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GROWTH OF SOLUTIONS OF COMPLEX DIFFERENTIAL
EQUATIONS IN A SECTOR OF THE UNIT DISC

BENHARRAT BELAIDI

ABSTRACT. In this article, we study the growth of solutions of homogeneous
linear complex differential equation by using the concept of lower [p, g]-order
and lower [p, g]-type in a sector of the unit disc instead of the whole unit disc,
and we obtain similar results as in the case of the unit disc.

1. INTRODUCTION

In this article, we assume that readers are familiar with the fundamental results
and the standard notations of Nevanlinna’s theory in the complex plane and in the
unit disc A = {z € C: |z] < 1}, see [5, 6] [7, O] [15], 23].

For k > 2 consider the complex differential equation

TR () + A1 (2)fF Y 4o 4 Ag(2)f =0, (1.1)

where coefficients A; (7 =0,1,...,k — 1) are analytic functions in the unit disc A.
It is well-known that every solution of (1.1)) is analytic in A, and there are exactly
k linearly independent solutions of (see e.g. [7]). The theory of complex
differential equations in the unit disc has been developed since 1980’s, see [13].
In 2000, Heittokangas [7] firstly investigated the growth and oscillation theory of
equation when the coefficients A; (j = 0,1,...,k—1) are analytic functions in
the unit disc A by introducing the definition of the function spaces. His results also
gave some important tools for further investigations on the theory of meromorphic
solutions of equations (L.I)). In 1994, Wu [I7, [18] used the Nevanlinna theory in an
angle to study the order of growth of solutions of the second-order linear differential
equation in an angular region. Later Xu and Yi [22], Wu [19], Wu and Li [20], Zhang
[24] generalized some results of [I7,[I§] to the case of linear higher order differential
equations in angular domains by using the concepts of iterated p—order and the
spread relation. Recently, Wu in [21] developed a new investigation related to linear
differential equations with analytic coefficients in a sector of the unit disc

Qaﬁ:{zGC:a<argZ<ﬁa |Z|<1}7

and obtained some results about the order of growth of solutions of the differential
equation

Ap(2) f®(2) + Apor(2) fED 4+ Ag(2) f =0, (1.2)
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where coefficients A; (j = 0,1,...,k) are analytic functions in the sector Qg g.
After that, Long [IT], 12], Zemirni and Belaidi [25] obtained different results con-
cerning the growth of solutions of and by using the concepts of iterated
p-order and [p, g]-order in the sector Q, s. In this article, we continue to investigate
this new problem and study the growth of solutions of equation when the co-
efficients A; (j =0,1,...,k — 1) are analytic functions of [p, ¢J-order in the sector
Qq,5. Before stating our main results, we give some notation and basic definitions
of meromorphic functions in the unit disc A and in a sector {2, g of the unit disc.
The order of a meromorphic function f in A is defined by

log T'(r, f)

p(f) = limsup — >,
r—1- Og1,»,‘

where T'(r, f) is the Nevanlinna characteristic function of f. If f is analytic function
in A, then
loglog M (r, f)

pm(f) = limsup T ,
r—1- log —r

where M(r, f) = max|.|—,, .ca |f(2)| is the maximum modulus function.

Remark 1.1. The following two statements hold [15, p. 205].
(a) If f is an analytic function in A, then

p(f) < pum(f) < p(f) + 1.

(b) There exist analytic functions f in A which satisfy pa(f) # p(f). For
example, let ;1 > 1 be a constant, and set

h(z) = exp{(1 — 2)7"},
where we choose the principal branch of the logarithm. Then p(h) = p — 1 and
pa(h) = p, see M.

