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EXISTENCE AND STABILITY FOR FRACTIONAL ORDER
PANTOGRAPH EQUATIONS WITH NONLOCAL CONDITIONS

ISRAR AHMAD, JUAN JOSE NIETO, GHAUS UR RAHMAN, KAMAL SHAH

ABSTRACT. In this article we study the a coupled system of fractional panto-
graph differential equations (FPDEs). Using degree theory, we state necessary
conditions for the existence of solutions to a coupled system of fractional par-
tial differential equations with non-local boundary conditions. Also using tools
from non-linear analysis, we establish some stability results. We illustrate our
theoretical results with a test problem.

1. INTRODUCTION

Fractional calculus is gaining prominence in mathematical modeling. For ex-
ample in the field of nanotechnology, it has received a lot of attention by re-
searchers. This emerging field of mathematics has been used in the modeling of
real word problems as well in applications in biological sciences, numerical and
physical sciences, dynamical systems, economics and so forth; see for example
[0, [12], 13| 15, [16] and the references therein. Looking at the advantage of this
field over other fields of mathematics, experts have explored applications in areas
including qualitative theory, stability theory, optimization and numerical simula-
tions; see [11 2, [7, [I8], 20, 26| 28].

Fractional ordinary ordinary differential equations (FODEs) have been studied
in detail including existence theory, stability analysis, and numerical solutions.
Similarly, various classes, including impulsive, implicit type FODEs have been con-
sidered. On the other hand, an important class known as pantograph differential
equations with fractional order derivatives have not been not properly investigated.
Ordinary derivatives are local by nature and cannot be used to model some prop-
erties like memory and hereditary etc. Therefore, in some cases, FODEs provide
an adequate way to model some natural systems.

The underlying theory of fractional differential equations has also applied as-
pects. The applied aspects in this area include: probability theory, physics, control
theory, light absorption and division of cells phenomena [4, [5]. Among the attrac-
tive features of fractional differential equations, stability theory is an important
and comprehensive aspects of fractional differential equations (FDEs).

Stability of FODEs and systems has been considered in several works in last
two decades; see for example [3| [19] 24] 25] 27] 29]. Recently, some authors have
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investigated the fractional pantograph differential equation

CDg+x(t) —c(t)x(t) = Za(,(t)DV"x(rgt), n—1<vy<n,tel0,5], )

29V0) =24, j=1,...,n

Here r, € (0,1) = I, 0 < 7, < 0 < n, while ¢(t), as(t) (0 = 1,2,...,m), are
known functions and D represents Caputo derivative of order v > 0. In [I7] the
authors developed numerical solutions based on Bernoulli wavelets. Vignesh et al
[23] studied existence theory for the fractional pantograph differential equation

DYx(t) = Py(t,z(t),x(rt)), te€]0,5], v,r €I,

z(0) = xo. (12)

Here C[0, 5] is the usual Banach-Space of continuous functions on [0, S] and P; is
a non-linear continuous function from [0,5] x R x R into R. Where D represents
Riemann-Liouville derivative. Further, the authors in [14] studied stability aspects
for the FPDE

HDg;B;wx(t) — Pa(t,x(t), z(Ps(t))) = t € (0,d] = I,

07

s st (1.3)
I-%%2(07) =20 € R, x(t) = o(t), —h<t<O0.
Here HDg;B;w(-) is the ¢-Hilfer of type 0 < v, 3,7 < 1 and Ié:a;wx(-) is the classical
Riemann-Liouville integral with « = v + 8(1 — 7). % is a non-linear continuous
function and P, : I x R? — R. Afterwards, the authors in [8] formulated a coupled
system of fractional order differential equation with v Hilfer derivative and explored
existence results.

To obtain new results for FPDEs with non-local boundary conditions using de-
gree theory one needs further explorations. Existence, uniqueness and stability
results with coupled system of FPDEs using degree theory has not been considered
as far we know. Therefore, we study the coupled system of FPDEs with non-local
boundary conditions,

Dray(t) = fi(t, z1(t), 21(rt), za(t))
D2 xy(t) = folt, 1 (t), z2(t), za (1))
g1(21) = Mz1(0) — prz1(n) — draa (1),
92(w2) = A2x2(0) — p2z2(C) — d222(1)).

