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INGHAM TYPE APPROACH FOR UNIFORM OBSERVABILITY
INEQUALITY OF THE SEMI-DISCRETE COUPLED
WAVE EQUATIONS

DILBERTO DA SILVA ALMEIDA JUNIOR, ANDERSON DE JESUS ARAUJO RAMOS,
JOAO CARLOS PANTOJA FORTES, MAURO DE LIMA SANTOS

ABSTRACT. This article concerns an observability inequality for a system of
coupled wave equations for the continuous models as well as for the space
semi-discrete finite difference approximations. For finite difference and stan-
dard finite elements methods on uniform numerical meshes it is known that a
numerical pathology produces a blow-up of the constant on the observability
inequality as the mesh-size h tends to zero. We identify this numerical anomaly
for coupled wave equations and we prove that there exists a uniform observ-
ability inequality in a subspace of solutions generated by low frequencies. We
use the Ingham type approach for getting a uniform boundary observability.

1. INTRODUCTION

This article concerns an observability inequality problem for 1 — d coupled wave
equations for the continuous model as well as for their numerical counterpart for
the space semi-discrete finite difference approximation. The goal of the present
study is to analyze the semi-discrete counterpart in finite difference of an observ-
ability inequality. It is well recognized that observability inequalities are relevant
for control and stabilization theories as well as for inverse problems. In that direc-
tion, the understanding of these questions in finite dimensional is very important
to theoretical and numerical analysis.

In the literature, we found several contributions dealing with numerical questions
on uniform observability and its consequence to the control and stabilization of wave
equations. However, there exist only a few works dealing with analogue questions
for coupled systems of wave equations and numerical counterpart. Almeida Juanior
et al [I] first contributed in that direction for uniform boundary observability. See
also Akri and Maniar [2] 8] and Xu [I7]. To fix our ideas we address the problem of
the well known observability inequality in one-dimensional setting. It is well-known
that for the wave equation

Ut — Ugy =0, in (0,L) x (0,7), (1.1)
w(0,t) = u(L,t) =0, V>0, (1.2)

2010 Mathematics Subject Classification. 35B35, 35B40, 35K57, 35Q92, 92C17.

Key words and phrases. Coupled wave equations; positivity-preserving; semi-discretization;
Ingham’s inequality.

(©2020 Texas State University.

Submitted November 14, 2019. Published December 22, 2020.

1



2 D. S. ALMEIDA JR., A. J. A. RAMOS, J. C. P. FORTES, M. L. SANTOS EJDE-2020/127

u(z,0) =up(x), wu(x,0)=wui(x), Vre(0,L), (1.3)

the total energy of the solution is estimated uniformly by the energy concentrated
near the endpoint x = L. More precisely, for any T' > 2L there exists a positive
constant C(T) satisfying

T
BO) (@) [ fu(Lofat (1.4)
0
for every finite energy solution of (|1.1)—(1.3)) where the energy is

1 [r I
E(t) ::5./0 ufdac—i—i/o u? dz. (1.5)

Estimate is known as boundary observability (observability inequality /inverse
inequality) and the best constant C is the so-called observability constant. We re-
fer the readers to Lions [I2] and Komornik [I1] for an analysis of the equivalence
between controllability and observability through the Hilbert Uniqueness Method
(HUM). On the other hand, semi-discrete schemes generate high frequency nu-
merical spurious oscillations because standard discrete approximations of the wave
equations are, in general, non-uniformly observable. These spurious oscillations
weakly converge to zero as h — 0 and this fact is perfectly compatible with the
convergence property. But, a uniform constant C(T) for estimate is needed
and this is not the case of elementary numerical schemes such as finite difference
and standard finite elements. A numerical evidence to the lack of numerical ob-
servability to boundary observability problem was first observed by Glowinski et al
[6, [7, 8], in connection with the exact boundary controllability of the wave equation
and the numerical implementation of the so-called HUM method. The non-uniform
observability inequality to semi-discrete versions of was first solved by Infante
and Zuazua [9]. They noticed that the problem to estimate the total numerical en-
ergy in terms of the numerical energy concentrated at the boundary is not uniform
as h — 0 for the discrete dynamic equation

Cuya () — 2uy(t) +uia (1)

!l (t) e =0, j=12,...,J,0<t<T, (L6

UO(t) = UJ+1(t) =0, 0<t<T, (17)

u;(0) =uf, wj(0)=uj, j=01,2...,J+1 (1.8)

The total energy of (|1.6)—(1.8) is conserved, i.e.,
J
h ir1(t) —u;(t

E(t) =3 [|u;(t)|2 n |Mﬂ = By(0), Yo<t<T. (19)

§=0

In [9] there is an analysis of a discrete version of (L.4), i.e.,

T
B0 < @) [ fuste)/hPat (1.10)
0
with uy41(t) = 0 for 0 < t < T. The problem is to know if the positive constant
C(T) blows-up as h — 0. According to the result given in [0, Theorem 1.1],
Eh(o)

sup T 0 a8 h—0. (1.11)
u; solution of - fO ‘%Pdt



EJDE-2020/127 SEMI-DISCRETE COUPLED WAVE EQUATIONS 3

Otherwise, there exists a positive counterpart to in a subspace of solutions
generated by low frequencies. See [0, Theorem 1.2] for similar results for the stan-
dard finite element methods. In both cases, the authors used standard numerical
schemes on uniform meshes. Since the pioneering work by Infante and Zuazua [9], a
large number of papers and numerical techniques have been introduced to deal with
the uniform observability and questions related to control and stabilization theo-
ries. We refer the readers to the surveys [5l [I8] for the developments in numerical
analysis dealing with uniform observability on uniform meshes. See also Ervedoza
et al [4] who opened new perspectives in the uniform observability problem by tak-
ing non-uniform numerical meshes for finite difference and standard finite element
approximations of the 1D wave equation.

This article concerns the theoretical numerical analysis of an observability in-
equality concerning a coupled system of wave equations. We use a particular scheme
in finite difference semi-discretization on a uniform mesh. Let us consider the 1D
coupled wave equations

Uy — Ugy + v =0, (0,L) x (0,7, (1.12)

Vgt — Vg +ou =0, (0,L) x (0,T), (1.13)

u(z,t) =v(x,t) =0, x=0,L 0<t<T, (1.14)

u(z,0) =up(x), w(x,0)=ui(z), Vze (0,L), (1.15)

v(z,0) = vo(x), wvi(z,0) =v1(x), Vae (0,L), (1.16)

where the positive coupling term « is proportional to the displacements u(x,t)

and v(x,t). Here, t and z are the time and space variables, respectively. The
functions u(z, t) and v(x, t) are the displacements of two vibrating strings, measured
from their equilibrium positions and the coupling is given by coupling terms awv
and cu. This system is motivated by analogous problem in ordinary differential
equations for coupled harmonic oscillators (see [I3]) and it is well-posed in the

energy space H := (Hg(0,L)x L?(0, L))z. That is to say, denoting U = (u, us, v, vy)

we have that for any Uy € (Hg (0, L) x L*(0, L))2 there exists a unique solution U in

C0([0,T); D(A)) NC([0,T]; H), where D(A) := (HE(0, L)N H2(0, L) x HE(0, L))*.
The energy of solutions to system (1.12])—(1.16]) is

1 L 1 L 1 (L 1t L
Et) := 7/ ufdx—kf/ uidm—t—f/ vfda:—l—f/ vida:—!—a/ wvdz. (1.17)
2Jo 2Jo 2 Jo 2 Jo 0

In this work, we obtain an observability inequality of system f and
we study such observability in the light of a semi-discrete scheme in finite difference.

