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HENON EQUATION WITH NOLINEARITIES INVOLVING
SOBOLEV CRITICAL GROWTH IN H} .,(B:)

EUDES M. BARBOZA, OLIMPIO H. MIYAGAKI,
FABIO R. PEREIRA, CLAUDIA R. SANTANA

ABSTRACT. In this article we study the Hénon equation
—Au = Az|Hu + \x|°‘|u|2z—2u in By,
u=0 ondBq,
where Bj is the ball centered at the origin of RN (N > 3) and p > a > 0.

Under appropriate hypotheses on the constant )\, we prove existence of at least
one radial solution using variational methods.

1. INTRODUCTION

In this article we search for a non-trivial radially symmetric solution to the
Hénon-type Dirichlet problem

—Au = Nz|Pu+ |2 |ul?* 2w in By,

(1.1)
u=0 on 0By,

where A > 0, u > o > 0, By is a unity ball centered at the origin of RV (N > 3),
and 2% = 20+a)
o N—2

When o« = p = 0, the pioneering work is due to Brézis and Nirenberg in [9],
where they obtained a A\; and positive solutions when A < A;. We refer the reader
to the book [39] for a survey about this subject. Devillanova and Solimini [24]
proved multiplicity results for N > 7, for all A > 0. Then in [25], they comple-
mented the former result for N > 4, but for A € (0,A1). Clapp and Weth [20]
extended the above results for N > 4, for all A > 0, getting lower estimates for the
number of solutions. Chen, Shioji and Zou [I8] obtained a ground state solution
and multiplicity results, and improved results in [20]. The existence is proved in
[15], for all A > 0 and N > 5, and when N = 4 only for A # g, where A\ is
eigenvalue of (—A). In [I7] some multiplicity results were obtained for A near A.
These existence results were improved in [26]. For a version of these results in the
quasilinear see [211 [].

When «a,pu > 0, these problems are called Hénon type problems. Actually,
Hénon [28] introduced problem with A = 0, as a model of clusters of stars
for the case N = 1. Since then, many authors have worked with this type of
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the equations from several points of view. The pioneering paper is due to Ni
[32]; he established the compact embedding H ,,q(B1) C LP(By,|z|*) for all p €

[1,2%), where 2} = % This was used for obtaining radial solutions. Here

rad

Hj aa(B1) = {u € Hj(B1) : wis radial, that is, u(z) = u(|z]),Yz € Bi}. This
result was extended to more general quasilinear operators in [21]. In the case A = 0,
Badiale and Serra [2] obtained multiplicity results for non-radial solutions (see [10]
for some extensions). For ground state profile (when the solutions that concentrate
at a boundary point of By as a — o0) and when the growth approaches to the usual
Sobolev critical exponent, see [10, 1, 13} 14, [30, 34, B8], and references therein.
For Hénon problems involving the usual Sobolev exponents we cite [311, [29] 35} [36]
and their references. Up to our knowledge, there are only a few works treating
problem with A # 0 involving the Sobolev critical exponent given by Ni, 2%.
Nonhomogeneous perturbations are studied in [3], when A > 0 and smaller than
the first eigenvalue. While some concentration phenomena for linear perturbation
is studied in [27] when A is small enough. Long and Yang [31] established the
existence of nontrivial solutions for with 4 = 0, when A # A, for all k, and
N > 7. Also, they proved that (\g,0) is a bifurcation point of problem , for
all k. The aim of this article is to extend above results, for instance, treating all A
positive.

To establish our results, we need to know the spectrum of the problem

—Au = AMz|*u in By;
=0 ondBj.

Note that Hé,md(Bl) is a Hilbert space, which is compactly embedded in L? (B, |z|*),
for all p € (1,2;) (see [32]). Arguing as in [22, 4], we can show that there exists a
sequence of eigenvalues for (1.2)), with

(1.2)

ATSA <A< <A<, AL = oo, as k — oo.
The eigenvalues are characterized by
Js, IVul?dz [, [Vul*dz
Al = min - i1 = mn —+————_ (1.3
Y wend (BN [, oltlulPde’ TR T weren g0y [, o]t ful? da (13)
where
Prr1 = {ue Hol,rad(Bl) Hu,e5) = / VuVe;jdz =0, j=1,2,....k}, (14)
B1

and ey, denotes the eigenfunction associated with the eigenvalue Af. Also from [22],
we know that e; > 0, and that e; for j # 1 changes sign.
The results below follow from the linear theory, which are obtained by adapting

the ideas in [7] or [37, Appendix A]):

