-expectation framework,
the notion of G-Brownian motion and the corresponding stochastic calculus of 1t6’s
type were established. On that basis, many results about the stochastic ordinary
different equations driven by G-Brownian motion are studied(see[T], [l 7} @, 111, 17
18| 19]). However, so far as we known, there is no result about stochastic partial
differential equations driven by G-Brownian motion. The main difficulty is that the
infinite dimension G-Brownian motion and infinite dimension stochastic calculus in
G-framework are undefined.

Motivated by the above mentioned works, in this paper, we first define H-valued
stochastic calculus with respect to one-dimensional G-Brownian motion, where H
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is a real separable Hilbert space. On that basis, we study the existence, unique-
ness and stability of mild solution for the following neutral stochastic partial func-
tional integro-differential equations driven by G-Brownian motion in the space of
L&/(Qr, H),

d(u(t) + g(t, ut))

= A@t)(u(t) + g(t,ue))dt + | R(t — s)(u(s) + g(s, us))ds
+ f(t,ug)dt + h(t,up)d(B)s + o(t,us)dBy, te[0,T],
uo(-) = ¢ € C([=r,0; LE(Qr, H)), >0,

where A(t) : D(A(t)) C L (0, H) — LE(Qr,H), R(t) : D(R(t)) C LL(Qr,H) —
L% (Qr,H) are linear, closed, and densely defined operator on the space LZ (Qr, H),
u(0) = u(t + 0) for 6 € [—r,0]. ((B)¢)i>0 is the quadratic variation process of the
G-Brownian motion (Bi)i>0. The coefficients f,g,h,0 : [0,T] x LL(Qr,H) —
LZ(Qp, H) are jointly continuous functions will be proposed in section 3.

The rest of this article is organized as follows. In section 2, we introduce some
preliminaries and define the Hilbert-valued stochastic calculus with respect to G-
Brownian motion . In section 3, we prove the existence and uniqueness of mild
solution. The stability of mild solution in the mean square is discussed in section
4. Finally, we give an example in section 5.

(1.1)

(=)

~

2. PRELIMINARIES
In this section, we introduce notation and preliminary results in G-framework
that are needed in the sequel. More details can be found in [4} [10, 14} [15].
Let Qr = Cy([0,T7]; R), the space of real valued continuous functions on [0, 7]
with wg = 0, be endowed with the distance

dlw' w?) — 9N R TN
(w*, w*) Nz_:l ((Orgntz%met wy|) A1),

and let B;(w) = w; be the canonical process. Denote by F := {F; }o<¢< the natural
filtration generated by B. Let L;p(Qr) := {@(By,,...,B,) : ¥Yn > 1,t1,...,t, €
[0,T],Vo € Cy.rip(R™)}, where Cp 1;p(R"™) denotes the set of bounded Lipschitz
functions on R™. A sublinear functional on L;,({)r) is defined as follows: for all
X, Y € Lip(Qr),
(i) Monotonicity: E[X] > E[Y]if X > Y.

(ii) Constant preserving: E[C] = C for C € R.

(ili) Sub-additivity: E[X + Y] < E[X]+ E[Y].

(iv) Positive homogeneity: E[AX] = AE[X] for A > 0.
The triplete (€2, L;,(Q7), E) is called a sublinear expectation space and E is called a
sublinear expectation. X € L;,(Qr) is called a random variable in (Q, L;,(Q7), E).

Definition 2.1. A random variable X € L;,(dp) is G-normal distributed with
parameters (0, [0?,5?]), i.e., X ~ N(0,[a?,5?]), if for each ¢ € Cp 1ip(R), u(t,z) :=
E[p(x + v/tX)] is a viscosity solution to the following PDE on Rt x R:
ou 0%u
— —G(5=)=0
ot (8:52) ’
Uty = 30(.’17)7

(2.1)
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where G(a) == 1(a*6? —a"0?),a € R.

Definition 2.2. We call a sublinear expectation [ : Lip(Q1r) = R a G-expectation
if the canonical process B is a G-Brownian motion under E[-], that is, for each
0 <s <t <T, the increment B, — Bs ~ N(0,[c?(t — s),5%(t — s)]) and for all
n>0,0<t <...<t, <Tand ¢ € L;p(Qr),

E[@(Btl, ey Btn—l’Btn — Btn—l)} = E[’(ﬁ(BtU ey Btn—l)]?
where ¥(z1,...,2n_1) 1= IE[(p(a:l, ey Ze1y VT — o1 B1)].