Here t € I = [0,1], 7 € I, 71,72 € (0,1], f1, f2 € C(I x R? R) are non-linear and
91,92 : C(I,R) — R are given maps. Here, {,n € Iy, \j # §; + 5, A, 05,15 (J =
1,2) are real and D is Caputo’s derivative. We use degree theory to obtain existence
and uniqueness results, and illustrate our main results through an example.

Let X = C(I,R) be the Banach space of all continuous maps with norm ||z1|| =
max{|z1(t)] : t € I}. The product space X x X = {(x1,22) : 21, z2 € X} is also a
Banach space with norm ||(z1, z2)|| = max{||z1]], ||z2||}.

)
3

(1.4)

2. PRELIMINARIES

In this section, we pointed out few important results from degree theory, func-
tional analysis and fractional calculus [9] 13| [15] [16].
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Definition 2.1. Let v > 0. Assume z(t) € L[0, 1]. The Riemann-Liuville fractional
integral of order + is defined as

I, a(t) = ﬁ/o (t — 01 2(6) do.

Definition 2.2. Let k = [v]+1. If z(t) € AC|0, 1], the Caputo fractional derivative
is defined as

DY, a(t) = ﬁ /0 (t — 0)F==12) (9)dp.

Lemma 2.3. In fractional calculus for a function x(t) € ACI0, 1], we have
Ig+cDg+x(t) = x(t) + ap + art + apt? + - -+ ap_1t* 71,
for constants a; € R, for 5 =0,1,2,--- k- 1.
Definition 2.4 ([22]). The spectral radius of a matrix .# € C"*" is defined by
T () = max{|Bu], [Pzl -, [Bnl},

where (1, o, ..., B, are the eigenvalues. A matrix .# is said to converge to zero if
the spectral radius satisfies T(.#) < 1.

Definition 2.5 ([22]). A system of fractional order pantograph equations (|1.4) is
Ulam-Hyers stable, if for all C = (Cy, f,) > 0 such that, for some ordered pair
e = (€1, €2) of positive real numbers and for each ¢t € I and if for any solution
(z1,22) € X X X of the inequalities

“DM 1 (t) — fr(t, 2 (8), 20 (rt), 22 ()] < €1,

“D™2as(t) — fa(t,21(t), 22(t), 22(r))| < €2,
there exist a unique solution (z7,22), belonging to X x X, of system (|1.4) that
satisfy the relation

(2.1)

(21, 72) — (z1,22)| < Ce.

Definition 2.6 ([22]). A system of fractional order pantograph equations is
generalized Ulam-Hyers stable, if for all C' = (Cy, 5,) > 0, ¢ belonging to C'(I,R)
along with ¢(0) = 0, for all ¢ € I and a solution (21, z2) € X x X of (L.4), there is
a unique solution (27, 72) € X x X of which satisfies

(21, 22) — (z1,22)|| < C p(e).

Theorem 2.7 ([22]). Assume the operators Ty, To : X x X — X such that for the

operator system
Tl(xla '1:2) =T,

2.2
TQ(Ilva) = T2, ( )

for all x;,7; € X fori=1,2, the following system of inequations holds
[Ty (21, w2) — Ta(an, @2)|| < by — @] 4 Lof|22 — 22|, (2.3)

T2 (21, w2) — To(71, T2)|| < L3]|v1 — 21| + Lallze — 22,

where (z1,x2), (€1,22) € X X X are exact and approzimate solutions, respectively
and 01,05, 035,04 > 0. Moreover, if the matrix

a6
a-e 2] (2.4)

converges to 0, then the fized points for (2.2]) are stable in the sense of Ulam-Hyers.
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Fir our proofs we let P(X) be the power set, and J be the sub collection of P(X)
that contain all bounded sets. Also we adopt the terminologies and results from
[6].

Definition 2.8. For non-compactness the Kuratowski measure & : J — R7T is

defined as

(J) = inf{p; > 0: J € J has sets of finite cover of diameter less or equal to p; t}.

Proposition 2.9. The Kuratowski measure S satisfies the following properties:

(i) J is relatively compact if and only if I(J) = 0.
(ii) J is a semi-norm, i.e. S(J) = |[|S(J),l is real and S(J1) + S(J2) >
S(J1 + J2).
(ili) J1 C Jo implies S(J1) < S(J2), S(J1 U J2) = max{S(J1), S(J2)}.
(iv) S(convJ) = (J).
(v) S(J)=S(J) =0.

