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KDV TYPE ASYMPTOTICS FOR SOLUTIONS TO
HIGHER-ORDER NONLINEAR SCHRODINGER EQUATIONS

PAVEL I. NAUMKIN, ISAHI SANCHEZ-SUAREZ

ABSTRACT. We consider the Cauchy problem for the higher-order nonlinear
Schrodinger equation

b
10ru — g\ax\?’u - iaﬁu = X0y (|ul?u), (t,z) € RT xR,
U(O,CC) :'U/O(x)v z € R,

where a,b > 0, |9z|* = F~1|¢|*F and F is the Fourier transformation. Our
purpose is to study the large time behavior of the solutions under the non-zero
mass condition [ ug(z)dz # 0.

1. INTRODUCTION

We consider the Cauchy problem for the higher-order nonlinear Schrodinger

equation

10pu — %|8x|3u — g@iu =i0,(|lul?u), (t,r) € RT xR, (1.1)

u(0,2) = uo(z), =z €R,

where a,b > 0, |0,|* = F~1|¢|*F and F is the Fourier transformation defined by
Fo = \/127 Jg e " ¢dx, and its inverse by Fl¢ = \/% Jr € p(€)d€. Note that
we have the relation u(—t,z) = u(t, —x), so we only consider the case ¢t > 0. Note
that for the classical solution of we have the conservation laws [, u(t, z)dx =
Jg vo(z)dz and |lu(t)||r2 = |luollL>-

Equation arises in the context of high-speed soliton transmission in long-
haul optical communication system [I3]. Also it can be considered as a particular
form of the higher order nonlinear Schrodinger equation introduced by [42] to de-
scribe the nonlinear propagation of pulses through optical fibers. This equation also
represents the propagation of pulses by taking higher dispersion effects into account
than those given by the Schrodinger equation (see [10] [T, 25] 28], 38|, B2] 43}, [49]).

Higher order nonlinear Schrédinger equations have been widely studied recently.
For the local and global well-posedness of the Cauchy problem we refer to [5 [6] [40]
and references cited therein. The dispersive blow-up was obtained in [2]. The
existence and uniqueness of solutions to were proved in [T1, 19, 30, 33} 34 [39,
17, [50], and the smoothing properties of solutions were studied in [3 8, 12, 30, 33
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34, 36), 37, 48]. The blow-up effect for a special class of slowly decaying solutions
of the Cauchy problem (1.1)) was studied in [IJ.
In this article we are interested in the case of non zero total mass of the initial

data
/ uo(x)dz # 0.
R

Then by we obtain the non-zero total mass for the solution fR u(t,x)de =
Jg uo(z)dx # 0 for all t > 0. We develop the factorization technique originated
in our previous paperb [22, 211 26, 20 44l 45 46]. The case of zero total mass
Jput,z)dz = [ ug(x)dr = 0 is easier and the corresponding results can be ob-
tained following the approach in [24].

We denote the Lebesgue space by LP? = {¢ € " : ||¢]|r < 00}, with norms

I6lr = ( [ 10@lraz)

for 1 <p < oo and @] L= = sup,cg |¢(x)|. The weighted Sobolev space is H,"* =
{pe8: H¢||H’” = |{x)*(i0:)™d||Lr < o0}, where m,s € R, 1 < p < o0, (z) =
V14 22, = /1 —02. We also use the notations H™* = H,"*, H™ = H™Y
shortly, 1f 1t does not cause any confusion. Let C(I; B) be the space of continuous
functions from an interval I to a Banach space B. Different positive constants
might be denoted by the same letter C.

In [29], it was proved the existence of the self-similar solutions of the form u =
t=/3 £, (xt=1/3) to the reduced equation

ipu — é|3w|3u — 0, (|ul?w), (1.2)

which is defined by the mean value m = [, fm (z)dz # 0.

Now we state the main result of this article. We show that the asymptotic
behavior of the solutions to resembles that of the KAV equation, which was
studied intensively (see [15 [I8] 23]). We denote by p(z) the root of the equation
N (&) =¢l¢|(a+bl§|) = x for all x € R.

Theorem 1.1. Suppose that [g uo(x)dx # 0, and that the initial data ug € H!
have a sufficiently small norm ||uo||H1 1 < e. Then there exists a unique global
solution u € C([0,00); H1) to the Cauchy problem (1.1]). Furthermore there exists
W, € L* such that the large time behavior satisfies
M x (%)
u(t,7) = —— W (u(5)) exp
it A" (u(%)) (7)) |A (u(

2
(%) ||W+( ))| logt)
)
+ O ()T + 05
on the domain |z| > t3727 and u(t,z) = t=/3 f (xt=/3) + O(t~57%) on the do-
main |z| < 3127, where 4,8 > 0 are small and =/ f,, (:Et_l/?’) is the self-similar

solution to equation (L2) with m = [§ fm(x)dz = [ uo(x)dx # 0.

We organize the rest of the paper as follows. Section [2]is devoted to the fac-
torization formulas and L2?-boundedness of pseudodifferential operators. Then in
Sections [3] and [4] we obtain estimates for the operator V and V*, respectively, in
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the uniform norm and the L?-estimates of commutators. In Section [5, we prove a
priori estimates of the solution «(t) in the norm

[ullxr = S[up] (II@IILw + 70 Tut) || L2 + 771107  Tyu(t) | 12
te[1,T

07 Poult) 2 + 7 ult) ),

where § = M(*t)u(t), Ut) = F e ™MOF A€ = &P+ 2¢4 T = o —
tA (—i0y), Ty = Oy + itOpA(—i0y), Py = 3t0; + Oz + bO,. Section @ is devoted to
the proof of Theorem L]

2. PRELIMINARIES

2.1. Factorization techniques. We define the free evolution group
Ut) = Fle MO F, AE) = 21¢3 + ¢t We write

1¢ D \/7/ it(z&—A(€ g)d’g,

where D;¢ = [t|—1/2¢(%) is the dilation operator. There is a unique station-
ary point £ = p(x) in the integral fR eM@E—NME) p(€)de, which is defined as the
root of the equation A'(§) = ¢[¢|(a + b¢]) = « for all x € R. Thus we ob-
tain A'(u(z)) = x for all z € R. Also A”(§) = 2[¢[(a + 2b|¢]) > 0 for all
¢ € R. We have A'(€) = O(€2(€)), therefore pu(x) = O({z}/?(x)/3). Define
the scaling operator (B¢)(x) = ¢(u(z)). Hence U(t)F ¢ = DBMV¢, where

M = e~ tAM=1M M) the operator V(t)¢ = 1/ % Jp €75 EM(€)d¢ and the phase

function S(&,n) = A(§) — Al(n) — A’'(n)(€ — n). Denote A;, = o m,,(n)a MF,
k =0,1. We have A; = Ag + in, also A1V = Vig, [in,V] = —AgV, therefore we
obtain the commutator 9,V = —tA”(n)[in, V]. Since 0:5(&,m) = A'(§) — A (n), we
obtain the commutator it[A’(n), V]¢ = —V0g¢. Also we use the representation for
the inverse evolution group FU(—t)¢ = V*MB~'D; !, where the inverse dilation
operator D; '¢ = |t|*/2¢(xt) and the inverse scaling operator (B~1¢)(n) = ¢(A'(n)),
and the conjugate operator

¢ \/|7/ itS(€, 77)(15 A//( )

We have i€V*¢ = V* A . Hence [i&, V*] = V* Ap.

Define a new dependent variable ¢ = FU(—t)u(t). Since FU(—t)L = O, FU(—t)
with £ = 0;+iA, where A = A(—i0,) = F1A(&)F, applying the operator FU (—t)
to equation ([1.1) Lu = 0,(|u|?u), we obtain

0P = FU(—t)Lu = FU(-) 0, (U)F oPU)F~'P)

=itV (Ve Vo),
since the nonlinearity is gauge invariant. Also we mention that the operator J =
Ut)zU(—t) = z—tA', with A = N'(—id,) = F 1N/ (£)F, plays a crucial role in the
large time asymptotic estimates. Note that J commutes with £, i.e. [, L] = 0.

Also we see that the symbol A(§) = £|¢® + 354 satisfies the identities £0:A —
bo,A = 3A and £0:A + a0, A = 4A. Hence we have the commutator relations

[P, e O] = [P, e~ AO] = 0, with P, = 4t0; — £De — ady, Py = 3ty — £De + b

(2.1)
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We also use the operators P, = 4t0; + d,x — ady, Py = 3t0; + O,x + b0y and
T, = Oq + it0A(—i0), Iy = O + 1tOpA(—i0,), and the commutator relations
[£,Z,) = [£, ) = 0 and [L,P,] = 4L, [L£,Py] = 3L hold. Using the relation
u(t) =UR)F ' = F e MG, we obtain
Pou = ]:_173@6_“1\(5);0\: f—l[rﬁa’e—itA(g)]@_"_ f—le—itA(f)r]/)\a@: Z/[(t)]:_llﬁa@,

and Pyu = F1Ppe MO 5 = F1[P,, e #AO|p + F e~ OP,5 = U(L) F~ 1Py p.
Note that Z,u = Z,U(t) F 13 = F Y04 +it0,AN(€))Ep = F1EQ, 5 = U(t) F~10,P,
and Tyu = LU)F 1o = F Y0 + itdyAE)EQ = FLEQG = U)F10p0.
Hence ||Zoullrz = ||0p@||z2 and ||Zyul|rz = ||Op@||r2- Also we have the identities
Py = 4L+ 0,T —al, and P, = 3tL + 0, T + bZy.

2.2. Boundedness of pseudodifferential operators. Define the pseudodiffer-
ential operator

o, D)p = /R e"a(z, €)B(€)de.

There are many papers devoted to the L2-estimates of pseudodifferential operator
a(z,D) (see [4 [7, O, 27]). Below we will use the following results on the L2-
boundedness of pseudodifferential operator a(x, D) (see [27]).

