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KIRCHHOFF-TYPE PROBLEMS WITH CRITICAL SOBOLEV
EXPONENT IN A HYPERBOLIC SPACE

PAULO CESAR CARRIAO, AUGUSTO CESAR DOS REIS COSTA,
OLIMPIO HIROSHI MIYAGAKI, ANDRE VICENTE

ABSTRACT. In this work we study a class of the critical Kirchhoff-type prob-
lems in a Hyperbolic space. Because of the Kirchhoff term, the nonlinearity
u? becomes “concave” for 2 < g < 4, This brings difficulties when proving the
boundedness of Palais Smale sequences. We overcome this difficulty by using
a scaled functional related with a Pohozaev manifold. In addition, we need to
overcome singularities on the unit sphere, so that we use variational methods
to obtain our results.

1. INTRODUCTION

In this article we study the Kirchhoff-type problem
- (a + b/ |VBsu|2dVBs>ABsu = ANl 2+ Jufu i HY(B?), (1.1
B3

where a, b, \ are positive constants, 2 < ¢ < 4, H'(B?) is the usual Sobolev space
on the disc of the Hyperbolic space B3, and Ags denotes the Laplace Beltrami
operator on B3. Problem defined in whole space RV, with N > 3, and with
the non-linearity behaving as a polynomial function of degree 2* = % was studied
by Brezis and Nirenberg [7]. Posteriorly, several authors have studied this class of
problems; see for instance Carrido, Costa, and Miyagaki [§].

In the Euclidean context, equation is related to a stationary Kirchhoff

equation (see [25])
we = M( [ [VouPde)Au = fla.t), (0.0) € 2 x (0,00),
Q

where € is a bounded domain of RY, M(s) = a+bs with a,b > 0, and f is a suitable
function, which is an extension of the classical D’Alembert’s wave equation. One
characteristic of this model is that it considers the effects of the changes in the
length of the strings during the vibrations. The main difficulty appears because
the equation does not satisfy a pointwise identity any longer. It is generated by the
presence of the term containing M in the equation, and it makes a nonlocal
problem.

Ma and Rivera [27] were the pioneers to study this problem by employing min-
imizing methods. In [I], the mountain pass theorem was used, while in [30] the
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Yang index and critical groups was used. In [2I] the equation was studied using
the minimization arguments and the Fountain theorem. Results can be seen in
[12, 17, [36]. Results involving the Kirchhoff equation and critical exponents can be
found in [2, 6] 19, 20 26] and references therein. See also [11, 13} 14} [32] for some
related results.

We also would like to cite the recent works by Xiang, Zhang and Radulescu
[38,89]. In the first one, the authors studied the multiplicity of solutions for a class
of quasilinear Kirchhoff system involving the fractional p-Laplacian. In the second
paper, they proved the existence of local solution and a blow-up result for a class
of nonlocal Kirchhoff diffusion problems.

Our main result reads as follows.

Theorem 1.1. Under the assumptions that 2 < q < 4, for A > 0 sufficiently large,
problem (1.1) has a nontrivial solution u € H'(B?).

This result extends the result in [20] with respect to the existence in a hyperbolic
space. Also, in [9], when @ = 1 and b = 0. It also extends [§], where the authors
studied with 4 < ¢ < 6 for A > 0 arbitrary. We highlight that the case
2 < g < 4 is more delicate and it is necessary additional tools.

Finally, we would like to emphasize that an extra difficulty of the present paper is
to prove that the Palais Smale sequence is bounded. To overcome this difficulty, we
use an appropriated modified functional (see Jy(v) definition in next section). This
functional gives us an additional property of the Palais Smale sequence which is
fundamental to prove that the sequence is bounded (Lemmas and. Precisely,
the scaled functional Jy works coupled with another appropriated functional, G,
which has the property G(vi) — 0, where (vg) is the Palais Smale sequence. Scaled
functional was used by Jeanjean [23] and Jeanjean and Le Coz [24]. See also [19]
and [22].

2. PROOF OF THE MAIN RESULT

For the hyperbolic space H", we use the stereographic projection, where each
point P’ € H"™ is projected to P € R™, where P is the intersection of the straight
line connecting P’ and the point (0,...,0,—1). Explicitly the projection operator
G:R" = H" and G~! : H™ — R" given by

G(z) = (z-pla). (1 + |o)p/2)  andquadG(y) = =y, zyeR",
n+1
where p(z) = ﬁ
We consider the ball B;(0), and B™ endowed with the metric
2
ds = p(x)|dz|, where p(x) = T

With this notation, the gradient, the Dirichlet integral and the Laplace-Beltrami
operator corresponding to this metric are

\Y%
Vau= T2 Dus [ Wt = [ [vafy -,
D D’ D

Agnu = p~ " div(p"*Vu).