The rest of this article is organized as follows. In section 2, we show a neces-
sary condition to obtain the positivity of the energy and we build an observability
inequality. In section 3, we introduce a semi-discrete numerical scheme in finite
difference and we show a uniform observability inequality no filtering. In section
4, we prove results on uniform observability for filtered solutions using Ingham
inequalities and we improve the results obtained in section 3.

2. ENERGY PROPERTIES AT CONTINUOUS LEVEL

In this section, we establish some properties concerning the system (|1.12)—(1.16)).
We focus on the observability inequality built from multipliers. First, we develop
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the Fourier series of the system and after that we show two important properties
concerning the energy in (|1.17)): its positivity and its conservation law.

2.1. Fourier expansion of the solutions. Here, we show that the solutions of
(1.12)—(1.16) admit a Fourier expansion on the specific basis of eigenvectors. To do
this, we decoupled the system into two systems, namely: for v := u — v we obtain

from system 7 the system given by
Uit — Ype —atp =0, in (0,L) x (0,7, (2.1)
Y(0,8) = $(L,1) =0, 0<t<T,
¢($a 0) = ¢0(I)7 ’l/)t(xv 0) = 77/}1(58), Vz € (O7L)7
as well as for the system
Ot — Gze + @ =0, in (0,L) x (0,T), (2.4)
?(0,t) =¢(L,t) =0, 0<t<T, (2.5)
¢($7O) = ¢0($)7 ¢t($70) = ¢1($), Vz € (OaL)a

where ¢ := u + v. Both systems are conservative and their energies are
1 [E 1 [E a [F
G(t) := f/ Y2 dx + f/ Y2 dr — —/ Y? de, (2.7)
2 Jo 2 /o 2.Jo

1R, e, a [P,
F(t).—§/0 ¢tdx+§/0 ¢mdx+§/0 ¢° dz. (2.8)

The results obtained for the energy of the decoupled systems are extended to
the coupled system by taking £(t) := (F(¢t) + G(t))/2 for ¢ > 0.

Proposition 2.1. Assume that o < 72/L%. Then, the solutions of the system
(2.1)—(2.3) admit the Fourier expansion, on the basis of eigenvectors,

b = % {ak sin (\/Et) + by, cos (\/E t)} sin (k%) (2.9)

, . _ 2 ,
where ag, by, are the Fourier cocefficients, and v, = (%’T) — « are the eigenvalues

for k> 1.

Proof. The solutions of (2.1)—(2.3)) can be written as ¢ (xz,t) = f(«)T(t). By sub-
stituting this decomposition into ([2.1)) we obtain

(1)~ oT(t) _ ()

0 ) - —v2, Vvt > 0. (2.10)

Thus, we obtain the eigenvalue problem
"+ f =0, (2.11)
£(0) = £(L) =0. (2.12)

To obtain non-trivial solutions, we must take v > 0. Under this assumption, it

is immediate that the solution of (2.11))—(2.12)) is
f(z) = c1sin(ve), (2.13)
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where ¢ is constant. By taking the solution at x = L it results that sin(vL) = 0,
from where we obtain v = vy, = kn/L, k > 1. On the other hand, from the equation
T"(t) + (v* — a)T(t) = 0 we obtain
T(t) = ae’VV’ =t 4 pe iV ot (2.14)
The solutions are valid for v?> > a. Hence, for a < 72/L? < k?n2/L? for all
k > 1 and using the linear combination of solutions, we obtain

Tk (t) = ay sin (\/Et) + by, cos (ﬁt), vt >0, (2.15)

where v = (’%)2 — «a, and ag, b, are the Fourier coefficients for £ > 1. The proof

is complete. (I

One important question is the positivity of the energy of solutions for both

systems (2.1)—(2.3) and (1.12)—(1.16)). By taking the initial data
k k
0Ow) = besin (F10), 0h@) = Y /vy sin (S50,

k>1 k>1

we obtain that
L k2 L
G0)= 7> 8 [(%) - a} + 1Y avp =0, (2.16)
k>1 k>1

if o < 7%/L?. Analogously, we have the following two results.

Proposition 2.2. The solutions of (2.4)—(2.6) admit the Fourier expansion, on
the basis of eigenvectors,

b= Z |:Ck sin (\/Et) + dj, cos (\/Et)} sin (?) (2.17)
E>1

. ) 2 ,
where ¢y, d are the Fourier coefficients and l/k+ = (%’T) + a are the eigenvalues
for k> 1.

Proposition 2.3. Assume that o < 72/L%. Then the solutions of (1.12])—(1.16))
admit the Fourier expansion, on the basis of eigenvectors,

w = ;]; {ak sin (\/Et) + by, cos (\/Et) + ¢ sin (\/Et) (2.18)

+ dy, cos (\/Et)} sin (kwa),
v = %Z [cksin (ﬁt) + dy, cos (ﬁt) — a sin (\/Et>
E>1

_ . (kmx
— by, cos ( vy t)] sin (T)’
where ay, by, cx, dr, are the Fourier coefficients and 1/2: = ('%)2 + « are the eigen-

values.

The proof of the two above results follows from Propositions and By
taking the initial data

(2.19)

ud(z) = % Z(bk + dj) sin (kax)

k>1
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ut(z) = %Z <ak vy +Ck\/g) sin (me),
k>1
0 (x) = % Z(dk — by) sin (IWTQU),

k>1

1 k
vl(x) = 3 Z (C}M/V]j - ak\/uk*) sin (%),
k>1
and after some calculations we obtain the positivity of £(¢), i.e.,

e0 =73 &[(F) +o] + 7 ZH((T) -]

k>1 k>1
L 2 4+ 2. —
+ Z kz>l (Ckyky + a/k.Vk ) Z 0,

if « < 7?/L2.

2.2. Observability inequality for the coupled system. One of the main phys-
ical properties concerning the hyperbolic systems of wave propagations is the pos-
itivity of the energy of solutions. Before getting the observability inequality for

system (1.12)—(1.16), we show that it’s energy is positive and it obeys the energy
conservation law.