Definition 2.10. Let Z is a subspace of X, then a function H from Z into X that
is bounded and continuous. H is $-Lipschitz if there is an L > 0 such that

S(H(J)) < LS(J), VJ C Z bounded.
H is $-contraction if L< 1. H is $-condensing if
S(H(J])) < $(J),VJ C Z bounded with I(J) > 0.

Proposition 2.11. If the functions H,F : Z — X are -Lipschitz with real positive
constants L1 and Lo, respectively, then H+TF : Z — X are S-Lipschitz with L1+ Lo.

Proposition 2.12. If H: Z — X is compact, then H is S-Lipschitz having Lips-
chitz constant equal to zero.

Proposition 2.13. If H : Z — X is Lipschitz along a constant &, so H is -
Lipschitz with same constant .

For our main result the following theorem due to Isaia [I1] plays an important
role.

Theorem 2.14. Let H: X — X be $-condensing, and
S={ye X :3u el such that y = pHy}.

For a bounded set S € X there exists a positive real number ¢ such that'S C B,(0).
If the following equation holds then the degree of H is one and has one fized point,

deg(I — pH, B,(0),0) =1, Vpel.

The collection of all fixed points of H is denoted by B,(0). Furthermore, to
establish our main results, we need the following assumptions:

(A1) There exist constants K1, K5 € [0,1) such that for z1, 27,22 and 22 € X,
l91(21) — g1(z1) < Kil2r — 21, g2(22) — g2(22)| < Kaf22 — 22
(A2) There exist constants C, , Cy,, My, , My, > 0 such that for z1, 22 € X,
l91(z1)] < Cy, |21 [|" + My, [g2(22)] < Cg, [|z2]|** + My,
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(A3) There exist constants C((;f), C’((}g) (1 =1,2),,M;y,, My, such that for t € I,
T1,22 € X,

[F1(t,21(6), 21 (r0), 22(6))] < 2C}, | + C3, o] + M,
[ Falt,21(6), 22(6), 25(r0))] < C}, s | + 203 [Jea| + Mp,.

(A4) For arbitrary ¢ € I,x1,41,22 and @3 € X there exist positive constants
Ly, , Ly, such that

|f1(t, 21(t), 71 (rt), 22(t)) — f1(t,21(2), w1(rt), 22(t))| < Ly, (2|71 — 21| + |72 — 32),
|f2(t, 21(t), 22(t), T2(rt)) — fa(t,21(t), 22(t), 22(rt))| < Ly, (|21 — 1] + 2[72 — 22).
3. MAIN RESULTS

Theorem 3.1. Let x1(t) € C(I,R) and wy(t) € L(I,R) be the solution for the
problem

Dytwi(t) =wi(t), tel, y€(0,1],g1(z1) = Mz1(0) —pz1(n) — w1 (1), (3.1)

is as follow:

g1(z1) o1 /1 -1
z1(t) = + 1—-60)""w(6)do
W= N i) T = Gt Sy C @
H1 K -1
+ — )" wq(6) db 3.2
(A1 — (61 + p1))L(71) /0 (n=6) 10) (3.2)
t
+ t—0)" 1wy (9) do.
o =0t
Proof. Integrating on both sides of (3.1)) and with the help of Lemma we have
1 t
Il(t) = I’ylwl(t) =+ apg = ———~ / (t — 0)w1(0)d0 =+ aop, (33)
(1) Jo
using boundary conditions in (3.1)), we obtain
1 n
21(0) a0, 1) = s [ 0= 67" wa(6)d0 + ao,
L(71) Jo
) 1 (3.4)
71(1) = —— 1—0)" " tw (0)dd + ap.
(1) = o [ =0 w0+ a

Putting all the values of (3.4), in the relation given in (3.1)), yields

g1(t) = ag(A1 — (61 + 1)) — e /n(r] —0)" 1w (6)do

L(v) Jo
- F(‘:l) /01(1 —0)" " twy () do (3.5)
+ 1“(171) /Ot(t —0)"Lw,(0) db.
The value of ay from (35), is
it = 5 O e, 0 O o (3.5
Tt end RUSURTCIE
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Putting the value of ag, in (3.3)), we obtain the solution

