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ASYMPTOTIC FORMULAE FOR SOLUTIONS TO IMPULSIVE
DIFFERENTIAL EQUATIONS WITH PIECEWISE CONSTANT
ARGUMENT OF GENERALIZED TYPE

SAMUEL CASTILLO, MANUEL PINTO, RICARDO TORRES

ABSTRACT. In this article we give some asymptotic formulae for impulsive
differential system with piecewise constant argument of generalized type (ab-
breviated IDEPCAG). These formulae are based on certain integrability con-
ditions, by means of a Gronwall-Bellman type inequality and the Banach’s
fixed point theorem. Also, we study the existence of an asymptotic equilib-
rium of nonlinear and semilinear IDEPCAG systems. We present examples
that illustrate our the results.

1. INTRODUCTION

In the late 70’s, Myshkis [35] noticed that there was no theory for differential
equations with discontinuous argument of the form ' (t) = f (¢, z(¢), 2(h(t))), where
h(t) is a discontinuous argument, for example, h(t) = [t]. He called these equations
Differential equations with deviating argument. The systematic study of problems,
related to piecewise constant argument began in the early 80’s with the works by
Cooke, Wiener and Shah [41]. They called these type of equations Differential equa-
tions with piecewise constant argument (abbreviated DEPCA). A good source of
this type of equations is [45]. Busenberg and Cooke [15] were the first ones to intro-
duce a mathematical model that involved such types of deviated arguments in the
study of models of vertically transmitted diseases, reducing their study to discrete
equations. Since then, these equations have been studied by many researchers in
diverse fields such as biomedicine, chemistry, biology, physics, population dynamics,
and mechanical engineering; see [T}, B, 22].

Akhmet [2] considered the equation

a'(t) = f(t,2(t), z(7(1))),
where ~(t) is a piecewise constant argument of generalized type; that is, there
exist (tg)rez and (Ck)rez such that t, < tr4q for all k € Z with limg_ 400ty =
too, t < Ck < trg1 and y(t) = (g if t € Iy = [tg,tr+1). These equations are
called Differential equations with piecewise constant argument of generalized type
(abbreviated DEPCAG). They have continuous solutions, even when «(t) is not.
In the end of the constancy intervals they produce a recursive law, i.e., a discrete
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equation. That is the reason why these equations are called hybrids, because they
combine discrete and continuous dynamics (see [37]).

In the DEPCAG case, when continuity at the endpoints of intervals of the form
I, = [tk, tk+1) is not considered, we have the impulsive differential equations with
piecewise constant argument of generalized type (abbreviated IDEPCAG)

a'(t) = f(t,z(t), x(y(t))), t#t
Ax(ty) = Qr(z(ty)), t=1t

where x(7) = x; see [IL [38] [0} 42}, [46].

The problem of convergence of solutions and asymptotic equilibrium seems to be
studied for the very first time by Bocher [9]. Wintner [47, [48], [49, 50, 1] and and
Brauer [12, [13] studied the asymptotic equilibrium problem for the ODE case. Also,
there are important contributions done by Cesari, Hallam, Levinson, Brighland,
Trench and Atkinson, see [4 14, [T6l, 28, 29 [33, B4, [43] [44] and the references
therein. For applications in epidemics (transmission of Gonorrhea), population
growth and physics (classical radiating electron) see the works by Cooke, Yorke
and Yorke, Kaplan & M. Sorg [20] [30]. Also, the convergence problem has been
widely investigated by many researchers for many types of equations. For example,
delay functional differential equations were studied in [23] 25, 27, B0}, [39], impulsive
differential equations in [Bl [26], and impulsive delayed and advanced differential
equations in [6]. Pinto, Sepilveda and Torres [38] studied the IDEPCAG system

(1.1)

m m
yi(t) = —ai()ys(t) + > big () i (y(0) + Y eij()g; (s (V1)) + dilt),  t # ta,
Jj=1 Jj=1
Ayi(tr) = —qiryi(ty) + Lik(yi(ty)) + eir,  t =1tk
(1.2)
where y(t) = tx, if ¢ € [tg,tk+1]. The authors obtained some sufficient conditions
for the existence, uniqueness, periodicity and stability of solutions for the impulsive
Hopfield-type neural network system with piecewise constant arguments (|1.2)). By
means of the Green function associated to , they established that has a
unique w-periodic solution. Assuming some conditions, they also determined that
the unique w-periodic solution of is globally asymptotically stable. Hence, a
convergence to the unique w-periodic solution was established.
Akhmet [3] studied the existence, uniqueness and the asymptotic equivalence of
the system

7' (t) = Cxz(t),
y'(t) = C()y(t) + f(ty(t), y(v(1))),
where z,y € C", ¢t € R, C'is a constant n x n real valued matrix, f € C(RxR™ xR"™)
is a real valued n x 1 function, and y(t) = (i if t € [tk, tk+1), where k € Z. The
author actually found an asymptotic formula that relates these two systems, i.e
2(t) = e“ e+ 0(1)], ast — oo,

where ¢ € R™ is a constant vector. Later, Pinto [36] studied the existence, unique-
ness and the asymptotic equivalence of the systems