Theorem 2.4. Let U = (u, us, v,v¢) be the solution of (1.12))—(1.16). Then, for all
a < 7?/L?, holds

2 L2
g(t) > ool

L L
2 2dx| > T 2.2
™ {/0 us dr +/0 vy dx} >0, Vtelo,T], (2.20)

where E(t) is the energy defined (1.17)).

Proof. We multiply formally the Egs. (1.12)) and (1.13) by u; and v; respectively,
and then we add the two resulting equations considering the boundary conditions

(1.14) to obtain

drl [t 1 (f 1 L 1 L L
%[5/0 u%deri/o uidm+§/0 vfderi/o videroz/O uvd:z:]zO, (2.21)

for all t € [0,T]. Then, the energy conservation property is assured, i.e.,

E(t) = £(0), Vte0,T), (2.22)
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where £(t) is given by (1.17). On the other hand, taking into account that 2uv >
and using Poincaré’s inequality [16] we have

L L L L
[/ u?dw—i—/ uidm—i—/ v?dw—i—/ v? dx
0 0 0 0

L L
—a/ u2dx—a/ vzdx}
0 0
L L L L
[/ ufdx—i—/ uidw—i—/ v?dw—i—/ v? dx
0 0 0 (2.23)

2 L

—a— udx—oc—2
0 ™ Jo

L2 L L
[/ ufdx—l—(l—a—Q)/ uidw—i—/ v? dx
0 ™ 0 0

7’[,&2 — ’U2

E(t) >

DN =

1
2
v2 da:}

and since a < 72/L?, it follows that

w2 —al?p [T L
Et) > ——— / u? da —|—/ v2dz|, (2.24)
272 [ 0 0 }

assuring the positivity of £(t).

The next theorem gives our result on the observability inequality.

(u, ug,v,v¢) be the solution of the system (1.12])—(1.16).

Theorem 2.5. Let U = (u,
Then for all a < w2/L? there exists Ty > 0 such that for all T > Ty there emists
C(T,«) > 0 for which

T L . 7
£(0) < C(T,a)|a (u? + v dedt + = u?(L,t)dt
L ferat fowns

L 2
+5Aqggwﬂ,

where E(t) is the energy given by (L.17).

Proof. Multiplying the Eq. (1.12)) by zu, we have

T (L
/ / (utt — Ugy + av)mum dx dt = 0. (2.26)
0
From the boundary conditions in (1.14)) we have
T oL L T 1 (T (L
/ / Ut TUL dx dt = {/ utumxdx +7/ / u? dx dt, (2.27)
0o Jo 2Jo Jo
dt. (2.28)

T L L [T
— / / Ugg Uz X dr dt = / / u drdt — — /
o Jo 2 Jo
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Combining (2.26)), (2.27) and (2.28), one has

s 1 [T L 1 /T L T L
—&—f/ / ufdxdt—i—f/ / uidwdt—&—a/ / VTUL dx dt
2Jo Jo 2Jo Jo o Jo

L T
= —/ u?(L,t)dt,
2 0

where X, (t) = fOL
obtain

s 1 (T (L 1 /T L T /L
+7/ / Utzdﬂfdt‘F*/ / vidxdtqta/ / ULV, dx dt
2Jo Jo 2Jo Jo o Jo

(2.29)

xugzuy dr. Analogously, multiplying the Eq. (1.13) by zv, we

2.30
L (", (2.30)
= vy (L, t)dt,
2 Jo
where X, (t) = fOL 20,0y dz. Adding (2.29)) and ( we obtain
’ T 4 L 1 (L 1 L
[Xu(t) + X (8)]], +/ {*/ ufdx—kf/ dex—kf/ v2 dx
0o 2Jo 2 Jo 2 Jo
1 L
+§/ v2dx dt+a/ / (vug + wvg)z de dt (2.31)
0
L (* L (r
—/ (L, t)dt + = / v2(L,t)dt.
2 Jo 2 Jo
Moreover,

T L T Ly T L
a/ / (vuy 4+ wvg)z da dt = a/ / x— (uv)dx dt = —a/ / wv dx dt,
o Jo o Jo dv o Jo

from where we arrive at

T
[Xu(t) + X, ()]0 + / E(t)dt
0
T L L T L T
:2a/ / uvdmdt—i——/ ui(L,t)dt—l——/ v2(L,t) dt.
0 0 2 0 2 0

Using Young’s inequality we have

(2.32)

L [* L [* L [* L (*
| Xu(t) + X, ()] < —/ ufdac—i——/ uidx—&——/ v?dx—i——/ v2de, (2.33)
2 Jo 2 Jo 2 Jo 2 Jo

and taking (2.23)) into account we have

I L L L L
—[/ u?dm+/ uidz—&—/ vfda:—k/ vidx]
21/ 0 0 0

L L
SaL/ qux—i—aL/ v? dx + LE(t)
0 0

O (2.34)

L (-
<a— u? daz+a—2/ v2dz + LE(t)
0 ™ Jo

L3 L L
:a—Q{/ uidm—&—/ vidaj} + LE(L).
n 0 0
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From Theorem ([2.4) we conclude that

Lo (L L L L
—[/ u?da:—&—/ uidm—&—/ vfdx—i—/ vgdx}
2LJo 0 0 0

3

L L L
ga—Q[/o uﬁd;z:+/0 vzdx}JrLE(t)

”LS - (2.35)
< O‘ﬁmg(t) + LE(t)
2
=
from where we obtain
X0+ X,(0)] < L £(1). (2.30)

On the other hand, from energy conservation law (2.22)), the inequality ([2.32)
lead us to an observability inequality. Indeed, for Ty = 2L > 0 we have

m2—al?

T L L (T L [T
£(0) gc[za/ / uvdxdt—i——/ ui(L,t)dt—i——/ vg(L,t)dt}, (2.37)
0o Jo 2 Jo 2 Jo
where C = C(T, o) := % Finally, using the Young’s inequality we
obtain the required result. ([l

Note that uses observations on the boundary and observations distributed
on the whole space domain. The observability term with o which is integrated on
the whole domain is normally removable, but the literature is too brief. We refer
the reader to Tebou [I5] for a study of several observability estimates for a system of
two coupled non-conservative wave equations, and for possible extensions to other
similar models with fewer controls. In any case, one can use the compactness-
uniqueness argument such performed by Zuazua [19] to prove that the observation
distributed on the whole domain can be absorbed. In that direction, it is possible
to obtain the observability inequality given by

L

. T
£(0) < C(T)5 /0 w2 + 02 (L, 1) dt, (2.38)

where C/(T') depends also on a.

2.3. Observability inequalities for the uncoupled systems. In this section,
we obtain observability inequalities for the coupled systems and after that we re-
cover the observability inequality (2.25)).

