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CONTINUITY OF ATTRACTORS FOR C' PERTURBATIONS OF
A SMOOTH DOMAIN

PRICILA S. BARBOSA, ANTONIO L. PEREIRA

ABSTRACT. We consider a family of semilinear parabolic problems with non-
linear boundary conditions
ut(z,t) = Au(x,t) — au(z, t) + f(u(z,t)), =€ Qe t>0,
ou
ON
where Qo9 C R™ is a smooth (at least C?) domain, Q¢ = he(Qp) and he is a
family of diffeomorphisms converging to the identity in the C'-norm. Assuming
suitable regularity and dissipative conditions for the nonlinearites, we show
that the problem is well posed for e > 0 sufficiently small in a suitable scale of
fractional spaces, the associated semigroup has a global attractor A. and the
family {Ac} is continuous at € = 0.

(z,t) = g(u(z,t)), x€ 0N, t>0,

1. INTRODUCTION

Let Q = Qy C R™ be a C? domain, a a positive number, f,g : R — R real
functions, and consider the family of semilinear parabolic problems with nonlinear
Neumann boundary conditions,

u(x, t) = Au(z, t) — au(z, t) + f(u(z,t)), z€Q, t>0,
ou (1.1)

a—N(m,t) =g(u(x,t)), €0, t>0,

where Q. = Q. = he(Qo) and h. : Q9 — R is a family of C"™(m > 2) maps
satisfying suitable conditions to be specified later.

One of the central questions concerning this problem is the existence and prop-
erties of global attractors since, as it is well known, they determine the dynamics
of the entire system (see, for example [8] or [19]). The continuity with respect to
parameters present in the equation is also of interest, since it can be seen as a de-
sirable property of “robustness” in the model. In many cases, however, the form of
the equation is fixed, so the ‘parameter‘of interest is the domain where the problem
is posed.

The existence of a global compact attractor for the problem has been proved
in [6] M3], under stronger smoothness hypotheses on the domains and growth and
dissipative conditions on the nonlinearities f and g.
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The problem of existence and continuity of global attractors for semilinear par-
abolic problems, with respect to change of domains has also been considered in [3],
for the problem with homogeneous boundary conditions

uy = Au+ f(xz,u) in Q

ou
aw—o on 8963

where ., 0 < € < ¢y are bounded domains with Lipschitz boundary in RN, N > 2.
The authors proved that, if the perturbations are such that the convergence of the
eigenvalues and eigenfunctions of the linear part of the problem can be shown, than
the upper semicontinuity of attractors follow. With the additional assumption that
the equilibria are all hyperbolic, the lower semicontinuity is also obtained.

The behavior of the equilibria of was studied in [I [2]. In these papers,
the authors consider a family of smooth domains Q. C RN, N > 2 and 0 < € < ¢
whose boundary oscillates rapidly when the parameter ¢ — 0 and prove that the
equilibria, as well as the spectra of the linearized problem around them, converge
to the solution of a “limit problem”.

In [16] the authors prove the continuity of the attractors of with respect to
C?-perturbations of a smooth domain of R™. These results do not extend imme-
diately to the case considered here, due to the lack of smoothness of the domains
considered and the fact that the perturbations do not converge to the inclusion in
the C2-norm.

In this work, we follow the general approach of [16], which basically consists in
“pull-backing” the perturbed problems to the fixed domain 2 and then considering
the family of abstract semilinear problems thus generated. We present a brief
overview of this approach in the next section for convenience. Our aim here is
then to prove well-posedness, establish the existence of a global attractor A, for
sufficiently small € > 0 and prove that the family of attractors is continuous at
e=0.

These results were obtained in our previous paper [5] for the family of perturba-
tions of the unit square in R? given by

he(21,x2) = (21,2 + x2€sin(x; /%)) (1.2)
with 0 < o < 1 and € > 0 sufficiently small, (see Figure [1f).
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FIGURE 1. Perturbed region

In this article, we generalize these results in two directions: we consider the
problem in arbitrary spatial dimensions and, also, instead of a specific family of
perturbations, we consider a general family h. : Qo — R™ of C™,(m > 2) maps
satisfying the following abstract hypotheses:
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(H1) [[he —iq,ller@) — 0 as € — 0, where iq, is the inclusion map of € into R".
(H2) The Jacobian determinant Jh. of h. is differentiable, and
IVJhe|loo = sup{||VJhe(z)||, x € 2} = 0ase— 0.

In section |4| we show that the family h. considered in [5] satisfies the conditions
(H1) and (H2). Since the domain € is not of class C!, the results obtained here do
not immediately apply. However, since the perturbations occur only in a smooth
portion of the boundary, they could easily be adapted to this case. We also give
more general examples of families satisfying our properties.

This article is organized as follows: in section [2] we show how the problem can be
reduced to a family of problems in the initial domain and collect some results needed
later. In section [3| we give some rather general examples of families satisfying our
basic assumptions. In section 4| we show that the perturbed linear operators are
sectorial operators in suitable spaces and study properties of the linear semigroup
generated by them. In section We show that the problem can be reformulated
as an abstract problem in a scale of Banach spaces which are shown to be locally
well-posed in section [6] under suitable growth assumptions on f and g. In section
assuming a dissipative condition for the problem, we use comparison results to
prove that the solutions are globally defined and the family of associated semigroups
are uniformly bounded. In section [§| we prove the existence of global attractors. In
section [0 we show that these attractors behave upper semicontinuously. Finally,
in section (10} with some additional properties on the nonlinearities and on the set
of equilibria, we show that they are also lower semicontinuous at € = 0.

2. REDUCTION TO A FIXED DOMAIN

One of the difficulties encountered in problems of perturbation of the domain is
that the function spaces change with the change of the region. One way to overcome
this difficulty is to effect a “change of variables” in order to bring the problem back
to a fixed region. This approach was developed by D. Henry in [J] and is the one
we adopt here. We describe it briefly here, for convenience of the reader. For a
different approach, see [11 [2, [3].

Given an open bounded C™ region 2 C R™, m > 1, denote by Diff"(Q),m > 0,
the set of C™ embeddings (i.e. diffeomorphisms from € to its image).

We define a topology in Diff"(Q2), by declaring that 2 is in a € neighborhood of
Qo, if Q = h(Qo), with ||h —iqy|lem(o,) < €. It has been shown in [12] that this
topology is metrizable and we denote by M,,(Q) or simply M,, this (separable)
metric space. We say that a function F' defined in the space M,, with values in
a Banach space is C™ or analytic if h — F(h(Q)) is C™ or analytic as a map
of Banach spaces (h near ig in C™(Q,R™)). In this sense, we may express prob-
lems of perturbation of the boundary of a boundary value problem as problems of
differential calculus in Banach spaces.

If h: Q+— R is a C*, k < m embedding, we may consider the ‘pull-back’ of h

R CF(W(Q)) — CH(Q) (0<k <m)
defined by h*(p) = ¢ o h, which is an isomorphism with inverse h~'". Other

function spaces can be used instead of C*, and we will actually be interested mainly
in Sobolev spaces and fractional power spaces.
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Now, if Fjq) : C™(h(Q2)) — C°(h()) is a (generally nonlinear) differential
operator in 2 = h(2) we may consider the operator h/*Fh(Q)h*il, which is a
differential operator in the fixed region .

Let now he : Q9 — R™ be a family of maps satisfying the conditions (H1) and
(H2) and Q. = h(f2) the corresponding family of “perturbed domains”.

Lemma 2.1. If € > 0 is sufficiently small, the map h. belongs to Diff " () =
diffeomorphisms from € to its image.

The proof of the above lemma is straightforward; we omit it.

Lemma 2.2. If0 < s < m and € > 0 is small enough, the map h’ : H*(Q) —
H*(Q) given by u > wo he is an isomorphism, with inverse k™" = (h=1)*.

For a proof of the above lemma see [5]. Using Lemma we may bring the
problem (|1.1)) back to the fixed region €. For this purpose, observe that v(-,¢) is a
solution in the perturbed region Q. = h (), if and only if u(-,t) = h¥v(-,t)
satisfies

iz, t) = hiAg.h? u(x,t) — au(z,t) + f(u(z,1), = €Q, t>0,

.0
he NG,

. (2.1)
B u( ) = glu(a,t), @€ 00, >0

where h*Aq h* ! and h:ﬁh:fl are defined by

hiDg, b Mu(z) = Mg, (uo h') (he(w)),

* 8 x—1 _ —1
he 8NQ‘ h’e u(x) - 8NQ‘ (u ° he )(hﬁ(x))

(in appropriate spaces). In particular, if A, is the global attractor of in
H*(Q.), then A, = {voh.:v € A} is the global attractor of in H5(2) and
conversely. In this way we can consider the problem of continuity of the attractors
as € — 0 in a fixed phase space.