2 (1) = A(t)a(),

V(1) = AW(D) + £t 50y (D)), (13)
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where x,y € C*, t € R, A is a locally integrable n x n matrix in R*, f : RT x C" x
C™ — C™ is a continuous function and ~(t) = ( if t € [tg, tg+1), where k € Z. The
author also found some asymptotic formulae that relates these two systems and the
error considered, i.e.

y(t) = O(t)[v +e(t)], ast— oo.

where ®(t) is the fundamental matrix of (1.3)), v € C™ is a constant vector and the
error function e is related with some conditions over f. Pinto et al. [2I] considered
the systems

z'(t) = A(t)xz(t), (1.4)

() = A(t)z(t) + B(t)z(v(1)), (1.5)

u'(t) = B(t)u(y(1)), (1.6)

y'(t) = Ay (t) + Bly(v(t) + 9(t), (1.7)

w'(t) = A{w(t) + B)w(y(t) + f(t, w(t), w(y(t))), (1.8)
v'(t) = A)(t) + Bt)v(v(t) + g(t) + f(t,v(t),v((1))), (1.9)

and they proved that if the linear DEPCAG system has an ordinary di-
chotomy and in f is integrable, then there exists a homeomorphism between
the bounded solutions of the linear system and the bounded solutions of the
quasilinear system (1.9). Moreover, |y(t) — v(t)| — 0, as t — oo if Z(t,0)P — 0
as t — oo, where Z(t,s) is the fundamental matrix of the DEPCAG linear system
and P is a projection matrix. Also, has an asymptotic equilibrium. Chiu
[19], inspired by [36] [37], studied the asymptotic equivalence between the following
linear DEPCAG system and its perturbed system

! (t) = A(t)z(t) + B(t)z(~(t)),
y'(t) = At)y(t) + B(y(v(1) + f(&,y(), y(v(1))),
where z,y € C*, t € R, A, B are locally integrable n x n matrices in R, f :

R* x C" x C* — C" is a continuous function and ~y(t) = ¢, if t € [tx,txr1), where
k € Z. He found the asymptotic formula

(1.10)

x(t) =V (t)[v +e(t)] ast— oo,

where U(t) is the fundamental matrix of the lineal DEPCAG system (1.10), v €
C™ and e(t) is the error function. We note that there is no literature about the
IDEPCAG case, so this paper tries to fill the gap in this context.

2. SCOPE

In this work we will conclude the existence of an Asymptotic Equilibrium for
the class of IDEPCAG systems of fixed times. In other words, we prove strongly
based on certain integrability conditions, Grénwall-Bellman type inequality and
the Banach’s fixed point theorem, that every solution of with initial condition
z(a) = xo where a > 7 satisfies

lim x(t) = ¢&,

t—o00
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for some £ € C™, and has the asymptotic formulae

3 oo
s =¢+0(3 [ Meds+ 3 ik +id). (2.1)
i=1v1 t<tp<oo
where A\ and p are Lipschitz constants related to f and @ respectively. These
results extend the works by Gonzédlez and Pinto [26] for the IDE case, and the one
done by Pinto [36] for the DEPCAG case. Indeed, [36] was taken as the principal
reference in the subject for the present work. Also, as a consequence of the existence
of an asymptotic equilibrium for system , we will study the existence of an
asymptotic equilibrium for the semilinear system

y'(t) = A)y(t) + f(t.y(t),y(v (1)), t#t
Ay(ty) = Jry(ty) + Ie(y(ty)), t=tk, kEN
by some conditions on the coefficients involved concluding aymptotic formulae for

unbounded solutions. Thus, any solution y(t) of (2.2) satisfies the asymptotic
formula

(2.2)

z(t) = ®(t)(E+€(t), ast— o0 (2.3)
where ®(¢) is the fundamental matrix of the impulsive linear system
() = A@®)x(t), t#tg
Ax(ty) = Jpa(t,), t=ty, keN
¢ € C" is a constant vector and the error ¢(t) satisfies

e(t) = Ol(exp( | T )ds) 1)+ (1 + i),

t<tp

(2.4)

where 7n(t) and n3(tg) are Lipschitz constants related to f and Ij respectively.
Moreover, if €(t) — 0 as t — oo, where

eo(t) = /too [2(t, )12 ()| (Aa(s) + 127 (7(5), ) Ao (8))ds + D 1D (E, t)|9(¢, ) Fan

t<ty
Equations (2.2]) and (2.4)) are asymptotically equivalent; i.e., they share the same
asymptotic behavior, and
y(t) = z(t) + eo(t), €o(t) =0 ast— oo.

This asymptotic relationship includes the case of unbounded solutions. An example
of a second order IDEPCAG will be shown.