Lemma 2.1. Let the symbol a(x,§) be such that sup, ¢cp \@ifaéa(x,{)\ < C for
k,1=0,1. Then ||a(x,D)¢HL§ < CllollLz-

IN

Lemma 2.2. Let the symbol a(x,§) be such that sup,cp H@éa(x,f)HLg C for

[ =0,1. Then |la(z, D)¢[ 2 < C|4l|L2

Next we consider the time dependent pseudodifferential operator

a(t,z,D)p = / e”ga(t,%f)q@(f)d&
R
Lemma 2.3. Let the symbol a(t,x,&) be such that
sup  [{€} V()" (60¢) alt, 2, €)| < C

z,£€ERt>1

for k=0,1,2, where v € (0,1). Then |la(t,z, D)¢||rz < C|¢||2 for all t > 1.
Proof. We define the kernel K (¢, z,y) = fR eea(t, x, £)d¢, then we write

alt,z, D)p = /R e a(t, z,€)P(€)dE = /R K(t,2, y)d(x — y)dy.

Integrating two times by parts via the identity e®¢ = HO¢(£e™®) with H = (1 +
i€y)~! we obtain K(t,x,y) = Jz eV €0 (HED (Ha(z,€)))dE. By the condition in
this lemma, we find |{0: (HE0: (Ha(t, x,€)))| < % for all z,y,& € R. Hence
we obtain the estimate

tevde [T Evde
K< [ rnve [
|y| (o)
S C —1—v v —2d + C v—1 —v —2d
Yl /0 n”{n)~“dn + Cly| /y| n~"(n)""dn

< ClylHy) =
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Then by Young’s inequality we have
la(t, =, D)gl| 2 = | / K (t, 2,1)é(z — y)dy| 12

< /R " ) " oz — y)ldyl L2 < Cll="= =)™ || Ly 10lle2 < Cllollce

The proof is complete. O
Similarly, by considering the conjugate operator.
Lemma 2.4. Let the symbol a(t,z,£) be such that
sup  [{a} " (2)" (xd,) a(t,z,€)| < C

z,E€ER1>1
for k=0,1,2, where v € (0,1). Then |la(t,z, D)¢||r2 < C|¢||r2 for all t > 1.

3. ESTIMATES FOR THE OPERATOR V

Let x € C*(R) be such that x(z) = 1 for |z| < 1 and x(z) = 0 for |z| > 2.
Define the cut off functions y;(z) € C*(R), j = 1,2, 3, such that x1 + x2 + x3 = 1,
1 2

x2(z) =0 for z < 3 or 2 >3 and xa(2) = 1 for 2 <2< 2, x1(2) =1 — x2(2)

for -3 < 2 < % and x1(z) = 0 for z > % or z < =3 and x3(2) = 1 — x2(2) for
2> 3 x3(2) = 1= x1(2) for = < —2 and x3(2) = 0 for =2 < z < 3. Denote
Uy (t,6m) = (1= x(mt)xa (%), Ualt,&m) = (1= x(mt/*)x2(E), Cs(t,&,m) =
(1= x(rt"/))xa(5), Walt, & m) = x(nt"/*)x(56¢1/%) and W5 (t,&,m) = x(nt"/*)(1 —

X(%§t1/3)) and consider the operators
t —i
Vj(t)e = \/':' / e™MHEMw; (8,6, m)(€)dg
T JRrR

3.1. Estimates for commutators. We first obtain the L?-estimate for the oper-
ator V.

Lemma 3.1. Let the weight P € C*(R\ 0) be such that 85 P(n) = O(|n|**~*) for
k=0,1,2, with a; < 2. Assume that the weight Q =1 if as = 0, or Q € C*(R\ 0)
satisfies the estimate 6?@(5) = O(|¢]**=%), k = 0,1,2, if ag > 1. Suppose that
2<a;+as < 5/2 Then

[IA”2PtV1Qé| . < CllOedllzz + Ct]3 G ~21722)|6(0))|

for j =1,2,3,4,5.

forallt > 1.
Proof. Integrating by parts we obtain
PtV1Q6 = C (1= x(nt"/*)) P(n)t]*/? / e~ S EM g (Mwa)dg
R 9eS(E,m)

— Ol /R e=HSEM g (£, €) e (€)de

%)~ 40,

+ Ol 26(0) / et 4o (1,17, €)dE,
R

Lo /R &S 4o £, €) ¢
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where gi(t,1,€) = (1 — x(1/)) P(1) (€00 (Q(€)x1 (&) gestey): k= 1.2,

4s(t1.€) = (1 — x(1"/) P(n) 2 (Q(E)x1 (&) =<

" 0eS(§, 77))

Next we change n = u(z) (recalling that the inverse scaling operator (B~1¢)(n) =
d(A'(n)) and p(z) is the root of the equation A’(n) = z), we obtain

PtViQ¢ = MB'|t|"/? / gy (t, (), €)e™ MM e (€)de
R

L 90 —6(0)
:

+ G(O)TIB o]/ / ¢ g (1, (), €)M de
R

L NIB e[ / e go 1, (), E)e ¢

Also we change the variable of integration & = ¢t~1/3¢’; then
PV1Qo = MB D / o qu(t (=), 7Dy se MO g (€)dg
R

+ / 6iw£q2(t, ,U,({Et_2/3), ft—l/B)rDtl/se—it/\(g) (b(g) _ (;5(0) df
R §

+¢(0)/6i$5Q3(t7M(l‘t_z/g),ft_1/3)Dt1/36_itA(£)df),
R
here D, p(x) = [t|'/3¢(xt?/?) and Dysp(€) = [t|7/p(t71/3). Define the

pseudodifferential operators ay(t,z,D)¢ = [g e qy,(t, 2, £)P(€)dé with symbols
ap(t,z, &) = qu(t, p(zt=2/3),£671/3). Then we obtain

PtV1Q¢ = MB™'D,), (al(t, &, D)F D, 5e O g (€)

—i(e) (8) — 9(0)
3
+ 6(0)as (t, 2, D)F " Dyjpe 1O,

+ ay(t,z, D)F 1D, se

Let us prove the L?-boundedness of the operators ax(t,z, D), k = 1,2. We obtain

ap(t,z, &) = (1 - X(t1/3,u($t_2/3)))P(M(xt_2/3))

L (QUETM P (YR u(at—2%))
x(faf)k ( A’(?t_%)—xtfg/?’ )

Note that p(z) = O(|z|*/?) for small |z|, therefore (1 — x(t*/3u(xt=2/3))) # 0 for
|z| > C > 0,¢t>1. Also we have x1(z) #0 for -3 < z < 2/3 hence

gr-1/3
|A/(£t71/5) o It72/3| — |/ , A// d77| > | A// )dn|
u(xt™3) u(zt—2/3)
1
> gIu(wt‘m)\A”(gu(mt‘2/3))
> O|N (u(at ™)) = Claft=>/%.

Note that |950tax(t,x,&)| < C for all 2,6 € R, t > Lkl = 0,1, if 2 < oy +
ag < 3. Therefore by Lemma we have |ax(t,z,D)¢[|Lz < C||@||p2. Thus the
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pseudodifferential operators ay (¢, x, D) are L?-bounded for k = 1,2. Then we find
that

[[A"EMB D, aa (¢, D)F ' Dysse” e (€)]| 2
< |lar(t, 2, D)F ' Dyyse™ MO e (€)]| 2
< C|F ' Dpsse” ™ O (€)]| 2 = Cl 9|l 2

and by the Hardy inequality

L2

n

R _ ~ — ¢(0
[IN"|2 MB ™D, }saz(t, 2, D)F ' Dy jae o &) : 20),

< aslt 2, D)F Dy o0 X2 2O

< 71Dy et @ X0, o 2O 220y, < ool

£

Now let us prove the L? - L*° boundedness of the pseudodifferential operator
as(t,z, D). We have
as(t, @, €) = g3 (t, p(at /%), &t71/7%)
_ (1 _ X(t1/3 xt_2/3 ) 2/3
< $1/39 (Q(Et 3 xa (6t~ 1/‘Q’//i(fmf 2/3)))
3 N (Et=1/3) — gt =2/3 :

We consider two symbols ag 1 (¢, z,§) = as(t, z,&)x(§) and ag 2(t, z, &) = as(t, z, &) (1—
x(€)). Note that [(x)"(28,)7(€)%as (L, z,€)] < CJt|3B=*1=2) for all z,¢ € R, t >
1,7=0,1,2 with some v € (0,1),if ag =00r ae > 1, 1 <2, 2 < a1 + g < 5/2.
Therefore by Lemma we find that

13 _qq— Y oy 13 _n,— "
las,1(t, 2, D)gllzz < CJ¢]s =172 |[() =] 12 < COJt]3 071702 ||g]| v

Also we have \858%(@‘5(13,2(@3:,5)\ < Clt|3B-m-2) for all z, € R, t > 1, k,l =
0,1,if 2 <ay +as <5/2, 6 > 1/2. Therefore by Lemmawe find that

las,2(t,z, D)oz < CJt|3CE~ 179 |(e) 70 2 < CJt]3C7172) |G e

Then
lIA”126(0)MB™D  as(t, 2, D)F D,y e MO,
< |6(0)|[las(t, &, D)F "' Dyjse” M| 2
< CJt|5 371702 |§(0)[[| Dy e~ MO e
< CliEmamenig0)),
which yields the result of the lemma. O

In the next lemma we estimate the commutator [h, Vs].

Lemma 3.2. Let the weights P € C*(R\ 0) and Q € C*(R\ 0) be such that
OEP(n) = O(nl*~*), k = 0,1, and 9EQ(E) = O(IE*>~*), k =0, 1,2. Suppose that
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h(¢) € C4(R\0) is such that |8§h(§)\ < ClE|os=k for ¢ € R\O, 0 < k < 4. Assume
that ap,a0 ER, a3 > 1,2 < ag + as + az < 5/2. Then

A7 [/2 Pt Vo] Q|2 < Cllded |12 + Clt 33— =2272)|(0))
forallt > 1.
Proof. Integrating by parts we obtain
Pt[h, V2]Q¢

1 1/2 —itS(¢m h(n) — h(&) 3
= C(1=x(nt/)) Pl /R e i1 )35(W)Q(§)¢(€)X2(%)d§

:C|t|1/2/Re_its(g’")m(nﬁ)(bg(f)d{+C’|t|1/2/Re_its(g’")qg(n,g)(w

d
£ £

T+ Co(0)]t2 / =S go (. €)de,

where gi(n,€) = (1= x(nt"/*)) P(n)(£0¢)" 1 (Q(€)x2(5) SU7), a5(n,€) = (1 —

X(ntl/?’))P(n)@g(Q(f)xg(%)%). Next we change n = p(z) and the variable

of integration & = t~1/3¢’, then we obtain
Pt[,v2]Q¢ = MB~'D), ( /R e qu(t, pat™2/%), €712 D jse™ M e (€)dg

+ / €i% g (t,u(xt’z/g’),gt’l/?’)Dtl/se’“A@ #(€) — ¢(0) de
R 3

+6(0) / gy (1, plat=2/%), €7 Dy e N g )
R

We define the pseudodifferential operators ax(t,z, D)¢ = [ e”gak(t,x,ﬁ)gb\(ﬁ)df
with symbols ax(t,z, &) = qu(t, p(xt=2/3),£71/3). Then we obtain

Pt[h,V2]Q¢ = MB~'D,,), (al(t, 2, D)F 1Dy sze Mg (€)

+ as(t, x, D)f—lptl/se—itA(g)w

+ ¢(0)as(t, z, D)]—"*lfptl/gefitA(g)).