For later use, we compute an expression for the differential operator h*Aq_h*~*
in the fixed region €, in terms of h.. Writing

he(z) = he(z1, 22, ..., 20) = ((he)1(2), (he)2(), - . s (he)n(®) = (1,92, -, Yn) = ¥,

fori=1,2,...,n, we obtain

(kb2 () ) = (w0 ) (hel))

Oy
I [(gZ;)_l}j,i(m)gli(x) (2.2)
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where b; () is the i, j-entry of the inverse transpose of the Jacobian matrix of he.
From now on, we omit the € from the notation for simplicity. Therefore,

h*An h*’l( )(x)

o 1 (2.3)
= ; Oz (; 1:21 b”bmajj) (z) — ; <Lk—1 a—m(bzk)b”) o, (z)

0 (Y Ou - ou
:;M(;C’”ax )(x) Z:Ajaxj(x)’

where Cj = Y7 bijbir and Aj = 37 1 5% (big)byj.
We also need to compute the boundary condition hf 53— N h:='u =0 in the fixed
region §) in terms of h.. Let N}, (q) denote the outward unit normal to the boundary

of he(Q2) := Q, and b5, (x) the ¢, j-entry of the inverse transpose of the Jacobian
matrix of h.. From (2.2)), we obtain

(e gt ) @) = 32 (e ) @) (Vo) (o)

Since

(see [9]), we obtain
(No, (he())); = g > big(No)i(a).

Thus, from (2.4)),

st

1 n
:WZ(Z% ) (o

k=1 j=1
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Thus, the boundary condition (A} 5—h;~'u)(z) = 0 becomes

n
> (Na()),, (CkjDju) =0 on 9.
jik=1
Therefore, the boundary condition is exactly the “oblique normal derivative” with
respect to the divergence part of the operator h*Agq h*~*.

3. BASIC ASSUMPTIONS AND EXAMPLES ON DOMAIN PERTURBATIONS

We assume that the unperturbed domain Qg is of class C?, and consider rather
general examples of families he : Q9 — R™ of C% maps satisfying the hypotheses
(H1) and (H2) stated in the introduction.

Example 3.1. The family k. of perturbations of the unit square in R? considered
in [5], given by
he(x1,x2) = (1,2 + x2€sin(x1 /%)) (3.1)

with 0 < a < 1 and € > 0 sufficiently small, (see figure () satisfies the conditions
(H1) and (H2). We observe that the unperturbed region is not of class C? and,
therefore, it does not strictly satisfies our hypothesis. However, since the pertur-
bation occurs only at a smooth portion of the boundary and the elliptic problem
in this case is well posed, (see [7]), the problem can actually be included in the
framework considered here, with only minor modifications.

In fact, hypothesis (H1) was shown in [B, Lemma 2.1]. A simple computation
gives VJhe = (¢17%) cos(x1/e*),0), from which (H2) follows easily.

From (H1), it follows that the boundary Jacobian p. = Jth6’ 50 — 1 uniformly
as € = 0. Tt can be checked by explicitly computation, as done in [5]:

\/1+62_2”cos 2(z1/€%)
1+esin(xzq/e®)
1

forx € Iy :={(21,1): 0 <y <1},

fhe = W fOI'.'L'E I3 = {(.%‘1,0) :0 le S 1}7
1 forx € Iy :={(1,x9) : 0 < zy < 1}
orx € Iy :={(0,22) : 0 < g <1},

Much more general families satisfying the conditions (H1) and (H2) are given in
the examples below.

Example 3.2. Let Q C R" be a C? domain, and X : U C R" — R" a smooth (say
CY) vector field defined in an open set containing  and x(t, zo) the solution of

dx
pri X (x)
z(0) = zo.

Then, the map
x: (6,8 = x(t,8): (-r,r)x 0=V CR"

is a diffeomorphism for some r > 0 and some open neighborhood V of 0€2. Let W be
a (smaller) open neighborhood of 9, that is, with W C V and define h. : W — R"
by he(z(t,€)) = (x(t + n(t) - 0:(€),€)), where 6. : 9Q — R is a C! function, with
[0cllci(o0) — 0 as e = 0, n : [—r,r] = [0,1] is a C* function, with 5(0) = 1 and
n(t) = 0 if |[t| > r/2. Observe that h. is well defined and {h.,0 < e < ¢} is a
family of C* maps for € sufficiently small, with ||, — iB,00)llct(w) — 0 as € = 0.
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We may extend h, to a diffeomorphism of R™, satisfying (H1), which we still write
simply as h. by defining it as the identity outside W.

If : U C R*™! — R" is a local coordinate system for 92 in a neighborhood of
xo € 09, then the map U (t,y) = z(t,¢(y)) : (—r,r)xU — R™ is a C! coordinate sys-
tem around the point o € R™ and $~1h U(t,y) = (t+n(t)0(d(y)),y). By an easy
computation, we find that the Jacobian of ¥~1h W is given by J(¥~*h U(t,y)) =
147/ ()0 (¢(y)) and, therefore Jhe(z) = [1 + 7' (t(2))0c(¢(7(2)))]-J ¥ (¥~ (he(x)))-
JU~Y(z) for x € W. Since ||h. — Idpn||cx — 0, the condition (H2) follows.

We can also compute Joohe s, the Jacobian of h. restricted to 09). We drop the
subscript 99 to simplify the notation. Note that the coordinate system ¥ above
takes {0} x U into a neighborhood of 29 € 9, and ¥~ he|9q¥ (0, 1) = (0 (¢(y)), y)-

A straightforward computation gives J(¥ ™ hejoq¥(0,1)) = /1 + [[VOc(o(y))][?
and, therefore

The| yo (6(1)) = [V1+[IVO(o() 2] T (T (he(d(y)))) - JE(T(0,y))

for y € U, where ¥ and ¥, denote the restriction of ¥ to {(0,y)|y € U} and
{(0c(6(y)),y) ly € U}, respectively. Since [he — Idgn||cr and [|6c(8)llcr o) — 0, it
follows that Jhejaa(¢(y)) — 1 as € — 0, uniformly in 952.

Example 3.3. We can choose the vector field X in the previous example as an
extension of N : 90 — R™ the unit outward normal to 9€, t(x) = £dist(x, 0Q),
(“+” outside, “-” inside), ¢(x) = the point of IQ nearest  and B, (90) = {z €
R™ : dist(z, 9Q) < r}.

Then, the map p : (t,£) — E+tN(E) : (—r,r)xIQ — B, (09) is a diffeomorphism,
for some r > 0, with inverse x — (¢t(z),7(z)) (see [9]).

Define he : Br(9€2) — R" by he(p(t,€)) = &+ EN(E) +n(t)0:(N(E) = p(t,€) +
n(t)0:(§)N(€), where 6. : 99 — R is a C* function, with [|fc[c1a0) — 0 as € —
0, n : [-r,r] = [0,1] is a C* function, with 1(0) = 1 and n(t) = 0 if [t| > 5.
Then, {he, 0 < € < €} is a family of C! maps for €y sufficiently small, with
|he —iB.o)llcr — 0 as € — 0. We may extend h. to a diffeomorphism of R™,
satisfying (H1), which we still write simply as h. by defining it as the identity
outside B,.(9%2).

If : U C R*~! — R" is a local coordinate system for 92 in a neighborhood of
zo € 99, then the map V(t,y) = ¢(y) +tN(o(y)) = p(t, é(y)) : (—=r,7r) x U — R"
is a C! coordinate system around the point zo € R™ and U=1h U(t,y) = (t +
n(t)0:(d(y)),y). The condition (H2) can now be checked as in the previous example.

Remark 3.4. We may choose the function 6. with “oscillatory behavior”, so the
example above essentially includes the case considered in [5], since the perturbation
there is nonzero only in a smooth portion of the boundary.

4. LINEAR SEMIGROUP

In this section we consider the linear semigroups generated by the family of
differential operators —h*Aq h*~'+al, appearing in (2.1)).

4.1. Strong form in L? spaces. Consider the operator in L?(2), p > 2, given by
Ao = (—hiAg hi™ +al) (4.1)
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with domain

D(Ac) = {u e W?P(Q): h:a%h* u=0, on IN}. (4.2)
We will denote simply by A the unperturbed operator ( —Aqg+al )

Theorem 4.1. If € > 0 is sufficiently small and h, € Diff'(Q), then the operator
A = ( —h*Ag bt + a[) defined by (4.1) and (4.2) is sectorial.

Proof. Consider the operator —Agq_ defined in L?(h.(2)), with domain

D(—Aq,) = {ueW*P(Q): u =10 on 0},

0
ONgq,
where Q. = h(Q). It is well known that —Agq_ is sectorial, with the spectra

contained in the interval (0,00) C R.
If A € C and f € L?(2), we have

(hiAg hi™h + M)u(z) = f(x)
& (Aq, + M)uoh  (he(x)) = foh " (he(x))
& (A, + AM)v(y) = g(y)-

Since u + h'u := wo h. is an isomorphism from L?(Q.) to L?(Q) with inverse
(hZ1)*, it follows that the first equation is uniquely solvable in L?(Q) if, and only
if, the last equation is uniquely solvable in L?(€,).