We denote by D C Bj(0) the stereographic projection of D’ C H™. Details involving
the hyperbolic space can be found in [3] 18] B1], [33] [34].
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Defining v := p'/?u, we have that v is solution of (I.1) if, and only if, v satisfies
(a4 bl[v[|*)(—Av + (3/4)p*v) = M [v|*"2v + [v|*v, in By(0)
v=20, ondB1(0),
where a = (6 — ¢)/2 and ||v||? = fBl(O) (IVu]* + (3/4)p*v?).

We denote by Hg ,.(Q2), 2 := B;(0) the subspace of Hg(€2) of the radial functions
which is endowed with the norm

lolf? = /Q (IVol? + (3/4)p%0?)

Since the Euclidean sphere with center at the origin 0 € R¥ is also a hyperbolic
sphere with center at the origin 0 € B™, H&,T(Q) can also be seen as the subspace of

(2.1)

H} () consisting of the hyperbolic radial functions. See this characterization as well
as others remarks in [3, Appendix], for instance, H&T(Q) is embedded compactly
in L9(Q2) for 2 < ¢ < 2%, [3| Theorem 3.1]. Here, we use also [9, Lemma 3.1] and
recall that 2* = 6.

We consider the functional .J : Hy () — R associated with problem 23),

a b A 1
Jv:71}2—|—71}4——/]90‘1)‘1—7/1)67 2.2
(0) = g0l + ol == [ ol =5 [ o (22)

whose Gateaux derivative is
3
J' (v)w = (a—l—b||v||2)/ (Vv~Vw—|— Zp%w) - )\/ po‘\v|q_2vw—/ lv[*vw. (2.3)
Q Q Q

The proof uses variational methods, more exactly, the mountain pass theorem.
To this end, we have the following mountain pass geometry result.

Lemma 2.1 (Mountain pass geometry).

(a) There exist B> 0 and p > 0 such that J(v) > B when ||v|| = p.
(b) There exists an element e € Hj .(Q) with |le]| > p such that J(e) < 0.

Proof. (a) We observe that by [0, Lemma 2.1] (see also to [5, [6]) there exists a
constant C > 0, such that

/Qp%q < C(/QM?)W2 < c[/@ (\VU|2+(3/4)p2v2)]q/2.

Therefore,
a b CA
s Gol? + ol = 2 [ [ (o + @rape) " = [ ol
and by the Sobolev continuous embedding, there exists a constant C > 0, satisfying
a, 5 b, .4 CA C. o6
> = e — 2wl - = >
J(w) = Sloll” + 2 llvll . loll? = 5 Ivll® = B,

where the conclusion follows by making ||v|| = p sufficiently small.
Now, we prove the item (b). We take 0 < v € Hj .(2) and 0 < t. Therefore,

bt At N
o) = ol + St = 22 [ o= 5 [ o

Therefore J(tv) — —o0, as t — +00. Consequently, J satisfies the Mountain Pass
Theorem geometry. [
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We recall that the pass mountain level is defined by

c=inf sup J
Inf sup (v(1)),

where T' = { € C([0,1], Hj.(Q)) : v(0) = 0,J((1)) < 0}. For each 6 > 0, we
define the functional

=8 [ (o3 bt (Z)) oo S ()

A
_2 ai g+ 6
q/Qp 62911 6/Q|v|.

We also define ® : R x Hj () — Hj,.(Q) by ®(0,v) = e?v(Z) and I : R x
H&,T‘(Q) — R by I(G,”U) - JO((I)(aa U))

Using Lemma we have that the functional [ satisfies the geometry of the
Mountain Pass Theorem. Taking

¢=inf sup I(3(t)),
Y€ te(0,1]
where T' = {§ € C([0,1],R x H{ .(2));%(0) = (0,0),1(5(1)) < 0}, we have ¢ = ¢
because I' = {® 0 7;5 € I'}.
Now, we define G : H&T(Q) — R by

2, 2 2 2 21[7 2 2 2
) =2a |Vv| pv +2b \Vv| |Vo|* [ pv
8 Jo Q
27b 5 o A / p / 6
i -2 oyl — 9 .
+32 (/va) q(q+6) va Q\v|

As it was mentioned in the introduction, the functional G works coupled with the
scaled functional Jy. The functional G is a class of Pohozaev functional and it is
defined to prove the boundedness of the Palais Smale sequence. The lemma below
gives us the main property of G.