In contrast, the possibility that occurs in (b) cannot occur in the whole plane C,
because if p(f) and ppr(f) denote the order of an entire function f in the plane C
(defined by the Nevanlinna characteristic and the maximum modulus, respectively),
then it is well-know that

. log T'(r, . loglog M (r,
p(f) = limsup logT(r, /) _ pum(f) = limsup loglog M(r, )
r—+o0 IOgT r——+oo IOgT

The meromorphic function f in the unit disc can be divided into the following three
classes:

(1) bounded type if T'(r, f) = O(1) as r — 17

(2) rational or non-admissible type if T'(r, f) = O(

to (1);
(3) admissible in A if

1
1—r

) and f does not belong

T f) _

lim sup T
r—1- log 1=

Definition 1.2 (|2, B]). Let p > ¢ > 1 be integers. Let f be a meromorphic
function in A, the [p, ¢]-order of f is defined by
log,, T'(r, f)

Plp,q (f) = limsup ;
[p q] r—1- Iqu 1ir
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where log} r := log" r = max(0,logr), log,, r := log*(log} r), p € N. For an
analytic function f in A, we also define

logt, , M(r,
pr[P’q](f) = limsup gp"rl—l(f)
r—1- logq e

It is easy to see that 0 < pp, 41(f) < +o0. If f is non-admissible, then pp, ,(f) =0
for any p > ¢ > 1. By Definition pra(f) = p(f) is the order of f in A,
p2,11(f) = p2(f) is the hyper-order of f in A and pp, 1)(f) = pp(f) is the p-iterated
order of f in A.

Proposition 1.3 ([2]). Let p > q > 1 be integers, and let f be an analytic function
in A of [p,q]-order. The following two statements hold:

(1) pr =4q, then p[uq](f) < pM,[p,q](f) < p[p,q](f) +1.
(ll) pr > q, then p[p7q](f) = pM,[p,q](f)'

Proposition 1.4 ([8]). Let p > q > 1 be integers, and let f be an analytic function
in A of [p,q]-order. The following two statements hold:

(1) pr =4q, then Hip,q (f) < HM,[p,q](f) < Hip,q (f) +1.
(ii) If p > g, then ppp g (f) = piarfp.g) (f)-

In what follows, we give some notation and definitions of a meromorphic function
in a sector in unit disc. Throughout this paper, €2 denotes the sector Q4 5 (0 <
o < 3 < 2m) of the unit disc, and for any given ¢ € (0, &5 55%), Q. denotes the sector

Qupe={z€C:at+e<argz< f—e, |z| <1}

Wu [2I] used the Ahlfors-Shimizu characteristic function to measure the order of
growth of a meromorphic function f in 2. We recall the definition of the Ahlfors-
Shimizu characteristic function, see [5] [6]. Let f be a meromorphic function in €2,
set

Qr)=an{zeC:0<|z|<r<1}
={zeC:a<argz<f,0<|z| <r<1}.

Then, the Ahlfors-Shimizu characteristic function is defined by
" S(t,Q
nr - [ 22 a
0

where

lf (= 2 0
Q = g = .
S(r,Q, f) = // T4 1/(2) |2> do, z=re", do=rdrdf

It follows by Hayman [6], Goldberg and Ostrovskii [5] that
To(r,C, f)=T(r, f)+ O(1), 0<r<l.
The meromorphic function f in a sector €2 of the unit disc can be divided into the

following three classes:

(1) bounded type if To(r, 2, f) = O(1) as r — 17;
(2) rational or non-admissible type if Ty(r, €2, f) = O(:L-) and f does not
belong to (1);
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(3) admissible in € if
TO (T, Qa f)

limsup ————— = o0
r—1- og 17—,

Now, we introduce the concept of [p, ¢]-order and [p, ¢]-type of meromorphic func-
tions in a sector (2.

Definition 1.5 ([I2 25]). Let p > ¢ > 1 be integers. Let f be a meromorphic
function in 2, the [p, g]-order of f is defined by
IOg; TO (Tv Qa f)

Plp.ql,0(f) = limsup
e Q]Q( ) r—1- logq 1ir

It is clear that 0 < pp, ¢1.0(f) < +o0. If f is non-admissible in ©, then pp, g.o(f) =
0. By Definition P, (f) = pa(f) is the order of f in €, see [21], ppp 1).0(f) =
pp,a(f) is the iterated p-order of f in Q, see [11] 24].