3. MAIN ASSUMPTIONS

In this section we present the main hypothesis that will be used in the rest
of this work. Let |- | be a suitable norm, || - |l be the supremum norm, f :
[0,00[xC™ x C™ — C™ and Qy, : {tx} — C™ be continuous function satisfying:

(H1) (a) There exist integrable functions X;(¢),7 = 1,2,3 on I = [r,00) such

that for all (¢, z(¢), z(y(t))) € I x C™ x C™ we have

[F(t (), 2(y(0)] < M@)]z(0)] + Ae(O)|z(v())] + As(D),
(b) There exist a summable sequences of non-negative numbers (u})52,
with ¢ = 1,2 such that for each x € C™ we have

1Qr(x(t;))] < prla(ty) + pi, Yk €N.
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(H2) (a) The function f(¢,0,0) is integrable on I and there exist integrable func-
tions A1 (t), A2(t) on I such that for all (¢, z(t), z(v(t))), (¢, y(t),y(y(¢)))
in I x C" x C", we have

[f(t,2(8), z(v(1) = F (&, y(8), y(v(2)))]
< A (@(t) =y + A @)z (v(1) = y( (D)),

(b) The function Qx(0) is summable on I and there exists a summable
sequence of non-negative real numbers (fix)52, such that for all z,y €
C"™, we have

Qi((ty,) — Quly(ty))] < Fle(ty) —y(t)l, VkeN.
(H3) The functions A1 (t), A2(t) also satisfy
Cr
Vg = / (A1(s) + Aa(s))ds < v:=supy, < 1.
123 keN
(H4) Let the following conditions are satisfied

m(t) = [®E)| (1) M (1), (3.1)
ma(t) = (@7 (v ()27 ()| D(8)| A2(t) € Ly (I) (3.2)
ns(te) = |t 1@ (tr) ik € 1 (1) (3.3)

where ®(t) is the fundamental matrix of the impulsive linear system ([2.4)

4. PRELIMINARIES
In the following, we give the definition of a IDEPCAG solution for (1.1).

Definition 4.1. A function y(t) is a solution of IDEPCAG (1.1) if

(i) y(t) is continuous in every interval of the form I}, = [tg,tr41) for all k € N;
(ii) The derivative y'(t) exists at each point ¢ € I = [, 00) with the exception
of the points t;, k € N, where the left derivative exists;
(iii) On each interval Ij, the ordinary differential equation

a'(t) = f(t,2(t), 2(Ce))

is satisfied, where y(t) = (i for all ¢t € Iy;
(iv) For t = ti, the solution satisfies the jump condition

Ax(ty) = z(ty) — x(t,) = Qr((t;,)),

where z(t)) = limy_, 1<t, 2(t) exists for all ¢, with k¥ € N and z(t]) =
x(ty) is defined by

x(ty) = 2(ty,) + Qr(x(ty))-

The following lemma is the main tool of the rest of this work; it presents an
integral equation associated with (L.1)).

Lemma 4.2. A function z(t) = z(t,7,x0), where T is a fixed real number, is a
solution of (1.1) on RT if and only if it satisfies the integral equation

x(t):xo—i—/ f(s,2(s), z(y(s)))ds + Z Qr(z(t;)), onRT. (4.1)

T<tp<t
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Proof. Consider the interval I,, = [t,,,t,+1]. If we integrate (4.1)) on this interval it
follows that

2(t) = 2(ty) + / F(s,2(8), 2(C))ds, (4.2)

where y(t) = ¢, for all t € I, = [t,, tnt1). Then, evaluating in ¢t = ¢, we obtain

£t ) = 2(t) + / " f(s,0(), 2(C))ds

n

Applying the impulsive condition Az(t,41) = 2(tny1) — 2(t, 1) = Quir(x(t, 1))
it follows that

E(tnsn) = 2(t) + / (5 2(8), 2(C))dS + Quir (2( 1)

n

Then, solving the finite difference equation we obtain

st =0+ 3 [ fosae) G + Y Qulale),

k=i[r] ” k k=i[7]

where i[t] = n € Z is the only integer such that t € I,, = [t,, t,+1[. Next, applying
last expression in (4.2)) we obtain

n—1 tr41
s =zt Y [ flsals)ac)ds
k=i[r] / t
+ Y Qulaltp)+ [ fsa(). (G
Finally, defining -
[ #satoationds = 3 [ fsas)a@ds + [ fs.a(s)0(G)s,
T k=ilr] /b b

and replacing it in the last expression we obtain (4.1]), so the proof is complete. [

The next lemma provides a Gronwall-Bellman type inequality for the IDEPCAG
case. Its proof of is almost identical to the proof of [36, Lemma 2.2] with slight
changes because of the impulsive effect and can be found in [42].

Lemma 4.3. Let I be an interval and u,n1,n2 be three functions from I C R to ]Rg
such that u is continuous; 01,12 are locally integrable and nz : {t;.} — RY. Let ~y(t)
be a piecewise constant argument of generalized type, i.e. a step function such that
v(t) = (g for allt € I, = [tg, 1), with t, < (e < tgy1 for all k € N satisfying
(H3) and
t
u(t) < u(r) +/ (m(s)u(s) +ma(s)uly())ds + > naltn)ulty). (4.3)

Then -
ut) < (T a+me)exo( [ p(s)ds)u(r), (4.4)

Tt <t

w(Ce) < (1 —v) tu(t), (4.5)
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u(y) < =) TT @+m(t) exp /:ms)ds)um, (4.6)

T<tRp<t
where n(t) = n(t) + n2(t)(1 —v)~L fort > 7.
Proof. To prove (4.4), we denote the right-hand side of (4.3) by v(t). Then we

have u(7) < v(7), so u(t) < v(t), for t > 7, because v(t) is increasing. Now,
differentiating v(t) we obtain