We will prove the L?-boundedness of ay(t,z, D). Note that xg(%) # 0 for
1/3 < W < 3. Using the identities A’(§) —z = (£ —pu(z)) fol A (E+(p(x)—

&)r)dr, and h(u(x)) — h(€) = (u(x) — €) i W'(€ + (u(x) — €)7)dr, we obtain

ailt,@,€) = = (1= X (" plet2%) ) P(ulat=2%)) (€00 (xa (8™ /° (at=2/%)

Jo WEETVR + (u(at=2/%) — et~V r)dr )
f01 A"(EE=1/3 4+ (p(at=2/3) — €t=1/3)7)dr

x Q(et™1/3)

for k = 1,2. We have [0Fdtax(t,z,&)| < C for all z,& € R, t > 1, k,1 = 0,1, if
ar,a3 €ER, a3 > 1,2 < ag + as + ag < 5/2. Therefore by Lemmawe find that
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llax(t,z, D)¢l|L2 < C||@|lr2- Thus the pseudodifferential operators ay(t,z, D) are
L?-bounded for k = 1,2. Then as above we have

L - »
[|[A”|EMB 1D} a1 (t, x, D)F ' Dyise “A@)%(E)HL% < OOl 2
and

H|A”|éMB_lDtQ}:,ag(t,a?,D)f_lDt1/3e_”A(5)w < C||9e|| -

Iz
L3

Now let us prove the L? - L*° boundedness of the pseudodifferential operator
as(t,z, D). We have

as(t,2,€) = = (1= x (/3 p(at™2/) ) P(u(at=2/%) 1o (Q(er™)

% gl )fol h’(&t*l/ﬂ(u(xt”/%—st*1/3>7>d7)
X2 M(th_2/3) fol A”(ft_l/g + (M($t_2/3) _gt—l/g,)T)dT .

Note that [0£9L(€)%as(t, z,€)| < C|t[s@~172) for all w, € € R, t > 1, k,1 =0, 1, if
a0 €ER a3 > 1,2 < a3 +as+as <5/2,§ > 1/2. Therefore by Lemma [2.1] we
have

las(t,z, D)g|| 2 < Cft|5 G020 |(e) =05 1. < CJ|3G-1—02as)||g)| o

Then
A2 B D as (.2, D)F D,y e MO,
< [¢(0)|llas(t, &, D)F "' Dpryse™ O] 2
< Ot B3-o1=02=a9) 4(0) [ Dyrja A | o
< CliEemermaslig o)),
which yields the result of the lemma. (|

In the next lemma we estimate the operator Vs.

Lemma 3.3. Let the weights P € C*(R\ 0) and Q € C?*(R\ 0) be such that
OrP(n) =O(n|“*~*), k=10,1, and 85@(5) = O(|¢]*27%), k =0,1,2. Assume that
o1 >0, 0 €R, 2< g +ay <5/2. Then |||A[V2PtV3Q¢||,, < Cllocdl 2 +
Clt|3(—21=e2)|¢(0)| for all t > 1.

Proof. Integrating by parts we obtain

PtVsQ¢ = CP(n)|t|*/? / Q(§)P(§)¥s(t,&,n)dE

—itS(&,m) )
$ Q¢ )
R ¢S

1
(&)
— Cly? /R €My, (1,1, €) e (€)dE

+C’|t|1/2/eitS(E,n)qg(t,n7§)Md§
R

o)t / e~ S go (£, ),
R
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k-1
where qk (ta 7, 5) = P(77) (gaf) (Q(f)\:[/;;; (ta 57 77) m),
%(ﬂﬂaf) = P(n)aE(Q(g)\I/3(ta€,n)m) Next we change n= /j,(ZL')’ and the
variable of integration & = ¢t~1/3¢/, then we obtain

PV;Qé = MB~ D, /R e qu(t, pat ™), €671 D o™ N e () dg

¢(§) — ¢(0)
§

—|—¢)(0)/eizgqg(t,,u(xt*Q/:S),ftil/g)Dtl/sefﬁA(@df).
R

+/ o (t, p(at™3), 6713 Dy s~ MO d¢
R

Define the pseudodifferential operators ay(t, z, D)¢ = [, e**a(t, x,f)(g(f)df with
symbols ax(t,z,§) = qx (t, p(zt=2/3), ft*%). Then we obtain
POVsQé = MB'DL, (al(t, 2, D)F 1D, /5e O g (¢)

_iage) 9(8) = 0(0)
3
+ ¢(0)as(t,z, D)F  Dy1/s efmx(g))'

+ as(t, z, D)]:ilptuae

Let us prove the L2-boundedness of the operators a(t, z, D), k = 1,2. We have

ak(t,%ﬁ) = (1 — X(tl/?)/i(xt*?/?))))P(,ul(xt72/3))

. +—1/3 /3, (t—2/3
o' (B )

Note that p(x) = O(|x|"/?) for small |z|, therefore x (t'/3u(xt=2/3)) # 0 for |z| < C,
t > 1. Also x3(&t= /3 /u(xt=2/3)) # 0 for W > 3/2, hence

gt—l/S ft’l/?’
A1) —at ) | Nl 2| [ A

(xt=2/3) zet-1/s

1 2 _
> §|§t 1/3|A//(§§t 1/3) > C|A/(ft 1/3)|.

Note that \858%%(15,3:,5)\ <Cforalz,feR,t>1,k1=0,1,if2<a;+ay <3.
Therefore by Lemma we find that [lax(t, 2, D)d|r2 < Clt|l|¢]|r>. Thus the
pseudodifferential operators ay(t, z, D) are L?-bounded for k = 1,2. Then as above
we have

A" MB DL ar (¢, 2, D)F ' Dyujse MO e (6| < Cl10ed 12

L2
— B » — (0
||A"|2MB~'D,, ) az(t, x, D)F ' Dyyse fA@MHL% < C|\0¢| 12

Now let us prove the L? - L boundedness of the pseudodifferential operator
as(t,z, D). We have

as(t,,€) = (1= x (0P u(at=2/)) ) P(u(at=2/))1"/?

Qe )xa(&/ (P u(at—>1%)))
x 0 NCEREr=TE )
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Note that |0FOL(€)%as(t, x,€)| < Clt|5C~1792) for all 2, € R, t > 1, k,1 =0, 1, if
2<a;+as+6<3,0>1/2. Therefore by Lemmawe have
1B—ai—a 57 1(B3—a;—a o
las(t,z, D)ol Lz < Clt[3C*172) ()70 2 < O[3 17 ||g]] e
Thus as above we obtain

|||A”\1/2¢(O)MB_1Dt’gla3(t, x, D)F~'D
3

TN 1 < O3 G-a1=a2)|4(0)].

1
t3
The proof is complete. O

Next we obtain the L?-estimate for the operator V.

Lemma 3.4. Let the weight P be such that P(n) = O(n|*), with aq > —1.
Assume that the weight Q satisfies the estimate Q(§) = O(|€|*2), if ag > —1. Then

A2 PVaQo |, < CIt ™5 G755 (|9eg]| 2 + [t]3]6(0)])
for allt > 1, where 1 < p < o0.
Proof. Using the estimate |¢(¢) — ¢(0)] < C[£|'/2]|0¢d| 12, we have
A2 PV4Q)| v

s [ 1
< CUP NPt ) [ e 5em (g

1

< Clt\1/2||IA"|1/2P(U)X(Wt1/3)IILpIIX(§€t1/3)Q(§)¢>(§)HL1

1 « 1 «
< C2 (10l L2 |12 | Lo i <e—173y €12 1 <6e-172)

1 « «
+ CIEM 21O 012 | Lo <19y €122 [ 21 (e <6e-179)
< O] 3G F D755 (1966 2 + [t/°]6(0) )-
The proof is complete. ([

& *)Q(E)d(€)dE | 1o

In the next lemma we estimate the operator Vs.

Lemma 3.5. Let the weights P and Q € C3(R\ 0) be such that P(n) = O(|n|*),
and 8?@(5) = O(|¢]*27%), k = 0,1,2,3. Assume that a; > 0, ag € R, -1 <
a1 +ag < 2. Then

1tagtag

A2 PVsQo|| . < Ot~ 5 (| 0egll2 + t¥](0)])

forallt > 1.

Proof. Integrating by parts we obtain

PVsQo = Ox(nt"/*) P ()] /2 /

—itS(E.m) 1 ERVEPRYE
N0 e QO (1~ X(GE )€
= CJt|'/? /R e SEM gy (8,1, ) e (€)dE

+C|t|1/2/6its(g’n)QQ(t,U,f)Mdé‘
R

+ CH(0) [t / e~ go (1,1, €) e
R
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where qi (,7,€) =t~ x(t"/*) P(1) (€0¢)* Q) L—X(56t"*)) grsiea )» 45 (t,m.€) =
£ Ix (it *) P(1) 0 (Q€) (1 = x(5€t"*)) grsiezy )+ Next we change n = pu(z), and the
variable of integration & = ¢t~1/3¢’, then we obtain

PVsQo = MB'D, /R €78 qy (t, p(wt™?%), €71 Dy jae™ MO e (€) e

_’_/]R zm§q2(t /’L( t_Q/S),ft_l/B)Dtl/se_itA(E) d)(g) g ¢(O) df

+(0) / gy (1, %), 071Dy o 4O dg ).
R

Define the pseudodifferential operators ax(t,z, D)o = [, e Cay(t, x,f)g(f)df with
symbols a(t, z,£) = qx(t, u(xtfz/g),ft*%). Then we obtain

PVsQ¢ = MB~'D], (a1 (t,2, D) F " Dy1se O e (€)

+ as(t, x, D)}'*lptl/seﬂ'm(g) (b({);(b(())

+ ¢(O)a3(t, Z, D)]rillDtl/seiitA(E)> .