(1) each A} has finite multiplicity,

(2) ex € C%9(By) for some o € (0,1);

(3) the sequence {ej} is an orthonormal basis in L?(By,|z|*) and orthogonal

in H&,rad(Bl)'

For a fix k € N we can assume A\; < A}, otherwise we can assume that A\; has
multiplicity p € N; that is,

)\2_1<)\Z:)\Z+1:.:)\Z+p_1<)\2+p7

* I
and we denote /\k+p = >‘k+1'
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The proofs of our results are based on variational methods. To ensure that the
considered minimax levels lie in a suitable range, we use approximating functions
that are constructed from Talenti functions (Hénon version). When we work with
nonlinearities involving Sobolov critical growth, it is common to follow the Brézis-
Nirenberg approach to estimate the minimax levels with the help of the Talenti
functions,

U.(r) = [N(Nf 2)€:|(N 2)/4
€+ [xzf?
which are solutions of the problem
—Au = |[ul* "2u inRY;

u(z) -0 as|z|] = oo.

(1.5)

It is well-know that they yield the best Sobolev embedding constant constant for
H'(RY) c L¥ (RYN), given by

lul®

ueHE(B),uz0 [|u

S:

5
5x

Using U, one can prove that the minimax level of the functional associated with
problems with critical growth belongs to the interval where the Palais-Smale com-
pactness condition holds.

When searching for solutions to Hénon type equations in H&)rad(Bl), we note
that the weight |z|* modifies the critical exponent, it becomes 2% > 2* for a > 0.
Consequently, we need to invoke a different family of functions adapted for the radial
context. More precisely, since we are searching for radial solutions for with
critical growth, we let S, be the best constant for the Sobolev-Hardy embedding

H&,rad(RN) — LQ; (RN7 |$‘a)'
The constant is

Vul?2d
Sa= inf Jax [V e (1.6)
uEHéymd(Bl),u#O (I]RN |x‘a|u|2(’; d(E) o

which is achieved by the family of functions

[(N 4 a)(N — 2)e](N=2)/2(2+a)
(e+ |z|2+a)(N—2)/(2+o¢)

ue(z) = (1.7
defined for € > 0. Indeed, these functions are minimizers of S, in the set of radial
functions in the case @ > —2. Furthermore, the u.s are the positive radial solutions
of

—Au = |z|*u*>" %y in RY;

u(z) =0 as|z] = oo. (1.8)

For details and more general results, see [3], [12], [T9] 2T], 32].

1.1. Statement of main results. We present our results in three theorems. The
first theorem deals with the non-trivial solution of problem when A > 0 and
N > 4 4 p. The possibility of resonance is also considered in this case. The
second theorem also concerns the non-trivial solution, when the working dimension
is 4 4 p; in this case we need to consider A # A} for j € N = {1,2,3,...}. In
the third theorem considers non-trivial solutions when N < 4 + p. To recover the
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compactness of the functional associated with problem (|1.1)), we need X large, with
A #£ AL
7

Theorem 1.1. For 0 < A < A} or A\ < A < A;,, problem (.1} possesses a
non-trivial radial solution when

N>%+2+(2+u)f2. (1.9)

Theorem 1.2. For 0 < A < A] or A\ < XA < Mg, problem (L.1I) possesses a
non-trivial radial solution when N =4 + p.

Theorem 1.3. For A > 0 sufficiently large and A # X}, for j € N, problem (1.1
possesses a non-trivial radial solution when N < 4+ pu.

Remark 1.4. Observe that (1.9) implies N > 4 + p. In this sense, Theorem
provides a partial answer to the question about existence of nontrivial radial
solutions when N > 4 + pu.

In [3], it was proved that the non-trivial solution of is positive when 0 <
A< AT

This article is organized as follows. In Section 2] we introduce the variational
framework, prove the boundedness of Palais-Smale sequences of the functional as-
sociated with problem . Since we search for a radial solutions for a problem
with critical Sobolev growth nonlinearity, we show the minimax levels are bounded
by constants depending on N, o and S,. In Section [3] we obtain the geometric
conditions on the functional for proving the existence of solutions to . In Sec-
tion 4} following [I5], we obtain estimates for recovering the compactness of the
functional associated with problem . In Section |5, we prove our main results.