Let us define the conditional G-expectation [k, of € € L;p(Qr) knowing L;,(€2),
for t € [0,7]. Without loss of generality, we can assume that £ has the repre-
sentation £ = ¢(B(t1), B(t2) — B(t1),...,B(t,) — B(tn—1)) with ¢t = ¢;, for some
1 <i<n, and we put

Eti [@(B(tl)’ B(t2) - B(tl)a ERE B(tn) - B(tn—l))]
= @(B(t1), B(ta) — B(t1),...,B(t;) — B(ti—1)),

where @(Il, ey IZ) = E[@(Ih e ,IEi,B(tH_l) — B(tl), ceey B(tn) — B(tn_l))]

Definition 2.3. Quadratic variation process of G-Brownian motion defined by
t
(B); := B? — 2/ B,dB,
0

is a continuous, nondecreasing process.

For p > 1, we denote by L7 (Q7) the completion of L;,(Qr) under the natural
norm || X||,.c == (E[|[X|P])"/?. For all t € [0,T], E and E, are continuous mapping
on L;,(2r) endowed with the norm || - ||1,¢. Therefore, they can be extended
continuous to L (€7) under the norm || X |1 6.

Theorem 2.4 ([4]). There exists a weakly compact subset P C M(Qr), where
M(Qr) is the set of probability measures on (Qr, Fr), such that

El¢] = max Ep(§) V€ € L (D).

P is called a set that represents E.
Let P be a weakly compact set that represents E. For this P, we define capacity
C(A) = sup P(A), A € Fr.
PeP

A set A C Qp is a polar set if C(A) = 0. A property holds quasi-surely (q. s.) if it
holds outside a polar set.

Let H be a real separable Hilbert space equip with the norm || - || and the inner
product (-,-)g. We consider the following space of random variables:
Lip(Qp, H) := span{X € H||| X (w)|| € Lip(Q7r)}, (2.2)

where span indicates that the space of all linear combinations of the correspond-
ing random variables is considered. We denote by L% (Qr,H) the completion of
Lip(Q7, H) under the norm || X[, := (E[|X|?])"/?. Then (LY (Qp, H), | X||,) is a
Banach space and the operator I@[] can be continuously extended to the Banach
space L, (Qp, H).
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Next, we introduce H-valued It6 integral of G-Brownian motion. We consider

the following type of simple process: for a given partition mp = tg,t1,...,tn of
[0,T], set
N-1
gk(w)l[tk,tk+1)(t)v
k=0

where &, € LT (Qy, ,H),k =0,1,...,N — 1 are given. The collection of these pro-
cesses is denoted by Mg’O(O, T;H). We define the following norm on Mg’O(O, T; H):

1 [T L s
Inllare = (T/o E[[ln(t)||)dt) /P = Z &k (w)|[P (trs1 — )7
=
Finally, we denote by M%(0, T; H) the completion of M%°(0, T; H) under the above

norm. Moreover, Mg(O,T;H) MZL(0,T;H) for p > q.

Definition 2.5. For n € M} O(0 T;H), the related Bochner integral is

/0 n(O)dt = S Ew)(tor — t2).

Lemma 2.6. Let n € MA(0,T;H), then we have

i) / sl < [ Blln(s)lds.

Proof. According to the real-valued Bochner integral defined in [I4] and the prop-
erty of sublinear expectation, we have

i) / s)ds| < B / In(s)lds < / (s ds. 0

Definition 2.7. For n € M5°(0,T;H) of the form n(t) = Zg;ol Ee(W) 1ty t01) (1),
define
N-1

) = / &x(Bltes1) — B(ty)).

k=0

The mapping I : Mé‘O(O,T; H) — LZ(27,H) can be continuously extended to
I:MZ(0,T;H) — L%(Qp, H). Moreover, we have the following Lemma.