Theorem 2.6. Let (¢, ¢;) be the solution of system (2.4)-(2.6). Then, for all
T > 2L there exists C(T) > 0 such that

F(0) < O(T) [a/OT /OL > da:dt—i—g/oT ¢2(L,1) dt}, (2.39)

where F(t) is the energy given by

1t e, a [P,
F(t)::§/0 ¢zdm+§/0 ¢Idx+§/0 ¢* dz. (2.40)
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Proof. Proceeding as in Theorem (2.5)), by using multipliers of the type x¢,, we

obtain
//d)tdxdt—i— //¢2dxdt——//¢2dxdt
/ G2(L,t) dt,

where X, (t) = fo ¢, dr and from where results that

T T /L T
o+ [ Pt [ [ Gaarg [ deoa e
0 0

It is immediate that X4 (¢ )| > —2LF(t). Moreover, having in mind the energy con-
servation law for F'(t), the inequality (2.42] - ) lead us to the observability inequality
for T > 2L, i.e.,

F(0) < O(T) [a/OT /OL > dxdt+§/0T ¢2(L,1) dt}, (2.43)

where C(T) = 1/(T — 2L). The proof is complete. O

(2.41)

Theorem 2.7. Let (1,1) be the solution of the system (2.1)—(2.3). Then, for all
a < w2 /L? there exists Ty > 0 such that for all T > Ty there exists C(T,a) > 0
such that

T
GO) < Ca)y [ L, (2.49)
0
where
w2 —al?

T =
¢(Ta) T(n? — aL?) — 2L7?

>0,

and G(t) is the energy given by

R Y a [F

Proof. Tt is immediate that

Xy(t)] + //%d dt + = //z/Jd:cdt—i— //wd:cdt
L T
-5 [ v

where X (t) = fOL 2,1 dr and taking into account the energy defined by (2.45]),
we obtain

T T L T
T L 9 £ 9
®)|, +/O G(t)dt = a/o /0 V% da dt + 2/0 V2 (L,t) dt. (2.47)

Moreover, using Poincaré’s inequality [16], we have

(2.46)

1 L L L2 L
G(t)zf[/ V3 do + ¢§dw—a—2/ ¥2 da
2LJo 0 ™ Jo

=3 [t (et

(2.48)
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It follows for a < 72/L? that
2 —al? [T
Glt) > ——— 2d 2.49
0="55 [Ctan (249
implying the positivity of G(t). Now we estimate X, (¢) as follows,
L [(* L [t
X<y [ vy [ via
< LG(t) + a— / Y2 dx

S LG + a5 / W3 de .
Using ([2.49)), we obtain
< 2dr < . )
X0l <100 4oy [ Rwr<i " son. @

Finally, having in mind the energy conservation law of G(t), 1nequahty -

lead us to the observability inequality for T' > Ty where Ty = 2L 5", i.e.,

T2 —al? aL2 ’

—al?
G(o)gT(zfQLS‘)_mz //wdxdt—&— /w (L,t)di]

% — al?
< 2(L,t)d
= T(x2 —aL?) —2L7% 2 / Val

which completes the proof. ([l
From Theorems and . we have

F(0) + G(0) < T_QL a/ / ¢2dxdt+L/T¢§(L,t)dt}

7% —al?
(L,t)d
+T(7T —alL?) —2L7122/ Ui

Noting that
T(n* — al?) — 2Ln* = Tn* — Tal? — 2L7*
< (Trm* +2al?) — TaL? — 2L7w* = (T — 2L)(x* — aL?),

we obtain
1 < % — al?
T—2L ~ T(n?—«al?)—2L7?"
Therefore, using ¢ = u + v and ¥ = u — v, we obtain

F(0) +G(0)
% — al?
= T(m? — aL?) — 2L7? / / w+tv)? dedt
+§/OT (1o + 0. AL+ / (1 — v2) (L. )]

w2 — ol?

= T(x? —al?) 2 4a/ / uvdxdtJrL/ [uZ + v2](L, t)dt}
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and using Young’s inequality it follows that
72— al? Tl T
dedt + = 2 4 02)(L, t)dt
T(WQ—QLQ)—ZLWQ[Q/O /0(” +v%)de +2/0 [uz + w3l (L, t)dt |,

for 2£(0) = F(0) + G(0).

£(0) <

3. FINITE DIFFERENCE SEMI-DISCRETIZATION

For our purposes we consider J a nonnegative integer, h = L/(J + 1) and the
partition of (0, L) given by

O=xzo<x1 <---<zy<zy41 =L, wherez; =jh, Vj=0,...,J+1. (3.1)

Here, we consider the following semi-discrete system for the 1D coupled wave equa-

tions (CT2)-(L10):

uj(t) — Apuj(t) +owi(t) =0, j=1,2,...,J,0<t<T, (3.2)

vl (t) = Apvj(t) +aui(t) =0, j=1,2,...,J, 0<t<T,

uo(t) =uyp1(t) =0, wo(t) =vy41(t) =0, 0<t<T, (3.4)
ui(0) =uf, uj(0)=uj, v;(0)=1), vj(0)=0], (3.5)

7=0,1,2,...,J+1,

where primes ’ denotes the derivative of u with respect to time ¢, and the functions
u;(t) and v;(t) are approximations to u(z;,t) and v(z;,t) respectively, being u and
v solutions of (1.12)—(1.16)). We use A}, to denote

w1 (t) = 2u;(t) + w1 (t) N i1 (t) = 205(t) + v (t)

Apu;(t) := 52 ) 2
The energy of (3.2)—(3.5) is
J
h wiyq(t) —w;(t) 2
ent) = 23 [y + [ e
2 4 h
3=0 (3.6)
+ |M’2 + 2auj(t)uj(t)}7

and it is a conserved quantity of the time ¢ for the system 7. Our aim here
relies on analysis of a semi-discrete counterpart to the boundary observability
with respect to mesh size h. To do this we use the Ingham’s type approach [10].
First of all, we show that there exists a uniform observability inequality associated
with the observability inequality (2.25)) (see [14} [I8]). We consider the two systems
associated to the discrete systemq_(]?)_z 7. The first one is obtained by taking
¢ (t) == u;(t) + v;(t) from where we have

o5 (t) = Apoi(t) + ag;(t) =0, j=1,2,...,J,0<t<T, (3.7)
¢0(t):¢J+1(t):0, O<t<T,
¢j(0)_ 0 ¢I(0):¢1 j:O71a27"'aJ+17

R J 3’

and the second one is obtained for ¢;(t) := w;(t) — v;(t) from where we have
Vi) = Apti(t) —anp;(t) =0, j=1,2,...,J,0<t<T, (3.10)
Wo(t) = y1(t) =0, 0<t<T, (3.11)
¥ (0) =Y @(0) =), §=0,1,2,....,J +1. (3.12)

- J R R
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Note that for u; (£) = (6;(£) +4;(t))/2 and v; (£) = (5 (t) — 1 (£))/2 we recover
the Egs. —@. Their energies are given, respectively, by

Z{ |2+|w| + lo;(t)] } (3.13)
Jj=0

J
';LJZW |2+|%+1T%()‘ — av(t)]. (3.14)

It is not difficult to see these energies are conservative for all time ¢. That is
to say, Fp(t) = Fr(0) and Gp(t) = Gp(0) for all ¢ € [0,T]. Naturally, &,(t) =
(Gr(t) + Fr(t))/2 for all t € [0, T].

