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APPROXIMATE CONTROLLABILITY OF EULER-BERNOULLI
VISCOELASTIC SYSTEMS

ZHIFENG YANG, ZHAOSHENG FENG

ABSTRACT. In this article, we study an Euler-Bernoulli viscoelastic control
system which is dissipative due to the presence of the viscoelastic term. The
main feature which distinguishes this paper from other related works lies in
the fact that we no longer impose traditional conditions such as complete
monotonicity and decay property on the kernel function g. Without loss of
generality, we study the system in the case of g = 1. By means of the duality
principle and the Hahn-Banach theorem, we show that the system with g =1
is approximately controllable in the appropriate function space.

1. INTRODUCTION

With the development of applied mathematics and materials science, more and
more research has been devoted to the study of the mathematical models of vis-
coelastic materials which have both instantaneous elastic response and sustained
internal friction effects under the action of a load. The mechanical response of these
materials is to be influenced by the previous behavior of the materials themselves.
This memory property is usually described by an integro-differential operator in
mathematics. So, the so-called viscoelastic model is usually an integro-differential
equation with various initial-boundary conditions. A number of theoretical issues
concerning mathematical theory of viscoelasticity have received considerable atten-
tion, for example, see [5l [6] [TT], 12} 13}, 18] etc. In particular, the Hilbert uniqueness
method (HUM), proposed by Lions in [I3] Chapter 4] has been widely used in the
study of the exact controllability of distributed parametric systems.

Let © be a bounded domain with a smooth boundary I', and T" > 0 be the
time variable. Lions [13] considered the exact controllability of the Euler-Bernoulli
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system
utt—&—AQu:O ( )EQX(O,T),

u(z,0) = u(o)(aj), us(x,0) = uy )(a:)7 x €,

(,
w— 0, ( x, )EF\FOX(O T)
B Vo, ( T, ) €lg x (OaT)a

Ay J0 (@) ET\Iox (0,7),
B U1, (CC,t) € F0 X (OzT)a

by using the HUM framework, where I’y is a part of the boundary I', and the two
control functions vy and v; act on the boundary. Here, vy and v; are dependent
each other. Up to now, how to use a single control function (vy = 0 or v; = 0) to
achieve the exact controllability of system is still an interesting problem. Ex-
ponential decay rates for the solutions of Euler-Bernoulli equations with boundary
dissipation occurring in the moments only was investigated by Lasiecka [11], and
the exact controllability of the Euler-Bernoulli equation with boundary controls for
displacement and moment was established by Lasiecka and Triggiani [12].

For the study on the control problem of the viscoelastic heat equation

— Au+ /0 g(t — s)Au(z, s)ds = f(u), (1.2)

we refer the reader to [I7), 9] 22] 211 [7, 23] [I, 4] and the references therein. For exam-
ple, the controllability and identification problem for heat equations with memory
were studied by Pandolfi [I7]. Based on the theory of interpolation, Ivanov et al [9]
showed that the one-dimensional heat equation with memory cannot be controlled
to rest for large classes of memory kernels and controls. The approximate con-
trollability of a parabolic equation with memory was studied by using the duality
method [22]. As we know, the null controllability property of the heat equation with
a memory term fails for a special set of initial data [7]. The null controllability of
the heat equations with memory was also discussed by developing a new weighted
Carleman inequality [2] [4]. Moreover, a characterization of the set of nontrivial
initial data which can be driven to zero with a boundary control was described in
[23].
For the hyperbolic equation with memory

uy — Au + /0 g(t — s)Au(x, s)ds = f(u), (1.3)

the reachability, observability and controllability of a viscoelastic string were pre-
sented in [I5,[T4]. The exact controllability and the boundedness of the control func-
tion was shown in [I9]. Moreover, the memory-type null controllability property
of vicoelastic wave equations with exponential decay kernel function was consid-
ered by the duality principle and an observability inequality [I0]. The approximate
controllability of semilinear beam equations with impulses, memory and delay was
studied in [2].

