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ENERGY-DEPENDENT HAMILTONIAN IN A NUCLEAR
OPTICAL MODEL

PIERRE CHAU HUU-TAI, BERNARD DUCOMET

ABSTRACT. We study the spectral properties of a 1D model of optical potential
introduced by Morillon and Romain [2I] in the context of nuclear reactions.
We can localize the discrete spectrum and estimate the number of eigenvalues.
We also study the continuous spectrum with possibly embedded spectral sin-
gularities and give an expansion formula for an arbitrary function on a set of
generalized eigenfunctions. We briefly study the resonances of a related model.

1. INTRODUCTION

The optical model in [II, 12, BI] is an approximation scheme introduced in
nuclear reactions [5] theory for describing the interaction between a nucleus and an
incident nucleon. It aims at replacing the complicated initial N-body problem by a
single Schrédinger equation, provided that a suitable potential is exhibited. It relies
on the assumption that the main characteristics of the interaction can be described
with good accuracy by a single particle potential called optical potential. The price
to pay is that this phenomenological potential is generally non-local, complex and
energy-dependent.

Romain and Morillon [21] proposed a global spherical and dispersive optical
potential for neutrons able to reproduce scattering data for a large mass range of
nuclei. This phenomenogical potential is the sum of various contributions: a term
of volume, a term of surface and the so-called spin-orbit term

U(r,E)=Uy(r,E)+ Us(r,E)+ Uso(r, E),
where the potentials are given by the formulae

Uy (r, E) = =[Vv (E) +iWv (E)|f(r, Rv,av),

Us(r,E) = —[Vs(E) +iWs(E)]g(r, Rs, as),

and

Uso(T, E) = —[Vso(E) + ZWSo(E)]< R )2% g(r, Rsoﬂlso)Z- 3, (1.1)

e
where ¢ is the orbital momentum, § the spin, j the angular momentum and po-
tentials Vi s s0, Wy,s,so (volume, surface and spin-orbit) are real functions and
h, M, c are positive constants of quantum origin.
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The function f is the so-called Woods-Saxon form factor and g is the “derivative
of Woods-Saxon” form factor. Both are given by

1
f(r7 R) a) = r—R 7
l4+e =

d
g(r? R7 a) a d’f’f(r’ R7 a)

The potential U(r, E) is complex valued and explicitely depends on energy E
through its real and imaginary parts Vi g 50 et Wy s so related according [21]
by subtracted (renormalized) dispersion relations.

So the corresponding Schrodinger equation in the spherically symmetric case
reads

B %22 W; 2 v — {[Vw(E) + iWv(E)]f(r, Rv,ay) + [Vs(E)
+iWs(E)]g(r, Rs,as) + Aj.o.s[Vso(E) (1.9)

. h? \21
+iWso(E)] (m) - 9(r, Rso,as0) v = Ev,

for 7 > 0, where \j s = j(j+1) —(l+1) —s(s+ 1), with j = £+ 1/2if £ #0
and j =1/2if £ =0 and s = 1/2. So we have j(j +1) —£({+ 1) —s(s+ 1) =
Jj(7+1) =€+ 1) —3/4 which is zero for S-waves corresponding to j = 1/2,¢ = 0.

In the following we consider a simplified version of restricted to S-waves
(¢ = 0) leading to the 1D problem

d2
——v+U(r,E)v=Ev EeC,r>0,

dr? (1.3)
u(0, F) =0,
where the potential U has the form
N
U(r,E) =Y _ V;(r)W;(E), (1.4)
j=1

and N is a given integer.
To comply with the model (I.1)) we assume that

V; € L*(0,00; R) N L'(0, 00; R), (1.5)
and to take advantage of Jost theory [23] we assume the following analytic properties
of Wj(z) for z € C.

(1) The functions z — W;(z) for j = 1,... N are meromorphic in C but holo-
morphic in the physical half-plane {Sm(z) > 0}, with single poles defined
by Zjm = Ep —iBjn form=1,..., M with Bjm > 0.
(2) |W;(2)] < W; when |z| — oo,
and we denote by I'yy the common analyticity domain of the family {W;(z)},<n
Ty = C\(U, U 2jm). (1.6)
Note that because the two previous potentials W; are complex, the hamiltonian
H = % + U is not self-adjoint and the standard spectral theory [§] has to be
adapted.

The 1D selfadjoint Schrodinger equation is a classical topic, and is the matter
of a number of books (among them [4] [ 23]). The 1D non-selfadjoint case goes
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back to the pioneer work of Naimark [22] (and a large part of our study relies on
this work). Among his followers, let us quote Lyantse [19] [20], Pavlov [24] 25 [26],
Krall [17] and more recently Folland [13], Hrus¢ev [I6] and Brown [6].

Concerning energy-dependent potentials, let us mention studies by Friedman and
Mishoe [I4] and Bairamov and coauthors [T} [2, [3 [18], for specific types of energy
dependence.

This article is organized as follows: In Section [2] we consider special solutions of
. In Section (3| we study the discrete spectrum of H. In Section 4| we analyze
the continuous spectrum of H together with its scattering properties. Finally in
Section [5| we study resonances of the model.