V() = m()u(t) + n2(t)u(y(1)).
Then, we have
V(1) < m(tv(t) + ne(t)o(v(t)).
Integrating the last expression between 7 and ¢ we obtain
t

o) =00 < [ m)(s) +mls)ds (4.7

T

Now, when we consider 7 = ¢;, and t = (; in (4.7), we have

Ck
v(Ce) —v(ty) < / ni(s)v(s) +nz(s)v(v(s))ds

tr

Ck
< o(Ge) / (1 () + mals))ds.

tr

Then, because v < 1, we have
o(Gr) < (1—w) to(ty), (4.8)
so, (4.5)) is proved. Applying (4.8) in (4.7)) for 7 = t; and t € I, we have

t

o(t) —v(tr) S/ m(s)v(s) + (1 —v) " Ma(s)v(te)ds S/ n(s)v(s)ds

23 123
Hence,
t
o(t) < v(te) + / n(s)o(s)ds. (4.9)
tr
Now, applying the classical Bellman-Grénwall lemma to the last inequality we have

v(t) < v(t)exp (/tt n(s)ds).

Next, evaluating the above expression for ¢ =, , |, we have

wlt) < ot exo ([ " s)ds). (4.10)

t
Now, applying the impulsive condition we obtain

v(tks1) < (1+ 773(tk+1))v(tlz+1)

< (b mtisetesp ([ o))

t
This expression defines a finite difference inequality, which has solution satisfying
i[k]—1 i1
vt < (] e m)es ([ ads))ur @
tj

j=il7]
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Now, from u(t) < v(t), Vt > 7, we have
ilk]—1

w(tr) < (T 0+ msltsin) exp (/tm n(s)ds) )u(r).
j=ilr] g

This inequality represents a discrete Gronwall-Bellman inequality. Then, applying

in we obtain
u(t) < ( H (14 n3(tkr1)) exp (/tkﬂ n(s)ds)) exp (/

<t <t bk tife)

t

Therefore,
t

ut) < (T (e mltira) oo ([ n(s)ds)u(r). (4.12)

T<tp<t T
So (4.4) holds. Inequality (4.6) follows from (4.4) and (4.5). O

Corollary 4.4. Let I be an interval, h(t) an increasing function on I C R to Rg,
and u,m1,n2 be three functions from I C R to R{ and nz : {tx.} — RY satisfying the
hypothesis described in Lemma . Consider the step function defined as v(t) =ty
for allt € Iy, = [tg, tr+1) and all k € N. If

U(t)éh(t)Jr/ m(s)u(s) +m2(s)uly(s))ds + Y maltu)ulty)

Tt <t

holds, then
u(t)g(( I1 (1+7)3(tk+1))> exp( /T tn(s)ds)u(T))h(t) Vi>r. (4.13)

4.1. Existence and uniqueness. In this section, we prove existence and unique-
ness of solutions for the nonlinear IDEPCAG

u/(t) = g(t, u(t)7 u(v(t)), t# g
Au(tk) = Qk(u(t;)), t= tk.

on [1,00), by an inductive argument over each interval of the form I, = [t;,t,411)
and using Gronwall-Bellman type IDEPCAG inequality showed in Lemma [4.2]

(4.14)

Uniqueness.

Theorem 4.5. Consider the initial value problem for (4.14)) with u(t, 7,uo). Under
conditions (H1)—(H3) there exists a unique solution w of (4.14) on [r,00). More-
over, every solution is stable.

Proof. Let uy,us be two solutions of (4.14)) [, 00). Then by Lemma (H1) and
(H2) we have
¢
r(t) < r(r) +/ m(s)r(s) + n2(s)r(y(s))ds + Z ns(te)r(ty,) (4.15)
o T<tp<t
where r(t) = ||u1(t) — u2(t)||. Now applying Lemma to the above expression,
stability is proved. If r(7) = 0, then r(t) = 0,V¢ € [1,00). Hence, the uniqueness is
proved. ([
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Existence of solution to (4.14)) in [7,¢,).

Lemma 4.6. Consider the initial value problem for (4.14) with u(t,7,ug). Let
conditions (H1)—(H3) and Lemma be satisfied. Then for each uy € C™ and
Cr € [tr—1,t), there ezists a solution u(t) = u(t, 7,up) of (4.14) on [1,t,) such that
u(T) = ug.

Proof. On the interval [7,t,), by Lemma system (4.14)) can be written as

u(t) = uo +/ g(s,u(s),u(vy(s)))ds. (4.16)

We prove the existence by using successive approximations method. Consider the
sequence of functions {uy (t)}nen such that ug(t) = ug and

Un+1(t) = ug Jr/ 9(s,un(8),un(v(s))ds, ne€N. (4.17)

We can see that

nm—wus/m@w@wwmmw

t
swmm/m@+m@@
— JJuolloo,

where v is defined by (H3), and
¢
[tnt1 = tnlloo < / M (8)[un(s) = un—1(s)| + n2(s)[un(v(s)) — un—1(7(s))lds

t
snw—uwmm/VM@+m@m5

= [lun — un—1lscr.
So, by mathematical induction we deduce that
ltni1 — tnlloo < ||u0||ooyn+1~

Hence, by (H3), the sequence {u,(t)}nen is convergent and its limit u satisfies the
(4.16]) on [7,t,], so the existence is proved. O

We are able to extend above lemma to |7, 00), to obtain the existence and unique-
ness of solutions for (4.14) on [r, 00).