It is notable that the results on equation are derived usually through im-
posing some restrictions on the kernel function g, such as completely monotonicity
or decay properties. If g = 1, that is, the kernel function has no support and it
does not satisfy the conditions like those in the above references, the methods used
in the previous works become invalid for equation or .
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In this article, we consider an Euler-Bernoulli viscoelastic control system

t
Ut + Uggax _/ ua:xac:c(s)dg =0, (l',t) € (Ovﬂ) X (O,T),
0

u(@,0) = u¥ (@), u(e,0)=u" (x), xe(0,m), (1.4)
w(0,t) = Upg(0,8) = ugy(m,t) =0, t€(0,T),
u(m, t) =v(t), te(0,7),

where u(0)7u§0) are the given initial data, and v is the control function acting on
the boundary. Compared with system , this viscoelastic system contains an
integro-differential term (i.e. the viscoelastic term with the kernel function g = 1)
and only one control function v. Because of the role of the viscoelastic term,
the energy of system is not conserved, but decayed. As we know, the so-
called observability inequality is the key to prove the exact controllability in the
HUM framework. But, the conservation of energy provides a great convenience to
establish the observability inequality. So, from the perspective of system control,
it is difficult for us to make effective control to the system behavior if we can not
catch the energy which is decayed. Moreover, in the process of estimating the norm
of the solution for system , the viscoelastic term is very difficult to be absorbed
by other global integral term. It always stays in the side of the local integral term.
Thus, the classical Carleman estimate can not be attained. As a result, one can not
use the local term to control the global term. So, the problem becomes challenging
while we study the exact controllability of system .

Inspired by this fact and the results described in [4, 11l 2] 3] 21], in this
study we first attempt to work on the expression of the solutions to the associated
dual system of the viscoelastic system, then explore the observability inequality by
making appropriate estimates to the solutions, and finally prove the approximate
controllability. Before processing our discussions, we have to figure out two issues:
(i) Which functional space is the dual system represented in? and (ii) can we
return to some classical functional spaces in which we can deal with the approximate
controllability of the original system? Fortunately, there have been helpful attempts
to such a problem. For example, the duality method was applied to consider the
approximate controllability of a perturbed wave system [20] [22]:

Yt — Ygz — EUtgex = 07 (J),t) S (07 1) X (OvT)a
y(2,0) =y (), yi(2,0) = 4" (x), @€ (0,1), (15)
y(0,2) =0, y(1,t) = h(t), te(0,T),
and a partial integro-differential system
t
Yt — Yo —|—/ y(z,s)ds =0, (=z,t) €(0,1)x(0,7T),
0

y(JC, 0) = y(O) (93), T € (07 1)7
y(()?t) =0, y(]-at) = h(t)a te (OvT)»

(1.6)

respectively. As we know, the eigenvalues of classical heat equations are less than
zero and have the negative infinity as the limit. This property guarantees that
the solutions of the heat equation will naturally decay. In other words, after a
sufficiently long time, the solutions of the heat equation will naturally decay to
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zero without any control to the system. For the viscoelastic parabolic system, like
(1.6)), the eigenvalues of its principal operator are also less than zero. But there is
a class of eigenvalues which tend to zero, while others tend to —oo. Thus, this fact
motivates us to think of adding an appropriate control to the system, then we might
able to obtain the approximate controllability of the viscoelastic parabolic system.
It is worth mentioning that the method used in [20, 22] works in the case where
the system possesses negative eigenvalues. It may not be applicable for the case
of positive eigenvalues or complex eigenvalues which arise from some systems like
as we had attempted. Nevertheless, it provides us some useful insight which
encourages us to analyze system by appropriately expanding the function
space.

The rest of this article is organized as follows. In Section 2, we introduce some
preliminary definitions and state our main results. In Section 3, by defining a
Hilbert space Hy , for all § € R and k > 0, we derive the expression of solutions of
the corresponding dual system and present the properties of solutions in the space
Hy ;. Section 4 is dedicated to the approximate controllability of system by
means of the duality method and the Hahn-Banach theorem in the product space
Hgj x Hy .

2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

Throughout this article, we use the standard Lebesgue space LP(Q2) and Sobolev
space H*(Q) with the usual norms || - ||, and || - || g=(q), respectively. We denote
H§(§2) by the complete space of Cg°(Q2) according to the norm || - || s (), and
(-,-)r2() by the inner product in L?(Q2). In addition, X and V are the state
space and the control space, respectively. O(z;d) denotes a neighbourhood with
the center x and the radius d.

To make the paper sufficiently self-contained and present our discussions in a
straightforward manner, let us briefly recall the definitions of exact controllability
and approximate controllability of system (L.4)).