Definition 1.6 ([25]). Let p > ¢ > 1 be integers and f be a meromorphic function
in Q with [p, g]-order 0 < pp, g,0(f) < +00. Then, the [p, g]-type of f is defined by

. 1Og;__1 TO(Ta Qv f)
Tp.a)(f) = limsup (log,_; )P’

Now, we introduce the concept of lower [p, gl-order and lower [p,¢]-type of a
meromorphic function in a sector €.

Definition 1.7. Let p > ¢ > 1 be integers. Let f be a meromorphic function in
Q, the lower [p, g]-order of f is defined by

log,, To(r, 2, f)
Hip.ql(f) = lim in g, L
It is clear that 0 < g, g.0(f) < 4o00. If f is non-admissible in Q, then pup, g.o(f) =
0. By Definition pa),(f) = pa(f) is the lower order of f in Q and ppp, 1).0(f)
= upa(f) is the lower iterated p-order of f in .

Definition 1.8. Let p > ¢ > 1 be integers and f be a meromorphic function in
Q with lower [p, g]-order 0 < ppp, g.0(f) < +oo. Then, the lower [p, g]-type of f is
defined by

o log;yr—l T (T, Qa f)
I[p,q],Q(f) = 1}~Ei1—1f (logq71 ﬁ).u'[p,q],ﬂ(f) .

2. MAIN RESULTS

Several authors [2] [3] [8] 10} [16] have investigated the growth of solutions of the
equation by using the concepts of [p, ¢]-order in the unit disc A. Long [12]
studied the growth of solutions of equation in a sector of the unit disc with
analytic coefficients of finite [p, g]-order, and obtained the following results.

Theorem 2.1 ([12]). Let p > q > 1 be integers and € € (O,B_TO‘). Let E be
a set of complex numbers satisfying dens{|z| = r : z € E C Q} > 0, and let
Ao(2), A1(2), ..., Ar(z) be analytic functions in Q@ such that for some real constants

satisfying 0 < v < X\, we have

1
To(r, Qe, Ao(2)) > exp,{Alog, (?M)}’
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1
To(T,Q,Aj(Z)) Sepr {’Ylqu <1*7|Z|)}’ .7: 1727"',k

as |z| = r — 17 for z € E. Then every nontrivial solution f of (L.2)) satisfies
Plp.q,0(f) = +00 and
Pp+1.a,0(f) = A

Theorem 2.2 ([12]). Letp > q > 1 be integers and € € (0, 5_7@) Let Ao(z), A1(z),
.., Ak(2) be analytic functions in Q. If

1??§k{p[p>Q]vQ(Aj)} < Plp.gl.0. (Ao),

then every nontrivial solution of (1.2)) satisfies

p[p+17q],9(f) Z Plp,ql,Q- (Ao)-

Remark 2.3. In the Theorems 2.1 and we note that if Agx(z) = 1, then all the
solutions of are analytic functions. But if Ag(z) is a non-constant analytic
function, then obviously the solution f of can be meromorphic function. The
hypotheses in Theorems [2.1] and do not provide that a solution is meromorphic
in , so it is a priori assumed that f is meromorphic.

Very recently, Zemirni and Belaidi [25] continued the study of the growth of
solutions of equation (|1.1)) instead of equation (|1.2)) in a sector of the unit disc with
analytic coefficients of finite [p, g]-order, and obtained the following results.

Theorem 2.4 ([25]). Let p > g > 1 be integers and e € (0, B—Ta) Let Ao(z), A1(z),
oo, Ag—1(2) be analytic functions in Q. If

1Sg1§§_1{ﬂ[p,q],sz(14j)} < Pp.g.0. (Ao),

then every nontrivial solution of (1.1)) satisfies py, q.(f) = +oo and
Pip.a)..(Ao) < pprig.a(f), Pprig.a.(f) < pp.g.eldo) + 1.
Furthermore, if p > q, then
Plp.a).2:(A0) < pprrg.elf)s  Pprig.e.(f) < pp.g.aldo)