2. SOME SPECIAL SOLUTIONS OF (|1.3))

In analogy with classical studies of 1D selfadjoint operators [8 23], we introduce
several particular solutions of (L.3)).

2.1. The solution ¢(r, p). Taking benefit of the monodimensional geometry, for
E = p? we classically [4] introduce the problems

Hé=p¢p peC,r>0,

#(0,p) =0, (2.1)
¢'(0,p) =1,
and
Hip=p*p peC,r>0,
Y(0,p) =1, (2.2)
¥'(0,p) =0,

where Hv = —v” + Uw. It is well known that both these both of these two problem
have a unique solution ¢(r, E) and ¢ (r, E), holomorphic in the positive complex
half-plane {Sm(E) > 0} for any r > 0.

Lemma 2.1. For any r >0 and p # 0 with Sm(p) > 0 one has

N r
0t )| < exp (13mlp) + S, [ v07) ). 23)
j=1 0
Proof. Putting E = p? for E > 0, ¢ satisfies the equation
: ro o
é(r, p?) = SPT / P01 1 2o, p2) i (2.4)
p 0 p
Defining z(r, p?) := pe'*"é(r, p?), z solves
2(r, p) = e sin pr + / sin(p(r — "))V, p2)2(r, p) dr. (2.5)
0

Supposing that Smp > 0, the first term in the right-hand side is less that 1; then
2(r,p)| S 1+ [ (UG, p*)2(r", p)| dr'.
Multiplying (2.5) by |U(r, p*)| (1 + [ U, p*)z(r", p)| dr’)71 we find the bound:

log 1+/|Urp) (r p|d7“ /|U7“ %) dr’ <ZW/|V ) dr',
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which gives

N r
|2(r, p)| < exp (ZWJ / V; ()] dr/).
j=1 0
Then estimate ([2.3) follows. d

2.2. The solution e(r, p). Denoting by o; the well-defined functions

o;(r) = /OO Vi) dr for j=1,..., N, (2.6)
we have the following result. '
Proposition 2.2. (1) The equation
—y +U(r, 0y = p’y, (2.7)

admits a solution y = e(r, p) satisfying the integral equation

00 o
clrp) = e — [ =g ety (28)
. p
for p #0 and Sm(p) > 0.
(2) For any 6 > 0 and for r — o0

e(r,p) = (1 +o(1)),

o (2.9)
Dyl p) = ¢ (ip + o(1),
uniformly with respect to p in the domain {Sm(p) >0, |p| > J}.
Moreover for Sm(p) > 0 and |p| — oo,
e(r,p) = e (1+o0(p™1)),
(r.p) = (1 o) o)

dre(r,p) = i (14 o(p™1)),

uniformly with respect to r in the domain {r > 0}.
(8) For any r > 0 the function p — e(r, p) is holomorphic in the open half-plane
{Smip) > 0},

Proof. (1) Tt is clear that e(r, p) given by (2.8]) satisfies (2.7)). Now noting e(r, p) =
e~ e(r, p), we see that e satisfies

1 R
e(r,p) =1+ %/ [2P =) _ AU+, p?)e(r!, p) dr. (2.11)

We look for a solution of (2.11)) in the form of the expansion

e(r,p) = Zen(r, ), (2.12)
n=0
for a sequence {e, }n>0 given iteratively by

L[
/ [P =) U, p*)en(r, p) dr' - for n >0,

Ent1(r,p) = %

and eo(r, p) = 1.
Observing that |27 =) — 1| < 2 when 7/ > r and Sm(p) > 0, we deduce that

1 o0
memsH/|wwmmwmm4
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Supposing by induction that

1 n
|€n(’r/7p)| S n||p|nq (T)7
where
1o
a(r) = 1 2 Wios(r),
j=1
we obtain
1 ° dq(r’) , 1
n < n d / < n+1 .
‘5 +1(Tup)| = ‘p‘n+1/7~ dr’ q (’I“) L (Tl—|—1)'|p|n+1q (T)

Then for p # 0, series (2.12)) is uniformly convergent and its sum &(r, p) is uniformly
bounded on any domain {Sm(p) > 0, |p| > 6} by e?(")/Irl,
(2) Going back to e with

() = e (143 el
n=1

and using estimate on ¢, in (1), asymptotic statements and follow.
(3) The result holds after applying analytic Fredholm theory to the integral

equation depending analytically on the parameter p in the open set {Smp >

0} (see |28, [30]). O

Proposition 2.3. If the integrals
0’;(’1"):/ r|\V;(r")|dr" forj=1,...,N, (2.13)
are convergent, then the solution e of (2.7)) is well defined for p =0 and
e(r, p) = e + / K(r,r")e" dr'. (2.14)

where the kernel K is continuous with respect to v and ' and satisfies the bounds

N /
K (r )| < %exp (jlegg(r)) jzlegj(rj;r )
, , AN r+r A
00K (), 10w K ()] < ij‘vj(T)\ +exp (Y W), (2.15)
j=1 j=1

Proof. Comparing ([2.8)) and (2.14)) one has

o0 o0 . _ /
/ K(r,r")e  dr' = —/ sm(p(; ™)) Ur', p*e(r, p)dr'.