Definition 2.1 (Exact controllability). The control system (1.4]) is said to be ex-
actly controllable if, for the given target state (u(l) (2), ugl) (x)) € X, there exist t* €

(0,7 and a control function v(t) € V which drives the solution (u(z, ; v), u(x, t;v))

from the initial state (u(o)7 u,(fo)) to the prescribed target, that is,

(u(z, t50), w2, 5 0)) = (@ (@), uf (2)).

Definition 2.2 (Approximate controllability). The control system (1.4)) is said to
T

be approximately controllable if, for the given target state (u(Y)(z), 1, (z)) € X,
there exist t* € (0,7"), € > 0 and a control function v(t) € V which drives the solu-

tion (u(z, t;v), ug(x, t; v)) from the initial state (u(o), ugo)) to the e-neighbourhood
of the prescribed target; that is,
(u(, "3 0) w2, 15 0)) € O((u® (@), w (@) ).

Denote by ® the input mapping of the control system (|1.4). We know that
the well-posedness of system (1.4)) can be established by using the Faedo-Galerkin
method [3, [16], and ® is unique under the given initial data (u<0>,u§°>) and the
control v. The range of ® is the so-called reachable set:

R(T) := {(u(T, ), u (T, z)) : w(T) = u(T;u®,ul” )},
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where T is a given positive constant, and w is the solution of system (|1.4). The
controllability can also be described from the perspective of the input mapping [§].

Definition 2.3. The control system (|1.4)) is said to be approximately controllable
if the reachable set R(t) is dense in the state space X. Moreover, system (|1.4]) is
said to be exactly controllable if R(T) = X.

Remark 2.4. Let
R(T) := {(us(T, z), —u(T, z)) : u(T) = u(T; u(o),ugo),v)}.
Note that the mapping I' : R(T') — R(T) given by
(w(T, z), u (T, z)) — (w(T,z), —u(T,z))

is an isomorphism, and the two sets R(T) and R(T) are equivalent in the sense of
algebraic structure.

For any integrable function w : (0,7) — R, the n-th Fourier coefficient (with
respect to the orthonormal basis {sin(nx)},>1 of L?(0,)) of u is defined by

iy, = /O " () sin(n)dz,

from which it is easy to deduce that

u(z) = Z Uy, sin(ne).
n=1
For all # € R and k > 0, let

Hy = {u :(0,m) > R: Zn%\ﬁn\ze*kt < oo},
n=1

endowed with the inner product
(o)
(u,v)g.5 = Z n20 4,0, Ft.
n=1

Then Hy  becomes a Hilbert space. Furthermore, when ky > k1 > 0, we have
0< e k2ent < e kient <1.

So, we obtain

oo oo oo

2015 12, —kot 2015 12—kt 200 |2

Zn [T |“e™"2 <Zn [T |“e™" <Zn [t |,

n=1 n=1 n=1
which implies

Hpo C Hy, C Hog,-

In addition, for any 6 > 0, one can verify that H_g j is the dual space of Hy j with
respect to the central space Hp . Hence, we can define the dual product of the
product spaces H&k = Hy j, x Hpj, and HEWC =H_ g x H_g by

™
<(U1,U2)a(w1,w2)>Hgk,H39k 5:/ (urwy + ugwg)da.
' ’ 0
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Remark 2.5. From the equivalence of norms, one can verify that
Hoo = L*(0,7), Hio=H)(0,),
H 19=H'0,7), Hyo=H?0,7)nH(0,).
To prove our main result, we need the following technical lemma.

Lemma 2.6 ([22 20]). Let {8,} and {\,} be two sequences of complex numbers
such that

D [Bul <0, Red, <O,
n=1

for eachm > 1 and some number © € R. Assume that the \,,’s are pairwise distinct,

and that
DURSEY
n=1

for a.e. t € (0,T). Then 8, =0 for alln > 1.
Denote
T
Vi={peL*0,7T): / p(t)e'dt = 0}. (2.1)
0
Now, we are ready to summarize our main result.

Theorem 2.7 (Approximate controllability). There exists a boundary control func-
tion v(t) € V such that system (1.4)) is approzimately controllable in H927k, where
0 < —% and k > 0.