Theorem 2.5 ([25]). Let p > g > 1 be integers and e € (0, &To‘) Let Ao(z), A1(z),
«ovy Ak_1(2) be analytic functions in Q. Suppose that

lgglfa]i(—l{p[pquQ(Aj)} < p[?vQ]»QE (A0> =0p (0 <p< +OO),

and

15;?2(—1{7[7”‘1]’9(‘%) FPpagl(A5) = Pp.gla. (Ao)}
<Tpg.0. (o) =7 (0<7 < +00).
Then, every nontrivial solution of (L.1) satisfies ppp, q.0(f) = +00 and
Pp.al. . (A0) < pipr1g.e(f), Pp+tg.0.(f) < ppgaldo) +1.

Furthermore, if p > q, then

P, (o) < ppr1,ge(f),  Pp+1g.0.(f) < Pp.g.e(do)-
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Thus, the following questions arise naturally: (i) Whether the results similar to
Theorem can be obtained in € if Ag(z) dominates the other coefficients in the
sense of lower [p, g]-order?

(ii) If we use the lower [p, g]-type of Ag(z) to dominate the other coefficients,
what can be said about pp41,4,0(f), similar to Theorem

In this article, we give some answers to the above questions. In fact, by using the
concept of lower [p, g]-type, we obtain some results which indicate growth estimate
of every non-trivial analytic solution of equation by the growth estimate of
the coefficient Ap(z). We mainly obtain the following results.

Theorem 2.6. Let p > q > 1 be integers and € € (0, ﬁ_Ta) Let Ao(2), A1(z), ...,
Ak_1(2) be analytic functions in Q. If

(Jnax {pp.q.0(4))} < pip.a.0. (Ao),
then every nontrivial solution of (L.1)) satisfies

Pip.al,2(f) = p.g.(f) = +oo,
Hip.gl.0. (A0) < Bpr1g.0(f) < pprig.lf),
Hip+1,q),9. (f) < Bpp.g (o) + 1.
Furthermore, if p > q, then
Lip.q).0. (Ao) < pppr1,q,.0(f) < ppr1,q.0(f),
Pip+1,a1.9. (F) < pip.gr.0(Ao)-
Remark 2.7. Theorem [2.6]is similar to [I6, Theorem 2.2 (i)] in the unit disc A.

Corollary 2.8. Let p > q > 1 be integers and € € (0, 5_7&) Let Ao(z), A1(2), ...,
Ag_1(2) be analytic functions in Q. If

lgrjngffl{p[nq]ﬂ(Aj)} < Bip,g),2. (Ao) = Pip,q1.0. (Ao),

then every nontrivial solution of satisfies ppp.q.0(f) = pp.q.0(f) = +oo and
Hip.a).0. (Ao) < tippr1,q.0(F) < ppr1g.0(f);
Bipr1,g1.9. (F) < ppyig.e.(f) < ppg.a(do) + 1.
Furthermore, if p > q, then
fip.g.2. (Ao) < Bpt1,9.0(f) < ppriq.0(f),
Hip+1.40. () < Ppt1,q.0.(f) < ppp.q0(Ao)-
Theorem 2.9. Let p > q > 1 be integers and € € (0, 5_7&) Let Ao(2), Ai(z), ...,
Ag_1(2) be analytic functions in Q2 such that
0 < i = ppg.0.(Ao) < pp.gla.(Ao) < +oo.
Suppose that

lﬁr;lglil{p[p"I]’Q(Aj)} < fijp.qg),0. (Ao)

and
(nax {7 .a(45) : Pp.a.(4)) = Hipg 0. (Ao)} < Zjpg,0.(Ao) < +oo.
Then, every nontrivial solution of (L.1)) satisfies

Pip.al,2(f) = p.g.(f) = 400,



EJDE-2019/98 GROWTH OF SOLUTIONS 7

Pp.ql,0. (A0) < ppt1,q.0(f) < ppri,q.e(f),
Hip+1,q,0. (F) < ppg.0(Ao) + 1.