2. VARIATIONAL FORMULATION

Given a real Banach space E and a functional ® of class C! on E, by definition
O satisfies Palais-Smale condition at level ¢ € R (denoted (PS).) if every sequence
(uj) in E such that

P(u;) = ¢ and P'(uj) -0 in E* (2.1)

has a convergent subsequence. Such a sequence is called a (PS) sequence (at level
¢). We shall use the following version of a well-known critical-point theorem (see

[51)-

Theorem 2.1. Let H be a real Hilbert space and f € C1(H,R) be a functional
satisfying the following assumptions:
(1) F(u) = f(~u), F(0) = O for any u € H;
(2) there exists 8 > 0 such that [ satisfies (PS). for c € (0,5);
(3) there exist two closed subspaces V(W C H and positive constants p,d§ with
0 < B such that
(i) f(u) < B for anyu e W;
(i) F(u) > 6 for anyu e V., [lul = p;
(iii) codimV < co.
Then there exist at least m pairs of critical points, where

m =dim(V N W) — codim(V + W).
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We consider Hy ,,4(B1), with the norm

Jull = (/. | VuPar) ",

The subspace of functions in By with weight |z|* and g > 0 is denoted by L*(By, |z|*),
and it is endowed the norm

z 1/
fullega = ([ folul” o)
B

1

For finding (weak) solutions of we look for critical points of the functional
It Hj 10q(B1) = R defined as
Ir(v) = 1/ (|Vo|* = Nz |[*v?) de — L |2|*|v|? d.
2 Jp, 2% /g,

We do not apply the standard variational arguments because the embedding of
Hé,rad(Bl) in L%x(By,|x|*) is not compact, and that the functional Jy does not
satisfy the Palais-Smale condition. We need to adapt an idea introduced by Brézis
and Nirenberg [9] and Secchi [35]. This idea was used for the Talenti functions
for proving that a functional associated with a problem with critical Sobolev
growth nonlinearity satisfies the PS-condition in the interval (0, SN/2/N).

Here, in the radial context for a Hénon type equation, we construct minimax
levels for the functional Jy which lie in the interval

(0 _2tao 5(N+a)/(2+a>).
"2(N+a) @

For this purpose, we use that positive solutions (1.7) of (|1.8) yield the constant S,
in the embedding of Hy ,,4(RY) in L% (RN, |z|).

rad

2.1. Palais-Smale sequences. Recall that the proof of the Palais-Smale condition
for the functional associated with Problem (1.1f) follows traditional methods. So
we present a brief proof for this condition.

Lemma 2.2. Let (uy,) C H&,rad(Bl) be a (PS). sequence of Jx. Then (uy,) is
bounded in Hj ,,4(B1).

Proof. Let (uy) C Hy ,,q(B1) be a (PS). sequence, that is

1 A 1 o
In(u) = lim P = S Bpage = 5 [ ol P2 do = c+o(t) (22
o J By
and
(J\ (), v) = Vu,Vodr — A |z upmv de — / |2|% [t | 2o 2ty daz
B By By
= o()]vll
(2.3)
for all v € Hy ,q(B1). From (2.2) and (2.3), it follows that
1 2F —2 .
In () — = (TS (W), Uy ) =2 / 2| | % dz
() = 0 ) ) =5 [ ol o

=c+o(1) + o(1)[uml|
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Considering 0 < A < A}, by the variational characterization of A, we have
A .
i)t 2 (1= 5 Yl = [ ol % da.
1 By
Hence by (2.4)), we obtain
[um* < C1 + Collum|

and consequently (u,,) is a bounded sequence in H&’rad (By).

Now we consider A\ < A < Ay, ;. It is convenient to decompose H&,rad(Bl) into
the following subspaces,

Hé,rad(Bl) =Hy & Hlﬂ_a (25)
where H}, is finite dimensional defined by
Hk:[el,...,ek]. (26)

For w in H,,q(B1), let u = u +ut, where u* € Hy and ut € (Hj)*. We note
that

/ VuVu da — )\/ lz[Fuuf de = ||u®]]? — \||u®|)3 |zt (2.7

Bl Bl ,

/ VuVut dr — )\/ lz|“uut dz = [Jut|)® — Ajut|)3 R (2.8)
Bl Bl 7

By (2.3) and (2.8)), we can see that

(I (), ) = 1 = Az, |30 — /B ] a2 ey, da = o(1)fluz ||
1

Then, from the variational characterization of A;, ;, the Holder and Young inequal-
ities, and (12.4]), we obtain

(-5l

S/ | [t [ iy, A + (1) sy |
By

2% —1 1
< ([ falunfE de) ([ ol do)
B1 Bl
2025 —1)

. 2/2,, . X
<o [ lalttenpia) T vl [ faltunlde) 4 oub]
B, B,
2(25 —1)