3. SPECTRAL PROPERTIES

In this section, we are concerned with an explicit solution of the following ho-
mogeneous initial boundary value problem

t
Utt + Urrre _/ uzazmx(s)ds = 07 (xvt) € (077T) X (OaT)a
0

u(z,0) = u®(z), u(x,0) = ugo)(a:), z € (0,m), (3.1)

w(0,t) = u(m, t) = upz(0,t) = uge(m,t) =0, t€(0,7T),
by the method of separation of variables. Then we discuss its properties in the

space Hg j.

3.1. Explicit solutions in the homogeneous case. Let u(z,t) = T'(t) X (x) # 0.
Substituting it into the first equation of system (3.1)), we have

) X@()

fiT(s)ds —T(t)  X(@)

Obviously, this identity is true if and only if both sides are equal to the same
nonzero constant p. That is,

X(4)((£) =pX(z), z€(0,m),

T"(t) 4+ pT'(t) — ,u/ot T(s)ds =0, t>0. (32)
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By the boundary value conditions in (3.1)), it induces an eigenvalue problem,
X(4)((ZZ) :,uX(x)v T e (077()7
X(0)=X(m)=X"(0) = X"(r) = 0.

A direct calculation yields

(3.3)

/’(':,U/n:n4a ’I’L:1,2,,

Xn(z) = Bosin(nz), n=1,2,...

9

where By is an arbitrary constant.
Consider the resulting integro-differential equation

t
TV () + pinTo(t) — in /O To(s)ds =0, > 0. (3.4)

Taking differentiation on both sides of equation (3.4]) with respect to the variable
t, we obtain a 3rd order linear differential equation

T, (t) + pn T (t) — pnTi(t) = 0 (3.5)
with the characteristic equation
N b i A = i =0, iy, > 0. (3.6)
In view of the fact that o = y + z is a solution to the equation
o3 —3yzo — (y> +2°) =0, (3.7

for equation (3.6), we can try to find the solution in the form A = y + 2. So, the
coefficient u, must satisfy

pn = =3yz = (y° + 2°).

To find y and z satisfying the above equation, we note that y32% = —pu2 /27 and
Y3 + 23 =y, so y® and 23 must be the roots of the quadratic equation

3
2 /’I/TL
— pr — =2 =0. 3.8
P = iy = £ (3.8)
Let A
A, = —,
4

where A = p2 4 5-p% is the discriminant of equation (3.8). Since A > 0, two
solutions of equation (3.8) can be expressed as

T1,2 = % + \/ An

By making the transformations:

O R I

2
three sets of solutions of equation (3.6) are

)\l,n = Yn + 2n, (3'9)
. ) 1 3
Aoy = Yn€2™/3 4 o o2/ —§(yn + 2n) + ig(yn — Zn), (3.10)

27i

. 1 V3
)\3,71 =yne 3 + Znezﬂl/3 = _§(yn + zn) - Z%(yn - Zn) (3'11)
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Hence, the general solution of equation (3.5) reads

T, (t) = ByeMnt + Boe~3Wntzn) gip (?(yn - zn)t)

+ Bae~2Wnt2n) cog (?(yn - Zn)t) (3.12)
Pn 3 n _¥fn 3 n
= Bie¥"t + Bye” 2 tsin (\[;5 t) + Bse” 2 tcos <\[2¢ t),

where ¢, = yn + 2n, On = Yn — 2n, and B; (i = 1,2,3) are arbitrary constants. So,
direct calculations give

2 _ 2
T,ll/(t) = Blgpietpnt 4 (B2 ©n 43¢n + B3 \/gznqsn)e_%t sin (&t)

2
b (B0, VEPOn) s (V)

Substituting (3.12) and (3.13)) into (3.4) yields

Aje?nt 4 Aye— S sin (\/§¢n t) + Aze™ 5 cos (\/g(b" t) + A4 =0,

(3.13)

2 2
where
A= (soi + i — %)Bl,
4 "R 430 2 wi+ 3057
2 2 2 nHn 2 nMn n¥n
AB:(son 300y, 4 2ol )33 (\/i%u _\/?7%0)32,
1 %+ 307 s 2

on +302 A+t
Note that A; ,, (i = 1,2,3) are the eigenvalues of equation (3.6)), then we can derive
that A; = 0 (i = 1,2,3). This indicates that Ay = 0. Since p, = n* > 0, there
holds