Lemma 2.8. Suppose n € MZ(0,T;H), then fort € [0,T], we have

&l [ ) <o [ Elnto)as

Proof. Let us consider the case

n(t) =Y (W), 0,0 () € ME°(0,TH).
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Then

M/n@wsz

_E||Z§k (tre1 At) = Bty A L))

N-1
=B Y |€e(B(trsr At) = Blty AL))|J?
- (2.3)
+2 ) (&(B(tigr At) = Bt A1), &(Bltrs1 At) — Btk A1) n]
j<k,j=0
) N-1
<SED €e(B(ters At) — Btk A1))|]
S
+2E] D (&(B(tiqr At) = B(t; A1), &(Blter1 At) — B(ti At)))n].
j<k,j=0

However, since E[(B(t) — B(s))?] = a2(t — s) and & is independent, from B(tp,q A
t) — B(tr At), we have

2

-1

B[ N€r(Bltrsr At) = Blte AD))|°]

=~
I

N

=B D (@(B(trpr At) — Bty At)).e)}]
k l

-1

Il
=)

<

(
B> (&r ) (Bt At) — Bt A1))?] (2.4)
l

lng

2
L

< PPED (Grr )i (tern At —ti AL)]

=0 l

t
=ﬁ/mwmws
0

X

Here, {¢;} is the standard orthonormal basis of space H.
On the other hand, by the property of sublinear conditional expectation, we have

N-1

E[ Y (§(B(tjoa At) = B(t; A1), E(Bltryr At) — Blty At)))a]
j<k,j=0
N-1

< Y B[ (Bt At) = Bty A1), &k(Bltksr At) — Bty A1) ]

j<k,j=0

Y Bl &)n(Bltjsa At) = Bty A1) - (Bltesr At) = Blte A1) (2.5)
j<k,j=0
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N-1
= Y BELIG &) (Bt A~ Blt; AD) - (Bt At) — Bltx A1)]
71<k,j=0

N-1 R )
- BI(¢, &) (Bltyor At) — Blty A1) - B, [(Bltiss A) — Bt A1)
j<k,j=0
=0.

Then by 7, we have
t t
MAW@M@WS#AEWﬂW&
For a general n € MZ(0,T;H), choose {n™,n > 1} € Mé’O(O,T; H) such that
T
A Bllln(s) — 1" ()|ds > 0,
R T T
Eny/ n"@ﬂdBw)—l/ ndB(s)|?) = 0,
0 0

as n — 0o. Then we have

T
EWA7MMM@W

- - (2.6)
< K[| ; (n(s) — 1" (5))dB(s)||’] +IE[||/0 0" (s)dB(s)|%].
It is easy to get the result when n — oo on . O

Definition 2.9. For n € M5"(0, T;H) of the form n(t) = S5 0" &k (w) ity 10,0 (1),

define
N-1

mm:émwwm=z@wmﬂﬁm»

k=0

The mapping @ : Mé’O(O,T; H) — L (Q, H) can be continuously extended to
Q: ML(0,T;H) — L (Qp, H). Using a similar discussion as in Lemma 2.8 and the
fact that (B); — (B)s < 72(t — s) in Lg(Qr) for 0 < s <t < oo, it is easy to get
the following lemma.

Lemma 2.10. Letn € Mé(O7T; H), then there exists a constant Cy > 0 such that

EmAn®ﬂEAﬂSQHAHmw%ﬂ

Lemma 2.11 ( Bihari’s inequality [3]). Let H(y) be a continuous, nondecreasing,
and concave function iny € RT such that H(0) = 0. Let y(-) be a Borel measurable
bounded nonnegative function on [0,T], and let v(-) be a nonnegative integrable
function on [0,T]. If

t

vt) <c [ H @), tel01)

0

Then ,
u(t) <TI0+ [ ots)as)
0
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holds fort € [0, T] such that J(c)—l—f(f v(s)ds € Dom(J 1), where J(7) = [ %ds,
on ™ > 0, and J~! is the inverse function of J. In particular, if ¢ = 0 and
Jo+ ﬁdy = +o0, then y(t) =0 for t € [0,T].

Lemma 2.12 ([10]). Let the assumptions of Lemma hold. If for Ye > 0, there
exists t1 > 0 such that for 0 < yp < ¢, f:v(s)ds < fyso ﬁdy. Then fort € [t1,T],
the estimate y(t) < € holds.