< sl [ lalttunide) T clubl
B

1

By (2.4) and [32] Compactness Lemma] which guarantees the compact embedding
of Hy ,,q(B1) in L*(By, |z|*) for 2 < 2 < 2}, we have

2(2% —1)

luzml* < e+ elluml) 25 + cllug- (2.9)

For ufn € Hj, using the variational characterization of A}, similar to (2.9), we

obtain
2(2* —1)

lufl® < (c+ clluml) ™25 +cllu, . (2.10)
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By summing the inequalities in (2.9)) and (2.10]), we have
225 -1)
| < (C+ Clluml)™ %5 + Cllum,
which proves the boundedness of the sequence (uy,) in Hj .4(B1) as desired.
Lastly, we consider A = A}, for some k € N. We use the decomposition

H§ yoa(B1) = Hi 1 ® Hi- ® By, (2.11)

where Ej: is the eigenspace associated with eigenvalue A;. For the sequence (un)
in Hy rad(Bl)7 we have

umfu Jru + Wy, = Uy + Wi,

where uf~t € Hy_ 1, ut € (Hp)*, vy = ub7 M ut and w,, = Ei:l Yime€ix: € B,
where ¢; : is an eigenfunction associated with A} for 1 <14 </, [ is the multiplicity
of A}, and wy, can be consider different from 0 for all m € N. Note that ||wp,| < Ym,
where v, = lmax{|y; m|; 1 <14 <[}. Using arguments similar to those used in (2.9)
and (2.10]), we conclude that
2(25—1)

lvmll* < CA + llum[) 25 + Cllvmll- (2.12)
We can assume ||, || > 1 (if [|u, || < 1, the sequence (uy, ) is bounded in Hy ,,4(B1))
and, since ||t || < ||Vm || + ym, by (2.12)), we obtain

*

o

2( )
||UmH2 < C(lvmll +ym) 2 + Clloml]|- (2.13)

If y,, is bounded, from (2.13)), we have that (v,,) is bounded in H{ ,4(B1) and,
consequently, (uy,) is bounded in Hj ,.4(B1). Now let us assume y,,, — +00. Using

(2.13)), we have

(25, -1)
TS 42

*

y + yf”yf”
m m m m
. . - (2.14)
<Ol 13" 15— S,
Ym s Ym s

Thus, we obtain

v Uy, 2Ca—D v

== < Cll==) 2 +Cllﬂ\\+0,

Ym Ym

which implies the sequence {”m } being bounded because ( ) < 1, and, by (2.14] -,
7= — 0 as m — 0.

Therefore, possibly up to a subsequence, v, /y, — 0 a.e. in By and strongly in
LY(By,|z|*), 1 < g < 2. Notice that

), 22 = ([ Tl [ ol ar)
y B1 Bl

m Ym

= [t 1 o = o)
B Ym

and since w,, € EAZ’ we have

) = —/ 2] 25~ s — o(1). (2.16)
B, Ym

(2.15)

J’um,w—m
(Ja( )y

m
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Thus, we have

* 1 «
/ mﬂul 2‘J“_Zufmwmdac: 771/ |x|a|um|2a_2umw—mdx—>0 (2.17)
B, Ym Y B Y

25
m Ymy m

as n — oo. Note, since u,, = v, + W,,, we have that Z—m — wq in LY(By, |x|%)
for all 1 < ¢ < 2} and a.e. in By with wg € Ej: \ {0}. So, by the Dominated
Convergence Theorem and using (2.17)), it follows that

/ || L |26 -2 Lm Cm dx%/ ||| wo| 2 dz = 0 (2.18)
By Ym m Ym By
which is a contradiction. So y,, is bounded and, consequently, (u.,) is also bounded

in H&,rad(Bl)- (]

We need to show that the minimax levels are below a suitable constant. For this
purpose, we need an estimate that allows us to simplify some calculations needed
ahead. Initially, we consider a Palais-Smale sequence (u,); thus, by Lemma
we may assume that (eventually passing to a subsequence)

Um — w € H 1oq(B1),
U — u € LP(By, |z|*) for any p € [1,2}], (2.19)
U — u € LP(By, |z|"*) for any p € [1,2}[, if p > «,
Uy — Uu  a.e. in Bj.
To check that u is a solution for , we need the following lemma.
Lemma 2.3. Let (uy,) be a (PS). sequence in H57rad(B1), with

24+«
S(N+a)/(2+a)
c < 42(N ) a )

and let vy, = Uy — w. Then vy, — 0 strongly in H&,rad(Bl)-

Proof. By Lemma [2.2] ||uy,| is bounded, so from (2.19)), v is a weak solution of
(1.1). Then, by (2.3) we have