In the right-hand side, replacing e(r’, p) by its expression in (2.14) we obtain
oo
— / K(r,r")e dr’
-

o e - . , [e'e) ] .
:/ wU(T’,pQ) {ewr +/ K(T,/’r//)ezpr d?"”} dr'
r P i
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[o Sl - y
:/ Sll’l(p(T r )) U(T,I’p2)ezpr dr/
r P

00 i ! o T
r p ,,./
= Jl + JQ.

Using the identity Meiﬂr, =1 fTQT “"etrr” dr' and applying Fubini’s theo-
L(r) < 00), we obtain

rem (o7
J = * ipr”d //1 (o] /
1= e e Vi(r')dr'.

. . 51 —_r -7 T‘/—’I‘-‘r’l‘“ . .
In the same stroke, using identity wewr =1 s 4pn €°7TdT We obtain
7~+7"' T”-i-’r‘—f

JQ:/TOO ep{%/r i U(&p2)/ru+£_r K(&,n) dnde
; /io U(fvf)/; ke dndg }dr'".

3

Then K satisfies the integral equation

T+

r4E—r
/ Ut ote [ K(eman
for any 0 < r < r/. Similarly as in Proposition we look for a solution in the

form of the expansion
(2.17)

T/) = Z Kn(rv 7”/),
n=0
for a sequence {K,, },>0 given iteratively by

1 rdr! v +E—r
Knin(rr') = 1 / U ) / Ko (€m) diyde

' r—§
1 o ) r'+§7r
+ ,[ Ulep )/E K€, ) dnde,

2 +r
2

for n > 0, and
1 o0
[ v

Ko(r,r') = 3

+r!
2
We conclude by induction that
N N
1 J— r+r J— n
K, §§ Wio ( )m[E W0 (r )} for n > 0,

which gives the first bound. Bounds on derivatives are obtained in the same way
. O

by derivating equation (2.16]) and using the first bound (2.15)
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2.3. Solution é(r, p). By Proposition [2.2] we know that r» — e(r, p) is asymptotic
to the free solution e"”. Let us show that a similar asymptotic result holds for
another solution é(r, p) which will be asymptotic to e=**".

Proposition 2.4. For any 6 > 0 there exists a positive number a = as large enough
such that equation

—y" +U(r,p")y = PPy, (2.18)
admits a solution y = €(r, p) satisfying the integral equation

5 | €I P )

~ —_ o—lpr
e(r,p)=e * 5,

1 (2.19)
% i e—ip(r—r’))U(r/,pQ)g(T/7p) d’l“/,
for 0 < a<r < oo, in the domain {p > §; Im(p) > 0}.
There exists Cs large enough such that in this domain

|e(r, p)| < CserSm@).

Moreover, for any o > 0 and for r — oo,
e(r,p) = e (1 + o(1)),
(r,p) (1+0(1)) (2.20)

9re(r, p) = e~ (~ip + o(1)),

uniformly with respect to p in the domain {Sm(p) > a, |p| > d}.
Moreover p — €(r, p) is holomorphic in the domain {Sm(p) > 0 : |p| > 6} and
Jor |p| = oo,

e(r,p) = e (1+o(p™1)),
ore(r,p) = ie"” (1 +o(p™),

uniformly with respect to r in the domain {r > a}.

(2.21)

Proof. As the proof is similar to that of Proposition 2.2 we only sketch it, leaving
the details to the reader. It is clear that €(r, p) given by (2.19)) satisfies (2.18). Now
noting £(r, p) = €'?"¢(r, p), we see that e satisfies

= _ 1 " 2ip(r—r")) 12N / 1 /Oo r 2N /
E(r,p)—l—i— 2Zp/ e U(Tvp )E(T,p)dT + 22,0 . U(Tvp )5(7’,p)d7’7

a

Looking for a solution of (2.11)) in the form
g(r7 P) = Zng(Ta p)7 (222)
n=0

for a sequence {&,},>0 given iteratively by

/ 2PTTINY (| p2)E, (', p) i’
+ Lo U(r', p2)en(r', p)dr’  for n > 1.
2ip J, a

Then for Sm(p) > 0 we deduce that

Ent1(r,p) = %
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Then as 0j(r) — 0 when r — oo, for any ¢ > 0 there is a number a large enough
such that

N
Z Wjoj(a) <6,
j=1

so series (2.22) is uniformly convergent and its sum £(r, p) is uniformly bounded on
any domain

{Sm(p) >0:|p| >4, r>a}.

Finally we have the following consequence.

Proposition 2.5. If the integrals oj(r) = [ ¢'|V;(r')|dr’ are convergent, then

the solution €(r) := e(r,0) of (2.7) is well defined as the solution of the integral
equation

e(ry=r—r /OO U(r',0)e(r") dr’ — /T r’'U(r",0)e(r") dr, (2.23)

a
and € rewrites
e(r) = re(r),

where € is bounded as r — oo.
Moreover if for some v > 0, the integrals froo EYTV;(€)| dE are convergent, then

as r — oo, one has
5(710) =r(1+ o(r_j)), (2.24)
O,e(r,p) = 1+ o(r ™).