Suppose A belongs to p(—Agq, ), the resolvent set of —Ag,. Then

[l = [ )P da

= / |vohe(z)]P de
Q

:/Q [o@)IP1Th (y)ldy
< [Th oo ol 0
< IR oell (B, + A lewr@p gl o,

On the other hand,
912 ey = / l9(@)l” dy

/ FohT )P dy

:/ |f(z)|P|The(z)|da
< [1Relloc 11170 0y -

It follows that
[l < 17 ool oA, + A1 m o 12
Therefore, A € p(—h}Aq hi~!) and
[(he Do e +AD) " e )y < I1Thellos[Th ool (Ao, +AD) ™ e (.- (4:3)
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It can be proved similarly that A € p(—hfAq hi™1) = X € p( Ag,).

Finally, if B, = —Agq, +al is sectorial with ||(A— B.) 71| < e a/l for all \ in the
sector Sar.g, = {A: o < |arg(A —a')| < m, X # a'}, for some @’ € R and 0 < Qﬁo <
/2, it follows from that A. = a — h*Aq_h;~! satisfies |[|[(A — A)7Y| <
for all A in the sectoriality of A, follows from the sectoriality of B..

\/\ a’l

Remark 4.2. From Theorem and results in [I0], it follows that A. generates
a linear analytic semigroup in LP(Q}), for each € > 0.

4.2. Weak form in L? spaces. One would like to prove that the operators A, de-
fined by and become close to the operator A as € — 0 in a certain sense.
This is possible when the perturbation diffeomorphisms h. converge to the identity
in the C2-norm (see, for example [14, [16]). To obtain similar results here, we need
to consider the problem in weaker topologies, that is, we need to extend those oper-
ators. To this end, we now want to consider the operator A, = (—h:AQEh:_l + aI)
as an operator A, in (W14(Q)) with D(A.) = W?(2), where ¢ is the conjugate
exponent of p, that is l + l =1.

If ue D(A )f{ueW“( ) hjaN
wo h !, integrating by parts, we obtain

h:=tu = 0}, o € WH4(Q), and v =

<Aeu7 1/’)—1 1
_— / (h? A,k u)(@)b(z) do + a / w(wyb(z) de
Q

Q

=— [ Aq.(uo h;l)(he(x))w(x) dx + a/ u(x)y(z) dz

; Q

o oL

= | Belw)hd ) s
+a/ﬂ€ u(ho " (y)yY(ho (y ))|Jh (he(y ))‘dy

Y 1 ;g
- /m e WU ) o)

/va Vo, [$(h ()

dy

[The(h ()]
) SAT)
+a/QE ulhe W W) g = @

:/Qé Vaol) - Va [ W)=
—1 -1 1
w0 W)

1

= [ Yoty Vo [poht o eI de+ o [ @i

:/Q(h:Vthj_lu)(fE% [hiVa b~ 1;2 [(@)|Jhe(2)| dae +a/ﬂu(x)w(x) dx

- / (W Vi, b~ u)() - he Vo, b~ Yb(x) do + / u(@)p(z) de
Q

Q
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* *—1 * *—1 1
+/Q(h6v96h€ u)(z)(hiVa h} Jhe)(a:)Jh6 (z) dz. (4.4)

Since (Z.4)) is well defined for u € W'?(Q), we define an extension A, of A, with
domain W1P(Q) and values in (W14(£2))’, by
<A’Z£Eu ) ¢>*1 1

= /Q(hfvmh:*lu)(x)-h:Vaﬁh:’l (x) d:r+a/ u(z)y(x) de (4.5)

Q

1
+ / (W, b~ ) (z) - (W2 Ve, B The) () - () de,
Q Jhe

for any ¥ € (WhH9(Q)).

Remark 4.3. If u is regular enough, then Au = Au implies that u must satisfy

: a]\? h: "u = 0, on 02 but, since this is not well defined

in (W14(9)), the domain of A does not incorporate this boundary condition.

the boundary condition h}

For simplicity, we still denote this extension by A., whenever there is no danger
of confusion. Also, from now on, we drop the absolute value in |Jh.(z)|, since the
Jacobian of h. is positive for sufficiently small e.

Next we now prove the following basic inequality.

Theorem 4.4. D(Ae) D D(A) for any € > 0 and there exists a positive function
7(€) such that

[[(Ae = A)ully,,, agy S (E)HAUHWL‘I(Q)’ ’
for allu € D(A), with lim,_,o+ 7(e) = 0.

Proof. The assertion about the domain is immediate. The inequality is equivalent
to

[{((Ae = A)u, ¥) 11| < ()| Aull(wra)y 19]wraa) s
for all u € WHP(Q), v € WH4(Q), with lim._,o+ 7(¢) = 0. For € > 0, We have

|<(Ae - A)U, ¢>—1,1|
<| [ (9ab ) @) [(heVa, b)) — (V) o) da]

. o (4.6)
+ ’/ (hevmh6 Ly — Vgu) (z) - (ng) (z) dx’
Q
1
4] [ (Ve @) - (02 Va e R (@) - o) dal.
Q €
Now, writing |v[, = (31, lug|P)/P 1 < p < 00, [0]ee = sup(|vi],i = 1,2,...,n)
for the p-norm of the vector v = (v, va,...,v,) € R, we observe that

|hVa b u ()], = (Zm‘@h* ! (x)|”)1/p
= (Z (Z }b;j(z)aa;j(x”)z?)l/p
< [Z(Zwarw)” (S (g )]

%



EJDE-2020/97

h*
Jhe(z) e

1
Jhe(x)

Vo, hi tThe ()] oo =

CONTINUITY OF ATTRACTORS FOR ¢! PERTURBATIONS

< [S(Sir@) ] vt
< b [an’ 1 wu(a)),

< n\|be||oo‘vu( )p
B(€)|Vu($)|p )

h: V01 0 (2) — Vau(a),

(Z\h*fh*l @ - @)

(22 b o) g @)))

b3 (zw s (5 (1) @)]
(S (S - o) }”ﬂwzm

g||b€—6\\m[znp-l} Vu(a)l,

<[ = blloo V()]
< n(e)|[Vu(@)lp,

IN

IN

sup{|h 0 h* YJhe ()|}

1
Jh()

- sup{zwb )2 )}

aJh

E
oo

1
B(€)|VJhe(2)] oo < WB( )l

o), = Jm(x)(zw"‘*h* Whe (@) W”q)

R T (Z|

= Jh
< nu(e)w(w) :

SNl VIhe(@) 1 < 1|60V T he (@)oo

IVIhe||oo

11
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where [|b¢||c := sup{[b; ;(z)], 1 < i,j <
dijl@)], 1 < 4,5 <mn, :EGQ} B(e) —
hypotheses (H1) and (H2).

In a similar way, we obtain

R Vo b (@)l < B(e)| V(@)
R Vo b (x) = Vi(@)lp < 0(e)[Vi(@)]p.

Q} [6° = dlloo := sup{|b5;

n,
n n(e), (e)%Oase%Oby

It follows that
[{((Ae — A)u, ) 1 1]

/| (R Vo, he ) (@)] | (02 Ve, b)) (@) — (Vat) ()], da
/|(h*VQ h*ilu—VQU)(I)|p|(VQ¢)(I)|qu

/|h*vQ he ) (2 )| |Jh1( )(h*v hi 1) (z)],dz

<B /\Vu |pdm /|V¢ |qd:v

+n<e>[ / |Vu<x>|5dx]1 [ / |w<x>|gdw]”q

+B(on (@) [ 1Vala pde]' /w )igda]”

< ((1+ B(e))n(e) + np(e)) ule)) llullwrr @) [¥llwrae)
< K(e)[ullwio@19lwiae
with lim,_,g+ K(€) = 0 (independently of w). We conclude that

[ (Ae = A) ullwray < K(e)llullwrre) < ()l Aullwra@qy (4.7)
with lim,_,g+ 7(€) = 0, (and 7(€) does not depend on u). O

4.3. Existence and continuity of the linear semigroup. Using well known
facts about the “unperturbed operator” A and Theorem [£.4] one can now establish
existence and continuity of the linear semigroup, based on the following results.

Lemma 4.5. Suppose A is a sectorial operator with ||(A — A)71|| < 2 a1 Jor all
A in the sector Sq.¢, = {X : ¢o < |arg(A —a)| < m A # a}, for some a €R
and 0 < ¢o < w/2. Suppose also that B is a linear operator with D(B) D D(A)
and ||Bx — Az|| < e||Az|| + K||z||, for any x € D(A), where K and e are positive
constants with € < m, K< % ‘/L%L:ll, for some L > 1.