Jull? = Al = [ ol o =0, (2:20
B
By the Brézis-Lieb Lemma [§], it follows that

il e = [ el
Bl Bl

On the other hand, since HOI,rad(Bl) is a Hilbert Space, we obtain

2 dx—|—/ |2|*|u|?s dz + o(1). (2.21)
By

lum® = loml® + [lull* + o(1). (2.22)

By (2.2)), (2.21), and ([2.22), as u,, — u in L?(By, |z|*), we obtain
c+o(1) =Jx(um)

1 2 )\ 2 1 2;,

=Jx(u) + §||’UmH - §||Um||2,|xw T2 /B1 [2|* o[ dz + o(1) (2.23)
1 1 x

=J\(u) + =|lvm|® — —*/ 2| [V | dz + o(1).
2 2a By
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Since J} (u) = 0 and [Jvm|[3 . = o(1), we conclude that

(A (), vm) = [[om]|? */ ][0 * dz + o(1).

B1

Then
||vm\|2=/ 12 [om |25 dz + o(1). (2.24)
By

Now, by (2.3) and taking u,, as test function, we note that
[ ol o = = N, + o(0).
1

So, as U, — u in L?(By, |z|*) and using (2.22)), we obtain

1 1 S
Iy () =5l = Ml 3 1) = 5= [ ol da
a J By
1 2 2 1 2 2
=5 Ulumll” = Alluml2,,) = 5o (lumll” = Allum 12, + o(1))
ot a 2 K (2.25)
Zm(numﬂ = M|z, ) + o(1)
24+«
ZW(HUHQ = Allul %,|a:|“ + [loml?) + o(1).
From (2.20)), we conclude that
lull* = A3, 4 > O (2:26)
Thus, by (2.25)) and (2.26]), we have
2(N
loml < %Jmm) +o(1).
By (2.2), since ¢ < 2(21\?;?&) S&N+a)/(2+o‘), for m sufficiently large we obtain
[oml|? < ¢+ o(1) < SVF)/ (e, (2.27)
From (|1.6) and (2.24)), we obtain
loml? < S22/ o % + 0(1),
which implies
[vm|*(5%27% = [[om|[*272) < o(1).
This and (2.27) imply that v, — 0 strongly in H&md(Bl). O

3. GEOMETRIC CONDITIONS

Here we prove that Jy satisfies the geometric condition of Theorem Firstly,
given A > 0, we define A* = min{\} : X\ < Aj} and set

—————H; a(B1)
H, :@[ej])\;ZA+ 0rad Hy = [61,...,€j])\;<>\+- (3.1)
Lemma 3.1. There exist 6, p > 0 such that, for v € Hy,

Ia(u) =6 if [ull = p.
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Proof. Let us take v € Hy, by the variational characterization of A™ we obtain that

1 Ay oo -
() = 5 (1= 33) lull® = Cllul** > 6 >0
when |Ju|| = p with p > 0 small enough. O

4. ESTIMATES OF MINIMAX LEVELS

In this section, we obtain some estimates to show that the minimax levels are
below an appropriate constant in order to recover a similar compactness property
for the functional J).

First, let r € (0,1) and B, = {z € RV : |z| < 7}. We take &, € C°(B,,[0,1]), a
radial cut-off function such that & = 1 in B, /5 and |[VE.| < 4/r, and set ul(z) =
&r(z)uc(z). In [3, Proof of Theorem 3.3] were obtained the following estimates of
Brézis-Nirenberg type [9, Lemma 1.2], which also can be found in [3] 21].

Lemma 4.1. Let Ky, K and K3 be positive constants. For fixzed r € (0,1) and
a0 >0 and € > 0 small enough, we have
(a) g ]* = S @) 4 0 (V=224
r2a N+a)/(24a o o
(0) [[ur[32 g = SEHVEHD 4 O (eNre/ 4

)

C
Kqe@tn)/(2+a) if N >4+ u;
HuZHS,le“ = { K€t/ 4| log ¢| + O (e@Hm/2Fa))  if N =4 4
Ke(N=2)/(2+a) if N <4+ p;
(@) [Juglly o < KopeN=2/BEFL;
(e) Jlur|3=s ape < KyeW=2)/12240)],

Now we shall prove some main technical lemmas. First of all, we define
W(e,r) ={u € Hj,0q(B1)iu=u" +tul,u” € Ha,t € R}.