Lemma 2.2. There exists a sequence (v) C Hj ,.(Q) such that
J(vg) = ¢ J(vg) =0, G(vg)— 0.

Proof. Applying [37, Theorem 2.8] as in [19] and [22, Proposition 4.2], we obtain a
sequence (0, vy) such that

I(Gk,vk) — C, I’(Qk,vk) — 0, Gk — 0.

We note that

T 31 T T
I(0,v) = / ’V e v —9 )| +Zﬂp2€%v2(@)ew)
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9 60 2,2 2 )‘ 9(q+6) 120 6
+1—66 (/Qp v ) } . 2 \ I°.
Thus

oI 9ae3? 21
i 20/640/ |V,U|2 + L / p2'U2 + —b€79/ |V’U|2/ p2112
a0 . 82 R b 0 Q (2.4)
L Ty Y
216 Q q Q Q

Considering 6, — 0, by (2.4) and the definition of G for all € > 0 there exists kg € N
such that k& > kg

’ae (6, 0k) = Glog)| < e. (2.5)

Since I’ (0, vx) — 0, by (2.5)) we conclude that G(vy) — 0.
On the other hand, since I(Gk, v) — ¢ and I'(0g,vg) — 0 we obtain respectively

11Ok, vx) — J(vir)| <, (2.6)

[T’ (Ok, vk ) (& w) — J' (vg) (w)] < e, (2.7)

for all k > ko. Using the facts that I(0,vg) — ¢ and I'(6x,vr) — 0 by (2.6) and
(2.7) we have J(vi) — ¢ and J'(vg) — O respectively. O

Next Lemma gives us the boundness for Palais Smale sequence.
Lemma 2.3. The sequence (v) C Hj () obtained in Lemma is bounded.
Proof. We note that

T = Glon) = a5 - =) [ Vol + F (1= =5) [
—l—b(i—HLG)/SJVUHQ—&-%I)(I—q%)/9|Vvk|2/Qp2vi
ra(- ) () + (s —g) [

Since all the coefficients of the terms involving the integrals, on the right side of
the equality are positive, J(vy) — ¢ and G(v;) — 0 by Lemma we have (vy)
bounded. O

In next lemma, the number S is the best constant of Sobolev (see [35]). We follow
the arguments of [7]. See also [9] 20} 19 28]. We are going to omit some calculus,
the reader can found the details in [8] where was studied the case 4 < ¢ < 6.

Lemma 2.4. We have ¢ < $abS® + 376356 + 2, (b2S* + 4a5)3/2, where

\V4 2
S:= inf 7&1‘ u\l 3
wEH3 (@) ( [ ub) /

Proof. First, we observe that it is sufficient to show that there exists a vy €
Hj§ ,.(Q),v0 # 0, such that

1o, Lisge 1 g2 3/2
supJ(tvo)<4abS +24b5 +24(bS + 4aS)°7=. (2.8)

>0
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Indeed, observing that J(tvg) — —oo as t — oo, there exists R > 0 such that
J(Rvg) < 0. Now, we write u; := Ruvg, and from Lemma we have

b2 S*+4a5)%/2.

0 < B <c=inf max J(y(r)) <supJ(tvg) < iab53+i6356+i(

v€el' 7€[0,1] t>0
Therefore, we are going to prove the existence of a function vy such that holds.
We consider 0 < R < 1 a fixed number and let ¢ € C§°(2) be a cut-off function
with support at Bap, such that ¢ is identically 1 on B and 0 < ¢ < 1 on Bsp.
Here, B, denotes the ball in R? with center at the origin and radius .
Given € > 0 we set () := p(x)w(z), where

1/4 1
we(w) = (3¢) / Wa

/ Ve, |? = / jwe|® = 5%/, (2.9)
R3 R3

From the definition of w,, it can be shown that

/ Veor|? < / |6, (2.10)
Br Br

and w, satisfies (see[35])