3. EXISTENCE AND UNIQUENESS OF THE SOLUTION

In this section, we aim to study the existence, uniqueness of mild solution for
equation in the space of LZ(Qr,H), where A(t) : D(A(t)) C L% (Qr,H) —
L%L(Qr,H), R(t) : D(R(t)) C L&(Qr,H) — L%(Qr,H) are linear, closed, and
densely defined operator on the space LZ,(Qr,H), u(0) = u(t + 0) for 6 € [—r,0].
The coefficients f, g, h,o : [0,T] x LZ(Qr,H) — L% (Qr,H) are jointly continuous
functions. In other words, we have supy<;<7 E[||¢(t)||?] < oo, which implies that
RS MC%(O7 T;H) for ¢ = f, g, h,o. Thus the stochastic calculuses appeared in
are meaningful.

Let C([-r,0]; L% (Qr, H)) be the family of all continuous functions in L% (Q7, H).
Let [|¢l|2 = sup_,<pco E[l0(0)]|?]. Let A be the infinitesimal generator of a
strongly continuous semigroup on L% (Qr,H) and (S:);>0 be the corresponding
resolvent operator on Lé(QT,H). Regarding the theory of of partial integro-
differential equations and resolvent operator we refer the readers to []], we omit it
in this paper. Now, we give the definition of mild solution for equation .

Definition 3.1. A process {u(t), —r <t < T} is said to be a mild solution of (1.1)),
if u(t) = ¢(t) on [—r,0], and the following conditions hold:

(i) u(t) € L%(Qr,H) is Fi-adapted and continuous in ¢ € [0,7] g.s.;

(ii) For t € [0,T], we have q.s.

u(t) + g(t,ug) = SE)((0) + (0, 0)) + / S(t — 5) (s, us)ds
(3.1)

+/0 S(t — s)h(s,us)d(B)s +/0 S(t — s)o(s,us)dBs.

To prove the required results, we assume the following conditions.

(H1) A is the infinitesimal generator of a strongly continuous semigroup on
L%(Qr,H). (S(t))t>0 is the corresponding resolvent operator which sat-
isfies S(0) = I and ||S(t)|c < NePt for some constants N and 3, where
| - Iz denote the operator norm.

(H2) f,g,h,o : [0,T] x L% (Qp,H) — LZ(Qp,H) are jointly continuous func-
tions and satisfy the following non-Lipschitz condition: for any &,n €
C([_T7 O];LQG(QTvH))v

E|F(t.€) — f(t,m)* VE|R(t, &) — At n)|* V Ello(t,€) — o(t,n)|* < H(|E —nll2),
where H (y) is continuous, nondecreasing, and concave in y € R such that
H(0) =0 and [, ﬁy)dy = +00.
(H3) For each t € [0, T], there exists a positive constant K’ such that

1£ 2, 0)I* v (IR (t,0)* V o (t,0)* < K.
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(H4) For &,m € C([—r,0]; LZ(Qr,H)), there exists a positive constant K < 1,
for Vt € [0, T}, we have

Ellg(t,€) — g(t,n)|* < K2||€ = nl|Z.

Moreover, g(t,0) = 0 for ¢ € [0, T].

We construct a sequence of successive approximations defined as follows:
t), te|—r0,
uO(t) _ {SO( ) [ ] (32)

and for n > 1,

o(t), tel-r0]

() = 4 SD(2(0) +g<o @) = g(tup) + o S = s)f(s,up s 5
—|—f0 (t — s)h(s,u?"1)d(B)
+f0 (t —s)o(s,u”"YdB(s), te€][0,T].

Lemma 3.2. If (H1)-(H4) hold, then there exists a constant C > 0 which is
independent of n > 1, such that

sup Efu(t)]* < C.
0<t<T

Proof. Form the elementary inequality (a + b+ ¢+ d)? < 4(a? + b% + % + d?), we
have

sup Efu"(t) + g(t, up)|?
0<t<T

<4 sup BIIS(#)(p(0) +g(0,9))|I* + 4 sup E| S(t*S)f(s ug™h)ds||?