Furthermore, if p > q, then
Fip.a).. (Ao) < Bipr1g.e(f) < Pprig.alf),
Lip+1.90,0. (F) < Hip,q.0(Ao).
Remark 2.10. Theorem is similar to [8, Theorem 2.1] in the unit disc A.

Remark 2.11. We note that in Theorems [2.6] and [2.9] the growth estimate of the
solution f is expressed by the growth estimate of dominant coefficient Ag in the
terms of lower [p, g]-order on both sides.

3. AUXILIARY LEMMAS

Lemma 3.1 ([I4]). Let

(Ze—wo)ﬂ'/é + 2(26—1«90)71'/(25) -1
(Zefieo)ﬂ'/(; _ 2(267190)71'/(25) _ 17

u(z) = (3.1)

where 0 < Oy = # <2m, 0<d = B—Ta < 7. Then u(z) is a conformal map

of angular domain Q (0 < f — « < 2m) onto the unit disc A. Moreover, for any
positive number € satisfying 0 < € < §, the transformation (3.1) satisfies

u({z:%<|z\<r}ﬂ{z:|argz—00|<576}>
C{u:|u\<1f2%€7_‘_16(17r)},
ut({u: |ul < o}) C ({z\z| < 1—8%(1—9)}0{z:|argz—90| <5}>7

where o < 1 is a constant. The inverse transformation of (3.1) is

oy —(14u) 4+ /2(1 + u?)\ 2/~
z(u)=e ( " ) . (3.2)
Lemma 3.2 ([21]). Let f be a meromorphic function in £, where 0 < f—a < 2.
For any given € € (0, B%a), set § = ﬁ%‘l and b = 57msrg- Then
167 ]
To(o.C.f(=() € = To(1- =10, 2 f(2)) +O(1),  (33)
™
2
To(r, %, f(2)) < $To(1 = b(1 = 7),C, f(2(u)) + O(D), (3-4)

where z(u) is the inverse transformation of (3.1).

Remark 3.3. By applying the formula T'(r, f) = To(r,C, f) + O(1) (0 <7 < 1),
Lemma the definition of [p, g]-order and lower [p, g]-order, we immediately
obtain that

Plp.a). 0. (F(2)) < Pp.g (f(2(0))) < ppp.ga(f(2),
Pip.a).: (f(2) < ppp.g)(f(2(w) < pppga(f(2)-
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Lemma 3.4 ([21]). Let f be a meromorphic function in Q, where 0 < f —a <27
and z(u) be the inverse transformation of (3.1). Set F(u) = f(z(u)) and p(u) =
fO(2(u)) Then

¢
= Z ajF(j)(u), (3.5)

where the coefficients a; are polynomials (with numerical coefficients) in the vari-
ables V (u)(= ﬁ), V' (u), V"'(u),.... Moreover, we have

1
T(g,ozj):O(logl ) j=1,2,...,¢ (3.6)
-0
For convenience of the readers, we give the statement and the proof of Lemma

[25, Lemma 3.4] with more precision.

Lemma 3.5. Suppose f % 0 is a solution of (L.1) in Q. Then F(u) = f(z(u)) is
a solution of

F® (u) + By (w) ¥ (w) + - + Bo(u)F(u) = 0 (3.7)

imn A, where

and for j=1,2,.... k—1,

k—1
Bj(u) = . ;An (3.9)
Consequently,
70, Bo) < T(r, Ao(e(w))) + O (log =), (310)
k—1
T(0,B;) < ZT(T, Ap(z(w))) + O(log T i Q)' (3.11)

Proof. Suppose that f Z 0 is a solution of (1.1)) in the sector 2. By Lemma
we have
k—1

FOE) + 3 An(2(w)F () + Ao (=(u))  (=(w))
n=1
k k—1
=" o PO (u) + 37 Au(x(u Za O (u) + Ao(2(u)) £ (2(w)
]; ) :—1 k—1 .
=Y 0 FO () + Y (a5 3 Au(z(w) ) FO () + Ao(z(w) F(=(w)
k—1
= apFO )+ Y (o ZAn +a ) PO (u) + Ao((w)) F (1),
j=1 n=