/ V> = 0(e?) ase — 0. (2.11)
B,—Br
Now, we define
voim Ve
e 1/6
(S 09"

and X := [ |Voe|%. Then, we have

\% v
XE:/ IB%‘ +/ |BQ€8|,
Br Bar—Br

1/6

where B := ([, ¥?)
have

. Thus, since ¢ = 1, and consequently Vi = 0 on Bpg, we

1

X, = 72/ | Vw2 +/ |V, |2.
B Br B2r—Br
By (2.10) and (2.11]) we obtain
X. <8 +0(?). (2.12)
On the other hand, we have
lim J(tv.) = —o0, Ve >0.

t——+oo
This implies that there exists ¢. > 0 such that
sup J(tve) = J(teve). (2.13)
>0

Now, we are going to prove an estimate for t.. From ([2.13)), we have

d
—J(tve)|,_, = 5
g (tve)), =0

thus,
ateloel? 4+ 02l = ezt [ et = [ ot <o,
Q Q
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which implies
alfe o+ b2 el = 322 [ ptfonfr et [ ol o
Q Q
Since [, [v:|® = 1, we have
—alfv|* = be2||vc|[* + £ < 0.
Hence /
1/2
blvel|* + [(bllvell*)? + 4alve||]
= to.
2
t6

Since the function t — 2t2[|v. |2 + 2t4|v.||* — & 1s increasing on [0,9), denoting
C1 = aljve||? and Cy = b||v.||4, we have
CiCy C3 1

At
J(teve) < =2 4 —(C? +4C 3/2_75/(“1.
(EUE)_ 4 +24+24(2+ 1) q vae

Considering A = 3/4 fQ p?v2, by definition of the norm, and the inequality (2.12),

we obtain

0<t?<

3

b b 1
J(teve) < “Z(XE + AP 4 L (Xe+ A 4 o [P(Xe + 4+ da(Xe + A)] 32
Atd o q
Ly
qa Ja
ab b3

<S5+ O('?) + A + (S + O(e/?) + A)S

24
3
+ i [b2(s +0(Y?) + A)* + 4a(S + O(eY/?) + A)}

Atd
o € / pavg.
q Ja

Using several times the standard inequality (see e.g. [28 Page 778])
(a+0)° <ad?+Ba+b)P1b, VB>1, Va,b>0,

/2

we infer that
abS®  p3S6
< —
Jlteve) < ==+ =5

—|—/ (%p%g - )\C’Epo‘vg),
Bar
for some constant C' > 0, where C. = t1/q.

At this point, we can assume that there exists a positive constant Cy such that
C. > Cy > 0 for all € > 0. If it is not true, then we can find a sequence ¢, — 0 as
k — oo, such that t., — 0 as K — oo, since C; > 0. Now, up to a subsequence,
that we still denote by ¢, we have t., v., — 0, as k — oco. Therefore,

0 < e <supJ(tve,) = J(te,ve,) = J(0) =0,
>0

1
+ ﬂ(zﬁs4 + 4a8)%% + O('/?)
(2.14)

which is a contradiction.
Observing that fB2R p?v2 < 00, we claim that

. 1 3C 5 4 aq) _
limy 72 /B (Foet = Cowat) = —.
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Assuming the Claim is proved, from (2.14]) we have
abS®  b3S¢ 1 3/2

2 g4
4
YRRREY] +24(bS+ aS)

for some ¢ > 0 sufficiently small, and the proof is complete.
Now, we prove the Claim. For this, it is sufficient to show that

sli_r% 51%(/}3 (%p%ﬁ - C’E)\po‘wg)) = —00 (2.15)
R

/ (£p205 - C’E)\po‘vg) = 0(e'/?). (2.16)
B:r—Br 4

J(tev:) <

First, we consider

1 3C
o= [ (e - o)
51/2/;1% 4pw5 pwé‘

) S5 )

T2 Jp \T=al?) (e o) e g TP (et [e)er?
~ 2 2 1 ~ (4=2) 2 @ 1
o () T e [ ()
e M=) ) T \T= TP/ (et [af?)e
=J1—Ja,
(2.17)

for some constant C' > 0. We observe that on B R,
2 2

2 < .
ST P S 1-R

(2.18)

Therefore, making the change of variables z = ¢!/2y and using the polar coordi-
nates, we obtain

J1 < 440 1/2 Remt/? r?
1 < i R2)2w5 /0 ) r2)dr’ (2.19)
for some constant C' > 0. Similarly, for Js, we have
B . Re~1/2 r2
Jy > /\0520‘11)5_1“/0 mdr,
where C. is a positive constant. Thus, combining (2.17)), ([2.19) and (2-20) we obtain

~ —1/2
4C 1 he 2
< well? —d
e U pEpt / TR

(2.20)

, (2.21)