91(x1) 01 /1 -1
+ 1—0)"" w1 (0)db
) O G e Jy C O
H1 K -1
+ — )" w1 (0) db 3.7
(A1 = (61 + p1))l'(m) /0 (=6) 1(6) 3.1)
1 /t .
+ = t—60)" " w(0) do.
T Jo 7@
Using similar approach for z2(t) € C(I,R) and wy(t) € L(I,R) the solution for the
problem

l‘l(t) =

Diixa(t) = wo(t), t € I, 2 € (0,1],

92(22) = Aaw2(0) — pawa(C) — dawa(1), (38)

is

_ g2(72) 02 ! _gye—ly
7(f) = A2 — (02 + p2) " (A2 = (d2 + p2))T'(72) /o (1=9) (0)df

H2 ‘ — y2—1
* ()\2—(62+N2)>F(72)/0 (¢ —0)2" wi(0) b (3.9)

1

T

/ (£ — 6% uy(6) db.
0

Corollary 3.2. In light of Theorem the solution of the problem (1.4)) is
z1(t)
91(z1)
A1 — (01 + p1)
01
+
(A — (61 + 1

H ' nt x z1(rf),x
_|_()\1_((51_;'_Ml))]_'\(,yl)/Ov (77_9) fl(ev 1(0)7 1( 0), 2(9))d9

' -1
))r(%)/o (1=0)""" f1(0,21(0), x1(r0), x2(0)) dO

1 t
+ — / (t - 9)’71_1f1(9, xl(ﬁ), xl(r(‘)), 1’2(0)) dg,
L'(m) Jo (3.10)
2 (t) '
__ ga(x)
A2 — (02 + p2)
02 1
+
Az = (02 + p2) T2
¢
M2 1
+ —6)" 0,21(0),x2(0), z2(r0)) db
(A27(62+[}J2))F(’yg)/0 (C ) f2< 1( ) 2( ) 2( ))
1
INGP))
Lemma 3.3. Let f1, fa, f3 be nonlinear continuous the functions. Then (x1,22) €
X x X is the required solution of the integral equations (3.10)), if and only if (x1,x2)

is a solution of (1.4).

)/O (1_9)’72_1][2(0,1:1(9),(172(9)7.%'2(7”9))de

+

/(; (t — 9)72’1f2(9, 171(0), .'1:2(0)’ IQ(T@))CZ@
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Proof. If (x1,x2) is the solution of (3.10), then differentiating both sides of (3.10)),
we obtain (1.4). However, If (x1,22) is a solution of (1.4}, thus (x1,z2) is the
310) 0

solution of (

It is sufficient for the existence of FPDEs (1.4]), to prove that integral system
(3.10)) has at least one solution (z1,22) € X x X. The operators H, F, T : X x X —
X x X are defined by

H (w1, 32)(t) = (Hi(z1(t)), Ha(22(1))),
F(ay,22)(t) = (F1((z1(1)), (22(1))), Fa(w1(t), 22(1))
T(21,22) = H(z1, 22) + F(21,22),
where
g91(x1)

T
to () = 2 Han) = S 2
Fi(z1,22)(1)

61 ' y1—1
= e Jy (O 60,0
K1 " o . 0.
oo AR O T
1 ' y1—1
i €O OO0, )0,
Fy(x1,22)(1)
2 ! - . . ool
" e e y (O RO 0)a0). ax)
T (07 0,21 (0) a0, 22(00))
* o ) ¢ 2(6,21(6),22(9)), 22(r
— )=t x1(0), z2(0)), z2(r :
i [ €0 l6,010). 20 a0

The continuity of the functions f1 (0, z1(0), z1(r8), x2(0)), f2(0, £1(0), 22(0)), x2(r6))
imply that T is well-defined. We can also write (3.10)) in operator form as

(x1,22) = T(x1,22) = H(x1,22) + F (21, 22), (3.11)
the fixed points of (3.11]) are solutions of (3.10)).

Lemma 3.4. In view of assumptions (Al) and (A2), the operator H : X x X —
X x X, is Lipschitz and satisfies

[H (21, 2) || < Cll(21, 22)[|7 + M. (3.12)
Proof. For (z1,x2), (#1,%2) € X x X, using (Al) and (3.11), we obtain
1 Ky
Hyzy — Hyol < ——— Cg(E) < — L —
[Hyzy — Hyza || < o _m||g1(961) gi(z1)] < O —— [y — 2l
22— Hamal) € 2 [los — ]
222 272 S TG )2 T T2

This implies
[ H (21, 22) — H(z1, 22)||
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K, Ky
A1 — (01 + pa)]” A2 — (92 + pa2)]
< h|[(z1,22) — (21, 72) |,

gmax(

@r,22) = (@1,22)]

where

h = max ( LS| Kz )