Theorem 4.7. Assume that conditions (H1)-(H3) and Lemma are fulfilled.
Then, for (t,up) € RY x C", there exists u(t) = u(t,T,uo) for t > 7, a unique

solution for (4.14) such that u(T) = ug.
Proof. Evaluating ¢t = t,. in (4.16)) we have
t,
u(ty) = o+ [ gls,uls) uly(s)ds. (418)

Now, from the impulsive condition

Au(t,) = Q. (u(t])),
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we have

u(ty) = u(t,) + Qr(u(t;))

— o+ / (s, u(s), u(r(s))ds + Qu(u(t;),

because u(t,) is uniquely defined, we apply Lemma to the system u(t) =
u(t, tr,u(t,)) defined in [t,t.41). Hence, the existence over the last interval is
proved. So, by mathematical induction, the existence of the unique solution of
(4.14]) over [r,00) is proved. O

(4.19)

5. ASYMPTOTIC EQUILIBRIUM FOR AN IDEPCAG SYSTEM

In this section we prove the existence of an asymptotic equilibrium for the class

of IDEPCAG systems of fixed times (1.1)); i.e., the asymptotic equivalence of (|1.1))
with the system z'(t) = 0.

Definition 5.1. We say that the IDEPCAG system (|1.1)),

a'(t) = f(t,2(t),z(v(1), t#tw
Az(te) = Qr(a(ty)), t=tk
x(r)=x9 t=T
defined in [r,00) has an asymptotic equilibrium if:
(i) For each a > 7, equation with initial condition x(a) = z¢ has a
solution z(t) defined in [a, 00) that satisfies

Jim (t) = &, (5.1)

for some £ € C";
(ii) for all £ € C™ there exists a € I and a solution x(t) of (L.1)) defined in
[a, o) that satisfies (5.1]). (See [36, [l 47, 49| [33] [32])

6. MAIN RESULTS

Theorem 6.1. Suppose (H1) holds. Then every solution of (L.1)) with initial con-
dition x(a) = xo where a > 7 satisfies (5.1)) for some & € C™, with error

2(t) =e+o(i / TA@ds Y (kb)) (6.1)

t<tp<oo

Proof. Suppose that x(t) is a solution of (1.1) with initial condition z(a) = zg
where a > 7, defined on a finite subinterval J C [r,00). Then z(t), by Lemma[£.2]
satisfies Vt € J

Ix(t)lélxolJr/ /(s x(s), e (v(s))lds + D 1Qu(x(t,)]

T<tp<t

< |zl + / Nos)ds+ S 2+ / (A1 (9)[(5)] + Aa(8)]((s)])ds

T<tp<t

+ > el

T<tp<t
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Then, by Corollary [£.4] we have

2(0)] < (Jeol + /:A3<s>ds+ S o) TT s ub))exo( [A(s)ds)

T<tRp<t Tt <t

where A(t) = A(t) + A2(t)(1 — v)~!. As a consequence of the coefficients integra-
bility, the solution of is bounded, so it can be extended beyond sup J.

Now taking in account the integrability of the coefficients, given € > 0, there
exists N € N such that if ¢,s > N then

Iw(t)—af(S)IS/\f(U»év(U)ﬁC(V(U)))\dqu Yo 1Qula(ty))]

th(s) Stp<t

< / (v () ()] + Mo )y () ) s+ / Do) du

+ prle)l+ Y s
tr(s) Ste<t tr(s) <t <t
ie.,
t t
ot) - 2l < O( [ a4 da(w)ds + 3 uh) + [ Na(wdu

tk(s)gtk <t
2
+ g B < E.
Th(s) St <t

In this way, by the Cauchy’s criterion, z(t) converges to some £ € C". Le. we
obtain condition (7) of the asymptotic equilibrium definition. O

To satisfy condition (ii) of the asymptotic equilibrium definition we use the
Banach’s fixed point theorem together with (H2), so we have the following theorem.

Theorem 6.2. Suppose that condition (H2) holds. Then for each & € C™ there
exists a > 7 and a solution x(t) of (L.1) defined on [a,o0) satisfying (5.1)).

Proof. Using (H2), we can choose a sufficiently large real number a > 7 such that

L= /OO()\l(S) +)\2(8))d8 + Z ;l:lk; < 1.

a<ty

We consider the Banach space B consisting of bounded functions defined on [a, c0)
with values on C" endowed by the norm

|f| = sup{[f(£)| : € [a,00)},
and the operator T : B — B defined by
(Tz)(t) =€ - /too fls,(s),2(v(s)ds — > Qulx(ty))-

Easily we verify that T'(B)C B, since

oo

\(T2)(1)] < J€] + / 1 F(s, 2(s),2(4(5))) — F(s,0,0)]ds + / 1£(5.0,0)|ds
+ > 1Qk((t) — Qr(0)[ + > 1Qk(0)]

t<tp t<tp
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<|§|+/ M()|e()] + Ao($)|2(1()ds + 3 Finlaty

a<tp
+ / £(5,0,0)ds + 3 1Qx(0)

(J,Stk

Thus, by the integrability of the coefficients, f(¢,0,0) and Qx(0), we obtain the
desired result. Now, we have to check if T' defines a contraction. Since

|(T)(t) — (Ty)(0)
< / (5,05, 2(1(9))) — £(5,5(8),w(r()lds + 3 1Qu(a(t) — Quly(ty)

t<ty

< /too M()|z(s) = y(s)] + Aa(9)|(v(5)) = y(y()lds + Y fla(ty) — y(ty)]