Remark 4.2. Since u, is solution for (1.8)), u’ & [e1,ea,...,ex] for any k € N.
Thus, W (e, r) # Ha.

Lemma 4.3. If u € W{(e,r), then for e > 0 sufficiently small

”quélrlﬂ Z Htu:\\zélmla O ((N=2)(N+0a) /[(N+2a+2) (2+0a)] (4.1)
for any t € R.
Proof. Note that from

u
27 -
||UH257‘3:|Q 222';/ |x|ada:/ 5|25 ds, (4.2)
B1 0

and the Mean Value Theorem, we obtain

2

2 2
f|u 2% |zle Htu:Hngﬂa = [lu Hzg,ma

1
:2:;/ ds/ || [[tul + su” |22 (tul + su”) — |su” |2 2su"u” dx (4.3)
0 B; :

1
=27 (2 — 1)/ ds/B 2| [tu] 4 Tsu” |22t - u” da
0 1
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where 7 = 7(x) is a measurable function such that 0 < 7(x) < 1.
Using (4.3) and since u~ € Hs, which is a finite-dimension subspace, we obtain

.
2 Jale — Mtwelas e = U138 |2
1
< C/ dS/ T R e [ R AT S E
(4.4)
25 —1 — —12a-1
< C||tu 2*_1 |£‘a||u Hoo + ||U || |x‘a||tur||1
2% —1 251

< Clwr )% ) manu*\b +

2l

where C' is positive constant. From , the Young inequality and the items (d)
and (e) of Lemma we have that

[ll32 oy — Il

_ 2
= Jlu 22,\x|“‘

2* |1.‘cx 2* ‘xla

_ _ _ N+24+2«a, _ o .
25 —1_(N—2)/(2(2+a)) a 25 ((N+a)/(2+0a)
< Ct € lu™ ]2 + 5N T a) [l HQZ’MQ + Ct e .

Finally, again by the Young inequality, we have

o o
|Hu 2* Jzle T Htu:Hngﬂa — [lu Hzf |m|a|
9 —1 G2, N+2+2a, _ « Nta)
< OE I o+ g gy 1 IR e + OB
g N-D(Nte) i 2 N+2+2a, _ o g Nte)
< CtraelWF2at2)(2+a)] 4 N |l H23,|x|a + 7(]\[ o) [lu 2% Jalo + Ctoee <2+ )
o* _(N=2)(N+ta) _oF gx  (Nta)
= CtreelVF2a+Fa] + ||u o ] 4 Ctloe @ro)
< O N T2t e + |lu~ ga )
- wolzl
for € > 0 small enough. The proof is complete. ([l
Lemma 4.4. For e > 0 sufficiently small, we have
12 = Az 2,
AR
S, — Ce2+m)/(2+a) if N >4+ (4.5)
= Sy — CeCHr)/CHa)|log(e)| + O(ePHm/CHe))y  if N = 4 4 p;
Sy + N2/ (O(1) — AC) if N <4+ p.

The statement of the lemma above is obtained from (a)—(c) in Lemma

Now we separate our study into three cases: non-resonant case assuming ,
and consequently, N > 4 + p, or N = 4 + p; resonant case when holds; and
non-resonant case with N < 4 4+ u. This separation occurs because to prove the
(PS). condition for ¢ below an appropriate constant when A = \; for some j € N,
we need to have N > 4 + . When N < 4 + p, it is crucial to assume in addition
that A is sufficiently large to prove the (PS). condition.

4.1. Non-resonant case with N > 44 . Initially, we consider the non-resonant
case and we obtain the following results.
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Lemma 4.5. Assume (1.9)), for e sufficiently small and positive. If \ # A%, for
every j € N, then

sup Ja(u) < 2F Y gvia)/zra) (4.6)

W (e,r) 2(N+Oé) “

Proof. Note that for fixed u € H&,rad(Bl) with u # 0, we obtain

24a) lull® = Mull3 4.\ V+a)/@+a)
Sup Jx(tu) = 2EN++ c)y) (H ”qu;'u': | ) . (4.7)
Since
sup{Jx(u) : uw € W(e) \ {0}}
= sup { (e ) s w € Wier) \ {0}
< sup{Jx(tu) : u € W(e,r) \ {0} with |lu 2, o = landte R},
to show that is true, we need to estimate
sup (= All3 - (45)

u€W (e,r), lullax |zja=1

Let u=u~ +tul € W(e,r) with |lu
for € small enough, we have

2+ |zj« = 1. By (4.1)) and item (b) of Lemma

9*
1= ||UHQS,|3;|&

27 C125 (N=2)(N+0a) /(N+2a+2)(2+0)

25, || T

> [[tug

= t%a (géN+a)/(2+a) + O(E(Nf2)/(2+a))) — Of2a (N=2)(N+a)/(N+2a+2)(2+0)
— 42 (S&N+a)/(2+a) n O(e(NfZ)(N+a)/(N+2a+2)(2+a)))'