We omit the proof of the above proposition.
2.4. The Wronskian W (e(p,),é(p,7)). From the asymptotic behavior of solu-
tions e and € for r — oo we observe that their Wronskian
Wie,e):=¢e'e—e,¢,
has the asymptotic behavior
W(e,e) = —2ip+ o(1). (2.25)

As first order derivative are absent from equation , W (r) does not depend on
r and in fact

W(e,€) = —2ip in the domain {Sm(p) > 0: |p| > 0}. (2.26)

3. DISCRETE SPECTRUM o4(H)

For Sm(p) < 0, we put
E(’I", P) = €(T, _p)a
where e is the solution studied in Proposition 2.2}

Using the previous information about solutions of (2.7) we have the following
result.
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Theorem 3.1. (1) H has no positive eigenvalue.
(2) If for a vy >0

/ €147V, (6)] dé < oo,

forj=1,... N, then 0 is not an eigenvalue of H.
(8) A necessary and sufficient condition for X # 0 to be an eigenvalue of H is

A=p?
Sm(p) >0,
e(0,p) = 0.
(4) The set of eigenvalues of H is at most countable and its limit points belong
to the half line {\ > 0}.
Proof. (1) The general solution y of reads
y(r, p) = Cre(r, p) + C2E(r, p)  with p = V/\.
By Proposition we have
y(r, p) = C1e" 4+ Care™ " + o(1).

As the leading part is periodic, it cannot belong to L?(0, o).
(2) In the same stroke, after Propositions and the general solution Y of
=YY" 4+ U(r,0)Y = 0 satisfies
1

Y(T) = Cl + CQT’[l + O(ri’Y)jI,

which cannot belong to L?(0, 00).
(3) We consider now solutions of (2.7)) when p is non-positive or complex. As
the general solution of (1.3]) is given by
y(r) = Co(r, p)
it is clear that X is an eigenvalue of H if and only if ¢(-, \) € L?(0, 00).
From ([2.26)) and the definition (2.1)) of ¢,

d)(r’ P2) _ g(p)e(r7 p)2ip6(p)g(ra P) , (31)

where €(p)) = €(0, p) and e(p) = e(0, p), for p € Ty, Sm(p) > 0 and |p| > I, the
result follows.

Indeed, from Proposition e(-,p) € L?(0,00) but by Proposition e(-,p)) ¢
L?(0,0) so s(-,p) € L%(0,00) if and only if e(p) = 0.

(4) We know (by Proposition that for Sm(p) > 0 and |p| — o0

e(p)=1+o0(p7").

Therefore p — e(p) is bounded and holomorphic in the half-plane Sm(p) > 0,
therefore the set of zeros of e(p) = 0 is at most countable and can have limit points
only on the axis O

Now we are in position to give an approximate localization of the discrete spec-
trum, following Davies [7].
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Proposition 3.2. Suppose that V; € L*(0,00) N L?(0, 00) then every eigenvalue A
of H satisfies

N
1 _ 2
A< (S Walviih) - (3.2)
j=1
Proof. Let A\ = —z? be an eigenvalue of H with Re(z) > 0 and let ¢ be the

corresponding eigenfunction. Then v € H%(Ry) C Cp(R4). We have
(=07 +2%)¢ = U,
S0
— = (=07 +2°) 71U,
Noting X := [U|Y/2, W := U/X and x := W) € L*(0,0), we obtain
—x =W(=0 +2%) 7' Xx,
S0
—1 € Spec (W (-0? + 2*)7'X).
We estimate the Hilbert-Schmidt norm of the operator W (—92+22)~1 X with kernel

—z(r—r") e—#(r+r’)

e
— X ().
Win|=—; 3| X
We have
1< ||W(=07 +2%) 7 XI5
1 / /
_ 4| - / |W(T)‘2[e—2%e(z)|r—r | + e—2§Re(z)(r+r )] |X(T,)|2d7“/ dr
z Ry xRy
1
< —U|?
—= 2|Z|2 || ||17
which gives the bound (3.2). O

Now following Naimark [22] and Stepin [29] we can show that the number of
eigenvalues of H is finite

Proposition 3.3. Suppose that
/ e*"|V;(r)| dr < oo, (3.3)
0

for an exponent a > 0. Then the following properties hold

(1) The number of eigenvalues of H is finite.
(2) Denoting by E the modulus of the largest eigenvalue En of H, suppose that
A an arbitrary positive number such that

—2
FE «

Then the number N(H) of eigenvalues of H in the disk D(0,A), with

1 oh 2
A=3 (ZWJHVJ'Hl) :
j=1
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satisfies the bound

—1 N o
) Wi+ el
j=1 (3.5)

o (2 ep (s 2)) )

Proof. (1) By (3.3) the discrete spectrum o4(H) of H which we know not to have
any accumulatlon pomt on the open positive semi-axis cannot include 0. So in fact
oa(H) C D(0,A) has no accumulation point, and therefore is finite. B

(2) As E is the modulus of the largest eigenvalue Ey of H, we have E < A.
Supposing A satisfy (3.4), pick A arbitrary in the interval (\/ A% + F2, A+ %) and
consider the translated function ®(z) := e(z + ¢ 4).