A= (31 2v/3¢, Bo 2¢, B3 ) -

2v/3¢n¢n 207
B = B "~ Bj.
TR R R T
Thus, the solution of the second equation of (3.2)) reads
2v/30nn 203
T() = ( B 4By et
N 7 e T

+ Boe #nt/?gin (@) + Bge #nt/2 cos (@)

Taking differentiation gives

2V3pp¢ 2¢;
/ _ nwn n Ynt
Tn(t) - (SD% +3¢%B2 + QD% +3¢%BB)6
n 3 n —_ . 3 ’I’Lt
(-5 ff By )em#/sin (\[T(b)

e (G G (V)
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Thus, we can deduce the following lemma.
Lemma 3.1 (Representation of solution). If the initial data u(®) and uff’) can be
expanded to the following sine series

u® () = Z ¢ sin(nz), ugo)(x) = Z dy, sin(nx), (3.14)
n=1 n=1

where {cptn>1 and {d,}n>1 are two sequences of complex numbers, then the solu-
tion of system (3.1)) can be expressed as

u(z,t) = Z flens dn,y on, Pn,t) sin(nx), (3.15)
n=1
where
3dnt
f(Cnydy ©n, bnst) = (Dicy + Dady)e?™t + (Dsc,, + D4dn)e_“’"t/2 sin (\de))

+ (Dsen + Dﬁdn)e_"""’/2 cos (@)

with
(6 — 10V/3) gl + (6 — 6V3) 9203

AN PSRN E RN R
D, = —AV3endn —12V3pu0,
—9V3phdn — 30V3p285 — 9v3¢),
Dy — —_Bent30ndl) (e +307)
—9V3phdn — 30V3p283 — 9v3¢)
Dy — — —6len+an) (on +307)
—9V3phdn — 30V3p283 — 9v3¢)
. _ (Z5V30hén — 3V3d7) (¢7, +347)

T _9VBphd, — 30V3p2 g8 — 9v/38
_ N )
—9v3pL b, — 30v/302¢3 — 935

3.2. Properties of solutions in Hy . In this subsection, we will deduce some
properties of the solutions in the Hilbert space Hy .

6

Proposition 3.2. Assume that 0 € R. If the initial data u<0>,u§0) € Hyo and the
given condition (3.14]) in Lemma holds, then we have

u e C(R+;H972), Uy € C(R—F;Hg)g).

Furthermore, if > 7/2, then we have
> " n? (|D1cn + Dadn| + |Dscy + Dady| + |Dscy + Dedy|) < 00
n=1

and Ug,(0,-) € C(RT, Hp1).
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Proof. Since u(9 v ) e Hp o, we have
o0 o0
E n29|cn\26_2¢"t < E 7”L29|cn|2 < 0,
n=1 n=1

oo oo
Zn29|dn\26_2%t < Z 7”L29|cln|2 < 00.
n=1 n=1

From 0 < e=2¥n! < 1 and the boundedness of sine (cosine) functions, it is easy to
see that

20 ‘f(cm nsPns Pnyt )|2 —2ent
< 2n? ’(chn + ngn)e“’”t|2 e~ 2ent

+ 2n29 e—Qcpnt

(Dsc, + D4dn)6_“""t/2 sin (;/i(bmf)

RIS ANE
+ 2n29‘(D5cn + ngn)e_“’"’t/2 cos (7\[;5 )‘ e~ 2ent

< 2n20(\chn + ngn‘Q + |D3Cn + l)4dn|2 + |D5Cn + D6dn|2)
< Mn* (|en|* + |dnl?)

where M is a positive constant.
Similarly, there exists another positive number M; such that

0 |/ (e, dny oy s )| €722 < M0 (e + [dn]?) -
Hence, we have u € C(R*; Hp2), us € C(R*; Hp2). Moreover, by (3.15), we can

obtain

oo
umzz 0 t = Z C'm na@na¢na )

n=1
If 6 > 7/2, owing to

e_@n,t

oo
Z n? ‘(chn + Dod,, e
n=1

3 |D18n + Dan|

2(0— 3) (Zn%\ (Dycn + Dad,,)|? )1/2’

nt _
3‘(D30n + D4dn)e_“’”t/2 sin (\qub)‘ e #nt

M8 ||/F—1\8 HMS

3
Il

Z 1% D3ep, + Dyd,|
n=1
(o)

< () (S e D)