Thus, we can conclude that ¢ is bounded for small positive €. From item (e) in
Lemma the variational characterization of A7 and Green’s Theorem, we obtain

[ull® = M]3,z

< tul 1* = Al 13 + a2 = Mlu™ 113 g
+2/ (el | [Au| + Nl [u|[tar]} da
By

< g 1 = Mtugll3 oge + e 112 = MluT 113 o + CLlItugll [1Au™ [0
+ M oo [tu |y, o }
It 1 = M#ugll3 ape + lluI* = llu™

g [* — At |15

2, |z|m
A

(4.9)

IA

g,lrl“ +Cllu~ ||26(N72)/[2(2+a)]

[#uf113s jage + = Nl[u” 113 g

+ ClJu™ ||g, g p e N 72/ 2EF]

where A = max{A} : A7 < A}
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Now we define A(u™,€,¢) = (A = A)[Ju~[[3 . + Cllu™ |2, e N =2/ B2+ No-
tice that

2
A(u™,e,¢) <0 or A(u,ec¢) < ﬁe(N72)/(2+a)_ (4.10)

On the other hand by (4.1) and the boundedness of ¢, we obtain

IItuilli* oo < (1 +CE(N—z)(N+a)/[(N+2a+2)(2+a)])2/23

(4.11)
<14 CeN-2DWNV+a)/[(N+2a+2)(2+a)]

From (|1.9)), we obtain N > 44, then using (4.5)), (4.9), (4.10) and (4.11)), we have
lull® = AMll3 o e

< ( S, — C€(2+M)/(2+a)) (1 T Ce[(N—2><N+an/[<zv+2a+2><2+a>1) AT, e c).

(4.12)
By (1.9), we also conclude that
(N-2)(N+a) 2+ p
(N+2a+2)24+a) 2+a
Thus, ||ul|? — )‘”“”g,mu < S, for € positive and small enough. O

Lemma 4.6. For € > 0 sufficiently small and N = 4+ p, if X # X}, for every
7 €N, then

(2+a) G(N+a)/(24a) (4.13)

sup Jy(u) <
W (e,r) ( ) 2(N+O[) “

Proof. When N = 4+ p, as for (4.12)), from (4.5)), (4.9), (4.10) and (4.11)), we obtain
”qu _ )\Hunilw < <5a — 06(2+u)/(2+a)| log(e)| + O(€(2+u)/(2+a))>

% (1 n C€[<2+u+a><4+u+a>1/[(6+u+2a)<2+a)1> AT, e c).

Because of the behavior of |log(e)| near zero, for € small enough we conclude the
result. 0

4.2. Resonant case with N > 4+ p. Now we consider, A = A} for some j € N.
We will find estimates which will help us in obtaining a result similar to Lemma
for the resonant case when (|1.9) is satisfied.
First, we denote by P; the projector on the eigenspace corresponding to A7 and
set
ul =ul — Pjul. (4.14)
Thus, by item (d) in Lemma we have
2
||P]u:||§"z|M = Z (/B |.’I,‘|”ek’u/: dx) < CHU/:H%JIV” < CE(N—Z)/(Q-‘ra)_ (415)
k 1
Consequently, as P;u/ is in a finite dimensional space, we obtain
| Pyl | o < CePV=2)/212Fe)], (4.16)
Furthermore,

S (7 o
2% x| ell2r x|«

||tz
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1
ds

|| [uf = sPjul >~ (ul — sPyul) Pyuf dz|
B,

1
2 . 222*1/ ds/ el [l o+ s Pyl 2 Pl da
1
125
< C{HurHT‘—l \ml"‘HP‘uTHOO |z|n + HPU HQ |a:|”}'
Then from item (e) in Lemmau and -, we obtain

1152 e IIUTIIQ* ma! < CelN=2/ (o), (4.17)
By item (e) in Lemma[4.1)and (£.16), we notice that
~n2-—1 2% —1
||U€||2§_1,\m|a = [lu¢ — Pju¢ 23—1 x|
< Ol 153 oo + IPUEI5E 7T e} (4.18)
2% —1,|z| 2% —1,|x|

< OeN=2)/22+a)]
As for , using item (d) in Lemma and , we obtain
2|1, o) < CeN 2/ BEFL (4.19)
Based on these estimates, we can conclude the following lemma.
Lemma 4.7. For e sufficiently small and positive, we have
G2 = N

i =8, — CeHW/Ha) yf N > 44 p (4.20)

2* |1}‘0‘
The proof of the above lemma follows from (4.17)), (4.18]) and (4.19)), and argu-
ments similar to those in Lemma[4:4] Now, we define
Wi(e)={ue H{oa(B1) i u=u" +tul, u” € Ha, t € R}.