A1 =01 — )| [A2 — d2 — p2)|
So with proposition (2.11f), H is S-Lipschitz of positive value h. Using assumption
(A2) for growth condition, we have

91(71) Copllza ]|
I (1)) — < + My,
|Hyz1(t)] ||/\1—(51+M1) A1 — (01 + p1)] "
g1(x2) Cos ||2]|*
Hoxo(t)| = = Mg,
|Haw(t)] |)\2—(52+M2) A2 — (02 + p2)| ”
Consequently
|H (21, 22)] < Cll(a1,22) |7 + M,
where
C C
C = max = ) . ’
(st )
M = maX(M91’Mg2)’ and 7= maX((h, q2). -

Lemma 3.5. If hypothesis (A3) holds, then the operator F from X x X to X x X
is continuous and satisfies

|F(21,22)|| < @ (|[(z1,22) |9+ M*), (21,22) € X X X, (3.13)
where
C | M|+ |pa| + |01 Cr[| 2] + |y2] + 192
= = max(py, f—[<|61 +u|f>||r<1|+ gn’ by i[@ |+u|2)|F(1|+ i))’
M* =max(My,, My,),
Cy, = Inax{C}l,Cﬁl}, Cy, = max{C}z,C’?2}.
Proof. Let

D, ={(z1,22) € X x X : |[(z1,22)| < p} C X x X

be a bounded set and let {z, = (z1,,%2,)} € D, be a sequence such that z, —
z = (x1,x2) as n tends to infinity in D,. We have to show that ||F'z, — Fz|| = 0, as
n tends to infinity. From the continuity of fi(¢, z1(t), x1(rt), z2(t)), it follows that
F10, (x1(8)n, (x1(1) ), (22(8)n) — f1(0,21(0), 21 (r0),22(0)) as n — oo. Under
assumption (A3), we have

(1= 0) 7H(f1(0, (21.(t))n, (@1(rt))n, (22(t))n) = f1(0,21(0), 21(r0), 22(6)))]

< (1=0)"12C] p™ + CF p™ + M),

(1 = 0" H(f1(0, (@1())ns (21 (1)) (22(8))n) = f1(0, 21(0), 21(r0), 22(6)))]

< (n— )" 120} p™ + CF p% + My,),

(t =) TH(f1(0, (21(6))n, (@1(rt))m, (22(8))n) = 10, 21.(0), 21.(r0), 22(0))))

< (6= 0 20, g + G + My,
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applying the Lebesgue dominated convergence theorem, for the preceding inequal-
ities, we obtain

1

lim [ (1= 0)"H(f1(0, (21(t))n, (@1(rt))n, (22(t))n)

n—0o0 0
= J1(0,21(6), 21(r0), 2(0)))| d6 = O,
Jim [ = 07 A, @) (@10 (@2(4)n)

— f1(9,x1(¢9), $1(T0),$2(9))|d9 = O7

lim [ (t=0)" 7! f1(0, (@1(t))n, (21(18))ns (w2(8))n)

n— oo 0

— f1(8,21(0),z1(r0), 22(0))| d6 = 0.

Hence, |Fi (215, %2,) — Fi(x1,22)] — 0 as n approaches oo. Similarly, we have
|Fo(21,,, T2,) — Fo(x1,22)] — 0 as n tends to co. This implies |F(z1,,%2,) —
F(z1,z2)| — 0 as n approaches oo, due to the continuity of F. For growth condi-
tions we proceed as follows,

[ 1 (1, z2) |
1
<
|A1 = (61 + p1)[T(m)

] [ = 07 0,01(6),0119),22(6)) )

(181 [ =011 £3(6.1(0).01(59). )t

(3.14)
‘;u1| -/t —1
+ t—o)m 0,21(0),x1(r0),x2(0))|do
G, € O O3 (0). 21 (r0).22(6)
[Aa] + 01] + [ ! 2
< 205 ||x1]]92 + C%, ||x2||72 + My, ).
=7 o, ) (2Ch Il + O el + 05,
Similarly, we obtain
([ F2 (w1, z2)|
(3.15)

< [ |A2| + |02 + |2
T LA = (02 + p2)|[T'(2 + 1)

Then growth condition ([3.13)) follows from (3.14]) and (3.15)). O

Lemma 3.6. The operator F': X x X — X x X is compact.

| (Chllaall® + 203, sl + My, ).