It follows that F'(u) = f(z(u)) is a solution of
F® () 4+ By_1 (u)F*Y(u) 4 - - - + Bo(u)F(u) = 0,
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where By(u) = U%kAo(z(u)) and

k—1
(0% (6% .
Bj(u) = Q—Z—FQ—;ZAn(z(u)L j=1,2,... k-1
, =~

From the proof of Lemma we can get that [21] p. 63]

1 \k
—_ vk —
o = Vi(u) = (z’(u))
:(i< 1—u )%—1 (1 —u)V1+u2 )’f
e \_(1+u) +/2(1 + u?) V2(14u) —2v/1+u2/
which is analytic in A, where 6y = (XT% and w = [3—% Since ax = V¥(u) #0in A,
then By(u) = a—lkAo(z(u)) and

k—1
aj ,
Bj(u)za—i—i—a—ig An(z(w), j=1,2,...,k—1
n=j

are also analytic in A. Because

1
T(Q7aj):0(log )7 j:1727"'7k7
I-o
it follows from this and the properties of Nevanlinna’s characteristic function that

T(6, Bo) < T(0,—) + Tle, Aol=(u))) = T(e,eux) +T(e, Ao(=(w)) + O(1)

k
1 )
1—o/

= T(e. Ao(x(u))) + O log

and for j =1,2,....k—1,

k—1
T(o.By) < T(e. 22 ) + 3 Tle Au(=(u))) +O(1)
k—1
< T(oa) + (o) + 3 Tl Anlx()) + O(1)
k—1
= T(0.05) + Tle.x) + Y Tlo. Au(x(w))) + O(1)
k—1 "—J 1
= > (o An(=(w) +0(Tog — ).

n=j

d

Lemma 3.6 ([10]). Let p > q > 1 be integers. If Bo(u), Bi(u),...,Bx—1(u) are
analytic functions of [p, q]-order in the unit disc A, then every solution F £ 0 of
(13.7) satisfies

Hip+1,q) (F) = b pi1,q) (F) < 1<I§1<5*§71{MM7[17,11] (Bo), pa fp.q)(Bj)}-
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Lemma 3.7. Let p > q > 1 be integers. If Ao(z),...,Ar—1(2) are analytic func-
tions of [p, q]-order in sector ) satisfying maxi<j<k—1{pp.q.(A45)} < fip.q.0. (Ao),
then for any given € € (0, B%a), every solution f £ 0 of (1.1)) satisfies

Hip+1,91,0. (F) < Bppga(Ao) + 1.
Furthermore, if p > q then

Lip+1,91,0- (F) < Hip.g.0(Ao).

Proof. Let f # 0 be a solution of equation (1.1)). Then by Lemma F(u) =

f(2(u)) is a solution of equation (3.7) and by using Remark Proposition
Proposition [[.4 and Lemma we obtain

1ip+1,q),9. (F) < Bipr1,(F) = v py1,q) (F)

< Jnax {parfp.a)(Bo): par oo (B))}

< max {upp.q(Bo), pppq (Bs)} +1

< 1§I}12?71{M[P7Q]7Q(A0)3 p[p,q],Q(Aj)} +1

S lgrjngagal{:u[p,q],ﬂ (AO)a ,U/[p,q],ﬂg (AO)} +1

= H’[p,q],Q(AO) + 1L

If p > g, we obtain

Pipt1,a,0. (F) < tpt1,q (F) = piar,fpt1,q (F)

< 1§I?2?71{MM,[p,q] (Bo); P, [p,q (Bj)}

- 15‘?;?_1{”[1”‘1] (Bo), pp,q)(Bj)}

< Jnax {upp.g0(Ao) Plp.ao(4))}

<

 max {up.g.a(do). Hp.q.0.(Ao)}
= Hip,ql.2(Ao)-

O

Lemma 3.8 ([7, [I5]). Let f be a meromorphic function in the unit disc A and let
k € N. Then

&)
m(r,—) = S(r, f),
f
where
S(r, f) = o(log+ T(r, f) + log (L))
' ’ 1—r’)’
possibly outside a set F' C [0,1) with [}, ldfr < 0.