Arguments analogous to those used in the Lemma [L.5] guarantee the following
result.

Lemma 4.8. Suppose (1.9) and A = A, for some j € N. Then, for e positive and
sufficiently small,

(2+@) ((N+a)/(2+a)
sup Jy(u) < ——=855" "¢ . (4.21)
W(e) 2(N + a) @

4.3. Non resonant case with N < 4 + y. In this case, to conclude a similar
result to Lemma we need another condition on A. More precisely, we should
have A sufficiently large to guarantee that the minimax levels are below a suitable
constant.

Lemma 4.9. Suppose N < 4+ p and X\ # A}, for some j € N. Then, for e > 0
sufficiently small and X\ large enough,

2+a) N
J 217 gWN+a)/(2+a) 4.22
WSKI;) A(w) < 2(N +a) * ( )

Proof. As in Lemma [£.5] we need to show that
gl = Mlgll3, g < Sas (4.23)
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when A # X% for all j € N. Thus, following the same steps as in Lemma and
using (4.5) we obtain

ful|2 — )\HU”%,\zw < (S’a 4 e N=2)/4a) (1) — )\0))
N (1 + Ce[(N—2><N+a>1/[(2+a><N+2a+2}) + A, e, C).

Therefore, for € positive and small enough, and A sufficiently large, we obtain
(14.23]). (]

5. PROOF OF MAIN RESULTS

It is clear that Jy € C*(Hj,,q(B1),R) and complies with condition (f1) of

Theorem (2.1 Then Lemma ensures that (2) in Theorem is satisfied with
B = ) gWN+a)/(2+a))
2(Nta) Pa

If0 < XA# A forall j €N, weset V= H; and W = W(e,r) with e small
enough to satisfy Lemma for N > 4 + u, when is satisfied, or Lemma
for N =4+ p. Then (3)(iii) in Theorem [2.1{ holds in both cases. Thus, (3)(i)) and
(3)(ii)) are satisfied by Lemmas[3.1] [i.5|and respectively. Since dim(VNW) =1
and V4+W = H017rad(B1), from Theorem it follows that has at least one
non trivial solution.

It 0 < A= Aj for some j € Nand N > 4 + p, when is true, we conclude

this result repeating the above arguments using W = W(e) and the Lemma and
B.1

For N < 4+ pu, following the same steps as in the two previous cases, Lemmas [4.9
and with H; = H&md(Bl), we obtain the conclusion by applying Ambrosetti-
Rabinowitz Mountain Pass Theorem [39]. Recall that there is a function e € H;
such that Jy(e) < 0. By standard arguments and the maximum principle, we can
show the solution is positive. This completes the proof.

Remark 5.1. We know that
Ji()w =0, Yw € Hj,.q(B1), (5.1)

and v is a critical point of the functional Jy restricted to the space Hj,.,q(B1)-
Now, we follow the ideas of [6} 23, 33]. Since Hj,,4(B1) is a closed subspace of
H(B1), we can write

H(%(Bl) = H(%,rad(Bl) @ H&,rad(Bl)J—a

where - denotes the orthogonal complement of the space. Therefore, for each
w € Hj(By), there exist ¥ € H} .4(B1) and 9+ € H{ ,4(B1)* such that

w =194 9+, (5.2)

Since Hj,,q(B1) is a Hilbert space and J§(v) € Hj ,q(B1)*, from the Riesz
Representation Theorem there exists z € Hol,rad(Bl) such that

Jy(v)w = / Vz-Vwdz, forallwe Hj,,q(B1).
B,

Thus, J4(v) = 2, as z € Hj,.4(B1) and 9+ € Hj ,,4(B1)*, we have

J5 (v)9+ = 0. (5.3)
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From (5.1), (5.2) and (5.3), for each w € Hg(B1), we obtain
T (0)w = T ()8 + ()9 = 0.

This implies that v is a critical point of the functional Jy in H}(B;) and conse-
quently v is a weak solution for problem (|1.1)).
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