Proposition 3.1 (Energy conserving). For any h > 0 and (u,v) solution of (3.2])—

we have
Ent) = £4(0), VEe[0,T], (3.15)

where En(t) is given in (3.6]).

Proof. Multiplying the Eqgs. (3.2) and (3.3) by hu)(t) and hvj(t) respectively, and
adding the results for indices 7 = 1,2,...,J, we obtain

J J
hZu" o~ hZ(Ahuj)u;- + haZvju; =0, (3.16)

th — hz Apv;)v) —|—ho¢Zquj =0. (3.17)

Keeping in mind the boundary conditions and after some calculations we
arrive at

J J
hd Ujp1 — Uj |2
j=1 j=0
JA ,_hd J Vj41 — V52
—h Y _(Anv;)v; = 5@2\7,1 E (3.19)
j=1 =0

On the other hand,

athju + ahZqu] = ah Zujv] (3.20)
Substituting - and (| into and (| we obtain

d < rh h s jujpr —ug 2 h hyvjp1 —v; 2
2 j+1 — Yy 2 i+1 — Y5
a2 31! +§Z!%’ il g +“h“j“j} =0, (321
j=0 j=0
or
d
&Eh(t) =0 = &,(t)=&(0), Vtelo,T]. (3.22)
The proof is complete. O

Next, we show the positivity of &, (t).
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Proposition 3.2 (Energy positivity). For any h > 0 and (u,v) solution of (3.2)—
(13.5) we have

7T — 2 J u 1 Vit Vj 2
gh(t) 7T2 L gZ{ J+ | +| J+ ( )h (t)| :|7 (323)

7=0
since a < w2 /L%, where E(t) is given by (3.6).
Proof. Proceeding as in Theorem ({2.4)), we have

28t hz[m (0 + |2t~ () )h LIOIERNRInTE

N ’Mf + 2cu; (t)vj(t)}

J . —u;(t) 2 viar (6) — 05(0)
Zh§{|ug(t)|2+|uj+l(t)hj(t)’ +|v;(t)|2+|w}

— afo; ()2 — alus (1)2].

Now, using the embedding Theorem (see [9])

J J
L? w1 (t) —uj(t) 2
WY b0 < Spn ot =0 (3.24)
j=0 j=0
and for h sufﬁciently small, we obtain
L2\ w1 (t) —uy(t) 2
2En(1 hz [l 02+ (1 - ﬁ)|%| + v (1)
L2y (1) — v(8) 2
+(1- aﬁ)’ h ]
J 2 2
72 —al? uj1(t) —u;(t) 2
1Y [ + T O 2B 2 e
§=0
7 = al? vy (t) = v(t)
* 2 | h } }7
from where we obtain the positivity of &,(t) for o < 72/L2. O

3.1. Uniform observability inequality: no filtering. In this section, we prove
that there exists a uniform observability inequality which is the discrete counterpart
of the observability inequality (2.25]). The proof requires a set of results obtained
using discrete multipliers. The first result concerns to the system 7.

Lemma 3.3. For any h > 0 and ¢ solution of (3.10)—(3.12) we have

TG(0) + xn(t) T_ Z/ J“ )dt+ / | L1%q, (3.25)
where

J
Xn(t) =h>_ jv) (%) (3.26)

Jj=1
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Proof. Multiplying the Eq. (3.10) by j(¢j4+1 — ¥;-1)/2 we obtain
J T
-1 '(/)j-i-l _"/)j—l
h; /0 gy (HES

J
B hZ/OTjij - 2;#2]‘ +¥j-1 (¢j+1 - qu*l)dt (3.27)
j=1

2

ahg/OTjwj(W)dtO.

It is immediate that
hZ/ j%’(%ﬂ wjfl)dt
j=1"0 2
J

S () n g [ (e

= (3.28)

T h ST
=l +55° / ) ot
§=0
r W T — N2 W~ [T, 02
—Xh(t)’() —ZZ/O (7h ) dt+§Z/O ’z/)j‘ dt.
7=0 7=0
On the other hand, it is not difficult to see that

J T
Vi1 — 245 i1 i — i
h E / j dt
= Jo B2 2

ho = [T ) (", o~ (T
=2h§/ bl dt—ghzjgo/o 3l dt‘wj;/o s/t

J T
(J+Dnr [T, h
+W ; [ |°dt + ﬁjgo . Yijadt.
Keeping in mind the Dirichlet boundary conditions, we obtain

J
B hZ/Tjij - 2;;]- i Vi — i
j=1"9

2

o . L (3.29)
=C Vit Y52 & Y2
_2;/0; Yy 2/0]h]dt.

Moreover,

ST b J 4T
ahZ/O Jv; (%)dt = —%hZ/O Yjy10;dt. (3.30)
j=1 j=0
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Substituting (3.28)), (3.29) and into (3.27)), we arrive at
*Z/ 43 +\%“ ¢J| ol 7]

+ ghg / (46512 + 555 1)t + xn(8)]

th/ J“ )dt+ / |¢”

To finish the proof, we observe that

1] T T
ghjz—:o/o 151 + 54aldt = ZhZ/O (i1 +vy) dt,

from where we obtain the required result

TG h? g+1 T g2
r(0) + xn(t ‘0 = Z dt—i—* ’ ’ dt.

O

Lemma 3.4. The energy Gi(t) of the system (3.10)—(3.12)) preserves the positivity
since that o < w2 /L2, i.e.,

2 L2 J . — aly.
Gu(0) >~ 275 hzwf“h ¢J|2 > 0. (3.31)

Proof. The proof is immediate. Indeed, from the energy defined in (|3.14)) and using
the discrete Poincaré’s inequality (3.24), we have

J
h 2 4 Yiv1 =Y 2 LP i =2
Gr(t) 2 5 D [l + | - o | L
=0
J
h 2, L? Y; +1 U
=52 Wi+ (1_O‘P)h2| St
J= Jj=0
from where the result follows for a < 72/L?. O

Lemma 3.5. Foranyh > 0,0 <t <T, a < 7?/L? and 1 solution of (3.10)—(3.12)

we have
2

™
on(®) < L

— L2
where xp(t) is given in (3.26]).