The number N(H) is at most the number of zeroes of ® in D(0,4/ A2 + E ).
Applying Jensen’s Theorem to the analytic function ®(z) we obtain

A A
)log T < Z log ol
\/ A2+E ‘Zk‘SQ/A2+E

1 27 o
- 7/ log |B(Ac )| d6 — log |B(0)].
271— 0

N(H

We observe now that

[B(Ac?)| < exp /

/m 14 A 06! ) ar),
0

oo

1 + 672(A+Zsin0)r')‘U(r/’p2)| dr’)

and

1 > /
@ ()H>2—exp(2A/ (144U, ) dr')
> o (5 / Ue. ) dr)

>2- e (53 S WIVIL).
j=1
Then for any A € (\/ﬂ A+ S

g/o (1+6( )|U(r’,pQ)dr’—log<2—exp(141:%2\/5))7

which gives if we choose A = A 4 & 5 O

2

we obtain

N—
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Remark 3.4. Using the bound given by Franck, Laptev, Lieb and Seiringer [15] we
can give another estimate for N(H). Let x > 0. Then for the eigenvalues outside
the cone {|Sm(z)| < kRe(z)}, one has

»M»—‘

N
2 oo
) e POl AT

{ISm(z)|<kRe(z)} k=1

Then supposing one has an estimate for m := inf{|\;| j = 1,... N} (the eigenvalue
with least module), we infer that

N
2 1 oo
—1/2 3/2 <1
N(H)<m 2 1+/@ 1 E / (r)| dr.

4. CONTINUOUS SPECTRUM o.(H)

Our goal is to show that, as in the self-adjoint case, o.ss(H) the essential spec-
trum of H is the positive half-line {Sm(E) > 0}, that o.55(H) = 0.(H) (no positive
eigenvalues) and moreover that o,.(H) = (0, +00)\s where Q; is finite.

4.1. Continuous spectrum and resolvent of H.

Proposition 4.1. (1) Each real number \ = p* such that e(p) # 0 and Im(p) > 0
belongs to the resolvent set o(H) of H.
(2) The resolvent R()\) := (H — \)~1 of H is given by the formula

RS0 = | C RO N 1) dr,

where
%@ ifo<r <r,

R(r,r"; \) = N (4.1)
GrNlo) if o <<
(8) For any § > 0 there exists a constant Cs > 0 such that
Cs
RN £ ————.
NS e mG)
Proof. Rewriting F'(r) := R(X)f(r) = (R1 + Rz2) f(r) with
Ruf(r) = <22 / o) and Rap(r) = 2 [ pyar
e(p) Jo

one checks that F solves equation HF = p?F + f and the boundary condition

F(0) = 0.

From Lemma 2.1 and Proposition 2.2 we obtain the estimates
6(r,p*)| < Cse™,  e(r, p)| < Cse™™,
for Smp =7 > 0 and |p| > 6. We deduce that

Cs Cs
le(p)|T le(p)lr”

and the proof is complete. [

[l <

and || Rz| <
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Proposition 4.2. For any R > 0, there exists Cs > 0 such that

Cs
R(p? _
[R(p™)Il = AN

for any p € {Sm(p) > 0: |p| > R}.
In particular ||R(X)|| — oo as long as A € Res(H) — Ao € Ry.. In other words
R+ C O'C(H),

Proof. Consider for a R > 0 the truncated function ®z(r)

() o(r,\) if 0 <r <R,
B0 if R<r.

From Proposition ®p € L? and

R(\)®r(r) = ||<1>R||§6§(”p’)’) for r > R.

Then

[e'e] 4 [e'e]
IRl > [ IROVR)Par = T8 [ v p)ar

Choosing R = Ry so large that for » > R, Sm(p) > 0 and |p| > ¢ one has

1 —Tr
|e(r, p)| > b} e ;7 =Sm(p),

we obtain
0 —TR
9 e
dr >
| letrppar > S
[@r|%e™ ™"
IR R|? > ,
2e(p)|vV27T
which completes the proof. O

We are now in a position to characterize the continuous spectrum of H.

Theorem 4.3. FEvery number A > 0 belongs to the continuous spectrum of H.
Moreover, under Condition 2 in Theorem|3.1

O'C(H) = R+.