0<t<T 0<t<T
; (3.4)
+4 sup IEH S(t — $)h(s,u"")d(B),]?
0<t<T
t 4
+4 sup Bl [ S(t—s)o(s,ul B> =4 .
0<t<T 0 =1

From (H1) and (H4), we have
I <2M(1+ K?)llelE, (3.5)

where M = supy<,<7 ||S(t)||Z. On the other hand, in view of (H2), we obtain from
the Holder inequality that

t
I, <T sup I@/ 1S(t— ) f(s,u2™")|ds

0<t<T

T
§2TM[K'T+/ H(|lug=t[[2)ds)-
0
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According to Lemmas [2.8] and and (H2) and (H3), we have

t
I3 < C7 sup /E\|S(t—s)h(s,u?_1)\|2ds

0<t<T Jo

T
< ClM/ IEHh(s,uZ_l) — h(s,0) + h(s,0)||*ds (3.7)
0

T
<20y MIK'T + / H(|[u=2)ds],
0

and
I, < sup U2M/ Ello(s, u?™ b ds<52M/ Ello(s, u?~)|?ds
0<t<T
< 52M/ Ello(s,u™ ) — o (s,0) + o (s,0)]*ds (3.8)
0

T
§262M[K’T+/0 H(|[u™Y|%)ds].

Notice that H(u) is a concave function on u > 0, thus there exists a pair of positive
constants a, b such that H(u) < a + bu. Putting (3.5)—(3.8) into (3.4) yields for
some positive constants Cy and Cs, such that

T
sup Bllu"(t) + g(t,u})|* < Cs + Cy / a2 ds. (3.9)
0<t<T 0

By (H4), for K < 1, it follows that
sup EfJu" (¢)]|?
0<t<

. n 1 A n
sup Efu™(t) + g(t, up)||* + EogltlgTEHg(t,utW (3.10)
ST Sw Ellu™(t) + g(t, up)|> + K sup Ellu"(t)|]* + K]0l

— I8 0<<T 0<t<T
which implies

. 1 . K
sup E|u"(t)]]? < ———= sup E|u"(t) + g(t,uM)|]> + ——|¢|%. (3.11
s B0 < g sup Bl 0) +o(t )P + e lele (31)

Thus we have

A Cs CsT K
sup Elu™(#)|? < + + 2
Oﬁth H ( )” (1 _ K)2 [(1 _ K)Q 1— K]”SOHC
T (3.12)
—l—%/ sup E|ju""1(0)|?ds.
(1-K)*Jo o<o<s
Observing that
E [ < E 2, 3.13
Jmax, sup Eflu™ O < llelle + max oSup, Bl @l (3.13)
Then there exists positive constants Cy, C5 such that
T
max sup E|u"(t)|? < Cs+ Cy max  sup [[u™(0)|ds. (3.14)
1<n<ko<t<T 0 1sn<ko<g<s
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By Gronwall’s inequality, we derive that

max sup Ellu™(t)||? < Cs exp(C4T). (3.15)
1<n<k 0<t<
This completes the proof since k is arbitrary. ([l

Theorem 3.3. Let the assumptions of Lemma[3.9 be satisfied, then there exists a
unique mild solution to (1.1f).

Proof. Applying (3.3]), (H1)—(H4) as in the proof of Lemma for all t € [0, T
and m,n > 1, we can show that there exists a positive constant Cg such that

sup Blfu"*" (s) —u"(s) + g(s,ut™™) — g(s,ul)|?

0<s<t
¢ R (3.16)
<Cs | H(sup E|u""™ 1) —u""1(0)||*)ds.
0 0<6<s
By (H4), we have
sup B[ (s) — u”(s)[|?
0<s<t
1 ~
< sup ElJu™ ™ (s) —u"(s) + g(s,ugt™) — g(s,ul)||?
1 - K g<s<t
+ K sup E|u™™(s) —u™(s)|?
s B ()~ ()] @)
< / H( sup E|u"™"1(0) — u"~(0)]?)ds
1 - K 0<6<s
+ K sup El[u"(s) — u"(s)|>.
0<s<t
Then we have
sup Eflu™"(s) = u"(s)]*
0<s<t
(3.18)
H (sup B([lumm=1(8) — u"=1(6)|2))ds.
0<6<s
Let
Z(t) = limsup sup E[u"T™(s) —u"(s)>.
m,n—o00 0<s<t
From Lemma [3.2] (H2) and Fatou’s lemma, we get
Cs t
Z(t) < —— H(s, Z d
0 g [ Ml Z(s)as
By Lemma [2.11] we get
Z(t) = 0. (3.19)

So there exist a subsequence still denoted by {u™},cn such that for any n > 1

Osggzt]ﬁ[nu"“(s) u” ()| ]_ o

Then

B[y [lu" () — " Z [lum () = u"(@®)]7] <
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By the Chebyshev inequality in G-framework, it is easy to see that