Proof. Based on [9, Lemma 2.5], we have

Ixn(t |<L[§%|w|] [ I%+1 %I}l/?
J

Jj=0

Gn(0), (3.32)
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Now we use Young’s inequality and the energy defined in (3.14) to obtain

J J
()] < L[ Zw o B ] < Lay (0 + 0k 3 .
j=0 j=0

and using inequality (3.24) we obtain

o< e o (2) S

To complete the proof, we use the inequality (3.31)) from Lemma (3.4) to obtain

a/L\2 272
DI < L|Ga) + 5 (2) =5 Gn0)]
‘Xh( )|— Gh()+ o\ 1 7T2—aL2Gh(O)
from where we conclude the proof by taking the energy conservation law for energy
Gp(t). O

Now we prove the uniform observability inequality concerning to system ([3.10])—
(13-12]).

Theorem 3.6. Let 1p be the solution of the system (3.10)—(3.12)). Then for all
a < w2 /L2 there exists Ty > 0 such that for each T > Ty there exists C(T,a) > 0
which is independent of h such that, for all h > 0,

G(0) < Z/ ”1 ) dt + = / WJ; dt] (3.33)

2 2

where Gp(+) is the energy in (3.14) and C(T,a) = Wf(i—%f_zw
Proof. From Lemmas [3.3] and 3.5] we have

2 h3 ]_H
TGA(0) = 2L——— G Z/ )dt+ / |55,

(3.34)
and for T > T where the time T} is the same as in Theorem [2.7] we obtain

G(0) < h3 Z/ J“ ) dt + = / y“"y dt}, (3.35)

where C(T,a) = WOQ%W -

In a similar way, any solution ¢ of the system (3.7)—(3.9) obeys a uniform ob-
servability inequality. Indeed, we have the following Theorem.

Theorem 3.7. Let ¢ be the solution of the system (3.7)—(3.9). Then for allT > 2L
there exists C(T) > 0 which is independent of h such that, for all h > 0,

F3,(0) hgz/ J“ dt+ahZ/ |67 dt + = /y \dt}

where Fy(-) is the energy in (3.13) and C(T) =1/(T —2L).
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The insertion, at semi-discrete level, of the extra terms

+1 h3 J T ¢l‘+17¢/‘ 2
Z/ Vit Y5 )dt and 4;}/0 (71 - J) dt,

is a suitable one to reestablish the uniform observability inequality. For example,
in light of the arguments discussed in [I§], it can be shown that this extra term has
order of h21/j_ Gnr(0) (see v; from Proposition and it is important to overcome
the high-frequency when v;” = O(h~2). Moreover, the terms involving observation
on the boundary and observation distributed on the whole space domain are nec-
essary for estimate (3.33]). See [I8] for details of several remedies to overcome the
lack of uniform observability.

Now we are in a position to prove the uniform observability inequality to the

coupled system (3.2)—(3.5]).

Theorem 3.8. Let (u,v) be the solution of system (3.2)—(3.5). Then for all a <
72 /L? there exists Ty > 0 such that for all T > Ty there exists C(T,a) > 0 such
that, for all h > 0,

2

8()<C’Ta hSZ/ ”1 ul dt+42/ ”1 U; dt
+ah2/ w2+ v2)dt+ = /(}u”ﬂ%‘”’)dt]

Proof. From uniform observability inequalities built in Theorems and and
taking into account the decompositions of the solutions ¢; and ;, we have

F1,(0) + G (0)

hgz/ J+1 dtJrahZ/ |6,]dt + = /| {dt}
hSZ/ J+1 5’)2dt+ /| |dt}

(3.36)

=0
T oo
+2ah2/ u? 4 0’ dt+L/ =] dt+L/ |2 e,
and therefore we conclude the proof by taking £(0) = (F(0) + G1(0))/2. O

3.2. Spectral analysis. In this section, we study a uniform semi-discrete version
to the boundary observability (2.38]). We solved the semi-discrete versions to the

Propositions and

Proposition 3.9. Assume that o < 7w2/L%. Then, the Fourier series expansion of

system 7@ 18
Z {ak sm( v (h) t) + by, cos( vy (h) t)}gok,

k=1
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where ay, by, are the Fourier coefficients, v, (h) = ,;12 sin (%) — « are the eigen-
values, and pF = (Pr1s---,0r,0) are the eigenvectors oi ; = s1n( 721])7 7k =

..., J.
Proof. Making 1;(t) := ¢;T(t) and substituting into (3.10) we obtain

T"(t) _ 1@j+1 =20+ pj-1 L
T [ 3 + ozga]} o v, (3.37)

forallt >0and j =0,1,2,...,J,J + 1. Then, we have the eigenvalue problem

Pi+1 = 2p5 + pj—1 ,
It h2j I —(v—a)p; =0, j=1,...,J (3.38)
wo=@s41=0. (3.39)
Proceeding as in Proposition 2.1} we arrive at
_ 4 kmh
Vi () = o sin <2L)—a, Vk=1,...,J, (3.40)

for a< gy 4 sin? (%), ie., a < 772/L2 for h sufficiently small. Now, from identity

we obtain the equation T"(t) — vT(t) = 0 for all t+ > 0 and solving this

equation we obtain
Te(t) = aksin( y,;(h)t> + by cos( u,;(h)t), k=1,...,J, ¥t >0, (3.41)
where ay, by are the Fourier coeflicients. The proof is complete. ([l
In a similar way, the following holds.
Proposition 3.10. The Fourier series expansion of system 7 i
Dy (1) = zj: [ck sin ( v (h) t) + dj, cos ( v (h) t)}gok

where ¢k, dy are the Fourier coefficients, V,;"(h) = h% sin (kQTFLh) + « are the eigen-
values, and @ = (@g1,...,¢k,) are the eigenvectors, where py, ; = sin ( ”L ) for
G k=1,...,J.

The next result follows from Propositions . ) and (| -

Proposition 3.11. Assume that o < 72/L?. Then the Fourier series expansions

of the system (3.2)—(3.5) are

1 J

Up(t) = 3 Z [ak sin(y/ vy, (h)t) + by cos(y/ vy, (R)t) + e sin(y/v; (h)t)
P (3.42)

+ dj, cos( V,j(h) t)} oF,
J
= L3 [ewsin(y /o (0)1) + dicos(y/v (1)) — o sy () 1) (3.43)
k=1 ’
— by cos(y/ v, (h) t)} o,

where ay, by, cx, dy, are the Fourier coefficients, ufft (h) = 7z sin (k”h) + o are the

etgenvalues, and gok = (Qk,1s---,%k.J) are the eigenvectors associated where each
. . kmx; .

component i, ; 18 Q,; = sin (T)> 5k=1...,J.
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The next two lemmas play an important role for getting the uniform boundary
observability of system 7. These lemmas concern the boundary observ-
ability of the spectral problem associated to the uncoupled systems —
and 7. The proofs are trivial and we omit them.

Lemma 3.12. For any eigenvector ¢ = (p1,...,075) of (3.10)-(3.12) we have

J
Pj+1 — P52 2L P2
hy = LEALS 3.44
j:0| SR OE S 340

whereyk_(h)2%31n2 (%)—afork:l,...,l

Lemma 3.13. For each eigenvector ¢ = (¢1,...,07) of (3.7)—(3.9) we have

J
Pj+1 — ¥ 2 2L ©J 2
h = R (3.45)
JX::O| | 4—(V2(h)—04)h2|h|
where I/Z_(h) = hisin2 (%) +afork=1,...,J.