Let us prove the L2-boundedness of the operators a(t, z, D), k = 1,2. We have

13 (1 - x(3
oult,0,6) = (et ) Plutar €00 (s — ).
Note that u(x) = O(|z|*/?) for small ||, therefore x (t'/3u(xt=2/3)) # 0 for |z| < C,

t > 1. Also xs(&t=1/3 /u(xt=2/3)) # 0 for W > 3/2, hence

(
§t71/3 £t 1/3

[N (663 — 2t = | A" (n)dn| > | A" (n)dn)
u(xt=2/3) t1/3

|ft 1/3|A//( t 1/3) >C|A/( t~ 1/3)|

\/

Note that [(£)"(£0¢) a(t,z,€)| < Ct——F% forall 2,6 € R, t > 1, j = 0,1,2
with some v € (0,1), if a3 >0, as € R, —1 < a1 + as < 2. Therefore by Lemma
t,x

Ra]we find flax(t, 2, D)1z < Crm
_ _ _ —i _ 4o to
[IA"1/20B 1D (8,2, D)F Dorjse e (€)| . < C D01 P

ll¢|lzz- Then as above we have

and
H |A//|1/2MB_1’D;2}3(12 (t,x, D)]:_l’Dtl/se_itA(&) 7¢<§) g 4(0)

1+aq+tag
3

<Ct” 10¢ &l 2

Now let us prove the L? - L* boundedness of the pseudodifferential operator
as(t,z, D). We have

Q)1 X(%ﬁ)))
A’(ft 1/3)_xt 2/3 )

Note that [(€)"(£8¢)(€)2as(t, x,€)| < Clt|=5(*1F2) for all 2,6 € R, t > 1, j =
0,1,2 with some small v € (0,1), § > 1/2. Therefore by Lemma we find

as(t,,€) = £~ (1Pl =) P(u(at=>/)1 20
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l+ajtas 1

la(t,z, D)ol 2 < Clt|~5(a+e2)|[(€)=0¢|| 12 < Ct~ 5 " 15]|@| .. Thus we ob-
tain

l+aq+ag

1A' 726(0) B~ Dy s as(t, 2, D)F ' Dyajse MO, < O 52 1519(0).

The proof is complete. O

Applying the above lemmas we obtain estimates for the derivatives, 0,V =
A ()] [m, Ve] + Vidy (1 — x(t ) xk(&/m)), k = 1,2, 9V = |A"(n)|ln, Va] +
Vady (x(nt/3)x(€01/%)). Note that 8,((1 — x(nt/2)xi(€/n) < Cot < Ctn?
since nt'/3 > 1 and 3n(x(nt1/3)x(%§t1/3)) < Cn~! < Ctn?. We choose in Lemma

B.1]and 3.4 P(n) = n' I |A" ()], Q(€) = &, or P(n) = n~7|A"(n)| and Q(§) = &'+9.
Also we choose in Lemma h(€) =&, P(n) = n77|A(n)], Q() = &. Then we
obtain

Corollary 3.6. The following estimates hold

[ /25730,v4676)] . < C(10edllne + £¥16(0)])
forallt>1,j>0,k=1,4; and

1A /25730,v2606] .. < € (106l 22 + £ 16(0)))
forallt >1, j€Z.

Choosing in Lemma[3.3| P(n) = n'~7|A" ()] and Q(§) = &7, or P(n) = n~7|A"(n)|
and Q(&) = €17, and since 9, Vs = [N (n)[[n, Vs]+ V3 (9, (x (nt*/3) (1 — x (36t1/%)))),
we note that

O (1= x(mt")xs(&/m) < Cn~' < Cty?
since nt'/3 > 1.

Corollary 3.7. It holds
A7 =1/20" =0, v3679) 1 < C (11982 + 1/°16(0)])
forallt >1, 5=0,1.

Choosing in Lemma[3.5| P(n)) = ' ~7[A" ()| and Q(&) = &7, or P(n) = n~7|A" (n)|
and Q(&) = €19, since nt'/3 < 2 in Vs and 0nVs = [A"(n)|[n,Vs] + V5(0,((1 —

x(tY2))xs(£/m))), we note that 9, (x(nt'/3)(1 — x(3£t1/3))) < Cn~! < Ctn?.
Corollary 3.8. It holds

1A =1/20,V56 8]l 2 < CF'S" (|96l 12 + £]6(0)])
forallt>1,j=0,1.

3.2. Asymptotic behavior. Define the kernel

Ajt,m) =/ ;Jr/Re‘“s“’")\lfz(t&n)é“jdé-

With the changing of variables £ = ny, we obtain

AT i3 )
Aj(tvn)=(1—x(nt1/3))\nl77jx/*£|/ e~ HtPCWm v, (y)y dy,
™ J1/3
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where S(ny, 1) = A(ny) — A(n) —nA'(n)(y — 1) = [n*G(y,n) and G(y,n) = (5(y +
2) + 2nl(y® + 242 + 3))(y — 1)2, y > 0. To study the asymptotic behavior of the
kernel A;(t,n) for large ¢ we apply the stationary phase method (see [I4, p. 110])

2

——_iiseng (w) L (732 3.1
2197 (o) 5 6

[ =5 fyy = =900 (o)
R

for z — +oo, where the stationary point yo is defined by the equation ¢'(yo) = 0.
By (3.1) with g(y) = =G (y,n), f(y) = x2(y)y’ and yo = 1, we obtain

2l 13
: | |A,,(n) +0(t1/2771ﬂ<?7> Hin®) 1)
i(tn®) =

Aj (tv 77) -

for 1/3|n] — oo. Also since A”(n) = O(|n|(n)) we have the estimate |A;(t,n)| <
Ctzni+t1(tn®)—1/2(n)—1/2. By the Sobolev embedding theorem and Lemma
we have |||A[Y/2 (3= IV1E ¢|| L2 < C(t5|p(0)| + [|0c ¢l L2) and using Corollary

[[A" Y299, V1 €96 12 < O(t5|(0)] + [|0e ]| =)

we obtain
1) 2= WnE | L < CIIIA" V2 ()~ IVl || 7 A [V 2T 9, €0 g1,
+ ClIA [ Py IV g 2
< C(1/16(0)| + 9e@l 12 )
for j > 0, Similarly by the Sobolev embedding theorem and Lemma we have
A2 %) ] Vag 6]l 12 < Cl10cl| 2 + C5[6(0))-
Then by Corollary [|A” Y 20790, V387 |12 < OOl 2 + Ct5|p(0)], we have
1¢tn*) 55 VsgT |l
< G| |N 2 ) nl =9 Vagd o BN A 20T 0, Vs o1
+ CEIB||N V2 () | T Vg @
< CtI3(t8(¢(0)] + (106 2)
for j = 0,1. Similarly by the Sobolev embedding theorem and Lemma we have
JA7[/2Vs€i 62 < O+ ((|0ed] 2 + Ct#|$(0)]). Then by Corollary 3.
[[A”|=1/20,Vs&7 | 2 < Ct'5 (|0 12 + t/8|6(0)])
for 7 =0,1, and
IVs€lglloe < CIIN[2Vsed o] 22NN 72720, Vs 61127
< CtIB(A016(0)] + 1| 0g bl =)

for j = 0,1. In the next lemma we estimate the operators V5 in the uniform norm.
We denote {n} = |n|(n)~t.

Lemma 3.9. The estimate (t'/30)3/4[Votip— A;¢| < C||0¢ |12 holds for allt > 1
if j > 0.
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Proof. We integrate by parts via identity e=*3(&m = H,9¢((¢ — n)e~*3(EM) with
Hy = (1—it(§ —n)0:S(€,n)) 71, to obtain

VoEid— Ay = CH/2 / ¢ HSEM (9(€) — $))(€ — 1) (H Wt €, )7 ) dé

R
R / e SEM (& ) H Wo(t,&,1)E e () dE.
R

Note that A”(¢) > 0 for all £ > 0, and 8§A( )= O({&PF(&)4%) k =0,1,2. Also
0:S(&,m) = N(§) — A'(n). Hence we have

: : Clnl?

on the domain 1/3 < % < 3. Therefore we obtain

, . - —nld
|V2£_7¢_Aj¢| < Ctl/Q‘T]P/ |¢(€) ¢(7])| |£ 77‘ f .
1/3<g/m<s  1E—nl T+tnln)(E—n)
. — 1|0, d
+Ct1/2|77|]/ 1€ —nl| §¢(€)‘ 52.
1/3<¢/n<3 L+ tnl{n)(€ —n)
By the Hardy inequality we have f1</3<£/77<3 %df < C|9e¢||2,, then by
the Cauchy-Schwarz inequality, |Va&?¢ — A;¢| < CtY/2|n|7||0¢ || 12 I'/?, where I =
£—m)?dg
Ji /st nes T ey Changing € =y we have

3 ’ (y — 1)2dy 3 3 —3/2
TSOW [ T T < e

Thus we obtain [Vo&l¢p — A;p| < Ct/2]|0ed| 20|72 (t|n]?(n))~3/%. The proof is
complete. O

4. ESTIMATES FOR THE OPERATOR V*

4.1. Asymptotic behavior. Define the kernel

A*(t,€) = \/E/Re”s“’")m(nf1)IA”(77)|dn

for € # 0. Changing variables, n = £y, we obtain

A"(t,6) = §|W /1/ T o (4) A (60) .

where S(¢, &y) = A(€) — A(€y) — €N (Ey) (1—y) = [EP Gy, &) with G(y, &) = (§(2y+

1) + 2€[(3y2 + 2y + 1))(y — 1)?, y > 0. Then by 1) with g(y) = G(y,£),
F (@) = x2(y)|A (&y)|, yo = 1, we obtain