Do) —u @)l < oo, ges.

n=1

Set u(t) = uo(t) + Yoo o(u"(t) — u™(t)). From (3.19), {u"}nen is a Cauchy

sequence in L (Qp, H). Consequently, we can conclude that supg< <, E([Ju"(s) —
u(s)]|?) — 0 as n — oo. Hence in what follows, we claim that u(t) is a mild solution
to equation (L.I). In fact, by (H2), the Holder inequality, Lemmas 2.8 and and
letting n — oo, we obtain

t
sup I@H St —8)[f(s,ul) — f(s7us)]ds|\2 — 0,
0<t<T 0
t
sup E|| S(t— s)[h(s,ull) — h(s,us)]d<B>sH2 — 0,
0<t<T 0
t
sup E| [ S(t—s)o(s,u?) — o(s, us)]dBs||* = 0.
0<t<T 0

On the other hand, by applying (H4), we can also claim, for ¢ € [0, 7], that
Ellg(t, up) — g(t,w)||* < K* sup Elju? —us|* — 0,
0<s<t

as n — oo.

Hence taking limit in both side of (3.2)), we obtain that u(t) € L%(Qr,H),t €
[0, T satisfy equation (3.1)). Moreover, u(t) in continuous in ¢ € [0, 7] q.s., since the
stochastic calculuses appeared in have quasi-continuous modification. Thus
u(t) is a mild solution to (I.I)). This shows the existence.

Denote by u;(t) and us(t) the mild solutions to (L.1]). In the same way as (3.18))
was proved, we can show that for some constant D > 0,

sup Ellur(s) — us(s)||? < D / H( sup Bllur (6) — us(0)|2)ds,

0<s<t 0<6<s
this leads to supOSSStIAEHul(S) — us(s)]|? = 0, which also implies u (t) = ua(t) q.s.
for any 0 <t < T. This shows the uniqueness. O

4. STABILITY OF THE SOLUTION

In this section, we study the stability through the continuous dependence of mild
solutions on the initial value by means of Lemma [2.12]

Definition 4.1. A mild solution u®*(¢) of equation (1.1) with initial value ; is
said to be stable in the mean square if for all € > 0, there exists § > 0 such that

sup ]E||u‘/’1(s) — u¥? (s)H2 <&,
0<s<t

whenever ||¢1 — @o||2 < 8, for all t € [0, T]. Here u®2(t) is another mild solution of
equation (1.1]) with initial value ¢o.

Theorem 4.2. Let u?(t) and u?2(t) be mild solutions of (1.1) with initial values
o1 and pa, respectively. If the assumptions of Theorem[3.3 are satisfied and K <
%, then the mild solution of equation (1.1|) is stable in the mean square.
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Proof. Estimating as before, we can show that

oililitE”u% (s) — u®(s)|?
<5 sup E[S(s)(01(0) — ©2(0) + g(0, 1) — g(0,2))||?

0<s<t

+5 sup IE|| S(s - Df(Lu") - f(l7uf2)}le2
0<s<t

+5 sup Ellg(s,ufl) — g(s,uf?)|]?
0<s<t

+5 sup E| [ S(s—D[h(l,uf*) — h(l,uf*)]d(B)|*
0<s<t 0

+5 sup E|| [ S(s—D[o(l,uf*) — o(r,uf?)]dBy|?
0<s<t 0

< (10M + 10MK? +5K%)|[p1 — pa2 + 5K S Efu?(s) — u??(s)|?
<s<t

t
5(Mt+C\M +Ma®) | H( sup El[u?(8) — u®(9)|]*)dl
0

0<6<1
Thus,
sup Efu (s) — u??(s)]?
0<s<t
(10M + 10M K2 + 5K?) )
< 1 5i? 1 — 2l (4.1)
5(Mt+ CiM + Ma?) /t R
H( sup Elu*? u®?
e (sup Bl ©) = uO)])d.
Let
(10M + 10M K? + 5K?) )
Yo = e o1 — p2lles
y(t) = sup Blju () — u(s)]?,
- 5(Mt+ C1M + Ma?)
H(y) := T sr2 H(y),

and v(t) = 1. Then (4.1)can be rewritten as y(t) < y0—|—f0t v(1)H (y(1))dl. Moreover,
by (H2), H(y) is continuous nondecreasing and concave in y E R* such that

H(0)=0and [, 7 dy = +o00. So, for € > 0, we have hmsﬁm s T y)dy = 4o00.
Thus, there exists a pOblthG constant § < &, such that f5 H(y) ——dy > T. Then for

Yo < 0 < e, we have

/y th)dy - /5 ﬁty) dy > T = /OT o(t)dt.