Proof. Let the set Z C D, C X x X be bounded. It is necessary to prove that
F(Z) is relatively compact in X x X. For any z, = ((1)n, (¥2)n) € Z C D,, growth

condition ([3.13)) yields
|F((z1)n, (z2)n)| < w(p?+ M7),

i.e. F(+) is uniformly bounded. To show F' is equicontinuous, pick 0 <t < ¢ <1,
then

[E1((21)n, (22)n)) (1) = F1((21)n, (22)n)) ()]

1 t Y1—1 v1—1
SF(%)/O (=) — (&= 0)" | f1(0, (21(t))n, (21 (1) )y (w2(2))n)|dO
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€
+/t (€= )" 10, (@1(8))ns (m1(r1)) s (2(8))n ) 6,
1
I(y1+1)

x (2C 1 |1 + C ezl + My, ),
< (pq(QC}l + 021) + Mf1
- [y +1)

<

[t’h _ 571 + (g _ t)’h 4 (f _ t)’h]

) S e L C S
Similarly,
Fa(#1)n; (22)n) () = F2(((#1)n; (#2)n)) ()|

I (G}, +2CF)p% + Mgy ) 2
S( Ty + 1) )[t’* = (€=t 4+ (t— )]

(3.16)

It follows that

1E((21)ns (22)n) () = F1((21)n, (22)n) (€)]| = 0,
[E2((21)n, (22)n) () = F2((21)n, (22)n) ()| = 0

as t — £, which implies that F'(x1,x2) is equicontinuous. F(x1,x2) is compact by
Arzela-Ascoli theorem. Furthermore, F' is $-Lipschitzen of constant zero. (I

Theorem 3.7. Suppose (A1)—(A3) are satisfied. Then (1.4)) has at least one solu-
tion (z1,22) € X x X. Moreover, the solution set is bounded in X x X.

Proof. By Lemma (3.4), H is S-Lipschitz of real constant h, and by Lemma F
is Q-Lipschitz with zero. As a result, T' is S-Lipschitz of real h. Let

U= {(wl,xg) € X x X : there exist p; € I, (z1,22) = plT(xl,xQ)}.
We need to show U is bounded. For (z1,23) € U, we have

(21,02) = T (w1,22) = p1 (H(ar,22) + Flor,22) ),
which implies that
2]l < prlllHrza || + ([ Fraa ]
Coullza ||
< g1
== @ )]
[A1] + 01| + ]
A1 = (01 + p1)[P(yn + 1)
In the same way we can prove that
Cy, |22
Vs
|(02 + p2) — Azl 7
| A2| + [62] + [p2]
[A2 = (02 + p2)[T'(2 + 1)

The preceding inequalities (3.17) and (3.18]) along with ¢;,¢2 € [0,1) yield that U
is bounded in X x X. If we go against the assertion and divide (3.17) by ||z1]| = A
and ||z1]] = oo, we obtain the following result

P1 [|( Cp A1

+ My, (3.17)

(20}, llza | + C ol + M)

Jwall < pa
(3.18)

(Chllwall™ + 263, lza]® + My,) |

1< lim —

A—oo A M,

—+ L
01+ p1) — M| g
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1] + |Ax| + [p]
(01 + p1) — M|T(y + 1)

which is clearly an absurd result. Similarly, for (3.18]) a contradiction occurs. Con-
sequently, 7" has a minimum one fixed point. It results in the existence of at least

one solution of (1.4]). O

Theorem 3.8. The operator T has unique fized point under the conditions (A1)-
(A4) and if max{dy,d2} <1, where
_ KP4 1) + 4L (M| + 62| + |pa])
A1 = (61 + p)[T'(1 +71) 7
_ Kol(y2 +1) + 4L, (|Ao| + |02] + |p2])
A2 — (62 + p2)[T'(v2 + 1) '
Proof. For (x1,x2), (€1,22) € X x X, we can obtain the inequality
([(Hy(x1) + Fi(z1,22)) — (H1(21) + Fi(21, 52))||
K|z — |
T A= (01 A+ )]
|01 /1 1
+ 1—-0™m 0,21(0),x1(rf), x2(0
|)\1—((51+/J/1)|F(’}/1) 0 ( ) ‘fl( 1( ) 1( ) 2( ))

— f1(0,21(0), 1(r0), 2(0))|dO

| gy T x1(rf), x
=G T fy (1 O 00010, 220)
— f1(0,%1(0), 1 (r6), z2(6))|dO

bt —o)m—t _ _
+ [ S 0.01(0).01(19).22(0) = 0,0(0), 1 19). (6)

[(QC}1 + Cﬁl]qu + My, | =0,

dq

da

< { K LA (\A1|+|51|+|M1|
T UM =t m)| Ty +1) VA = (61 4 pa)]
<dy (|l — | + w2 — a2l]).