Proof. 1t is sufficient to check that for any A > 0, the range R, of H — X is dense
in L2(R, ) or equivalently that its orthogonal Ry is reduced to 0. As Ry is the set
of solutions of H*f = Af, where H* is the adjoint of H defined by

2
—% v+ U(r, E)v, v(0) =0,

one sees from Theorem that A cannot be eigenvalue of H*. [
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4.2. Spectral expansion. We show that the set of generalized eigenfunctions of
H is complete (see below) and we give a convergent expansion in term of these

eigenfunction for any L? function.
In the following we assume an additional constraint on the potential U,

/ e |U(r, E) dr < oo, (4.2)
0
which is clearly satisfied by (L.1)). This condition implies that

/ |[U(r,E)dr < Cce” " and / r|U(r, E)dr < Ce,e_elr,

for 0 < € < ¢, then estimates (2.15)) can be improved as follows

K (r, )| < Ce™e™5,

Z r—i—r )|+ Ce —e(grar’) (4.3)

|0 K (r,7")|, |00 K (17, 7")

,;;\.—l

for0<r <7 and C > 0.

Proposition 4.4. Under Condition[{.9 and for any r > 0, the function

e(r, p) = e'" —|—/ K(r,r")e " dr’ (4.4)
is holomorphic in the half-plane {Sm(p) > —5}. The same holds for e(p) = (0, p).

Proof. As Sm(p) > —e/2, using , the integral at the right hand side of .
converges, and so do all the derlvatlves with respect to p

We have the following simple Corollary of Proposition [4-4]

Proposition 4.5. On the strip {|Sm(p)| < 5}, the second-order ode Hy = p*i)
admits the fundamental system of solutions

€1 = 6(7’7 p)7 €2 = é(T7 p) = 6(7‘, _p)7
with Wronskian

. €
Wier,e2) = =2ip,  |Smlp)| < 5.

Proof. By analytic continuation, e(r, p) satisfies the integral equation (2.8) on the
half-plane {Sm(p)| > —e/2} then it is also solution of He = p?e in the same
region. (]

Observe that from (3.1)) the relation

b(r, o) = e(p)e(r, p)2;pe(p)5(ﬁ p) _ e(=pe(r, p)Q;pe(p)e(T, 1) (4.5)
holds on the strip {|Sm(p)| < €/2}.

As Naimark, we call singular value of H any root pi of the equation e(p) = 0
such that px # 0 and Sm(pg) > 0.

Proposition 4.6. Under condition (4.2), the set Qg of singular values of H is
finite.
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Proof. This result is a direct consequence of analytic properties of e in a neigh-
borhood of the real given in Proposition [4.4] and asymptotic properties of e given
in Proposition as e is analytic and bounded on the positive half-line, Q2 is
actually finite. O

The non-real singular values of H are denoted by pi,po,...px, and its real
singular values by px 1, pr+2,--.pr, with multiplicities my. Then Smp; > 0 for
k=1,...,Kand Smpy =0for k=K +1,...,L.

From assertion 3 in Theoremwe know that the A\ = pi fork=1,...,K are
the eigenvalues of H and from Schwartz [27] we call spectral singularities of H the
remaining A\, = p3 for k=K +1,..., L.

From Theorem [£.3] we see that spectral singularities of H are embedded into its
continuous spectrum.

4.3. Principal functions. Under Condition 7 for any integer m € N,
™ (. p) = dye(-,p) € L*(Ry) for Sm(p) > 0,
and from , taking into account that
™ (pp)=0 fork=1,....,K, m=0,...,my —1,
we see that
(;S(m)(-,pk) = 0,"9(-, px) € L*Ry) fork=1,....K, m=0,...,my — 1,

where my, is the multiplicity of the singular value p; and A\, = pi.

Functions ¢"™ (-, pr), & = 1,...,K, m = 0,...,my — 1 are called principal
functions of the point spectrum. Functions gi)(m)(',/\), A > 0 are called principal
functions of the continuous spectrum (note that ¢(™ (-, \) ¢ L?). In the same
stroke: functions ¢("™ (-, p), k = K +1,...,L, m = 0,...,my — 1 are called
principal functions for the spectral singularities.

Lemma 4.7. The following estimates hold

|05 e(r, p)|
———— < oo form(p) >0, m=0,1,...,
D Ty f (p)
I A
supw<oo for A>0, m=0,1,....
r>0 (1+7)"

The above lemma is a consequence of (4.3) and the formula in formula (4.4) in
Proposition 4]

4.4. Eigenfunction expansion of the resolvent in term of principal func-
tions.

Theorem 4.8. The integral kernel R(r,r'; X) of the resolvent of H has the expan-

sion
R(r,r';2) = % Pf /OOO ¢(T7i)ﬁ7(:a)\) VA
L

e(VA)e(—VA) “

my—1 ¢(T, )‘)QS(T/a A)
+) oy MV =,
k=1
where ¢ is defined by (2.1) and Pf is the finite part (in the Hadamard’s sense) of
the corresponding singular integral in formula (4.7)) below.
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Proof. Denoting the two disks D(0, R) = {A € C: |A\| < R} and D(0,n) ={A € C:
|A] < n}, where R >> 1 and n << 1, and the half-strip S,, = {A € C: |Sm()) <
7, Re(A > 0}, we define the domain

Q. = D0, R)\(Sy U D(0, 7)),
and we define the closed contour I'g ,, as the boundary of Qg ,,
I'ry=00z.,

where the direction on C(0, R) is clockwise.
Let z € p(H), choose R large enough and 7 small enough to ensure that
{z,A\1,..., Ak} € Qg and consider the Cauchy integral

R(r,r'; \)
Tn= [ T
R FR,n )\—Z

where R(r,r’; \) is the integral kernel of the resolvent of H.