<z - yoo</too A1(s) + Aa(s)ds + Z ﬁk)

t<tg
=Lz — y|oo-

Thus, there exists a unique fixed point for T in B. Then
—c- / f(s,2(s),z(v(s))ds — Y Qula(ty)), Vt>a.
t t<ty,
Now, defining

¢ e / " fs () 20 (s))ds — 3 Qulalty))

agtk

we have that x(t) satisfies . Since

§+/fsx ds+ZQk vt > a,

a<tp <t
and it satisfies lim;_, . x(t) = £ € C", i.e.,
=¢{+0 Z/ syds+ Y (ui+ui))7
t<tp<oo
where A3 = |f(£,0,0)|, 3 = |Qx(0)] and £ € C™. So, condition (ii) of the asymp-

totic equilibrium definition is proved. (Il

As a consequence of the previous theorems we have the following corollary.

Corollary 6.3. Let conditions (H1) and (H2) hold. Then there exists a global
asymptotic equilibrium, i.e., for any a > T sufficiently large, every solution of the

IDEPCAG system

2'(t) = f(tx(t), x(v(1)), t#tk
Ax(ty) = Qr(z(ty)), t=1t

converges to some £ € C™.
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Remark 6.4. It is important to notice that the above result holds for any » > 0
such that |z|e < 7.

7. ASYMPTOTIC EQUILIBRIUM FOR A QUASILINEAR IDEPCAG SYSTEM

In this section we study the existence of an asymptotic equilibrium of IDEPCAG
system . We will conclude that as a consequence of the existence of an asymp-
totic equilibrium of the solutions of an equivalent system obtained by the variation
of constants formula.

Consider the quasilinear system

y'(t) = A)y(t) + f(y(t),y(v(1), t#t

Ay(ty) = Jry(ty) + Le(y(ty)), t=tk, k€N

and the linear system (2 ,
() = A@®)x(t), t#t
Ax(ty) = Jpa(t,), t=tr, keN.

Theorem 7.1. Assume that (H1)-(H4) hold. Then, for any (1,yo0) € I x C™ there
exists a unique solution y(t) = y(t,7,y0) of on all of [T,00).
Proof. If we make y(t) = ®(¢t)u(t), where ®(t) is the fundamental matrix of

in (2.2), we have
D(tp)u(te) — @t Julty,) = Je @ty Julty ) + L(2(t, Ju(ty ).

Adding and subtracting the term ®(t)u(t; ) to the left side, we have

Au(ty) = (@71 (1)@ (8 )= Dulty )+ (te) Ju (1, Julty )+~ () L (@t Julty,);
Au (tk) (@7 (tk)@(ty) — L+ @7 (te) J®@(ty ))ulty ) + @7 (ti) In(D(t;, Julty)
= (7 (te) (L + Jk) @ (t; ))ultyy) — ulty) + 7 (tn) e (D25 Julty))
= (@7 (te) @(t))ulty) — u(ty) + @7 (1) I (@ (t; Julty)

= ® 7 (te) L (D (¢ Julty )

So, u(t) satisfies

u/(t) = g(t,u(t),u(’y(t))), t#k,

T (7.1)
Au(ty) = h(tk ,u(tk ), t=tk,
where
gt ut), u(y(t) = @71 (E) f(t, D(t)u(t), (y(t))u(y(t))), (7.2)
h(ty ul(ty)) = @71 (te) I (@ (5, ulty)). (7.3)

From (H4), the functions § and h satisfy
|9t ua (t), ur (v(£))) — G(t, ua(t), ua (v(1)))]
< mr(8)|ua () — ua ()] 4 n2(8)ua (v(2)) — uz((1))] (7.4)
Aty s @t Jun () = Aty @t Jua(ty )] < ms(te)|un () — uz(t)],

where 71,72 and 73 are given by (H4). Hence, the existence and uniqueness of
solutions for ([7.1) hold by Lemmas and and Theorem O
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7.1. Asymptotic equilibrium for system (2.2). The following result establishes

the existence of an asymptotic equilibrium for system (2.2]), as a consequence of the
existence of an asymptotic equilibrium for system (7.1).

Theorem 7.2. If (H1)-(H4) are fulfilled, then each solution of (2.2)) is defined on
I, = [r,00). Furthermore, solutions of systems (2.2)) and (2.4) are related by the
asymptotic formula

y(t) = ®(t)(€ +e(t)), ast— oo, (7.5)

where £ € C™ is a constant vector, ® is the fundamental matriz of (2.4) and the
error has the following estimation

e(t) = O (ex / n()ds) ~1) + 3 (i) (7.6)
t t >t
where n(t) = m(t) + TE? Moreowver, and (2.4) have the same asymptotic
0

behavior if €9(t) — 0 as t — oo, where

co(t) = /too D2, 5)[|D ()| (A1 (5) + Ao (3)|D ™ (5,7(5)) )l + Y @, 1) | @ (8 ) 7w

ti>t
(7.7)
and we have the asymptotic formula
y(t) = 2(t)€+ Oeo(t)), £€C”, ast— oo,
i.e.,
y(t) =x(t) + Oeo(t)), £€C" ast— oo, (7.8)

where z(t) is a solution of (2.4]).
Proof. By Lemma [{.3] and (H1)—(H3), the solution (7.I) satisfies

t

|U(t)|S|U(T)|+/ n(s)u(s)| +na(s)lu(v()lds + Y ms(te)lulty)]-  (7.9)