Equalities (3.44)) and (3.45) provide an explicit relation between the total energy
of the eigenvectors and the energy concentrated on x = L according to the quantity
measured by |¢s/h|?. In both cases, the observability inequalities are written as

2
)

h ! Pi+1 — P52 _ 2L ﬂ 3.46
j=0

-2 ( krh
4 — 4sin (ﬁ>

and

4sin® (%) = 4 cos? (%) —4, ash—0,

from where the blow-up happens on the right hand side of (3.44)) and (3.45[). There-
fore, the lack of numerical boundary observability follows in these cases.

4. UNIFORM OBSERVABILITY: NON-HARMONIC FOURIER SERIES

In this section, we use the Ingham’s theorem [I0] to get a uniform boundary

observability (2.38).

Theorem 4.1 (Ingham’s Inequality). Let {uy}trez be a sequence of real numbers
such that

M1 — pe >y >0, Vkel. (4.1)
Then, for any T > 27” there exist positive constants C;(T,~) > 0, i = 1,2 such that

T , 2
T Y larf? < / Y aemtfat < r ) al,  (42)

kel 0 “kez keT

for all sequences of complex numbers {ay} € I2.

To apply Ingham’s inequality, we need an estimate between the roots of consecu-
tive eigenvalues entering in the Fourier expansions to the solutions of the decoupled
systems f and — into subspaces of filtered solutions. We have
in mind that, these numerical solutions, are the filtered solutions generate by spec-
tral problem such that Ah?> < «. In that direction and taking into account the
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Fourier series expansions, given any 0 < v < 4 we introduce the following class of

filtered solutions to the system —,
Pr(7y) == {1/) = Z [ak sin ( vy (h) t) + by, cos ( v, (h) t)] cpk}, (4.3)

e (h)<yh—2
where A\g(h) = 1n k”h and ar,br € R. Moreover, we introduce the class of
filtered solutlons to ) given by
On(y) == {¢ = Z [ck sin( vt (h) t) + dj, cos ( vt (h) t)}gok}, (4.4)
A (h)<yh—2

where ci,d; € R. In that direction, we consider the gap between the consecutive
eigenvalues V;_(h) and v, (h).

Lemma 4.2. Assume that

iy = 4sin’ (%) and a < %, (4.5)

for some 0 < e < 1. Then,
+ _Jut E e
\/Vj+1(h) \/uj (h) > 7 cos ( 5 ) > 0, (4.6)

for ill eige}walues V;r(h) = Aj(h) + o such Ab* < v where Aj(h) = 75 sin® (%),
j=1,...,J.

Proof. Note that

a a
\/Aj(h)+a_\/Aj(h),/wmM/A]-(h)(1+2A h)), (4.7)
for j =1,...,J; from where we obtain
a
Ajpi(h) +a—/Ai(h) +a= Aix1(h) — A/ Ai(h) ) (1 — ,
VA () o= ) o (A m) - 2m) (1- Ajﬂ(hwm)
for j =1,...,J. On the other hand, using A;1(h) > A;(h), j = ,J, we obtain

1-—

VA +a = ) +a > (V) = m)
S TR

> (4o )
(1)

)

)

- “dsin? 7T6/2)>

ah? )

(
(1- zm)
(
(1-

- (oo
for v = 4sin® (Z£). Now, by taking a = y(¢)/2h? < v(¢)/h? we arrive at

VA +a = x 0 +a> g (wm —yAm). @)

The estimate for the right hand side of (4.8]) can be found in [II, [9] which completes
the proof of this lemma. O
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Lemma 4.3. Assume that o < 772/L2 and vy = 4 sin? (%) for some 0 < e < 1.
Then,

\/V;Jrl(h) — \/l/j_(h) > %cos (%) > 0, (4.9)

for (i” eige;walues v; (h) = Aj(h) — a such AR? < v where \j(h) = 7% sin® (%),
j=1,...,J.

Proof. The proof is immediate. Indeed, for o < 72/L?, one has

VAR —a = /xm), /1~ A;Zh) ~ ,/Aj(h)(1—ﬁ), G=1,...,J, (4.10)

and then
\//\j+1(h) —a— \//\j(h) s (\/)‘j+1(h) a \//\j(h)) (1 " 2 )\j+10([h))‘j(h))7

> (VA = ). vi=t

The remainder of the proof can be found in [T} [9]. O

4.1. Proof of the uniform boundary observability to uncoupled systems.
In this section, we obtain the proof of two theorems concerning the uniform bound-

ary observability to uncoupled systems (3.7)—(3.9) and (3.10)-(3.12).

Theorem 4.4. For any 0 < v < 4 there exists T(vy) > 0 such that for any T > T(y)
there exists a positive constant C(T, «,y(g)) such that

T
FA0) < C(T an@)g [ 5P (4.11)

|
0

for any solution of system (3.7)—(3.9) in the class Qp(y(e)) in (4.4).

Proof. According to Ingham’s inequality and in view of Lemmal[f.2] for any 0 < & <

1and T > W there exist positive constants C;(T,¢) > 0, i = 1, 2 satisfying
T 2
Ci(Tye) >, axf < /O ‘ S aget| dt
li |R <A/~ (e) luk|R</7(€) (4.12)
<Cy(Te) Y al
|k |R<A/~(e)
where 7(g) = 4sin? (%) By Lemma , we have
J
Vit1 — P52 2L 0712
h = —_—
J;O| h | 4—(u+(h)—a)h2’ h |
_ 2L ‘ﬂf (4.13)
4—Xh)h2" h
L |ﬂ|2
= 2cos? (me/2) b

for any eigenvector ¢ associated with an eigenvalue A satisfying Ah? < v(e).
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Now, let us consider the solution ¢ of system (3.7)—(3.9)) into the class Qp(y(¢)),
which is written as

o= Z akei“’“(h)tgok, (4.14)
[k (R)h<A/v(e)

where pg(h) = VJ+ (h). Then, we can deduce that for T > -
L T ¢J 2 L T . 2
- g = — ‘ ipg (h)t ‘ dt
2 /0 % 212 J, 2. e Mo
[k |h<A/7(e)

J
> C1(T,e) cos? (7rs/2) Z |ak|2h2|w|2.
e h</7(E) 7=0

it holds

(776/2)

(4.15)
Moreover, it is not difficult to see that

J +
11— ; vi(h) —« Aj(h
§ [|ak|2h 2 : |<Pk,]+1h Pk, j |2] _ Y ( ) Fh(O) _ 5 (2; —’)_ th(O).
| |h</7(E) i=0 ! !