20,6 =126 | T4 o (B e )

for t|€> — co. Since A”(€) = O(£(€)) we have |A*(t,£)| < Ct1/2¢2(t&3)— 1/2(¢ 62,
In the next lemma we study the asymptotic behavior of V*. We denote & = £#1/3
and define

16115, = [Hm} @)~ ()7 Oyl e + I}~ @) 2 ()7 8 e,
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where o = § + 28.
Lemma 4.1. Let1+2ﬂ<a<772ﬁ,0<6 W Then
)P (V"6 — A9l < Cmax(ts ~3,¢7%, ¢ )61, ,

28
3

forallt > 1.
Proof. We write

V*(b_ A*¢ _ \/E/ReitS(E,n)((b(n) _ (b(f))A//(n)XQ(ng,l)dn
+ \/E /]R e SEM G () (1 = x2(n€™"))dn

=h+1D

for € # 0. In the integral I; we use the identity €& = H39,((n — &)e3(Em)
with Hs = (1 +it(n — £)9,S(&,n)) ", 9,5(&,n7) = —A"(n)(€ — n), and integrate by
parts

n=cor | “SMW@ €20, (A" (n)x2(ne "))

+ Ctl/z/Re“S(f’") (n — &) Hs\" () x2(n€ ") D, d(n)dn
Then applying the estimates A” () = O({n}{n)?), we obtain
(7 — ) H A" ()] {n} == () ()~ xa ng ™)
+ 101 = €2 (@) ()~ 0y (HalA" () |{n} = xa(m ™))

- O{ 976 I — ¢
T TG - €)?
in the domain 1/3 < < 3. If |s(z)| < Clr(yz)| for all y € (0,1) then we find the
Hardy inequality

1 6t) — 00z = 17 [ tatylae = Ista) [ o'yl

<c| / k(zy)d (ey)dyl 2 < / I(ay)d (ay)| ot

1
< / y—1/2dy|sd|| 2 < 2|w | 2.
0

Hence fl/3Sn/€S3 M{n}%‘(n} 2B(n)2edn < C||¢||%a,ﬂ' Therefore

(n—¢)?
10| < Ot € (P 1l 15,

where I3 = f1/3Sn/5§3 (1+t{g<_§>) (Zl] 57z~ Changing n = y¢, we have

3 2

_)2d -
cle [ Uowlly < olep igpien .

/3 (L+t{€}3(€)* (1~ y)?)

Hence

(©)P|1] < CHY2{eyF () 5= (1328 (1P (€)) 1.,
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< Cmax(t™4,t°5)0]l1..,
if 1428 < o < 5/2. In the integral I», using the identity e®*5" = H,0, (ne5(&m)
with Hy = (1 +itnd,S(&,n)) 1, 8,5(&,n) = —N"(n)(£ — n), we integrate by parts

e [T LitS(Em) o) _ 1 A”(ﬁ)(ﬁw

L opt/? /jo etSEMH,L (1 — X2(77§1))1};;(} )<<7777>>0 3] ({niﬁ><5> gb(n))dn.

Then using the estimates 0,5(£,n) = O(|nl(n)(£ + |n])) in the domains ¥ < 2 and

g > %, we obtain

A" () ()”

A" () ()” |
{nym

29, ( Hy(1 — -1
|77 n( a( 26 ) Faa e {nye(n)e
Cmr @i me
B RUGE DR
Therefore by Hardy’s inequality
©° || < CPE 2|8, ({ny> @) P ()7 d() 12 I3/ < O3 1, 113",

26 (7526 {420 (;)6-20
where I3 = fR i (1+tn {n}>(|§|+(|7777>|))2 1 We have

1 28 pd—2a 2 [e%s}
<5> n (m)="dn 26 o 28, 2620 .
I C C i
'S A(Hmﬂg+m»+ 5 /'@ (1€l + Inl) >

= 2a 2/3 2/3 28\, 4—2a
<C/ (1+t5 9 )dn th/ €29 (1 + 5 0?8 )n*—2dn
(1 +tn3)? (tn2[€])2P (1 + tn3)2 =28

+ CtT—E/ ,'74,5—20'—2d,’7
1
£1/3 11/3

%3_5/ ) 3_5/ 2020 ()09 Sy 4 Ot 2
0 0

<Cmax(t3 -2 ¢* 5)

)| (1 = xate )

Then (£)%|I| < Cmax(t%_f,tagl JI#ll1. 5, and the proof is complete. O

4.2. Estimates for commutators. In the next lemma we estimate the commu-
tator [|¢], V*].

Lemma 4.2. t||[|¢],V*]$| 12 < C|||A"|—1/20,¢| L2 +C||N|—-1/2n 1| 12 holds for
allt > 1.

Proof. Integrating by parts and using 9,5(&,n) = —|A"(n)|(§ —n), we obtain
tlgl, V*lo = Ct\tllm/Re“S(f’")(lél = [n)d(m)IA” (n)ldn

= oz [ enstena, (B0 o))y

= Cl [ S (1, 0u0(n)dn + Cl [ a0,y
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where ¢1(n,§) = M W and g2(n,&) = noy, (‘5‘ [n ‘) = (‘EM Dk Next we

&—n
define the pseudodifferential operators aj (¢, D)¢p = C' [, e _“”5ak(x, §)¢>( )dx, with
symbols ag(z, &) = qx(u(x), &), then changing the variable of integration n = u(x),

we obtain

M
1€, V"16 = ai(6, D)F DB (1500n0) + a3(€, D)JF DB

M (/))
A"/

We prove the L?-boundedness of the pseudodifferential operators a; (¢, D) by con-
sidering the adjoint operators

ax(r, D) = /R (@, () de.

Define the symbols a11(z,€) = gx(@)(1 — x(€)), az1(z,€) = 0, ara(w,§) =
ar(z, E)x(@)(1 = x(§)) — ar,1(2,§), ar3(@,§) = ar(z,§)(1 — x(2)), and ak,a(z,§)
ar(z,§)x(w)x(§). Applying the Plancherel theorem we see that [|a,1(z, D)¢|| L2
C||¢||,,- Note that the symbols

<

o e @) (@)
R lp(x)

are such that [{£}=1(&)(€0¢) ak2(z,€)| < C for all ,€ € R, I = 0,1,2. Then by
Lemma we have the estimate [|ag2(z, D)¢[lr2 < Cll¢[|z2 for all £ > 1. The
symbol ay 3(z,§) satisfies the estimate sup, ¢cg |8<;Béak,3(x,£)| < C for j,1 =0,1,
then by Lemma We have ||ak,3(x,D)¢||L% < C||@||r2- By the Cauchy-Schwarz
inequality we find

I/ Sara(z,E)0(€)dE| < Ix(@)|Ix()llz2 9]l 22 = Clx(@)l[|]] 2

at

Then we obtain
lak,a(z, D)¢l|L2 = HAeix&ak,4($,§)$(§)d§|\L2 < COllx@)lz2l9lle < CllgllLe-

Therefore the pseudodifferential operator ay(x, D) = Z?:l ay.;j(z, D) is L?-bounded.
Hence

tIlIEL V1ol e
* - M - M ¢
(€,D)F 1Dts(man¢)uL2 JF DB () e
¢
< CJlIA"]720,9|2 + CIHA"I—l/?W Lol -
The proof is complete. O

In the next lemma we estimate the operator V}}j,

Vi, b= \/E [ e SEM I (&, m)d(n)A (n)dn,
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where the symbols K3(&,n) = W and K4(&,m) =
Z(&m) = (A(€) — 28(m) (1 = x () +2(2E — 2y (L),

Lemma 4.3. The estimate ||V @12 < C|||A"|M?n¢|| 12 holds for all t > 1 and
j=3,4.

(\5\@5)2—&%1‘17))172 with

Proof. We define the operators a} (¢, D)¢ = C [, e~ 8q;(z,£)p(x)dx, with symbols
a;(z,€) = ﬁ[(j (&, u(x)), then changing the variable of integration n = u(x), we
obtain Vi ¢ = aj (¢, D)F~YDBMn¢. We prove the L2-boundedness of the pseu-
dodifferential operators a}(§, D) by considering the adjoint operators a;(x, D)¢ =
S €760 (2, €6 (€)de.

As above we define the symbols a;1(x,§) = a;j(z,&)x(z)(1 — x(§)), a;2(z,§) =
aj(z,§)(1 = x(x)), and a;3(z,§) = a;(z, §)x(z)x(§). We have
)

((i8)* — (ip(x))*)p(x)

L 5
o €I — b)) )
i) Zente)
where
2(€, () = (A©) = 2A01(x) (1 ~x(gs)) + 2<A§> - W)M@X(Mf(m) )

Note that |{€}71(&)(€0¢) ajq1(z,€)| < C for all ,6 € R, I = 0,1,2. Then by
Lemmawe have the estimate ||a; 1 (z, D)¢HL2 < C||@p]|2 for all t > 1. The sym-
bol a;2(z,€) satisfies the estimate sup,, ¢cp 820 caj2(z,§)| < C for j,1=0,1, then
by Lemma.we have ||a;2(z, D)¢||L2 < C||¢HL2 By the Cauchy-Schwarz inequal-

ity we find that | [, e¢a;3(z,€)d(&)de] < [x(@)|Ix(©)llz2lldllze = Clx (@) e-
Then we obtain

lajs(z, D)oLz = H/ $a;5(2,H(€)de | 12 < Clx(@)|z2]1¢llz> < Cl6] 2.

Therefore the pseudodifferential operator a;(x, D) = Z?:1 aji(z, D) is L?-bounded.
Hence the estimate follows

Vi, ¢ll> < lla} (&, D)F ' DBMng| 2 < C||BMng| 2 < CIIA"|Y*nd| 2.

The proof is complete. (I

5. A PRIORI ESTIMATES

5.1. Uniform norm. In the next lemma we estimate the large time behavior of
FU(—1)y(|u|?uv). We denote & = £t1/3, and define the norm ||¢|ly = ||¢||n= +
t=1%)10c |l 2.