Then B is also sectorial. More precisely, if b = LQLz Ta L2 T |a| ¢ = max {(bo, 4}
and M' = 2M+/5, then

MI
A=’
in the sector Sp.o = {A | ¢ < |arg(A —Db)| < m, A # b}.

A =B)~' <

For a proof of the above lemma, see [16] p. 346].

Remark 4.6. Observe that b can be made arbitrarily close to a by taking L
sufficiently large. In particular, if @ > 0 then b > 0.
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Theorem 4.7. Suppose that A is as in Lemma [[.5, A a topological space and
{A,} en is a family of operators in X with Ay, = A satisfying the following con-
ditions:

(1) D(A,) D D(A), for all vy € A;

(2) Ay — Az| < e())[|Az|| + K()|z[| for any x € D(A), where K(y) and

e(y) are positive functions with lim, ., €(y) =0 and lim_,,, K(v) = 0.

Then, there exists a neighborhood V' of vy such that A, is sectorial if v € V and
the family of (linear) semigroups e 4~ satisfies

et — =t < ()™
14 (4 — ) | < C) e (48)
1A% (=47 — e t4) | < C(y)tiae*bt, 0<a<l
fort >0, where b is as in Lemma and C(y) = 0 as v — .

For a proof of the above lemma, see [16] p. 349].
Theorem 4.8. The operators A, given by ([4.5) in the space X = (W14(Q)), with

domain W1P(Q), 1 < p < oo, % + L =1, are sectorial operators with sectors and
constant in the sectorial inequality independent of €, for ey sufficiently small. The
family of analytic linear semigroups e~*A< generated by A, in the “base space” X,

satisfies (4.8)).

The first assertion of the above theorem follows from Theorem and the
second from Theorem (4.7

5. THE ABSTRACT PROBLEM IN A SCALE OF BANACH SPACES

Our goal in this section is to pose the problem in a convenient abstract
setting. We proved in Theorem that, if € is small, the operator A, in LP(2)
defined by with domain given in is sectorial and, in Theorem that
the same is true for its extension A, to (WH4(Q))'(Q).

It is then well-known that the domains X& (resp. )?3), a > 0 of the frac-
tional powers of A, (resp. A.) are Banach spaces, X0 = LP(Q), (resp. X? =

(W(Q)) (), X! = D(A) = W?P(Q), (resp. X! = D(A;) = W'?(Q)), X,
(X&) is compactly embedded in X?, (X?) when 0 < a < 8 < 1, and X& = W?2*P,
when 2« is an integer number.

Since Xel/2 = )~(€1, it follows easily that Xg_% = )?60‘7 for % < a <1 and, by an
abuse of notation, we will still write Xg_% instead of )Z'f‘, for 0 < a< % SO we

may denote by {X&, -1 <a <1} ={X* 0<a<1}U {X2, 0 < a <1}, the
whole family of fractional power spaces. We will denote simply by X the fractional
power spaces associated to the unperturbed operator A.

For any —1/2 < 8 < 0, we may now define an operator in these spaces as the

restriction of A.. We then have the following result.

Theorem 5.1. For any —1/2 < 5 <0 and ¢ sufficiently small, the operator (Ac)g
in X5 A

B obtained by restricting Ac, with domain XP+1 is a sectorial operator.
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Proof. Writing 8 = —% + 0, for some 0 < ¢ < 1/2, we have (A¢)g = Z;‘sgegf.
~ _1
Since A? is an isometry from X2 to X¢ 2 = (W14(Q))’, the result follows easily. O

We can now pose the problem ([2.1)) as an abstract problem in the scale of Banach
spaces { X7, —1/2 < B < 0}.

U = —(A6)3u+ (He)gu, t>tg;
(5.1)
u(to) = Uug € Xg,
where
(H)g = H(-ye) == (F)g+ (Gp: X" = XP, e>0, 0<n<pB+1, (52

(i) (F)p = F(-,€): X7 — XP is given by
(F(u,€),®)p,_p = / f(u)®dz, for any ® € (XP), (5.3)
Q
(ii) (Go)p = G(- €) : X7 — XP is given by

(.. 85 = [ a6y @)] | dofa), for any @ € (X2, (54)

where 7 is the trace map and Jynh. is the determinant of the Jacobian
matrix of the diffeomorphism h, : 9Q — Oh.(92).

We will choose 3, small enough in order that Xf“ does not incorporate the
boundary conditions, that is, the closure of the subset defined by smooth functions
with Neumann boundary condition is the whole space. It is not difficult to show,
integrating by parts, that a regular enough solution of 7 must satisfy (see
[0l 13]).

6. LOCAL WELL-POSEDNESS

To prove local well-posedness for the abstract problem, without assuming growth
conditions in the nonlinearities, we want to have two somewhat conflicting require-
ments for our phase space X!: we need it to be continuously embedded in L* and
we do not want it to incorporate the boundary conditions. To this end, we need
to choose n and p big enough so that the inclusion holds and, on the other hand,
we need 1 small enough so that the normal derivative does not have a well defined
trace. To achieve both requirements we will henceforth assume that

p and 7 are such that the inclusion X7 < L*°(£) holds, for some
w>0andn<1/2.

It is easy to check that (6.1) holds, for instance, if p = 2n, and 1/4 < n < 1/2.
Also, the last inequality is automatically satisfied if we choose our base space X =

(6.1)

XV2 = (W14(€2))’, where ¢ and p are conjugate exponents, since we must have
n—p<1.

Lemma 6.1. Suppose that p and n are such that (6.1) holds and f is locally Lip-
schitz. Then, the operator (Fe¢), : X:’%X;l/2 given by (5.3) is well defined and
Lipschitz in bounded sets.
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Proof. Suppose u € XJ. From (6.1), it follows that v € L°°(Q) and, therefore,
if Ly is the Lipschitz constant of f on the interval [—| ||, ||%||oo], it follows that

|f(u(z) — f(0)] < Lylu(x)|, for any = € Q. If & € (X, /%) = W19(Q), then
[(Fodafa), 5,5 < [ 1FlI0]do
Q

<ry [ pllalds+ [ 170)]@]ds
< Lyllull o) - 1@l zage) + [1F O ze (@) - 1@l Lo
Since W14(Q) C L9(Q) and X7 C LP(Q) with stronger norms, we have
[(Fo)g(u), @) 5, 5| < Lyllull Lo [ @llwrac) + 1 £O0) e 1@l wrag),
so (Fe)y is well defined and
ICE)n ()l wra@)y < Lyllw llze@) + 1£0) | zr o) (6.2)
< Lyllu [Ixz + 17O} e o

where Ly is the Lipschitz constant of f on the interval [—||u| s, ||2] o)
Alternatively, if My = Mg (u) := sup{|f(z)| z € [—||u|/so, ||| o]}, it follows that

((F2) (), )5 5] < /Q ()| da
< Mf|Q|1/pHcI)||Lq(Q)
< M9 B]|yr.000).

Thus
[(F)n(w)llwra(yy < MglQMP. (6.4)

Suppose now that uj,us belong to a bounded set B € X7. From (6.1) it
follows now that ui,us belong to a ball of radius R = sup,cp ||u|le in L>()
and, therefore, if L is the Lipschitz constant of f in the interval [—R, R], we have

1f(u1(2)) — Fuz(2)))| < Llu(z) — ua(x)|, for any z € Q. If & € (X2 =
W14(Q), we obtain
(P (2) = (P (2). B, 5] = | [ [Far) = f ()] @l
S/QL‘Ul—U2‘|¢)‘dl'

< Lyllur — uzllze(o) - | @l La(o)

< Lyllug — ug||xp - | ®llwia(q)-

Thus
[(Fe)n(ur) — (Fe)n(u2)|(wra)y < Lyllur — uzllLe (o) (6.5)
< Lyllur — uz| xp. (6.6)
This concludes the proof. ([l

Lemma 6.2. Suppose that p and n are such that (6.1) holds and g is locally Lip-
schitz. Then, if €y is sufficiently small, the operator (G.),= G : X7—(WhH4(Q))’
given by (5.4)) is well defined, for 0 < € < eg and bounded in bounded sets.
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Proof. Suppose u € X7. From (6.1)) it follows that u € L*>°(Q2) and, therefore,
if Ly is the Lipschitz constant of g in the interval [—||u|/so, ||t]/oo], it follows that

l9(v(u)(z) = g(0)] < Lg|y(u)(2)], for any = € 9.
Ifue X7 and ® € (X, /?) = W9(Q), we have

’<G(u7€)’q) 57—5’
/|g DI(@ ||J8”’”‘|d
<l [ Lyh(@Ib (@) + lg© 17 (@)]do(a)
o0

< lplloo (L Iy ()l 2o @ 17(@) | o) + 19(0) | o o) 17(®) | Lo (o0)

where p(z,€) =
hypothesis (Hl)
By the imbedding and trace theorems,

[1lloe = sup{|p(z, )] : x € 9Q,0 < € < €0} is finite by

[7(®)l[aoe) < Knl@llwra),  [v(W)llroe) < Kellullxs,

for some constants K1, K. Thus

(G(u,€), )5, 5]

< llloo (Lo B (@)l o003 1@l 1.ac0) + Killg(0) 200 - 19 ]wr.ace )
proving that (G.)g is well defined and

G (u, )| wragayy < Il (LgKillv(w)llLoaa) + K1llg(0)] e (a0)) (6.7)

< llulloo (Lo K1 Kallullxz + K1llg(0)l| 2 a0)) - (6.8)
Alternatively, if M, = My(u) :=sup{|g(z)| : © € [—||t] s, [|tt] o] }; it follows that
Jaqhe
(G0 @)s-] < [ lor)l(@)][ 2] dota)
<My | P(@)doa

< lpalloo Mg O P 7 (@) La (o0
< [l plloo Mg 097 K1 || @]l w0 -
Thus
1G(u, €)llwrayy < llulloo My |02 P K. (6.9)

Lemma 6.3. Suppose the hypotheses of Lemma[6.9 hold. Then the operator

G(u, €)= G(u) : X7 x [0,€0] — (Wh9(Q)) given by (5.4) is uniformly continuous
in €, for u in bounded sets of X! and locally Lipschitz continuous in u, uniformly
mn €.