Therefore, substituting the above expression into (4.15)), for 7' > cos(ngg 73) and
o € Qp(y(g)) we have

As(h) +a 1 /
Frp(0) < dt, 4.16
n(0) < As(h)  cos? (me/2)Cy(T,¢) | | (4.16)
and we conclude the proof by taking
)\J(h) + « 1
o(T, o, = .
(TanE) = = G T o) co? (72/2)
(]
We observe that for T > W, since v = (&), Theorem {4.4{ holds with
2L As(h) +« 1

T(y) = ———ee,  O(T,a,7(c)) = . 417
= (T =TNw amaa-m 4

The time observability is such that: T'(y) oo as v A/ 4 and T(v) N\ 2L as
v N\ 0. Clearly, the Ingham’s type approach improves the estimates on observability
inequalities (see Theorem . Indeed, the uniform observability inequality from
Theorem [3.7 holds for T > 2L and it is given by

Fi(0) < 12L h32/ J“ dt+ah2/ }¢J|dt—|— / |¢’” }

which represents the discrete counterpart (uniformly) of

F(O)<T 57 //¢2dxdt+ /¢ Ltdt (4.18)

Here, in contrast to the above result, we obtain a uniform observablhty inequality
given by

Fp(0) < C(T, o, v(€)) / y¢J| dt, (4.19)
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which represents the discrete counterpart (uniformly) of the boundary observability
inequality given by
L (T
F(0) < C(T, a)§ / (L, t)dt. (4.20)
0

In that direction, the above constant C(T,«) is the limit of C(T,a,v(¢)) when
h — 0 and v — 0. Indeed, when h and ~ approaches to zero, one has

1
T 1
o) = (45, m) aman
L \2 1
— O(T,a) = [1+a( ) ]Cl(T 5 >0
2
where \j(h) = ,f—zsiHQ (JQLL") — (%) when h approaches to zero. Analogously

to the previous case, we have the following theorem:

Theorem 4.5. Assume that 0 < v < 4. Then, for each a < A;(h) there exists
T(vy) > 0 such that for any T > T(v) there exists a positive constant C(T,a,y(g)) >
0 such that

Gr(0) < C(T, o, 7(2)) / W; dt, (4.21)
for any solution of system (3.10)-(3.12) in the class Pr(v(g)) in (4.3).

Proof. According to Ingham’s inequality and in view of Lemma [£.3] for any 0 <
e <1and T > 2L/ cos(me/2) there exist positive constants D;(T,e) > 0, i = 1,2,
satisfying

T 2
DiTe) Yl < / Y wea
kA< /2 () O s yAE) (4.22)
<Dy(Te) > lail?,
| |R<A/~(e)
where v(¢) = 4sin? ( ) Now, from Lemma [3.12] we have
J
WY | e P = e T
h — (v (h) + a)h2 1 A2 h

(4.23)
L $J 2
= 2 cos? (me/2) 5]

for any eigenvector ¢ associated with an eigenvalue X satisfying Ah? < «(g). Let
us consider the solution 1 of the system (3.10)-(3.12) in the class Pp(v(g)), which

is written as 4
P = Z ape Mtk (4.24)
Ik (R)|R<1/~(2)
where we are denoting pr(h) = v (h). Then, combining (4.23) and (| and

taking T > we obtain

cos(7r£/2) ’

T 2
S g [T e[
O k<A ©)
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J
> D1(T,¢) cos® (me/2) Z |ak|2hz ‘w 2
lklh<q/~(e) =0

= Dy(T,¢) cos® (w5/2)mGh(0),
and for any 1 € Pp(7(¢)), we have
Gu(0) < C(T / |¢J 2 (4.25)
where
As(h) —a 1

OT, 0,7(e)) =

As(h)  Di(T,¢e)cos?(me/2)

This observability constant is positive for a < Ay(h) = % sin® (JQLL") Therefore,

the proof is complete. |

Observe that for T >
since

m and since 7 = 7(e) the previous theorem holds

o 2L - - /\J(h) -« 1
T0) = <= C(T00) = 5 = o oy

It is clear that T'(y) oo asy 4 and T(y) N\ 2L as v N\, 0. The improvement in
comparison with Theorem is basically on uniform observability inequality and
also on time observability. In Theorem [3.6] the uniform observability inequality

Gu(0) < hSZ/ J“ ) dt + = / [P,

holds for T' > Ty = 2Lﬁ and for

(4.26)

7% — al?
T «a)= . 4.2
C(T,0) T (7% — aL?) — 2Lx7? (4.27)
Moreover, the uniform boundary observability

Gr(0) < C(T,a, (e / | y dt, (4.28)

represents the discrete counterpart (uniformly) of

_ L,
0

and the constant C(T,«) is the limit of C(T,a,~(¢)) when h — 0 and v — 0.
Indeed, when h and ~ approach to zero, one has

/\J(h) — 1
As(h)  Di(T,¢)cos? (me/2)

= O(T) = [1 —a(%)Z]ﬁ >0,

where \;(h) = -5 sin® (Z22) — (%)2 as h — 0.

é(T? «, ’Y(E)) =
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4.2. Proof of the uniform boundary observability for coupled systems.
In this section, we use the Theorems 4] and [4.5] to show a uniform boundary
observability to the system (3.2 . In order to do this we consider the class of
filtered solutions Ry (7) Wthh the solutions are given by

1 . _ _
Uy, = 3 Z [ak sin(y/ vy, (h)t) + by cos(y/ v, (h) 1)
Ak (h)<vh~2
+ ¢ sin(y/ v (h) t) + di, cos(y/ vy () t)} ",
1 .
Vims > [ck sin(\/v; (h)t) + di cos(y/v;F (h) 1)
A (h)<yh—2
— ag sin(y/vi; ()1) — b cos(y/vg (1) )] ",
where ak, bk, Ck, dr € R.

Theorem 4.6. Assume that 0 < v < 4. Then, for each o < Aj(h) there ezists
T(7y) > 0 such that for any T > T(vy) there exists a positive constant C(T, o, v(g)) >
0, such that

En(0) < C(T, a,7(e) [/ = |dt+/ |”” } (4.30)

for any solution of system (3.2)-(3.5) in the class Ry (y(g)).

Proof. The proof follows by a combination of the results obtained in Theorems
and and from decomposition of the energy & (t). Indeed, we have

28,(0) = Fr(0) + G (0)

T
gmax{C’(T,a,v(e)),?(T,a,'y(«s))}g 0 [|@|2+‘@2}dt7

and taking into account the decompositions ¢; = u; + v; and ¥; = u; — v;, we
arrive at

£,(0) < C(T, a,~(2) [/ = |dt+/ = \dt} (4.31)
where
~ 1 )\J(h) + 2a 1
c(r =2
(T, 0, 7(e)) = 2max [0052 (re/2)D(T,e)’  Xs(h)  cos? (me/2)Ci(T, 5)}7
(4.32)
and the conclusions are similar to the previous cases. O
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