T T<tp<t

Also, this expression satisfies the hypothesis of Lemma Then, by applying the
Gronwall-Bellman inequality and by the summability of the coefficients we have
that u is bounded and u(t) € L*(I); i.e.,

t

)] < fu(r)| [] @+ mitwe)exp ([ neids) <0 (0

T<tg T
and
t
@) < )= (] o) e ([ n(s)ds) <o (711
T<tp<t o
so we conclude that g and Qi € L'(I) and ['(I) respectively; i.e.,
w =0t [ gl uls)uly(s)ds + Y b () (7.12)
T T<tg
exists. Now we can write u as

u(t) = Uoo — /too (s, u(s),u(v(s))ds — Z ﬁ(t,;,u(t,;)) (7.13)

tr>t
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By using (7.13]) and by making the change of variables y(t) = ®(t)u(t), we obtain

) = 00 i~ [ s, utr(6)ds - 3 hieu()]. ()
ie., |
) = 20— [ SO, ul(D)ds = Y e u(r). (7.15)

We note that z(t) = ®(t)us is a solution of (2.4). Now, we can estimate

/ [®(1)g(s, u(s), u(v(s)))|ds
- / 10 (t, 5) £ (s, B(s)u(s), B(v(s))uly(s))|ds

< [ @i @len o) (7:16)
O ()] (6)[B(5)Aa(5) 2 () s
<100 [ mls)ule)] + (o) luly(5)lds,

and

Do RMAt )] = Y 1ROS T (6 k(B (t Jult;))]

tp>t tp>t

<RI 12t 27 (t) [anluty)], (7.17)

te >t

<D matr)lulty)],

tp >t

where 7y (t),n2(t) and n3(tx) given in (Hy). Now, from (7.15)), (7.16]) and (7.17)) we
have

[y (1) — () uo|

<1801 [ m@e)] + mllur6)ids + 3 m(elu)).

te >t
Applying (7.10) and (7.11]) in (7.18)), we have
0) = @(Ousc] < fur)] [T @+ mitwa 0@ [ nts)exol [ nwduyds)
t T

T<tg

#u(r)] T 0+ () o) eso ([ nto)is)

T<tk te>t

(7.18)

< 00 [l [ (0 + (s exp ([ niwian)

T<lk

(e[t - 1)+ L)}

tp>t
So, ([7.5) is proved.
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In a similar way, we can see that

/ " 10(1) (s, u(s), u((s)))ds
- / |0t )£ (s, B(s)u(s), B(y(3))ul(5))ds

- (7.19)
< [ BN @) + X)) ()R(5)utr () s
< [ ROl + a0 s (slutr () s
" 2 o )l = X 108 (@t )
k < Z (2, ) Ik (D (¢ Ju(ty)) (7.20)

< > 1@t t)lle () aelulty)l.

tp >t

By the boundedness of u(t),u(y(t)), (H4) and (7.19)-(7.20), from (7.15) we have
ly(t) — ()¢
< K(/t D, 5)[|D(5)[ (M (5) + Ao ()|® " (5, 7(5)) )ds + Y @8, tx) | B (1) [Fiw)

te >t

S KEO(t),

where K = sup;¢(, ) [u(t)] and § = us. So, (7.8) holds and the proof is complete.
(]

7.2. Consequences of Theorem Consider the homogeneous linear IDE-

PCAC
y'(t) = A()y(t) + B(t)y(v(t), t#k, 721)
Ay(ty) = Jpy(ty,), t=1t '
and define -
olt) = [ 19098 (9)]ds (7.22)

As a direct application of above Theorem [7.2] we have the following result.

Theorem 7.3. Suppose that Ji, € I* and n(t) = |27 (t)B(t)®(y(t))| satisfy hy-
pothesis (H3), where ®(t) is the fundamental matriz of system (2.4). Then the
linear IDEPCAG (7.21)) is equivalent to the IDE (2.4]) and for every solution y of
(7.21)) there exists & € C™ such that

y=o(t)(€+€(t)), ast— oo, (7.23)

where
() =0 [ 1@ @IBE) I8 )lds). (7:24)

Moreover, if eq(t) — 0, as t — 00, then the linear IDEPCAG (7.21)) is asymptoti-
cally equivalent to the IDE and for any solution y(t) of (7.21) there exists a
unique solution x(t) of (2.4 such that

y(t) = x(t) + O(eo (1)), (7.25)
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where €y is given by .
Proof. Let
3t ult), u(1(1))) = 8 (O BOB(/(1)u((1)),
Wty ulty) = @ () - 0.
Proceeding as in Theorem we see that

/t 10 (0)d(s, uls), uly(s))lds = / |t ) B(s)B(1(5))ul(s))|ds.
</ " J0(t, ) B(s)® () (1 (5))\ds.

So, by ([7.27), we have the desired result.