Lemma 3.9 ([I,[7]). Let g: (0,1) = R and h: (0,1) — R be monotone increasing
functions such that g(r) < h(r) holds outside of an exceptional set E C [0,1) for
which [, dr < co. Then there ezists a constant d € (0,1) such that if s(r) =

1

1—d(1 =), then g(r) < h(s(r)) for all v € [0,1).
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Lemma 3.10 ([25]). Let p > q > 1 be integers. If Ag(2), ..., Ax—1(2) are analytic
functions of [p, q]-order in sector Q satisfying maXO<J<k Hrp.q.a(A5)} < n, then

for any given € € (0, ﬁ—o‘), every solution f £ 0 of (L.1)) satisfies

Plp+1,q.0.(f) <n+ 1
Furthermore, if p > q then ppq1,g,0.(f) <n.

4. PROOF OF MAIN RESULTS

Proof of Theorem[2.6. Suppose that f # 0 is a solution of (1.I)) in the sector .

From Lemma the function F(u) = f(z((u)) is a solution of (3.7)), where z(u) is
defined by (3.2)). Then, by Lemma and the properties of characteristic function

of Nevanlinna, we have

T(0; Bo(u))

7 (0. Ao(z(w)

Ak

> T(o, Ao(=(w))) — T(0, )
:T (97C7A0( ( )))+O(1) _T(Qvak)
> 271~ 152,90, Ao(2)) + O(1) — T(o, o).

By (3.3), (3.11) and the formula T'(r, f) = To(r,C, f) + O(1) (0 < r < 1), for
j=1,2,...,k—1 we have

To(1 -

T(0.B;(w) < 3 T(o, An(z(u))) + O log =

Set

= 1<m<a;§ 1{p[p,q] a(A;)} < pppg0.(Ao) = p.

Then, for any given ¢(0 < 2¢ < p—mn) and r — 17, for j =1,2,...,k — 1 we have

To(r,Q, Aj(2)) < exp, {(n+e) log, i} (4.3)
By the definition of lower [p, ¢] order
To(r, e, Ao(2)) > exp, { (1 — €) log, 17;} (4.4)
Now, as |u| = ¢ — 17, it follows from , , and that
T(o.Bo) > 3To(1~ +22, 0. Ao(2)) + 0(1) ~ T(0,a)
> gexpp {(p = €)log, (;— ’ ;)10 = Tle,an) (4.5)

= O(expp {(u —€)log, (%@)}) —T(o, )
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and for j =1,2,....k—1,

T(0.5)) < <5k =) exp, {(n-+ ) log, (572s)} + O(log =)
(4.6)
:O(expp{(n+e)logq( )}Jr g%)
By (3.7), we can write
T(Qv BO) = m(gv BU)
k-1 Ja6)
< Zm(g,Bj)+Zm(QvT) +O(1) (4 7)

a F
It follows from , . . ) and Lemmamthat
1
O(expp {(u —¢)log, (fg)})
1

< O(expp {(77 + ¢) log, (?g) }) (4.8)
1
—)
holds for all u satisfying |u| = ¢ ¢ F as ¢ — 1~ and E C (0,1) is a set with

5 1%99 < +o0o. By using Lemma and (4.8), for all u satisfying |u| = o, as
o0 — 17, we obtain

exp, {(u —¢)log, (l%g)}

1
+ O(log = Q) +T(0, ax) +O(10g+T(9,F) +log 7

1
< O(expp {(n-i—e) logq(ﬁ)}) (4.9)
+O(log Q))—i—O(log T(1-d(1-o),F)).
Thus, from we obtaln Op,q] (F) = pip+1,q(F) = +00 and