From the previous results A — R(r,r’; \) is meromorphic in Qg , with poles
A1, - -, A with multiplicities my, ..., mg. So, applying Cauchy’s residue theorem,
we obtain

K
R(r,r'; \)
Trp = R(r,r'5z) + ; Res|, , {—=——
From (2.1) and (2.2)) we see that
e(r, p) = 0re(0, p)p(r, A) + €(0, p)(r, A).
As A — 1(r, p) is an entire function in A, with p = v/\, the resolvent kernel reads

R(r,r'; \) = (9;?(50;3))

for Sm(p) > 0, where A — W(r,r’; A) is entire. Plugging this into (4.6) we obtain

Ar, (', A)

)|
\A— 2z A=A’

}. (4.6)

P(r, Mo (r', A) + T (r,1'; N),

K
R(r,r's2) = Tra + Y_ O3 " M(N)

k=1

where
(A= Xg)™ 0re(0, p)

MO = O e0.p)

fork=1,...,K.

Observing that for |p| large, |R(r,r'; \)| < % and checking that the multiplicity
of 0, as a root of e(p), cannot be greater than unity, we conclude that we can pass
to the limit R — oo, 1 — 0 in the contributions on the circles C(0, R) and C(0,7)
of Tr.y)-

To evaluate the contribution of spectral singularities on the real positive axis,
we consider the indented domains

Wie = {SA > O}\ U£=K+1 D()‘kv 6)7
wo e = {SA <O\ Ur_ k41 D(\gs €),
for € > 0 small enough, and their boundaries v4 . = w4 ¢ and y— = Ow_ .

Now, after the previous steps, we can clearly replace the limit limg_o0 n—0 TR,y
by lim._,q f,y+ Urys with suitable orientations.
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Applying once more Cauchy’s residue theorem and plugging into (4.6]), we obtain
finally

) ngr/\ B(r', \) VA
Rl o TR = *Pf/ — e

o(r, No(r', \) 0
mp—1 ) )
+Zaﬁ MWV ==,

k=1
where Pf is the (“Hadamard’s) finite part of the corresponding singular integral,
which completes the proof. ([l

Note that in the case where real spectral singularities are simple poles we can
simply erase the Pf in front of the integral. Denoting

\) = /0 T o(r N F(r) dr

we have the following Fourier-type property.

Lemma 4.9. (1) For any function f € L*>(Ry) there exists C > 0 such that
o0
| s PVRIN < Cl e, (4.9
(2) For any f € L*(Ry) one has

/ /f o(r, \) dr’ ﬁdA—m,

when r — 0.

Proof. (1) Supposing first that f is compactly supported and defining the operator

K by
/Krr r')dr’,

where the kernel K (r,r’) satisfies one checks

K] < Cer / e f ) dr, (19)
0
then I + K is bounded in L?(R,). From we see that
/ &(r, N f(r)dr = / (I+K)f e’ dr, (4.10)

and from (4.5 we have

2ip(f, A) = e(=p)o(f, p) — e(p)o(f; —p);
so using (4.10) and Parseval’s Theorem we obtain

/OO 6(£. VPVAA < c/ooo (I + ) f(r)|2 dr,

0
which is (4.8). The general case holds for any f € L?(R,) by denseness.
Statement (2) follows from (1). O

At this point, one can show a spectral expansion for an arbitrary L? function.
The following expansion holds
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Theorem 4.10. One has the following expansion for an arbitrary function f €
L?(R.) in the spirit of [10],
s =1 [T ooty
T Jo e(ﬁ)e(—\f/\)
L (4.11)
+ 3T MONG(f N V)|, -

k=1

Proof. (1) We first assume that H has no singular value. Supposing that f €
C2(R,), we define

g(r) = —f"(r)+ U(r,2)f(r). (4.12)
From (4.1) (see Proposition , the kernel R(r,r'; z) satisfies the equation
—R'(r,r";2) + U(r,2)R(r,7";2) = zR(r, 75 2) + 6(r — 1'). (4.13)

Multiplying (4.12)) by R(r,7’;z) and (4.13) by f(r), subtracting and integrating by
parts, we obtain

/ R(r,7';2)f(r')dr' = —= f(r) + f/ R(r,r';2)f(r") dr'.

0 z ZJo

Integrating this relation on the circle yg = {# € C : |z| = R} and using the
asymptotic properties of z — R(r,r’; z), we obtain the identity

f(r)=— lim ; [/000 R(r,r';2) f(r") dr’} dz.

R—o0

Plugging (4.1]) into this formula and deforming v exactly as in the proof of Theo-
rem [3.1] we obtain (4.11) for f smooth.