Proof. We first show that (Ge)gs is locally Lipschitz continuous in uw € X7. Suppose
that w1, us belong to a bounded set B € X7. From , the Trace Theorem and
the hypotheses, it follows now that y(u1),v(uz2) belong to a ball of some radius R in
L>(0Q) and, therefore, if L, is the Lipschitz constant of ¢ in the interval [-R, R],
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we have [g(y(u1)(z)) — g(v(u2)(2)))| < Lgly(u1) () = v(uz)(2)], for any x € 6. If
® € (WH9(Q)) and € € [0, €], we obtain

|<G(U176)*G(w,e),@ﬂ,—ﬂS/BQ lg(v(u1)) — g(y(u2))[ [y (® IIJmh | do(x

Jth

< [ Lohtun) - 1wl (@)
o0

< Lyl /8 () = ()| [1(®) do(z)

< Lg||/~¢||oo||7(u1) - V(Uz)HLr’(aQ)H’Y(q’)HLq(aQ)
< Lyl plloo K1 Kolua

where K7, Ko are the norms of the trace mappings. Therefore,

] do(

|G (u1,€) — Gluz, €) || (wrayy < Lollulloo K1y (u1) — v(u2)|| Lo (o0 (6.10)
< Ly plloo K1 K2 lug (6.11)

s0 (G¢)p is locally Lipschitz in .
Now, if u € X, ® € (WH4(Q))" and €1, e € [0, €9, we have

(G(u,e1) — G(u, e2), ®)p, ]

< [t h@ |1 -
o €2

< lpey = preslloo /89 |9(y(w))[[7(®)] do(x)

do(x)

< lpey = preslloo /m (Lgly(w)] +19(0)]) |+(®)[do ()

< lte, = treslloo (Lglly(wWl o o) - 17 (®) | Laan) + 19(0)] e o) 17 (®) | aan))
< lter = teslloo (LgEK1 K ||ullnl| @ wraco) + K1llg(0)] e o) [|@lwra))

J@Qhel Joohe,

where ||fte, — fies [|oo = sup {|5 Tho, |12 € 0} — 0 as |e; — 2| — 0, by

hypothesis (H1) and K;, Ko are trace constants given by the Trace Theorem. It
follows that

|G (u,€1) — G(u, EZ)H(WW(Q))'

< ey = ey lloo (LgE1 Ka|ully + K1ll9(0)l| L 00 ) -
Alternatively, if M, = M, (u) i= sup{|g(z)]| : & € [~ Jullos 0]l ]}

’(G(u €1) — G(u, €2), P)s,— 3’

(6.12)

Jaﬂhel JthEQ
S/ g |‘| |5l do(@)
o0 €2
< lpte, — .[1’52”00/ lg(y ()] |v(®)|do(x)
< Nttes — tiegloo M / &) do(x

< ey — M62||00M9|8Q|1/p”7( )HLT’(BQ)
< |lpe, — N62||00Mg|89|1/pK1||(I)HWLQ(Q)-
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It follows that
G (u, 1) = Glu, )l (wra@yy < e, = tes lloo My |OQ /P K. (6.13)
(Il
Corollary 6.4. Suppose the hypotheses of Lemmas [6.1] and [6.3 hold. Then the
map (H(u,€))y, := (Fe(u))y + (G(u,€))y, : X7 x [0, €] — (WH(Q)) is well defined,

bounded in bounded sets uniformly in e, uniformly continuous in € for u in bounded
sets of X1 and locally Lipschitz continuous in u uniformly in e.

Proof. From ([6.2)), (6.3]), (6.7) and , we obtain
[(He )y ()l (wra())
< Lyllull ey + Lo K llv(w) ey + 1F(0)][ o) + Killg(0) [ r0)  (6.14)
< (L + LK1 K) [Jul xp + [1£(0) o) + Killg(0)[| e 00, (6.15)

where Ly and L, are Lipschitz constants of f and g in the interval [—||u||oo, ||| o],
respectively.

Alternatively, if My = My(u) = sup{|f(2)] : ¢ € [—|ulloc, ||u]loc]}, My =
My(u) :=sup{|g(z)| : € [—||u|| o, ||t]|oc]}, from and we obtain

ICH g (@)l wragyy < Myl + |l lloc Mo |09 K. (6.16)

From (6.5)), (6.6)), (6.10) and (6.11)), we have
| H (w1, €) — H(uz,€)|| (wiaa))

< Lyllplloo K[|y (ur) = v(u2)llLe o) + Lyllur — w2l e (o) (6.17)
< (Lgllplloa K1 Kz + L) [Jur — uzllx. (6.18)
From (6.12),

[ H (u, 1) — H(u, €2)||(wr.a(e)) (6.19)

< ey = peslloo (LgE1 Ko lully + Killg(0)l] e 00)) - '

Alternatively, from (6.13)), we have

[ H (u, €1) = H(u, €2) || wraqayy < [lie; = thes [loo My 09| VP K. (6.20)
In the estimates above K| and K5 are the norms of the trace mappings. O

Theorem 6.5. Suppose the hypotheses of Corollary hold. Then, for any (to,uo)
in R x X7 problem (5.1)) has a unique solution u(t,ty,uo,€) with initial value
u(to) = ug.

Proof. From Theoremit follows that (A¢)g is a sectorial operator in (W4(2))’,
with domain X}/? = Wl» (), if € is small enough. The result follows then from

Corollary and the results in [10] [16]. O

7. GLOBAL EXISTENCE AND BOUNDEDNESS OF THE SEMIGROUP

We will use T, (t)ug for the (local) solution of problem given by Theorem|[6.5),
with initial condition ug in some fractional power space of A.. We now want to show
that these solutions are globally defined if an additional (dissipative) hypothesis on
f and g is assumed. We use the hypotheses
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There exist constants ¢y and dy such that

lim sup M <cg, limsup M <dy (7.1)
and the first eigenvalue p;(¢) of the problem
—hf A h ' Au+ (a — co)u = pu in Q
h ou
ONgq

is positive for e sufficiently small.

Rt =dou on 90

Remark 7.1. Observe that if hypothesis (7.2) hold for e = 0, then this is also true
for e small, since the eigenvalues change continuously with € by (4.7)).

Remark 7.2. The arguments bellow are a slight modification of the ones in [13],
but we include them here for the sake of completeness. Similar arguments were
used in [4] in a somewhat different setting.

For using comparison results, we start by defining the concepts of sub- and
super-solutions.

Definition 7.3. Suppose Q is a C1'*, domain for some « € (0, 1), L is a uniformly
elliptic second order differential operator in Q, ug € C*(2), T > 0 and 4 : Q C
RZR™ (u respectively) a function which is continuous in [0, 7] x €, continuously
differentiable in ¢ and twice continuously differentiable in x for (¢,z) € (0,T] x €.
Then @ (respectively, u) is a super-solution (sub-solution) of the problem

ug = Lu+ f(u), in (0,7] x Q,
ou

N g(u), on 0N (7.3)
u(0) = up.

if it satisfies
ug > Lu+ f(u), in (0,7]xQ,

ou
—_— > 7.4
3N 2 g(u), on O (7.4)

u(0) > up.
(and respectively with the > sign replaced by the < sign).
The following is a basic result for our arguments.

Theorem 7.4 ([15]). If f is locally Lipschitz and @ and u are respectively a super
and sub-solution of problem (7.3)), satisfying

u<a, in Qx(0,T),
then there exists a solution u of (7.3) such that
u<u<a, inQx(0,T).