Lemma 5.1. The asymptotic equality

i€ 2a S RPN
Ni(E )I P12+ O(I€l(©) 1215

holds for allt > 1 and € € R, where @(t) = FU(—t)u(t), v > 0 is small.

tFU(—1)0, (Jul*u) = [€]°(€)~°
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Proof. In view of (2.1)), it follows that tFU(—t)0,(|ul?*u) = V*(t)A1(t)]|*y and
tFU(—1) 0y ([u|?u) = i€V*(t)|1|*, where ¢ = V@. Then by Lemma [4.1] with o =
14w, 8=2v,ve(0, %], we obtain

EFU(—1)D ([ufu) = i€V (1) [0
— i€ A" Y + O (L5 QAT ()2 () 0, [l 12
OB A8y @ ) Pl
when |¢| < t71/3) and

tFU(—)0, (|u|*u)

=V AplPy

= A" AP+ O (E57HE ™ [{my ()~ () T 0, Au o[V 12

+O(E5 7O Iy 3 @) ) A Y2 )

when [¢| > ¢t~/3. Now we consider the remainder terms. Using that {n} <
£ /37H(A), we have

1{n} 2+ @) =2 () 344 0, w2 | 2
< Ol (@) 2 ) S [P0, 2
< OYIA Y2 {34 (@) =2 () 32 oo [[|A [ 2 00| 2
< OtE =5 ||g)ly [[v3
and denoting ¥y = V(i§)®, we have
[} = (@) 2 () $+4 0, A [ 2
< Ol @) 72 () i 20l e + Cll{n} 2 @)~ () § T 0y 1o
< OY[A |72 {34 (m) =2 ) S 2 | e [|A 207 O | 2
+ A [TV 3 72 () A gy | oo || A 20,0 2
< Ct3 8 |glly (2| oo + [l [l L),
since by Corollary [3.6] 3.7} [3-8 we have
A2 0y5 12 < C([10ell2 + £/816(0)]) = CE/®|1glly

for j = 0,1. Next using Lemma B.9] we have 42|~ < Ct'29R, Iz~ <
C||¢|3 and ||t | L~ < C[|o[|3-. Also

oy =2 @)~ (54 [P o + ([}~ = (3) =2 () 5+ Av [ P o
<ot E g3
Therefore,
EFU(—)0, (Juf*u) = €A |06 + O ({EHE) 161 )
for |¢] < ¢~1/3, and

LFU(=0)0, ([uf*u) = A" AxJo6 20 + O (1EHE) > IIsl} )
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for [¢] > ¢~1/3. Next by Lemma [3.9] we have
tl/zf i) 14 i1~
vi(1,6) = g6y 4 o(rh - )l
i(t€?) H]

for 7 = 0,1. Then we obtain
2l ’2 t'/2l¢|
(t6%) et (t6%) g
- 6+ OB 11

EA™ [P = igA” P(&) +O(te*(te*) 1215

and

A AP = A" (20019 + )

t21E] 2 t2glig

ViR i) 0
2] N2 t2IElig

+

(Wt@mgf)) Viteed) g

:A*(Q\

)18P3 +0 (821l )

U S T SN DBl A
S Rl (G )
The proof is complete. O

We next prove a priori estimate in the L°-norm for @.

Lemma 5.2. Assume that sup,ep 1) |@lly < Ce. Then there exists an € such that
the estimate supycp 1) |@llL= < Ce holds for any T > 1.

Proof. On the contrary we assume that there exists a first time 7" > 0 such that
supyep, 7 ||l 2e = Ce. We use (2.1)) for a new dependent variable ¢ = FU(—t)u(t).
In view of Lemma [5.1] we obtain
03 = FU(—1)y (|ul*u) = e BEE+O(S @), )
(£)°tA"(€)

For the case of |¢| < t~1/3, we integrate in time directly
¢
1B(,6) < 1B(1,8)[ + Cs3|£|/ T dr < e+ O < e+ O
1

For the case of |¢| > t~1/% multiplying equation (5.1)) by @ and taking the real part
4

~

of the result we obtain 9;|p(t,&)| = O(e3t_1|g|<§>_1_"). Integration in time yields

t

(1,9 < 18(€1%, )] + C&® / jer1/3)(gr1/3) 1

1€1-3 T

_ydr

e[/
§5+C’53/ (y) "V Vdy < e+ Ce3.
1

Therefore ||@]|z < Ce. The proof is complete. O
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5.2. L?-norms of P, and P,. There are many papers devoted to Kato-Ponce
type estimates of the commutators of the form [(i0,)*, u]v (see, e.g. [T, [7, 311 [35]).
Below we will use the following estimates (see [41]).

Lemma 5.3. The estimate ||[|0z], u]w||r2 < C|0zullpe=||w||r2 is true.

a: 9[04
Denote Ky = %55, Ka¢p = /L(_liam)gb.
Lemma 5.4. The estimate ||[ICj, ulv| 2 < C|0zul|no<||v|| g holds for j =1,2.

Next we consider a-priori estimates of solutions in the norm ||0; ' Pyu(t)||zz +
1Pou(t)||L2 + ||w(t)| gr uniformly in time.

Lemma 5.5. Let sup,cpy py |9lly < Ce. Then the estimate

sup (10 P + [Pl + @) < Ce
te[l,T

holds for all T > 1, where v > 0 is small.

Proof. We apply operators P, = 4t0; + O,x — ad, and P, = 3td; + 0, x + b0, to
equation (1.1)). Using the commutators [£,P,] = 4L and [L,Py] = 3L, we obtain

LPou= Py +4)Lu = 0, (Po + 3)(|u*u) = 20, |ul*Pu + 0,u*Pau + 30, (Jul?v)
and
LI, Pyu = (0, 1Py + 30, 1) Lu = (Py + 2)(Ju|*u) = 2|u|*Pyu + u*Pyu.
Then we have
%H@;l’PbuHQB = 4Re(9; ' Pyu, [u*Pyu) + 2 Re (0, ' Pyu, u*Pyu)

< Ollfuluz | =107 Pyul|z
and p
ZI1Paullzz < Cllfulus ||z (IPaull 22 + [luf £2)-
In the same manner we obtain 4 |ul 1 < Cll|ulus||p||ulz1. We denote 0ku =
Vg +wi, v = DBM (V1 (i) D+ V2 (i€)* 0+ Va(i)* D), and wy, = D BM (V3 (i) o+
Vs (i€)kP). Via Lemmas We have ||n|2 Vi@ < Ce, for j > 0, k = 1,2, 4,
therefore denoting i = u(xt~1) we obtain
1520l = 3 (A2 DMBVE 1~
k=1,2,4
<Ct-1/2 Y [InlP IV Bl < Cet—1/2
k=1,2,4
for j > 0. Also via Lemma[3.9] we have
I Pwll e = Y 32D, MBV@|
k=35
<Ct-1/2 3 Il Vil < Cet—1/2.
k=35
Similarly |Jw: ||z~ < Cet~2/3. Hence
[zl poe = (|52 [0]i=1/2v1 | o + "2 [w]E=1/2v1 || + (0] + [w])w:]| 2~
<ce*th
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Therefore
d _ _ _
2 (19 "Poullrz + 1Paull e + llull i) < Cet (|0, Poull 2 + | Paullz + [lull a)-

Integration in time of the above inequality yields ||0; *Pypul| 12 + || Pt/ 2 + ||Jul g <
€ + Ce3t7. The proof is complete. O

5.3. L?>-norms of Z, and Z;. In this subsection we prove L?-estimates for Z,u(t)
and 9 'Zyu(t). We define the norm

[ullx, = S[up] (II@IILOO + 70 Tut) || L2 + 771107  Tyu(t) | 12
te[1,T

+ 07 Pou()llzs + ¢ ut) ).

Lemma 5.6. Let |ul|x, < Ce. Then the estimate
sup ¢t (| Zau(t)| 2 + 10 Tyu(t)|| ) < Ce

)

holds for any T > 1.

Proof. Arguing by the contradiction we assume that there exists a first time 7' > 1
such that sup,e(y 79t (| Zaw(t)] 2 + 105  Zyu(t) || 2) = Ce. We apply Z, and 0, T,
to (L.1). Via the commutator relations [£,Z,] = [£,Z] = 0 and by the definitions
T, =0y + it%|8x|3 and 7, = O + iti@;‘ we find

LTou = T,0,(Ju|*u)

it
= aaaw(|u|2u) + §|8w‘38x(|u|2u) (5.2)
— 20, (|ul?Zaw) + 0, (W’ Tou) + %Na
and
L, Tyu = Ty (|ul?uv)
it
= Op(|ul*u) + 153(\142“) (5.3)
= 2|u|2Ibu + uzm + %Nb,
where
N, = \3z|38z(|u\2u) — 23z|u|2\3z|3u + 5mu2|3r|3u
= _2(|ar|(|u|2umm) - ‘u|2|am|urmz) - (|ax|(u2urm) - u2|ar|umm)
— 2(0,|ul?)]0, Pu + 2un,]0, 3u
and

Ny = 02(JulPu) — 2Juf*0%u + u*0%u
= Sut, 03U + 8(0, |u|?)03u + 1202757 + 24|us|* U
+ 12u|uge |? + 6Tu2, + 2u?0%u.

We write OFu = vj, +wy, vi, = DBM (V1 (i€)E P+ Vo (i€) @+ V4 (i€)*P), and wy, =
DBM(V3(i€) @ + Vs(i€) @), vin = DiBM V1L E + Vale* G + Walé* @), wie) =
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DBM(V3[E"@ + Vs[€[*@). Also p, = DBMV,(i€)*P, wi, = DBM(V1(i€)"¢ +
Vi(i€)*®), i.e. v, = pr+wr. Wedenote f ~ gif f—g = Op2(ct7™1), ie. || f—gllz2 <
Cetr—1.
Substituting ug.. = v3 + w3, we obtain
t(10:] (Jul*tawz) — [ul?|0sltsae) = t0u|(Jul* (i7)?pr) — tlul?|0:] (i) o1 -

By Lemma [5.3] we find

1102 ](Jul*w3) — [ul?|0z w3 L2 + 1|0z|([ul*ws) — |ul?|0|ws]| 22

< lul?llpoe (lwsl 22 + lwsllz2) < Ce*7H,
by Lemma [3.3] [3.5] we have

lwsllzz < > A2V (€R) L2 < Ct 1068 > < Cet? ™,
k=35

by Lemmas [3.1] and [3.4] we have

lwsllze < D A2 Veg(@) L2 < Ct | 0e£P] L2 < Cet? ™,
k=1,4

and by Lemma [3.2] we find

2
los — (iE)?pullze < Y INA" 20~ [in, Vol (68) |2

j=1
< CtH|0e€@|| 2 < Cet" ™t

Next we represent

t10a|(Jul? (if2)? p1) ~ ¢

S

x

((0a |ul*)(ifi)* p1 + [ul?0x ((if2)* p1))

()]

x

=S

x

o (i) + w6700 + [ul2 (i) p)

Q

S

S

x

t—== (=i ulpl® + mrup? + it ul?p)

Q

S

x

=S

tS2 (=i w + p)lpl? + 1@ + p)p? + 1 (@p + pw + [p]*)p)

Q

S

S

x

t—== (1o’ p + 20'wp?).