AR PR

Similarly, we obtain
[(Ha(22) + Fo(a1,22)) — (Ha(w2) + Fa(a1, 32))|| < da(||lo1 — @] + |22 — 22])).
Hence, the above two expressions yield
T (21, 22) = T(a1, %2) || < max(dy, d2) (|| (21, 22) || — [|(21, 22)|])
= d(||(z1, z2)|| = (71, 22)])).-

Therefore, T' is contraction as d < 1 and so T has unique fixed point. O

Remark 3.9. It can be seen that the growth conditions in (3.7 are also valid for
q1,q2 = 1 whenever,

|Ai| + [01] + [p1] 1 2
2
maX{C’f1+ = (00 % )IT(n +1)( Cy, +Cy,),
|A2| + |d2] + [l 1 2
C C 20 < 1.
1+ T (0 el Foe 71 O+ 200}
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4. STABILITY ANALYSIS

Theorem 4.1. If the matriz A converges to zero and assumptions (Al)—(A4)
hold, then system (L.4)) is stable in the sense of Ulam-Hyers.
Proof. For the proof we consider (z1,x2), (@1, 22) € X, we write

T (21, x2) — T1 (21, Z2)||

< lgi(@1) = g1 (@) 101]

T M= (G el (A= (614 p) ()

‘/ 0) 1 (f1(0,21(0), 1 (10), 22(0)) — f1(0, 1(0), 71 (r0), £2(6)))db

|1 | K
- A1 — (61 +M1)\F(’Yl) {/o (n
—f1(9 fl( ) fl(rﬁ) B )d9|

o ‘/ 0V (10, 21(0), z1(r6), 22(0))

— 11(0,%1(0), 71 (r0), @2 (0 )d@‘

K [01] + | 1 )
= AL = (81 + pa)| A= (01 +p)D(r+1) Ty +1)
x Ly, (2l|lz1 — 2| + |[w2 — 22]])
_ (Klr(% +1) + 4Ly, (M| + [61] + |pa])
A1 — (01 + )T (14 71)
2L, (M| + 161 + |pa) _
(\)\1 — (01 + )T (1 +71))”$2 —
< |z — 71| + Lo]|z2 — 22|

— ) (f1(6, 21(0), 1 (r6), 22(0))

ler — 21| + (

Ml = 2l

(4.1)
where

Kil(n +1) +4L g, (] + 101 + | ) 0y = 2Ly, (M| + [61] + [pa])
[Ar = (01 + pa)IT(L + 71) ’ AL = (61 + pa)IT(L + )
are non-negative real numbers. Also with similar approach, we can obtain

0 =

[To(21, x2) — To(z1, 22)|| < Laflz1 — 21| + Lallze — 22, (4.2)
where
05 = Kol'(y2 +1) + 4L g, (|A2| + |62] + |p2]) = 2Ly, (| A2 + |62] + [p2])
A2 — (02 + p2)[T'(1 + 72) ’ [A2 — (62 + p2)[T'(1 + 72)

are real and non-negative. Hence, from (4.1)) and (4.2]), we have the two inequalities
71 (21, 22) — Ta (21, 22) | < lillzy — 21| 4 Lal|lz2 — 22,
|To(z1, 20) — To(z1, %2)|| < L3zt — 21| + Laf|we — 22|

From (4.3)), we have
Y

by Ly’

Since .4 converges to 0, system (|1.4) is UH stable. Consequently it is generalized
UH stable. (]

(4.3)
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Example 4.2. Consider the coupled system with non-local boundary conditions,

DHha1(t) = 5+ gy VIED] + sin @]+ [sin ]
CD%xQ(t) = % + (t?lg())ﬂxl(t)‘ + sin /|z2(rt)| + sin |z2(¢)], t € [0,1],  (4.4)
21(0) — 21 (1) xl(%) _ W 22(0) — (1) — xg(%) _ Sltrfiég)
Here
1 1 .
f1(t,z1(t), x1(rt), z2(1)) = 3 + m( |1 (rt)| + sin \/|z2(t)]