Olp+1,q)(F) 2 pppt1,q(F) = .
Then, by Remark [3.3] we obtain
Plpa(f(2)) = tipp,q (f(2)) = +o0,
Pip+1,0.0(f(2) 2 Bpr1,q.0(f(2) 2 .
On the other hand, by Lemma [3.7] we have p,4 1,90, (f) < fp.q,0(Ao) + 1, and if

p > ¢, we have pp,11,9).0.(f) < u[p,q],sz(Ao) O
Proof of Corollary[2.8 By using Theorem and Lemma [3.10] we easily obtain
Corollary O

Proof of the Theorem[2.9. Suppose that f # 0 is a solution of in the sector
Q. From Lemma the function F(u) = f(z((u)) is a solution of (3.7), where
z(u) is defined by. If ppp.q1.0(A5) < pipp.g.o.(Ao) =pforall j =1,... k—1,
then Theorem reduces to Theorem [2.6] Thus we assume that at least one of
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Aj (j=1,...,k—1) satisfies pp, g.0(Aj) = pp,q.0. (Ao) = p. So, there exists a set
I'C{1,...,k—1} such that for j € I we have pp, 4 0(4;) = f[p,q,0.(A0) = p and

7o =max{7pq.0(45) : ppag.a(d)) = Hpa.e. (o)} < T g0, (o) =7 < +oo
and for j € {1,...,k — 1}\I, we have

b= max  {pp.q.0(45)} < Bp.g.0.(A) = p.
je{1 i k—13\1

Then, for any given € (0 < 2¢ < min{g — b,7 — 71}) and for r — 17, and j €
{1,...,k —1}\I, we have

To(r,Q, Aj(2)) < exp, {(b+e) log, 1—;} <exp, {(n—re log, %—r} (4.10)

and for j € I, we obtain

1 B
To(r, 2, 4(2)) < exp,_y { (11 +)(log,_ ) }- (4.11)
By the definition of lower [p, ¢]-type, for r — 1~ we have
1 \#»
To(r, Qe, Ao(2)) > exp,_q {(T - e)(logq_1 ﬁ) } (4.12)

Then, by (4.1) and (4.12), as [u| =0 — 17,

(0, Bofu)) =701 Ao(a(w))

> gT()(l - %,QE,AO(Z)) +0(1) - T(o, )
> 5w, {(r = 0 (1og, 1 72} + 0 - (o) o
= 0((exp, {7~ )(log, s - ! Q)u}) —T(o, ax).
Also, by ([.2), and (£11)), for j =1,2,...,k— 1,
T(0, B;) < 167” §TO(1 _ 8%(1 = 0,9, 4,(2)) +0(log - ! Q)
n=i
éO(epr{(u—e)logq(;(f%g)}) (4.14)
+0((exp,y {(r1 + ) (Tog, %)”}) +0(log - L 9)
= 0((exp,_y {(m +€)(log, _, 1%9)“} +log 7 ! Q).
It follows from (£.7), (4.13), and Lemma [3.8] that
O((exp, {(r = )(log, -, ilg)“})
< O(expp,1 {(n + e)(logq,1 1%@)“}) (4.15)

+O<log T L

— Q) + T (0, cx) + O(log+ T(o0,F) + log

~)
1-p
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holds for all u satisfying |u| = 0 ¢ F as ¢ — 17, where E C (0,1) is a set with
I fl—g < +00. By using Lemma and (4.15)), for all u satisfying |u| = o — 17,

—0
we obtain

expy 1 {(r =€) (1og, 1 =)'}

1 h 1
< 1 416
*O<6XPP*1{(71+E)<Iqu’1 d(l—@)) }) +O<10g d(l—@)) (4.16)
+ O(log+ T(1—d(1 - o), F)).
Thus, from this inequality we obtain pp, (F) = p[p,q(F) = +00 and

Plp+1,q)(F) 2 pppi1,q (F) = pe
Then, by Remark we obtain

p[p,q],Q(f(Z)) = :u[p,q](f(z)) = +00, p[p+1,q],§2(f(z)) > ﬂ[p+1,q],Q(f(Z)) > [
On the other hand, by Lemma we have ppi1,q,0.(f) < dp,q.0(A0) + 1, and if
p > q, we have pp11.q.0.(f) < pp.q.0(Ado). O
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