Using the denseness of CZ(Ry) in L?(R. ), the general case follows.
(2) If H has spectral singularities, formula (4.11)) still holds provided that the
function f satisfy the conditions

djk
As one checks easily that this set of functions is dense in L?, formula (4.11]) holds
for any f € L*(Ry). O

5. RESONANCES FOR A SIMPLIFIED MODEL

We are interested now in the resonances of the (simplified) truncated Hamilton-
ian
d?

H = ——
dr?

+ Uy (r, E),

where
Uy (r, E) = —[Vy (E) + iWy (E)]f°(r, Ry, ay),

and f? is the truncated Woods-Saxon form factor

L ifr<b,

fb('f'7 _R7 a) ={ 14+e a
0 if r > b,

where b > R and we discarded surface and spin-orbit contributions.



EJDE-2021/36 ENERGY-DEPENDENT HAMILTONIAN 19

Following the 1D presentation of Dyatlov and Zworski in [J], resonance is a
A € C\{0} for which there exists a pure outgoing state: a solution ¢ to
2

(H" =X = [~ -5

+ Uy (r,A%) = M =0,

satisfying
B(r) = e for r > b.

Let g a non decreasing C'* function with g(0) = 0 and supported outside the interval
(0,b), we consider curves I' C C which are the graphs of such g.

Let (t) a parametrization of I' and let f € C1(T') in the sense: f o~ € C'(R).
We define

9; f(20) = ' (to) 10 (f o) (o),

where z = x + 4y and y(ty) = 20 and put D, = —idL. By the chain rule, if f
is differentiable near I', this is independent of the parametrization and if y(t) :=
Vr(t) + 17vi(t) one gets

7' (t0) 710 (f 0 )(to) = 7' (to) T (9uf (2071 (t0) + iy f (20)7i(t0)) -

If f is holomorphic near I' one checks that AL f(z) reduces to the holomorphic
differential 9,.
The space L*(T) is

L*T)={f:T = C: / |f?dz .= / |fov)®)* (1) dt < oo}
gl
As Up(z,2?) is well defined, so is

Hy = (D) + Ub (2, 3?).

Our point is that some resonances of Hy coincide with eigenvalues of Hr considered
as an operator in L?(T).

Let us introduce two fixed angles 0 < 6; < 5 < 7/2 and € > 0 such that for any
z € I" outside a given compact set K, one has 61 + e < argz < 65 —e.

Theorem 5.1. Fach A such that —0; < argA < m — 03 is a resonance of Hy of
multiplicity m if and only if it is an eigenvalue of Hr of multiplicity m.

Proof. Suppose that A is a resonance of multiplicity m of Hy. Then there is a
function ¢ : R — C such that
(H® = X2)m=Lp(r) = Ae™ if r > .

This means ¢(r) = P(r)e*", for r > b, for a suitable polynomial P(r). We defining
now ® : R — C such that

AT >
B(r) = P(r)e ?f Re(r) > b,
o(r) if 0 < Re(r) <0,
we observe that (H” — A2)™® = 0 and (H” — A\?)™71® # 0, also that Hr has \ as

eigenvalue of multiplicity m provided that ® € L?(T") and the converse is proved in
the same way. [

Then the proof of Theorem [5.1] is complete provided we show the following
lemma.
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Lemma 5.2. Let P(2) be a polynomial. Any continuous function f : T — C such
that

f(2) = P(2)e™  if Re(z) > b,
belongs to L*(T).
Proof. Clearly it is sufficient to prove that f is square integrable on the exterior

part of I with 6; < argz < 65. Namely suppose that this inequality holds for
Re(z) > Ry with Ry > b and denote by I'r, = I' N {Re(z) > Rp}. One has

/ PRI ()] dt = / P()? | 2 [T (t)] di
TR,

FRO

:/ |P(z)‘2672(%)\§ﬁz+%)\%z)|F/(t)‘dt
FRO

— / |P(Z)‘26—2(\z\\)\|(sin(arg Atarg z) |F/(t)‘ dt

< / |P(Z)‘2672(‘Z“>\|(Sin€)|F/(t)‘dt
FRO

< / P(t+ ig(t))[2e~CV PO STF g (1) dt —: J.

Ro
Now for |z| large enough, we have |P(z)] < C’|z|" and C’|z|"e~C1#| < e=C"I*l for a
suitable positive constant C”'. Then our last integral J can be estimated as follows
J < / e C VIO T g (1) di.
Ro
Now splitting [Rg,00) = AU B where A={t >Ry : ¢'(t) <1} and B={t> Ry :
g'(t) > 1}, we see that

/670”\/t2+9(t)2 /1—|—g’(t)2 dt < \/5/ efcutdt<oo,
A A

and as g is increasing we obtain finally

/67C"\/t2+9(t)2 ’1+g’(t)2 dt < \/5/ B*C”Q(t)g/(t) dt
B B
— \fg/ e 9"GdGE < oo,
9(R07°O)

which completes the proof. ([

Remark 5.3. An unsolved problem is to find sufficient conditions on U to avoid
the presence of spectral singularities, and then to obtain the absolute continuity of
the continuous spectrum o.(H). As these singularities correspond to “zero-width”
resonances, such a result would result from the existence of a small neighborhood
of R, free of resonances.
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