+ /| sinz(t)]),

ot 1(0).2(0). (1) = § + (0] +-sin a7+ sin a0,

11 =9/10,7% =2/3, i =X =4,00 =0 =1, u =pu =0,7=¢=1/2, and
r € I. Since \j # 6, +w (I =1,2), and
[l f1(t, 21 (), 21(rt), 22(t)) — fo(t, 21(¢), 21 (rt), 22(1)) ||
1 _ _
< %[2”%1 — o1 || + [|lz2 — 72]
| f2(t, 21(t), 22(t), 22(rt) — falt, 21(t), T2(t), T2(r1))]

)

< %[Hﬂﬁl — 21| + 2[|z2 — 22l],

it follows that Ky = 1/30, Ko = 1/70, My, = 0 = M,,, My = 1/3, My, = 1/2,
Ly =1/80, Ly, =1/90, C’l1 = C’?l = 1/80, C’}Q = C]%Z =1/90, 1 = ¢1 = g2. So all
assumption of Theorem (3.8)) are fulfilled, d; = 0.0978 < 1, and d» = 0.0868 < 1.
So, system has unique solution. Also for stability, the matrix

0.0978 0.0433
0.0868 0.0410

has eigenvalues equal to 0.1370 and 0.0018. Clearly Y(.#) < 1, and hence, by
Theorem matrix .# converges to zero. Therefore, the system (4.4) is stable in
the sense to Ulam-Hyers. Also, it is generalized Ulam-Hyers stable.

o

Conclusion. In this research, we obtained some results regarding the qualitative
theory for a delay differential system via degree degree theory from topology and
standard functional analysis.

Authors contribution: Equal contributions have been done by all the authors.
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ADDENDUM POSTED BY THE EDITOR ON JULY 26, 2020

After this article was published, a reader indicated that there were some mistakes
in this article. The editor contacted the authors and sent them detailed comments,
one of the authors tried unsuccessfully to address the concerns several times. The
editor therefore decided to post this addendum based on the detailed comments.

The paper has some important errors, as well as numerous typos which are not
given in this addendum.

Definition 2.2, needs at least (*~1) € AC (Absolutely Continuous), then the
Caputo derivative is defined almost everywhere (a.e.), stronger condition is needed
if it is wanted to exist for all .

Lemma 2.3, needs (at least) z(*~1) ¢ AC.

Theorem 3.1, What is given is correct, but it proves that if x; € AC' is a solution
of (3.1) then z; is a solution of (3.2), it is not proving what is required. It should
assume w; continuous, otherwise x1(0) = ap could be not valid in the proof. But
it is necessary to prove, for Corollary 3.2, that a solution z; € C[0,1] of (3.2) is
in AC[0,1] so that the Caputo derivative exists a.c. and it can be a solution of
(3.1) for a.e. t. If w is continuous then I"w is continuous but it does not follow
that I"w € AC without extra conditions, a result shown by G. H. Hardy and J. E.
Littlewood, Some properties of fractional integrals. 1., Math. Z. 27 (1928), 565-606.

Lemma 3.3 is not valid with given definition of Caputo derivative. It is known
to experts that one does not have equivalence (if and only if), which is why the
following book uses a different definition.

Diethelm, Kai, The analysis of fractional differential equations. An application-
oriented exposition using differential operators of Caputo type. Lecture Notes in
Mathematics, 2004. Springer-Verlag, Berlin, 2010

The lack of equivalence has been pointed out explicitly in the recent papers:

Cichon, Mieczyslaw; Salem, Hussein A. H., On the lack of equivalence between
differential and integral forms of the Caputo-type fractional problems. J. Pseudo-
Differ. Oper. Appl. 11 (2020), no. 4, 1869-1895.

Webb, Jeffrey R. L., Initial value problems for Caputo fractional equations with
singular nonlinearities. Electron. J. Differential Equations 2019, Paper No. 117,
32 pp (addendum)

Theorem 4.1. ‘If the matrix .# converges to zero’, it is a particular matrix here,
which should be specified, and it requires some hypotheses on (4.1), (4.2) to make
it true.

Example 4.2, some important brackets are omitted; the example is not correct,
sin(z1(¢))/30 is not a functional g(z1) on X, neither is the other term; probably
sin(||z1]])/30 is intended.

End of addendum.
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