8. EXAMPLES AND APPLICATIONS

17

(7.26)

(7.27)

8.1. Linear Systems. In this section we give some examples that illustrate the

effectiveness of our results.
(i) Consider the almost constant scalar lineal IDEPCAG

Y (t) = ay +b(t)y(v(t), tF#ty
Ay(te) = qry(t, ), t=1t
with a > 0 a constant, b(t) € L'(I), qx € I'(I) and b(t) = O(e~*) where

o sl
b0 = [ (T lauh) o) e Vs
t i[t]

Then all solutions y(t) of (8.1) have the asymptotic formula

i[t]

y(t) = (H(l + Qk))eat (E+D(t), ast— oo,

i[7]
where £ € R, and
i[t]

y(®) = ([T +a0)e™e+e),  et) = (o).
i[7]

Notice that (8.1) is asymptotically equivalent to the IDE
2 (t) = ax(t), t#ty
Az(ty) = qpa(ty ), t=tg.

Evidently, without the integrability condition b(t) € L(I), even if a
previous results are not true, as is shown by (8.1) with a = —1 and b(t)
y#)=1t], 6 >0, ¢ = k—lz and the unbounded solution

[t]

(8.1)

0 the
1+,

vty = (TI0+ 1)) 0+ Qe a1 —e9), (o) =1

k=1
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(ii) Consider the linear second order IDEPCAG
y'(t) = a()y +b()y(y(1), t=tx
Y () = ey (8),  t=1tx (82)
y(te) = dry(ty), t=1tk
where ¢y, dy, € 11, a(t) = 2(t +2)72, b(t) = O(t~°). This equation is equivalent to

system ((7.21)), where
0 1 0 O
an=(°, o). Bo=w0 (" 7).

The ODE «” = a(t)u has a fundamental system of solutions
ur(t) = (t+2)%, and wuo(t) = (t+2)7 1,

and the fundamental matrix ® of its associated first order system (7.21)) satisfies
|®(t)] = [®1(t)| = O(t?) as t — oo, since the trace of A is zero. If O(v(t)) = O(t),
for § > 5 we have that ®~1(¢)B(t)®(y(t)) € L' and for § > 7,

eo(t) = /OO |D(t, s)B(s)®(v(s))|ds — 0, ast— oo.
t
Hence, the conclusions of Theorem are true. From , for any solution y(t)
of , there exist constants v1,vs € R such that
y(t) = (t+2)%(v1 +€(t)) + (t+2) " (v2 + €(2)),
Y () = 2(t +2)(v1 + €(t)) — (t +2) 2 (v2 + €(t)),
where
e(t) = O(exp(n(t)t®=°) — 1), ast— oo.
(iii) Consider the linear IDEPCAG case
a'(t) = A(t)z(t) + Bt)z(v(t)) + C(t), t#tk
Az(ty) = Dp(x(ty)) + B, t=ty,

under the assumption of integrability and summability of the coefficients involved
(A(t), B(t),C(t), Dy, and Ey). It is easy to verify if

(8.3)

Ck
sup/ |A(u)| + |B(u)|du < 1, for k € N sufficiently large, (8.4)
keN Jt,,

then, by theorem (8.3) has an asymptotic equilibrium.
As an application of the last result, Bereketoglu and Oztepe [§] studied the scalar
version of the IDEPCA system
#(t) = A@)(w(t) — x(t+ 1)) +g(t, @), t#k
Ax(ty) =FEx, t=k, keN (8.5)
2(0) = xo,
where the fundamental matrix of the linear IDEPCAG system associated to (8.5))
is the n x n identity matrix I (see [37, [42]), the coefficients A(t), g(t,z) and Fj
are integrable and summable, respectively. The authors, using some conditions
over the adjoint equation related to (8.5)), showed that all solutions of this system

are convergent to some £ € R. To obtain the same conclusions, we only need
to apply Theorem to (8.5). In this way we obtain an asymptotic equilibrium
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for system (8.5)), which is a stronger result because it implies the convergence of
the solutions. Obviously, we can consider (8.5) as a particular case of (8.3) with

B(t) = —A(t), D =0, v(t) = [t+1] and (8.4). This last condition over the integral
is assured for some k € N sufficiently large due to integrability of A(¢). Thus, as a

consequence of Theorem (8.5) has an asymptotic equilibrium in I C R.

Remark 8.1. Condition is of critical importance for existence, uniqueness,
boundedness and stability of solutions in the DEPCAG and IDEPCAG context and

it was not considered by the authors (see [36], B7]).

(iv) Consider the equation

d(0) = g alt) + ot + 1)+, tER,
Az(k) = 3ik t=keN, (8.6)
z(1) =2.

Here, all hypotheses of theorem are satisfied, so has an asymptotic equi-

librium & = 5/2.

— — — The exact solution of (10)
512

Limit value ¢ =

38
I

FIGURE 1.

(v) Consider the advanced semilinear IDEPCAG

y/(t)zw () - (Hll)Q tanh(y([t +1])) + e~ H, ¢ £k o

with y(0) = —1.1. All conditions of Theorem are satisfied, so (8.7) has an

asymptotic equilibrium, with error

1

- 1
_ 2(t+1)

e(t) = O(e L+ o)

where i[t] = n € Z is the only integer such that ¢ € I, = [t, tn11].
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4000
3500 F - g
3000 | 1
2500 3 1

2000 - 1

y,(t)

1500 . E
1000 f : 1

500 F K i

FIGURE 2. Asymptotic equilibrium for (8.7)).
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