Hence, by Lemma [2.12] for all ¢ € [0,T], we have y(t) < e. This shows the mild
solution of (|1.1)) is stable in the mean square. O
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5. AN APPLICATION

In this section, we provide an example that illustrates the obtained theory. We
consider the following neutral stochastic integro-differential equation driven by G-
Brownian motion.

0
d[v(t,x)+/ g(t,v(t+6,x))do]

-T

_ (%[v(t,x) + /0 g(t,v(t+0,x))d0])dt

-Tr

t 2 0
+ (/O b(t—s)%[v(t,x)—f—/_ 3t v(t + 6,2))do]ds ) dt

0 ~ ~
+ ( | Juero, x))d&) dt + h(t, vt + 0, 2))d(B),; o)
+o(t,v(t+6,2))dB,, fort>0,0¢][-r0], zec]l0,n],

0
v(t,0) + / g(t,v(t+6,0))do =0, t>0,

0
v(t, ) Jr/ g(t,v(t+0,7))do =0, t>0,

v(0,z) = vo(0,z) € C([_Tv 0]5 L%‘(QTa L2([07 W])))v
for 6 € [-r,0], x € [0, 7],

where f,§,h,& : Rt x L%(Qr, L*([0,7])) — L%(Qr, L*([0,7])) are jointly contin-
uous functions, b : R™ — R is bounded and C' function such that ¥ is bounded
and uniformly continuous. Let Av(z) = v”(z), = € [0,7], v € D(A), where
D(A) = {v € L (7, L%([0,7]))| v'(x) is absolutely continuous on [0,7],v"” €
L2([0,7]),v(0) = v(m) = 0}. Then, A generates a strongly continuous semigroup.
Let R(t)z := b(t)Az for t > 0 and z € D(A). By [5, Theorem 2.2], there exists a
resolvent operator (S(t))¢>0 on LZ(Qr, L2([0,7])).

Moreover, for t > 0,&,n € L% (Qr, L2([0,7])), with || - || the natural norm with
respect to space L2([0,7]), we suppose that:

(i) there exists a positive constant L,, 7L, < 1, such that
19(8,€) = gt )l < LglI€ = nll,
(ii) there exists a positive constant Ly, such that
E|lf(¢t,€) = Ft.m)* < LyH(EE —nl),
(i)
E|A(t,€) = h(t,n)|I* < H(E|IE - nll*),
Ela(t,) —a(t.n)lI* < HE[E —n]*).
where H(-) is defined in (H2).

For z € [0,7] and ¢ € C([-r,0]; LL(Qr, L*([0,7]))), we define the operators
1,9, h,0: BT x C([—r,0); LE(Qr, L*([0,7]))) — L& (7, L2([0,7])) as follows

g(t,C)(x)Z/ g(t,C(0)(x))do,  f(t.¢)(z) = | F(t,(0)())de,
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h(t, Q)(@) = h(t,¢(0)(2)), o(t,()(x) = &(t, ((6)(2)).

If we put
u(t) =v(t,z), te€][0,T], z€l0,n],
o(0)(x) = vo(6,2), 8 €[-r0], ze0,]. (5.2)
Then we can rewrite equation in the abstract form
d(u(t) + g(t,w))
= A(t)(u(t) + g(t, uy))dt + /o R(t — s)(u(s) + g(s,us))ds (5.3)

+ f(t,up)dt + h(t,ug)d(B)s + o(t,us)dBy, t€[0,T],
up(-) = ¢ € C([-r,0]; L&(Qr, L2([0,7]))), > 0.

By the continuity of f, d, l~1, G, it is clear that f, h, o are jointly continuous on R™ x
C([-r,0]; LZ(Qr, L3([0,7]))) with values in LZ (7, L2([0,7])). On the other hand,
by (i)-(iii), it is easy to show that all the assumptions of Theorem [3.3| are satisfied.
Therefore, there exists a unique mild solution of . Moreover, this solution
depends on the initial value by Theorem [4.2]
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