Let ¢, be the first positive normalized eigenfunction of ([7.2)) and let
me = min,cq @e(x). We know that m, > 0. For each § > 0 € R, define

Yo ={u e X7 |u(z)| < (), for all z € Q}.
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From the dissipative hypothesis (7.1]) on f and g, we know that there exists £ € R,

such that
F6) o ana 19 < g,
s s

for all s with |s| > &. To simplify notation, we take the e = 0, in the proofs below,
since the argument is the same for any e such that (7.2)) is true (see Remark [7.1)).

Lemma 7.5. In addition to the hypotheses of Theorem suppose hat (7.1) and
(7.2) hold. Then, if Om. > & and € is small enough, the set Xf is a positively
invariant set for T(t).

Proof. Let
Y5 = {u € X":u(x) < p(x), for all z € Q},
Y2 ={u € X":u(x) > —0p(z), for all z € Q}.

Since Yg = Eé N Eg it is sufficient to show that Zé and 23 are positively invariant.
Let ug € ¥}, and suppose, for contradiction, that there exists tg € [0, tmax| and
xo € Q such that
T(fo)’u,o(l‘o) > 9(,0(1’0)

Consider o(t) = e #(*=t0)fyp, where y is the eigenvalue associated with . We have

% = (AT — av + cov) > Av — av + f(v)
9%

for all ¢ €]0, to].
Thus v is a super-solution for problem (2.1). It follows from Theorem that

T(tyug < o(t), in Q for all t € [0,%o].

In particular, T'(to)uo(xo) < 8p(xo) and we reach a contradiction.
To prove that 2 is positively invariant we proceed in a similar way, using now
that v = —v is a sub-solution for the problem ([2.1)). O

Lemma 7.6. Suppose the hypotheses of Lemma[7.5 hold. If Om, > &, andn < a <
%, there exists a constant R = R(0,n), and T > 0 independent of €, such that the
orbit of any bounded subset V' of X7 N X5 under T(t) is in the ball of radius R of
X, fort > T. In particular, the solutions with initial condition in X7 N Xy are

globally defined.
Proof. Lemma implies that T¢(t)ug € X, for all t € [0, tymax[ SO
[Te(t)uolloc < Olllloo-

Applying the variation of constants formula, we obtain (see [10])

IT(t)uolle < Mt e |y,
t 1 s
* M/ (t — 5)~ @D eS| (), (T(5)uo) | x 1.2 ds,
0

where M, > 0 are constants depending only on the decay of the linear semigroup
e“<t, and can be chosen independently of €. By (6.16)),

() (T(s)uo) | x-172 < M|V + | ulloc Mo |09 Ky,
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where My = M;(u) = sup{|f(z)| : = € I}, My, = My(u) := sup{|g(z)| : = €
I}, with [=0||@elloo, Oll@ellos] C I, for all € sufficiently small. Thus, writing K =
M |QYP 4 || | oo M, |09 P Ky, we obtain

t
c(Buolla < MtV lugl|, + t— ) (atd) o =6(t=5) g
T (t)uollo < M= e |lug|l,, + KM [ (t—s)~(*
0
L(z — )
sV

< Mt*(afn)efétHuO”n—kKM 5
3 [0}

)

for all ¢t € [0, tmax]-
Therefore ||Te(t)uollo is bounded by a constant for any ¢ > 0. Since X is
compactly embedded in X", if o > n, it follows that the solution is globally defined.

Also, if T is such that ¢~ ey, ||, < KF;%;?), then ||Te(t)uo||o belongs to
the ball of X® of radius R(0) = 2K MTG=2), for ¢ > T O
2

8. EXISTENCE OF GLOBAL ATTRACTORS

The first step to show the existence of global attractors will be to obtain a “con-
traction property” of the sets Yy, similar to the property for rectangles, considered
by Smoller [I§].

Lemma 8.1. Suppose that the hypotheses of Lemma hold and 0 € R satisfy
Om. > &. Then, for any 0 there exists a t, which can be chosen independently of e,
such that

Te(t)Xh C 35,
for allt > t.

Proof. Let u € $y. We can suppose without loss of generality that § > 0. Let
0 =e tfp, v =—b. Asin Lemma we can prove that v and v are super- and
sub-solutions respectively. Thus, using Theorem[7.4)and the uniqueness of solution,
we have

v < T (Hu < 0.
Therefore T.(t)u enters ¥; after a time depending only on 6, and on the first
eigenvalue p of A (and not on the particular solution u € Xy). Since . is bigger

than a constant pu, for e sufficiently small, and ¥ is positively invariant, the result
follows. O

Theorem 8.2. Suppose that the hypotheses of Lemma hold. Then problem
(5.1) Ras a global attractor A. in X7. Furthermore A C £ if Om. > &.

Proof. Let V be a bounded subset of X", and § € R be such that fm > £. If u is any
element of X", it follows from the continuity of the embedding X" — C°(Q) that
u € Xg, for some 0 and then, applying Lemma we conclude that T'(t)u € Xg,
for ¢ big enough. From Lemma[7.6] it follows that V enters and remains in a ball
of X with a > 7 of radius R(«,f), which does not depend on V. Since this
ball is a compact set of X, the existence of a global compact attractor A follows
immediately. Furthermore, since ¥ is positively invariant by Lemma it also
follows that A C g, as claimed. O

Corollary 8.3. Suppose that the hypotheses of Lemmal[7.5 hold. If e is sufficiently
small, the attractor A. is uniformly bounded in L>°(Q), for 0 < € < .
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Proof. From (4.4)) and results in [11], it follows that the first eigenvalue and eigen-
function of A, are continuous in W1?(€2) and, therefore, also in L>°(£2), Thus the
sets Xf are uniformly bounded in L*°(Q2) and the result follows from Theorem
8.2 (]

9. UPPER SEMICONTINUITY OF THE FAMILY OF GLOBAL ATTRACTORS

Recall that a family of subsets Ay of a metric space (X, d) is said to be upper-
semicontinuous at A = Ao if 6(Ax, Ar,) — 0 as A — Ao, where §(4,B) =
sup,c4 d(z, B) = sup,¢ 4 infyep d(x,y) and lower-semicontinuous if 6(Ay,, Ax) —
0as A — Ag.

To prove the upper semicontinuity of the family of attractors A., given by The-
orem in the (fixed) fractional space X", 0 < n < %, we will need two main
ingredients: the uniform boundedness of the family and the continuity of the non-
linear semigroup 7. with respect to €. This is the content of the next two results. In
view of the uniform boundedness of the solutions, proved in Corollary we may

suppose, without loss of generality, the following hypothesis on the nonlinearites.
f and g are globally bounded, and globally Lipschtiz with con-
stants Ly and L, respectively.

Lemma 9.1. Suppose that the hypotheses of Lemma and (9.1)) hold. If € is
sufficiently small, the family of attractors A. given by Theorem is uniformly
bounded in the (fixed) fractional space X", 0 <n < 1/2, for 0 < e < €.

(9.1)

Proof. Let b be the exponential rate of decay of the linear semigroup generated by
A, for € small, given by Theorem Let u € A.. By the variation of constants
formula, Lemma [£.5] and Theorem [4.7] we obtain

1T (®) ()l

t
< leAOul,+ [ A0 HAT ) ds
0
t
< 1Al + (A0 = AVl + [ A HAT () s
0
t
+/ I (eAf(t_s) - eA(t_s)) H(T.(s)u)|,ds
0

1 ¢ 1
—at —bt —alt=s)___ ~ (]
< (C’e + C(e)e ) e [l +/O Ce (t— sy %H (Te(s)u)|ds

t , 1
+/0 Ce 5)m||HE(Te(s)u)||ds.
By (6.16),
[(He)n(T(s)uo)l| x-172 < M| QYP + ||l oo M, |0Q VP Ky
<1 F oo [P + 12l o llglloo |02 K,

where K is a constant of the trace mapping. Thus

ITe®) (@), < C'e™™

iyl

1

. s
(t—s)1+3

t
+C" (Il M7 + Nl gl 092177 / ¢ bt=s)
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where the constants C’ and C” do not depend on e.
Since the right hand side is uniformly bounded for v € A, and t > 0, and the
attractors are invariant, the result follows immediately. O

Lemma 9.2. Suppose that the hypotheses of Lemmal[9.1] hold. Then the map
(u,e) € X" x [0,e0] = Teuw € X"

is continuous at € = 0, uniformly for u in bounded sets and 0 < t < T < oco.