Q

(s3]

x

Next we represent
|ul*10:](i0)? p1 = (i7)° |uf*|0s]p1 = (im2)* | ul?p,
since taking p =24, ¢ = 27” we obtain
[tul*[10z1, Z%)prll L2 < CtlullZe I[102], 7%]p1 || o
< Otl|ul| 72 1072 [l p1 [ s
< 05315—%(1—% _%(1_%)“/’1HL‘1 < O3t
and denoting pj;;; = D:BMV>[¢[(i€)P, and similarly wjy|1, wj1;1 we obtain

12 |ul*10z|p1 = 112 |ul*|0z |us — [ul?[|0s], %) (w1 + w1)

2l (@ufu? 1+ )

= (19, Jul]2? (w1 + w1) —
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0,
— B a2 0.7 r + w0) — B a2 0 + 020
xr
~ |u\ |0nuz = 2 ul*(@pp + pap + winp) = B2 fulppp
~ i1’ |fillul®p ~ i |il (wp + Tp + |pI)p.
Thus we obtain

t(]0x |(|u|2“mx) - |u|2|c{)$|uxm)
~ 110l g~
. S (1 el + 2t wp?) + it |l (wp + @p + o) p-
In the same manner we obtain

(102 (4 Tzz) — 0P [0r Uga) = t|00|(u? (if2)2p1) — tu®|0s | (i) 21

<t o) — il + 10l

and
—2t(0|ul?) |0z P u + 2tuuy |05 Pu & —2t(0y|ul?) pj3| + 2tun, P3|
~ ditljil il ol? — 2itlii*fiwp? + 2t il pl2.
Next we obtain

Ox| ~
6t]0, |(wtty gz + |te|?us + (92ul?)uee) = IQt%(;ﬁpr),

x

and writing w3 = D BMV3|¢|(i€)> @, we have tu?| 0y |ugzs ~ tu?Wi-+it |l 53] o2 p+
2it|f| 3| p|?w. Therefore

|0z | ~ _ e _
tNy ~ —t5 2] it (|1o)p + 165" wp?) — it (| p|* p + 40p”) — 2tu* Wy 3.

Next using the factorization formula (2.1)), we represent
(1) (12 112) + il 1)
x

—itFU(=)(10:|(5°|p|*p) — 1l oI )
=il V](n*[V28]*Ved) = 0,

Q

Q

since by Corollary
A |=1/20°8, V@ 2 < A" 200, Vo™ (€)1 12 < Cet™|0(67) |2 < Cet? ™
and by Lemma
€L VI0® Vel Vo) | 2
< CEY|IN|=1/20 Va0, Vol 12 + O L IA" |42 V2 2Val 1
< e,
Thus we obtain

tN, = —16t |8m| (i'wp?) — dit|af* awp® — 2tuwpps

~ 41(10, |0, (1*wp?) — il p|i°wp?) — 2tu2w|1‘3.
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In the same manner we transform uu,93u = —i*(p4w)|p|?, (8 [u|?)02u ~ —it w\p\2—|—
# PP, uilg = Wplpl?, JugPuge = —p p\p|2 uluge[* = 7 (p + w)lpl?, @ ~
1 (p+w)p?, ur0iu =~ ntplp|? + 20tw|pl? + uwy. Therefore

tN, ~ 14tp'op?® + 2tu’w;
14

~ = O — () (7)) + 2t

Now we need to transform the terms 2tu2w|1‘3 and 2tu?w;. We have Bt(V*M@

Q%V*MQH—MV*MQS—i§V*A’M¢+V*M&t¢ and 0;(MV;¢) = MVBt\I'lng— s MV, p—
MVyiA¢ + MA' Vi + MVﬁﬂb We denote K1 = 1\(?7%61)’ and Ky = /La(JigT) and

the symbols K;(§) = m and K»(&) = |f\|(3g)f Then by a direct calculation we

obtain
9 (V*(VE)*VIK;P)
= at(v*M(MvaﬁleKj@
—V*(ch) VIK; +iAV*(VR)*VIK;p — i€ V*N (V@) VI K;p

+ QV*(V()/Q\)(VZKJ‘(O\)(%V(O\ — ViAp + N'ViEp + V0, D)

+V*(VP)E(VO VU K;p + zltlejgz ~ViAK;p + AN Vii€K;0 + VK;0:3).
Hence

0 (V*W@QW)

*V*(Vw) VIK;o+V*(Ve)* Vo v, o

+2V (Vo) (VIK;2)(VOip) + V' (VP VK03

— VN VRV G + 2V N (VR)(VIEQVIK,;§ + V*N (V) Vil K; @

+iIAVF(VO)VIK;$ — 2V (VR)(ViAg) ViK;3) — V* (VR)*ViAK; &
Next we use the relations

VN (VO VK =2V N (VE)(VIER)VIK;§ + VN (V) Vi Ki€p

1 P — P
+ gv*(w)?lejcp + VA (V3)? tA,,V(a U)K
~ VN (VE)(ViER)VIK;8 + VN (VP)? VzKﬂf@
and

. * ~N\23Y5 70 —~ 'LA . * N2y 7 —~
iNVF(VE)VIKp = i (Vo) ViK;$

= 2%V*<Vso><w§so>wjgo + ?v (VR VIK;i€a
zA . 1 ~
iA

~ Ev*(v@ﬁwjig@.
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Therefore
(V" (V3 VK 5)
~ 2V VRPVIEGE + V' (VP VATG + 2V (VE)VIESP) (Vo)
YV (VRVIEK D7 - 2V (V) (Vihg) (VIE;P)
+ 2V (VPP VGER + V' (VEFVIRK?,
We have 2V* (V@) Vi K;3 + V*(V$)*V9,¥,§ ~ 0 and

2V (Vo) VK;0)(VOip) — 2V* (Vo) (ViAp)(ViK; @) = 0.
Also we represent

> VI(VR)VIK;0,8

1=3,5

=t ) V(VR)VE;iEV([VERVY)

1=3,5

=tV (VR)PVKiEV(VEPVE) -t > VI (VR VK iEV*([VEPVE).
1=1,2,4
Then by Lemma [5.4]

U FE IV (VR VE;iEV*([VE[PVe) = v K0, (|ul*u)
= [Kj, w0, (Jul*7) + Kju?8, (|ul*w)
~ K;u?0, (Ju|*u) =~ 0,
since t||[K;, u?]0, (|u*T)|| 2 < Ct]|0xu?| Lo |04 (|ul?T) || 1 < Ce5¢7~1, and
tCsu® 0, (Jul*a) | 12
< Ot]|(9:u®) 0 (Jul*w)|| 12 + Ctl|u? 03 (|uf*a) | 2
< O]9 |2 oo ull 2 + Ctllul| oo llw2ll L2 + CH7[*|u|* |2 =2 p2| 2
+ Ctllul| < lwa 2 < Ct77H,
and by Lemmas [3.1] B:2] and [34] for I = 1,2,4, j = 1,2, we have
IV (Ve ViK;iev=([VE)RVE)| L2
< Ol 2Vl V20~ VK ;ieV-(VE[PVP) | 2
< CE(||A"[V2EV* (1VRI1PVE) | 2
< C?||0,u? || poe ||ul| 2 < CP7L

Therefore using %V* (VP)*ViilK;p — V* (V@)%ﬁ%iff@@ =~ 0, we obtain

o 3 v (verIK;?)

1=3,5

A 23 T A= . * ~\235 A =
~ 275 STV VR)VEiES +i Y VI (VR VAKS
1=3,5 1=3,5
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~2i Y V'(VP)*VAK,F =
1=3,5

2 21:3,5 V*(V@QM j=1,
20 Y35 VI (VO)PVIEliEPD, j=2,
if we choose K1 = % and Ko = |i|:g)§
Since L(tu*wk,) = U)F 103 _5 5V (VP)*VIK;$), we have

L(tw*wg,) = 2itu’w;  and  L(tw*Wr,) = —20u’W)7)3.