—1/2
— AC. 2%t /RE 7ﬂidr
6 o GrrET

Observing that

Re~1/2 7ﬁ2
/ 1_’_72d’r = R5_1/2 — tan_l(RE_l/Q)
0 r

we obtain

r2

Re~1/2
Coel/2 —lp 172y —441
Je <C—Ce/“tan™ (Re™ /<) = ACe™ 4 /0 ETITE dr. (2.22)
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Now, as

R6_1/2 T2 R€_1/2
— > ——dr>C>0,
/0 (1+r2)ar2 ’"—/0 1+27 =

for all € < gg, with g9 small enough. At this moment, it is possible to see the main
difference with the proof of [8 Lemma 2.3]. To control the sign of the expression
of (2.15) it is necessary to use the assumption involving A. Since, by assumption, A
is positive and sufficiently large, we can take A = e~% and we conclude that (12.15))
holds.

The proof of (2.16)) is the same of [8, (2.13)], This completes the proof. O

3. PROOF OF THEOREM [I.1]

Let {v,} be the sequence given by Lemma[2.2] Lemma [2.3]implies that {v,} is
bounded in H&,T(Q). Thus, we can assume, passing to a subsequence, that v,, — v,
weakly in Hg () as n — co. Arguing as in [9], we have

J'(vp)w =o(1), Vw € Hj,(Q). (3.1)
Now, we observe that
|J (v)w — J' (v)w| — 0, (3.2)
as n — oo, for all w € CF5,,,(§2). From this, it follows that J'(v)w = 0, for all
w € C,,4(€2). By denseness, we conclude that
J'(vyw=0, Vwe H;,.(Q), (3.3)

and v is a critical point of the functional J restricted to the space Hg ().
Now, we follow the ideas in [4, 10, 5] (see also [29]). Since Hj () is a closed
subspace of H}(Q), we can write

Hy(Q) = H; () @ Hy ()

where -+ denotes the orthogonal complement of the space. Therefore, for each
w € H(Q), there exist ¥ € HJ .(Q) and ¥+ € H} ,(Q)* such that

w =194 9+, (3.4)
As Hj () is a Hilbert space and J'(v) € Hj .(€)*, from the Riesz Representa-
tion Theorem there exists z € Hy,.(2) such that
J (v)w = / Vz-Vw, Yw e Hj,.(Q).
Q

Thus, as z € Hj (Q) and 9+ € Hj ()", we have
J'(v)9+ = 0. (3.5)
From (3.3)), and (3.5)), for each w € H{(Q), we obtain
J ()w = J (v)9 + I'(v)d+ = 0.

This allows us to conclude that v is a critical point of the functional .J in Hg ()
and consequently v is a weak solution for problem .

If v # 0 we are done. Now, we suppose that v = 0. Considering v,, — 0, as
n — 0o, we have

T (0)m = aljunl]? + blfoa][* — A / Pl — / a6 = 0n(1).  (3.6)
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By [9, Lemma 3.1], we obtain

)\/Qpa|vn|q — 0, as n — 00, (3.7
Let Ly > 0, Ly > 0 be such that
allva||* = L1 and  b||v,||* = Lo, asn — oo. (3.8)
By , , and ,
/Q |v,|® = L1+ Ly, asn — oo. (3.9)

But

1/3
5(/02) g/ V2, (3.10)
Q Q

which implies

1/3
as(/vg) / ga/ Vo ga/ (IVoul? + 3/4)p%02) = allal®,  (3.11)
Q Q Q
2/3 2 2
os?([ o) <o [ 1vul]" <o [ (90l + )] = ol
Q Q Q

(3.12)
Thus, by B.3), 9), G-11) and B.12),
Ly > aS(Ly + Lo)Y? and Ly > bS?*(Ly + Ly)?/3. (3.13)
On the other hand, J(v,) = ¢+ o(1). So
B L1 L2 1 . Ll L2
By (3.13) we have
. bs? b2s* 4+ 4 1/2
(Ly 4 Ly)V/3 > 0 (78 Fdas) 77 (3.15)

2

Hence by (3.13)), (3.14) and (3.15)),

1 1 1 1
¢> 2L+ 55Lla > 2aS(Ly + Lo)'/? + 5bS*((Ly + L))

=3 12
> Tapss 1 Lipso 4 i(zﬂs‘* + 4a5)%/?
! 24 24 ’

which is a contradiction to Lemma [2.:4] Therefore, we conclude that v # 0.
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