= n=1
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and
o0

3pnt
n3‘(D5cn + D6dn)e_“a"t/2 cos (\[Tqb) ‘e‘“”"t
-1

n

oo
< Z n?|Dsc, + Ded,|
n=1
i N1/2, 2 1/2
< (om0 ) (S nI(Dsen + Dedi)?)
n=1 n=1

we can deduce that

> " n? (|D1cn + Dadn| + |Dscy + Dady| + | Dsen + Dedy|) < oc.

n=1

and Uy, (0,-) € C(RT, Hy1). |

4. APPROXIMATE CONTROLLABILITY

In this section, we study the approximate controllability of system ((1.4]). To this
end, we first consider the dual system of (|1.4)) as follows:

T
Wit — Wegax +/ wxmzm(s)ds = 07 (xat) € (077T) X (OvT)7
t

4.1
w(z, T) = wD (), w(z,T) =w(x), ze(0,7), (4.1)
w(0,t) = w(m, t) = Wy (0,t) = wey(m,t) =0, t€(0,T).
Assume that w(™) and w,gT) can be expanded as
o0
w ) (z) = Z ¢ sin(nz), (4.2)
n=1
w (x) =Y dy sin(na), (4.3)
n=1

respectively, where {&,},>1 and {d,}»>1 belong to C. Similar to Lemma the
solution of system (4.1) can be expressed as

W0 8) = 3 F(Enrdos s b (), (4.4)
n=1

where
F(Enydn, ny bnt) = (D1&n + Dady)e? (71
_en(T-t) (\/§¢n(T — t))
z  sin| —V—m——~2
2
~ en(T—1 3 n T— t
+ (D5¢, + Dgdy)e™ T cos (%),

and D; (i = 1,2,3,4,5,6) is the same as given in Lemma So, by using an
analogous argument as shown in Proposition we obtain the following result.

+ (D3, + Dydy)e
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Proposition 4.1. Assume that 6 € R. If (w(T),wﬁT)) €H goxH_gp, then
weCR Hogs), weeC(RT;H_g2).
Furthermore, if 0 < —7/2, then we have

Z TL3(‘D16n + Dan‘ + |D35n + D4(§n| + |D55n + DGdn|> < oo,
n=1
and Wy (m,-) € C(RY,H_g1).
Without loss of generality, we assume that the initial data u(® = u§°) =0
in system ((1.4). We can obtain the following lemma regarding the approximate
controllability of system ([1.4)).

Lemma 4.2. Assume that for all v = v(t),

T T
/ (1) (s (0,1) ~ / s (0, 8)ds )t = 0 (4.5)
0 t
holds if and only if u(™) = uET) = 0. Then system (1.4) is approximately controllable
in the product space Hgj X Ho (k> 0).

Remark 4.3. The significance of this lemma is somehow similar to the uniqueness
theorem in the HUM framework. It will play a critical role in the proof of the
approximate controllability of system (|1.4)).

Remark 4.4. From the physical point of view, the term

T
wwm(O,t)—/ Wera (0, 8)ds
t

represents the traction acting on the boundary, and its impact on the system is
equivalent to wy.(0,1), see [14].

Proof of Lemma[]-.3 Let w be the solution of the dual system (4.1]). Multiplying
both sides of the first equation of system ((1.4) by w and then integrating it on
(0,7) x (0,T) leads to

T ™ T m T ™ t
/ / Ut W dasdt—/ / ummwdscdt—i—/ / (/ umm(aﬁ,s)ds)wda: dt = 0.
o Jo o Jo o Jo 0

Using the initial value, terminal value and boundary value, by integration by parts,
we have

T rm ™ T ™
/ / uttwdxdt:/ / u(x,t)wtt(m,t)dtder/ (upw — wwy) |3 dx
o Jo o Jo 0
™ T
:/ / u(x, t)wy(z, t) dt dz
o Jo

+ /0 (e (T, 2w () = wl(T, 2y () ) da,

T T T T T
/ / UppraW dT dt = / / UWyppe AT dt + / (UgzaW — UWggy )| dE
o Jo o Jo 0

T ™
+ / / (ua:wxzcr - umzzwx) dx dt
0 0
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T s T
= / / UWyppe AT At + / (UgpaW — UWgpey )| dE
o Jo 0

/ (UgWyy — Uggwy)|(dE

/ / UWyppe dxdt—i—/ V(t)Weae (0, )dL,

/ / /“mm z S)dS)wda:dt
/ / / (L— S)ds)ud:c dt—i—/OTv(t) /tT Wege (0, s)dsdt.