Next we transform the terms t92(i%wp?) — t(ifn)? (@*wp?) and t|0,|0. (12wp?) —
it|a|p®wp?. Using the factorization formula (2.1)), we write FU(—t)0,(|ul?u) =
it~V (|[Vp|*Vp). Hence

FU(=) (03 (7Pwp?) — t(ip)* (BPwp®)) = (€)%, V7 In* (Ve@)*V19),
FU(~)(t10:10: (7Pwp*) — it| il °wp?) = [1€](€), V"I (122) V1)

Using ;(Viy M) = LV Mo+iAVi Mo —ieVi N'Mo+Vi My and 9,(MVy,¢) =
MYO Vo + %MVMZ) — MVyiAg + MA'Vyi€p + MV,0:¢, as above by a direct
computation we obtain

0y (Vi (Va2)* V1)
= 0;(Vi M(MV23)> MV, 3)

1 275 = . « 27 = Ly N2 =
= QV}'}(VW)QVW + iAVi (Va@)* V1§ — iV N (V2$)* V10

= O o~ o o
+ 2V (1)V13) (VOrUap + Vb — VaihG + AViiG + V2015

A~ 37 1. —~ ]- 35 ~ N —~ v —~ —~
LV ((vw)?) (V&‘tllllga + 5 V1P — Viihp + NV + vlaﬂp).
Hence

0 (Vi (V29)*V10)
= 2PV + Vi (VD) (VO U )V + Vi (Va2 (V1)
+ 2V (Va@)Vi8(V20i@) + Vic V2@)*V10:5 — i€V A (Vo) V19
+ 2V N (V@) (Vi @IV1@ + VicA' Va@)* Wik + ihVi (Vo) Vi
— 2Vic (Va@) ViAW1 § — Vie (Va)*ViiAD.
Then we use the identity
i€V N (V22)* Vi
= VAL KN (V2§) i
= Vi N (Vo€ @) (Vo) V1@ + Vie N (Vo @) Vi@ + V* Ao (KN ) (Vo) V12
+ 2V N (V@) V1ip(VAY20) + Vie A Ao (Vo d)? VAU 1 6
= 2V N (Voi€ D) (Vo) V1 0.
Also we use

2 o~ S~ * A~ ANy~ * A~ Sy A T~
;V}?(VM)QVM + 2V (Va@) V20, Wk o)V1D + Vic (V22)? (V10,91 7)
+ 2V5 V2@)V10(V20,8) + Vi V28) V10,6 + Vic N (V28)*V1ii€d
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—Vic (V) V1iAg = 0.
Hence we obtain
0 (Vic V22)V19) = iAVic (V22) V1§ — 2V (Vo) (V2iAP)V1 0
~ IV (Vo VA — 2V AVaP) D,

On the domain |¢] < 8|n| we represent

AV §7><v2sa> Vig

A e~ ~ 3= A % N2TT A= A % ~ —~
= 2ZV}}X(V225¢)(V2<P)V190 + EVKX(VQ@)2V125@ + EV (AoxK)(V29)* V12
A, o=
~ Z@EVKXW(VMVVM-

Thus we obtain 0;(Vi; (Va2@)?V19) = iV} Z(&,1)(Vad)* V1P, where

_ ¢ AE) Ay &
2(6m) = (A€) = 206) (1= x(30)) +2(57 = = Jax( )
Next we choose K3(&,m) = W and Ky4(&,n) = W, then we

have [(i€), V*]n*(V29)*V19) = 0 (Vi, V28)*V19) and [[€](i€), V]In*(V29)*V1§) =
0 (Vi,(V22)*V12). By Lemmawe have the estimate [V ¢||z2 < C|||A"|M 19| 1.2
for j = 3,4. Then equations (5.2) and (5.3) yield

it 4 P _
L(Iau - §u2wK2 - EL[(IS)]-"*V}}4 (V2<p)2V1<p) ~ 20, (|u|*Tou) + 0, (u*Tou),
t 7i Jp— —
ﬁ(&;lzbu — PR + iu(t)f-lv;(g Ved)Vi3 ) = 20ul*ZTyu + u*Thu.
We denote ®, = T,u — Lu’wr, — LU)F Vi, (V20)* V1§ and &, = 9; 'Tyu —

LW+ U () F 1VK3(V230)2V130, then we obtain L&, ~ 20, |u|*®,+0,u?®, and
LDy, =2 2|ul?0,Pp + u20,Pp. Integration in time of these equation yields ||®,| 2 +
| @yl < e+ Ce3tY. Consequently, we obtain ||Zyul|z2 + ||0; 1 Zyul| 2 < e+ Ce3t7.
This is the desired contradiction. The proof is complete. ([

6. PROOF OF THEOREM [L.1]

By Lemmas and [5.6| we see that a priori estimate ||u||x, < Ce holds for
all T'> 0. Therefore the existence of global solutions of the Cauchy problem
follows by a standard continuation argument.

Now we turn to the proof of the asymptotic formulas for the solutions u of the
Cauchy problem . We need to compute the check the asymptotic behavior
of the function @(¢,£). As in the proof of Lemma we obtain on the domain
€| > s

o~

G tA”( 1A+ O (1 e et )18l ).

Hence for a new dependent variable z(t &) = @(t,)W(t, &), where

i [y

(t,§) = eXp
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we find 0,2(t, &) = O(t~ 1|t /3 |(¢t"/*)2||3]|3) on the domain [¢| > t7~5. Integra-
tion in time yields
s dr > dz
_ 3 3 az 3,y
2(4.6) = (0.6 < Cle] | e < 0 [ G <ot

for any s > t > 0 in the domain |£[t'/3 > 7. Then there exists a unique final
state z € L™ such that ||z(t) — Z+“L°°(|§|>t'y_§) < Ce3t™7 for all t > 0. We write
fl |2(7, ) |2d7 fl |z 7,€) |2d7 = |z+|210gt+ ®(t). For the remainder term ®(t),
we have ®(s) = [ (J( —2(8)[?) % + (J2(s)|* — |2+ |?) log £. Then we
obtain ||®(s) — ( )HL‘”(|£|>”7§) < Ce3t™7 for any s >t > 0. Hence there exists a
unique real-valued function @, € L such that ||®(¢ )—<I>+HLOO(|€|>N,§) < Cedt™
for all ¢ > 0. Therefore,

2 _
| (t, &) —exp <|A”( >|(|,z+| logt + @) )||Lw(‘£|2tw,%) <Ot

for all ¢ > 0. Thus for large time, ||(t,&) — Z*‘ql(t’g)”mo(\gpﬂ*%) < Ct™" and

HZQI’(IS,f) — Wy exp (|A/’f Bl |24 |2 ogt) HLOO Gz} S <Ct™

with W, = 24 exp(%fhr). Thus, §(t,£) = Wi exp (W|W+|2 logt)+O0(t™9)

on the domain || > =3 with some d > 0. Using the factorization formulas we
have u = D;BMV{p. Then by Lemma [3.9 we have

u(t,x) = DBMAop(t) + O(t*1/3 <t1/3u(%)>73/4>
_ L f ex L g 9 o
= ey U e (gt W) P log )
+O(t*1/3<t1/au(%)>73/4) +O(t*%*5)
on the domain |z| > 3727,

Next we consider the self-similar region |z| < t3+27. We represent

u(t) =UMF '3

/ / m& itA(€) (t 5) 5
le|>2t~ S+
i /27/ 1 eiw&(e—it/\(f)_e—%\ﬁ\s)@(ué‘)dg
T Jjg<2tm st
1 it
+V*/ | RIS 6)de = I + I + I,
2 ‘§‘S2t*§+7

We show that the first term I; is a remainder in the region |z| < 3127, Integrating
by parts we have

ITE—ItAE) (¢, ¢) £—itA(£) tA"(€)d¢
e - RS . _ C 1x€—1 , T NS
i(x — tA/(€)) ‘m:m—w /Q%—w ‘ elt:0) (x — tA(§))?
_C iz€—itA(€) Qg(t,ﬁ)df )
el i(z — tA(€))

I =
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Hence

1 N . tA"
L] < Ot 523 e + O3] / ©) e

le|>2- 5+ (. —tA(£))?

B dEN1/2
+Ct Y5 / —
e[ E)

< O3Bl + OB
< Cet™57327,
The second term I5 is also a remainder since |I2| < Ct||@]| L f\g\<2t‘%+” |E|tde <

Cet™ 3157 < Cet™577, if y < . Changing {t1/3 = €, y = 2t~1/3, we obtain for
the last summand

. [1 T ~ ~
L=t 5 /§<2 eWeem 180 G(t, & 1/%)dE
<2t

- 1 B s A 1a
= 1/3\/;/§< eSOt EY%)dE = 17V (1,y),
<2t

where S(y, &) = y€ — L|€]3, ®(t,€) = (t,&¢1/3), and

1 S, ~ o~
F(ty) =/ 5= / WL, €)de.
21 Jig <2t

Let us show that F(t,y) is a Cauchy sequence on the domain |y| < t7. We can
write

~ o~

/A eSO (1, €)dE - S0Pty €)dE
G

|<2t) l€l<2ty

t2 .5 N o~ o~
= / / e W0 9,d(t, €)dedt.
tr JIE|<2t]

Using the identity 6t<I>(t7§A) =0 (@(tgt_l/?’)) = %(375&@—565@) = %gt_‘l/?’(f_lﬁb—
b¢~17,)p, and applying Lemmas by the Cauchy-Schwarz inequality, we ob-

tain
1002t )l s <aeny < CE 3 IET Py = 2661 D)8 2 g <orry
< CETE|(E1Py — 206 L) 1
< Ct2775 (|05 " Pyul| 12 + |0 Tyul| 12) < Cet377 5.

Integrating by parts as above we find
/ eig(yf)(p(t% &)de
267 <[] <2t3
_ / G WE= 3851y, €1,V dE
267 <|g]<2¢]

D173\ E-
- ei§<y,@@(tmftz/>)5'—2t3
|€]=2¢7

: - / OBy, ety o ————dE
i(y — 1€1€) 217 <|€|<2¢]

i(y — [€1€)
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—1/3 ~ -,—-1/3
7/ (iSwd 2 /<P5(t2,A§tAz %)
27 <|€|<2t] i(y — [€[6)

on the domain |y| < ¢] for to > t;. Hence

| / eSO (1, £)dE|
207 <[El<203

~

dg

. . 23
e 2 el P -
2 <o (v [0

- o N 1/2 dEN1/2
von ([ (B, & PdE) ([ oy
27 <|€]<2t] 217 <|€| <2ty &*

—2y i~ —1-3v~ =37
< Cty 7@z~ + Cty |Pellz2 < Cety 2.

Then we obtain

F(ti,y) - Flta,p)| < | [ 50001, 8df - | | 50D (t,,8)df]
jEl<2ey €] <267

+] eSO P(ty, £)de]

26 <[é] <23

_3 b2 N
< Cet; 2" +/ Hat‘b(t’§)||L§(|§|§2mdt

t1

ta
<Cet7? C’a/ 3778 dt < Cety?
t1

for any to > t¢; with some small 6 > 0. Hence there exists a limit f,,(y) =
lim; o F(t,y) such that |F(t,y) — fm(y)] < Cet=? for |y| < ¢7. Thus in the self-
similar region |z| < t377 we have the asymptotic formula u(t,z) = t~3 f, (2t~ /3)+
O(t~37%). Taking the limit ¢ — oo in equation we can see that t=1/3 f,, (zt=1/3)
is the self-similar solution of equation . This completes the proof of the as-
ymptotic part of Theorem [1.1
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