Proof. Using the variation of constants formula, (6.16]), (6.20) and (6.18)), we obtain

[Te(t)(w) = T(&)(w)lly

< e - A“)unn

/ (A=) — A=Y F(T, (sy)]| ds
" / 1A (H(T(s)u) — H(T.(s)u) |lods
0

+/ e (H(Te(s)u) — H(T(s)u)) |1y ds
0

P LACIDRILE

t e_b(t_s)é s)u) — s)u)l||ds
[ e e e — HI())ld

1 t
<C —bt / C —b(t—s)
< Ol@e™ g llull+ ; (€)e

! e*b(tfs)é s)u) — s)u S
+/0 c gt 1 (Tls)) — H(T(s)u)|d

< C(e)e

Il

ey 1
+ [ et ( g (1l 4 lclglclo0' 11 s

/ Ceb(t- S> ) | (|m5—1\|mM \8Q|1/1’K1> ds

/ G >n+1||<Lg|\u||ooK1K2+Lf>|\Ts<s>u—T<s>u||Xg ds

Writing

A() = C(O)llul +t’7+%/0 C(o)e’ (t—iw

o (Al l07 + il gl 0907 K1) ds
¢ 1
t"+%/ C bsi( =1 M, 391/1’1{) d
wareh [ oe s (Ine = UaeMyl00] 78 ) ds
and B := C(Lg||plloc K1 K2 + Ly), we obtain

t
T () (u) — T() (w)lly < A(et=+3) 4 B / £~ Db T (s)yu — T(s)ul o ds.
0
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From the singular Gronwall’s inequality, it follows that
IZe(t) (w) = T(@) (W)l < A(e)Me e+,

for 0 < t < T, where the constant M depends on B,n and T, for u in a bounded
set of X7. d

Theorem 9.3. Suppose that the hypotheses of Lemma[9.1] hold. Then the family
of attractors A., given by Theorem[8.9 is upper semicontinuous with respect to € at
e=0.

Proof. From Lemmathere exists a bounded set B C X" such that Up<e<e, Ae C
B. Given § > 0, there exists t5 > 0 such that T'(¢5)(B) C Aé, where Aé is the
g—neighborhood of Ayp.

From Lemma there exists € > 0 such that | T (ts)u—T(ts)ull, < 3, for every
u € B and 0 < e <e It follows that T.(ts)B C AS. In particular, T.(t5)Ac C AjJ.
Since A, is invariant under 7., we conclude that A, C A$, for 0 < ¢ < € thus
proving the claim. (Il

From the semicontinuity of attractors, we can easily prove the corresponding
property for the equilibria.

Corollary 9.4. Suppose the hypotheses of Theorem [9.3 hold. Then the family of
sets of equilibria {E. |0 < e < €}, of problem (5.1)) is upper semicontinuous in X".

Proof. The result is well-known, but we sketch a proof here for completeness. Sup-
pose u, € A,, with lim,, . €, = 0. We choose an arbitrary subsequence and still
call it (up), for simplicity. It is enough to show that, there exists a subsequence
(tn,, ), which converges to a point ug € Ey. Since (u,) — Ay, there exists (v,) € Ag
with ||, — vy |l — 0. Since Ag is compact, there exists a subsequence (v, ), which
converges to a point ug € A, so also (un,) — Ag. Now, since the flow T¢(t) is
continuous in ¢, for any ¢ > 0 we have

Uny, —> g & Te, ()i, = To(t)uo < un, — To(t)uo.

Thus, by uniqueness of the limit, Ty (¢)up = ug, for any ¢ > 0, so ug € FEy. O

10. LOWER SEMICONTINUITY

For having lower semicontinuity we need to assume the following additional prop-
erties for the nonlinearities:

f and g belong to C*(R,R) and have bounded derivatives. (10.1)
Lemma 10.1. Suppose that n and p are such that (6.1)) holds and f satisfies (10.1)).
Then the operator F : X" x R—X /2 given by (5.3) is Gateauz differentiable with

respect to u, with Gateaux differential g—i(u, e)w given by

(gi(me)w,q))_l/mm:/Qf’(u)wq)dx, (10.2)

for allw € X" and ® € X'/2.

Proof. Observe first that F'(u, €) is well-defined, since the conditions of Lemma
are met.
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It is clear that g—i(u, €) is linear. We now show that it is bounded. In fact for
all u,w € X" and ® € X~1/2 = W19(Q) we have
oF
(G w0 ®)175172] < [ 1F ]z
u Q

<1l /Q ]| @] de
< 1 ool o 12 gy de
<1 ool o |[B]] /2 dz

where || f'||coc = sup{f’(z)|x € R}. This proves boundedness.
Now, for all u,w € X" and ® € X'/? we have

|1<F(u+tw €) — F(u,e) ftg—i(u,e)w,d))_l/g,l/ﬂ
‘ﬂ/‘ (u+tw) — flu) —tf (u)w] ® | dx
1/p
Sm /Q‘f(u—l-tw)— flu)—tf'(u w|pdx) (1D x1/2

< ([ 10w = s@yul ae) " ol

(€]

where 0 < ¢ < t. Since f’ is bounded and continuous, the integrand of (I) is
bounded by an integrable function and goes to 0 as t — 0. Thus, the integral (I)
goes to 0 as t — 0, from Lebesgue’s Dominated Convergence Theorem. It follows
that

F t - F OF
lim (uttw, ) (we) _ —(u,)w  in X2
t—0 t - Ou
for all u,w € X"; so F is Gateaux differentiable with Gateaux differential given by
(110.2)). O

Now we want to prove that the Gateaux differential of F'(u,€) is continuous in
u. Let us denote by B(X,Y) the space of linear bounded operators from X to Y.
We will need the following result, whose simple proof is omitted.

Lemma 10.2. Suppose X,Y are Banach spaces and T, : X — Y is a sequence
of linear operators converging strongly to the linear operator T : X — Y. Suppose
also that X1 C X is a Banach space, the inclusion i : X1 — X is compact and let
T,=T,0iand T =Toi. ThenT, =T uniformly for x in a bounded subset of
X1 (that is, in the or norm of B(X1,Y)).

Lemma 10.3. Suppose thatn and p are such that (6.1) holds and f satisfies (10.1)).
Then the Gateauz differential of F(u,e€), with respect to u is continuous in u, that

is, the map u — 9 (u,€) € B(X", X~/2) is continuous.

Proof. Let u, be a sequence converging to u em X", and choose 0< 1 < n, such
that the hypotheses still hold. Then, for any ® € X'/2 and w € X" we have

(G w0~ O s8]y
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/ [(f'(u) = f'(un))w®| da

/| "(un) w| dx /\<I>| dx
< /\ (o)) 0] d:c) 19|12 -

©))
Now, the integrand in (I) is bounded by the integrable function || f’||E,wP and

goes to 0 a.e. as u,, — w in X". Therefore the sequence of operators %—Z(Um €) con-
verges strongly in the space B(X7, X ~1/2) to the operator B—F(u €). From Lemma
the convergence holds in the norm of B(X", X~ 1/ 2), since X" is compactly

embedded in X7. O

Lemma 10.4. Suppose that n and p are such that (6.1)) holds and g satisfies (10.1]).
Then the operator G : X" x R—X /2 given by (5.4)) is Gateauz differentiable with
respect to u, with Gateaux differential

G w®) saa = [ dO)wn@)] 2

for allw € X" and ® € X'/2.

Proof. Observe first that G(u, €) is well-defined, since the conditions of Lemma
are met. It is clear that BG (u €) is linear. We now show that it is bounded. In
fact, for all u,w € X" and <I> € X2, we have

’<g€(“76)wa@>71/2,1/2’ = ’/ag g’(v(u))v(w)y(é)]

< llullsollg /{m [y (w)[ (@) do ()
< llullscllg'llsc v (W) Lo @) 17 (@) Lacan)
< K1 Es | pllso g llsc llwlln | @l /2

where [|¢'[|oc = sup{g/(2) : @ € R}, [|ulloo = sup{|u(z, €)| : & € 92} = sup{Z58"=(x) :
x € 00} and K, Ky are embedding constants. This proves boundedness.
Now, for all u,w € X" and ® € X/2, we have

Jagh

| do (10.3)

Jth

—~|do(a)]

1 oG
| (G(u+tw, €) — G(u,e)—ta—u(u,e)w,d)),l/g’l/ﬂ

< - [ llotr () - g2 (0) ~ 9/ @ )] (@) | 222 doa

< Kallule i { [ llata(ut tw) = g62(0) = /@) (@) dota)} 10l

i
< Kallal{ [ 1196+ ) = g @b @) dote) } @l

(€3]
where K is an embedding constant given by Trace Theorem and 0 < ¢ < t.
Since ¢’ is bounded and continuous, the integrand of (I) is bounded by an in-
tegrable function and goes to 0 as ¢ — 0. Thus, the integral (I) goes to 0
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as t — 0, from Lebesgue’s Dominated Convergence Theorem. It follows that

lim;_,¢ M = %8 (y,e)w in X~Y2, for all u,w € X"; so G is Gateaux
differentiable w1th Gateaux differential given by - ]

Lemma 10.5. Suppose that n and p are such that holds and g satisfies .
Then the Gateaux diﬁerential of G(u,€), with respect to u is continuous in u (that
is, the map u — 6 G (u,e) € B(X", X~1/2) is continuous) and uniformly continuous
in € for u in bounded sets of X" and 0 < e < ¢y < 1.