So, we further deduce that

/ / u(z, t wtt Wegar +/ Waary (T, 8 ds) dt dx

+/O (ut(T,JS) (T)(x)—u(T,a?) /0 V() Wyee (0,t)dE

T T

+/ v(t)/ Waay (0, s)dsdt
0 ¢

=0.

Note that w is the solution of the dual system (4.1)). Then we have
/ (e (T, 2w (@) = w(T, )" () ) de
0
T T
= / 0() (12 (0,) - / Wz (0, 5)ds ),
0 t

which can be rewritten as

((ue(T, ), ~u(T,2)), (T (@), 0" @)z 12,
T T
_ /0 (1) (i (0.1) — /f Wi (0, )ds ) .

In view of Definition to prove the approximate controllability of system
in Hy, (k> 0), we just need to show that the reachable set R(T) is dense in Hy
in the sense of isomorphism.

By way of contradiction, suppose that R(T") is not dense in H92,k' By the Hahn-
Banach theorem, there exists

(0,0) # (w™,wi") € HZ,, (4.7)

and

!

(4.6)

such that
(u(T, ), —u(T 2)), (WP (@), wi” @)z a2, , =0,
for all (w(T,z),u(T,x)) € R(T). By we have

T T
0 t
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However, according to condition (4.5)), it is equivalent to

(w ™), wi™) = (0,0).
This is a contradiction to (7). So, R(T) is dense in Hy .. This implies that system
(4.1) is approximately controllable in H ,.. O

Proof of Theorem[2.7 We first claim that, if § < —I and (w(T),wET)) € H?y,,

then there exists a control function v(t) such that R(T) is dense in H92) .- In fact,

by Lemma [£:2] if
T T
/ (1) (1 (0.1) - / Wrza 0, s ) dt = 0
0 t

for all v(t) € V, we only need to prove that (w™), ng)) = (0,0). Furthermore, by

(4.2) and (4.3), it is equivalent to prove that &, = d,, = 0 for all n. However, for
all v(t) € span{e!}*, we have

(v(t), (wzm(O,t) - /tT Waaa (0, s)ds))m(O,T) =0,

which implies that
Wyax(0,1) € span{e’}+ = span{e’}.
Hence, by (4.4)), there exists a real constant C' such that

o0

Z(_n3)f(én7dn7@n7¢nat) = Cet (48)

n=1
for a.e. t € (0,T). Let
bin = (—n°)(D1é, + Dady,),
bon = (—n®)(D3é, + Dad,),
b3 = (—n3)(Dsén + Dedy).

By Proposition equation (4.8) becomes

(o)
Z |:b17ne<Pn(T—t) 4 bQ,n Im (6_ kPn(;('ft) +i( ‘/§¢n2(Tft))):|

n=1

o0
+ Z b3 n Re (ef S ﬁ%Z(T_U)) —Cel =0.
n=1

Take 7 =T —t and by = —Ce”. Then we have

> [brne T 4 by I (e O]
=1

+ Z bs.n Re (e_ R \/ggm)) +boe” " =0.
n=1

for a.e. 7 € (0,T). Since § < —7/2 and (w(T),ng)) € HE&O, by Proposition
we deduce that

> (b1l + [bon| + [b3.n]) < oo

n=1
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According to Lemma we have b;,, = 0 (i = 1,2,3). Moreover, it is easy to
verify that the system

(=n®)(D1én + Dady) = 0,
(—n®)(Dsép + Dydy) = 0,
(—n®)(Dsén + Dgd,,) = 0.

has only the zero solution. Thus, we obtain ¢, = d, = 0 and (w(T),w,gT)) =
(0,0). So far, we have found a control function v € V such that the reachable set
R(T) is dense in Hg)k, where 0 < f% and k > 0. Consequently, system (1.4]) is

approximately controllable in the Hilbert space Ha , With 6 < —% and £ >0. O

Remark 4.5. It is notable that our approach can also be extended to the dis-
tributed parameter systems with positive eigenvalues of the principal operators.
For the case of parabolic control systems with negative eigenvalues of the principal
operators, we only need to consider the Hilbert space Hp o, which is equivalent to
the space H, in [22].
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