Proof. Let 0 < € < €o, un be a sequence converging to u em X7, and choose
0 < 77 < n, still satisfying the hypotheses. Then, for any ® € X/2 and w € X7, we
have

oG oG
|<(%(un, €)= 5. (W €))w, ®)_1/2,1/2|

< [ 1660 = o ) @) |2

<l [ 10600 - g’(v(un))v(w)\pda(w)} /”{ | @)}
1/p

< Kilelloo{ /8 g/ Gw) = g/ Glun)r ()P do(e) | 1@l

(1)

ngh

| do

where K is the constant for continuity of the trace map from X'/2 into L?(99),
as in Lemma,

Now, the integrand in (1) is bounded by the integrable function ||g’||%,|y(w)|?
and approaches 0 a.e. as u, — wu in X"7. Therefore the sequence of operators
9C (u,,, €) converges strongly in the space B(X7, X~1/2) to the operator 2% (u,e).
From Lemma the convergence holds in the norm of B(X", X ~1/2), since X" is
compactly embedded in X7 (see [10]).

Finally, if 0 < ¢; < €3 < €, for any ® € X'/2 and w € X", we have

oG oG
|<(%(Ua€1) - %(%62))“’7@—1/271/2 |

< [ 16 G @@, ol doo)
o

<o = allef [ 1@ a0} [ p@pdn}”
< Ky Kol o ol

(I)||X1/2 ||Iu’€1 - NézHooa

where K3 is the constant for the continuity of the trace map from X" into L?(09),
as before. This proves uniform continuity in e. O

Lemma 10.6. Suppose that n and p are such that (6.1) holds and f and g satisfy
[01). Then the map (H.)-% = (Fo)—1 + (Go)—3 + X" xR = X~Y2 given
y (5.2)) is continuously Fréchet differentiable with respect to u and the derivative
G

S s uniformly continuous with respect to €, for u in bounded sets of X" and
0<e<e <1

The above lemma follows from Lemmas [10.3] and [I7, Proposition 2.8]. We
now prove lower semicontinuity for the equilibria.
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Theorem 10.7. If f and g satisfy the conditions of Theorem and (10.1), then
the equilibria of (5.1) with € = 0 are all hyperbolic and 1/4 < n < 1/2, then the
family of sets of equilibria {E. : 0 < € < €} of (5.1) is lower semicontinuous in
X at e =0.

Proof. A point e € X" is an equilibrium of (5.1]) if and only if it is a root of the
map Z : W'P(Q) x R — X ~1/2 given by

(u,€) = (Ae)—1/2(u) + (He)—1/2(u) -

By Lemma m the map (He)_1/0 : X7 — X~1/2 is continuously Fréchet differ-
entiable with respect to u and by Lemmas [6.3] and it is also continuous in € if
n= 3% —6, with § > 0 is sufficiently small. Therefore, the same holds if n = 1/2.

The map A. = —h}Aq h? + al is a bounded linear operator from W?(Q) to
X~1/2_ Tt is also continuous in € since it is analytic as a function of he € Dif f1 ()
and h, is continuous in €.

Thus, the map Z is continuously differentiable in v and continuous in e. The
derivative of ‘3—5(6,0) is an isomorphism by hypotheses. Therefore, the Implicit
Function Theorem apply, implying that the zeroes of Z(-,€) are given by a contin-
uous function e(e). This proves the claim. O

To prove the lower semi continuity of the attractors, we also need the continuity
of local unstable manifolds at equilibria.

Theorem 10.8. Suppose thatn and p are such that (6.1]) holds and f and g satisfy

, ug 1S an equilibrium of with e = 0, and for each € > 0 sufficiently small,
let ue be the unique equilibrium of , whose existence is asserted by Corollary
and Theorem [10.7. Then, for ¢ and § sufficiently small, there exists a local
unstable manifold Wi (ue) of uc, and if we denote Wi'(u.) = {w € W (u.) :
lw—ucll, < 0}, then

1 u u 1 u u
D) (Wa (ue), Ws (u0)> and  — 5 (W5 (wo), W (Ue))
approach zero as € — 0, where f%(O, Q) = sup,co infyeq [lg—ol| xn for O, Q C X".

Proof. Let H.(u) = H(u,€) be the map defined by (5.2)) and u. a hyperbolic equi-
librium of (5.1)). Since H(u, €) is differentiable by Lemma [10.6} it follows that
H (ue +w,€) = He(ue, €) + Hy(ue, €)w + r(w, €)
= Acue + Hy (e, €)w + 7(w, €),
with r(w, €) = o(JJw||xn), as ||w||x» — 0. The claimed was proved in [I6], assuming
the following properties of H.:
(a) ||r(w,0) —r(w,e€)||x-1/2 < C(€), with C(e) — 0 when € — 0, uniformly for
w in a neighborhood of 0 in X".
(b) [Ir(ws,€) = r(wa, €)llx-172 < k(p)llwr — wally, for [willy < p, [lwally < p,
with k(p) — 0 when p — 0 and k(x) is non decreasing.

Property (a) follows easily from the fact that both H(u,€) and H,(u,¢€) are
uniformly continuous in € for u in bounded sets of X", by Lemmas and
110.6l

It remains to prove property (b). If wy,ws € X7 and € € [0, €p], with 0 < ¢g < 1
small enough, we have

[ (wi, €) = r(w, &) x-1/2
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= | H (ue + w1, €) — H(ue, €) — Hy(te, €)wy
- H(Ue + wQ,E) + Hs(uev 6) + Hu(uéa 6)w?”X—l/Z

< ||F(ue + w1, €) — F(ue, €) — Fy(ue, €)wq (10.4)
— F(uc +wa, €) + F(ue, €) + Fy(ue, €)wal| x-1/2
+ |G (ue + w1, €) — G(ue, €) — Gy (e, €)wy (10.5)

— G(ue +wa, €) + G(ue, €) + Gy (e, €)wa|| x-1/2 -
We first estimate ((10.4]). Since f is bounded by ((10.1)), we have
‘(F(u6 + wi,€) — F(ue, €) — Fy(ue, €)wy — F(ue + wa, €)

o+ F(1te,©) + Fu(te, w2, ®) 172,172

S / Hf(ue + wl) - f(ue) - f/(ue)wl - f(ue + w2) + f(ue) + fl(ue)w2]¢| dx
Q

- /Q 1 (e + €0) — f ()]0 () — wa(a)) @] de

< k{117 €) — £ 0 wn ) — wn(o)Pld} ol

< Kio / 1 e+ €)= PPl de} oy = wall o[ xre.

where K, is the embedding constant of X'/? into L?(Q2), K is the embedding
constant of X7 in L*(Q) and wi(x) < & < wo(z) or we(z) < & < wi(x).
Therefore,

| F (we + w1, €) — F(ue, €) — Fy(te, €)wy — F(ue + wa, €)
+ F(te, €) + Fy(ue, €)ws|| x-1/2

/p
< Kk [ 17+ &0) = FwdPds} = wal

Now the integrand above is bounded by 2P| f/[|22 and approaches 0 a.e. as p — 0,

since |lwi ||, < p, |lw2lly < pand wq(z) < & < wa(x). Thus, the integral approaches
0 by Lebesgue’s bounded convergence Theorem.

We now estimate ((10.5)):
‘(G(ué Fwi,€) — Glue, €) — Gul(ue, wr — Glue +ws, €) + Glue, €)
+ Gu(ue, €)wa, ‘1)>—1/271/2’

< [ ottt w0) = a30) = o (20

— 90+ 02) + 90 (w0)) + (2w s (®)1 (| 222 )| do(a)

= [ g6+ €)= g6t 1 (0) — wala)y (@) (| 222)) | o)
o0 €

<16 { [ 1660 +62) = g )P bl (o) - wala)P
o0
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Joahe 1/p
x (|5 )] do(@) } 1@ x s

< Kukiane{ [ [06tuc+6) = g G Pdo@)} un - wallso @l

Jaghe
Jhe

where . = | is bounded, uniformly in € and w; () < &, < wa(x) or we(z) <

§o < wi().

Now the integrand above is bounded by 27||¢’||Z || and approaches o 0 a.e. as
p — 0, since |wi|l, < p, |lwall, < p and wi(z) < & < wa(x). Thus, the integral
approaches 0 by Lebesgue’s dominated convergence Theorem. [

We are now in a position to prove the main result of this section.

Theorem 10.9. Assume the hypotheses of Theorem [10.7 hold. Then the family
of attractors {A. : 0 < e < e}, of problem (5.1), whose existence is guaranteed by
Theorem is lower semicontinuous in X".

Proof. The system generated by is gradient for any e and its equilibria are
all hyperbolic for € in a neighborhood of 0. Also, the equilibria are continuous in €
by Theorem the linearization is continuous in € as shown during the proof of
Theorem [10.7] and the local unstable manifolds of the equilibria are continuous in
¢, by Theorem [10.8] The result follows then from [16, Theorem 3.10]. O
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