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SOLVING SINGULAR EVOLUTION PROBLEMS IN
SUB-RIEMANNIAN GROUPS VIA DETERMINISTIC GAMES

PABLO OCHOA, JULIO ALEJO RUIZ

ABSTRACT. In this manuscript, we prove the existence of viscosity solutions
to singular parabolic equations in Carnot groups. We develop the analysis by
constructing appropriate deterministic games adapted to the algebraic and dif-
ferential structures of Carnot groups. We point out that the proof of existence
does not require a comparison principle and it is based on an Arzela-Ascoli-
type theorem.

1. INTRODUCTION

In the previous decades, there has been a special interest in the study of partial
differential equations in non-Euclidean frameworks. In this work, we study the
existence of viscosity solutions for singular parabolic equations in Carnot groups,
via two-person deterministic games.

To motivate the main results, we consider a family of surfaces M; C RY, ¢ >0,
given as the zero-level set of a function w:

M; = {pe RN - u(t, p) zO}.

If we are interested in the movement of M; by horizontal mean curvature, then the
function u is a solution of the PDE

A XZUX’U/

This model is known as the horizontal mean curvature flow equation (see [I8, [13]
for a derivation in Euclidean spaces, and [I1], [12] for the corresponding discussion
in Carnot groups). The main result of the paper is Theorem below, where
we establish the existence of viscosity solution to by employing two-person
deterministic games (see [15] for a stochastic approach to mean curvature flow in
sub-Riemannian geometries). We point out that our results apply to a large class
of singular equations including .

Existence and comparison results for Carnot groups are less usual than in the
Euclidean framework. We highlight that even if one writes equations in Carnot
groups in terms of the Euclidean gradient and the Hessian of the unknown and try
to apply the Euclidean theory (for instance from [I4]), this does not always work.
Indeed, the above procedure may introduce degenerate points in the equations or
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may cause the loss of appropriate continuity. A classical example is the following:
consider the sub-elliptic Laplacian operator in the Heisenberg group

AO = X12+X22

where X; and Xs are given as in (3.3). In terms of Euclidean derivatives, the
sub-elliptic Laplace equation may be written as

1 0 2y
—tr 0 1 -2 Viu | =0.
2y —2x 4(2? +y?)

Observe that the matrix

1 0 2y
0 1 —2x
2y —2x 4(z? +y?)

is not uniformly elliptic for all (z,y,z). The interested reader may consult [27]
Remark 1] where we exhibited an example for which the operator in terms of the
FEuclidean derivatives does not satisfies well-known assumptions on uniform con-
tinuity needed and frequently used in the theory of Euclidean viscosity solutions.
However, the comparison derived intrinsically in the sub-Rimannian setting in [27]
applied to the given example. We also refer the reader to Remark[2.3]in the present
article.

In sub-Riemannian structures, the singularity of the equation may appear at
points where part of the gradient (the horizontal gradient) vanishes. This is not the
case of the Euclidean context, where the singularity comes from points where the full
gradient vanishes. This facet of sub-Riemannian structures yields difficulties in the
study of singular equations. In spite of these facts, there are some interested findings
in Carnot groups. For elliptic and uniformly elliptic equations in the Heisenberg
group H, comparison results are given in [22], based on a sub-elliptic version of the
Euclidean Crandall-Ishii Lemma (see [14] for details). At this point we quote the
works [I] and [24] where the authors propose various form of partial nondegeneracy
to weaken the uniform ellipticity assumption and apply their results to some sub-
elliptic second order equations. Also, in [6], results related to infinite harmonic
functions in the Heisenberg group were established. In the general case of Carnot
groups, we find the work [5] for the p-Laplacian operator. In the setting of vector
fields in RY (with its standard group structure), we refer the reader to the paper [3].
Regarding parabolic equations in Carnot groups, we mention [4], where comparison
results for admissible operators in the Heisenberg group where obtained. The word
admissible refers to continuous and proper operators F = F(t,p,u,n,X) which
satisfy the following: for each ¢ € [0,7], there is a modulus of continuity w :
[0, 00] — [0, o0] so that

f(tqur77n7y) - 'F(tvp7r77—77a‘)() < W(dc(p, q) +T||77||2 + ||X - yH)?

where 7 > 0. Hence, the results are not valid for singular equations. In [25],
the author provides existence and uniqueness results for the Gauss curvature flow
equation of graph in Carnot group in unbounded domains, generalizing the available
results in the literature. For singular equations, in [§] it was covered the case
of the parabolic p-Laplacian, but the structure of this equation in largely used
in the derivation of the uniqueness principle. A remarkable progress was done
in [16], where the authors proved existence and a comparison principle (needed
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for existence) for radially symmetric viscosity solutions for the horizontal mean
curvature flow equation in the first-order Heisenberg group. The symmetry refers
to solutions u = u(t, p1, p2, p3) for which it holds

u(t, p1,pa,ps) = u(t, pr1, P2, ps) Whenever pi + p3 = p; + ps.
We also point out the reference [2] for uniqueness of viscosity solutions of mean
curvature flow in two sub-Riemannian structures.

In [16], the existence of viscosity solutions is obtained via deterministic games.
Here, we extend the findings of [16] to more general singular parabolic equations, by
adapting the reasoning of [2I] and [19] to the structure of Carnot groups. We point
out that, unlike [I6], our existence result does not require comparison of solutions
and it is based on an Arzela-Ascoli-type theorem from [23]. As a final comment, we
mention that the uniqueness of the solutions constructed here constitutes an open
problem.

The organization of this article is as follows. In Section 2, we introduce the
type of equations studied in the paper and the main result concerning existence of
solutions. In the end of the section, we provide some applications of our results.
In Section 3, we shall introduce the necessary background and notation on Carnot
groups as well as the notion of viscosity solutions by means of parabolic jets. In
the next Section 4, we provide the proof of the existence result. We end the paper
with an Appendix where we prove a technical lemma needed in the analysis of the
deterministic games.

2. MAIN RESULT OF THE PAPER AND ASSUMPTIONS

In this work, we study the existence of solutions for initial-value problems of the
form

e + pu+ F(t,p, Vg ou, Vgou) =0, on (0,T) x G, 21)
u(0,p) = ¢(p), withp e G. )
Here, T' > 0 is fixed and p > 0 is a parameter. We refer the reader to Section
for notation and basic definitions involving Carnot groups. We use the following
assumptions:

(Al) ¢ € BC(G) and for each § > 0 there are smooth approximations 1/);,1/}(;
with bounded right- and left-invariant horizontal derivatives of first and
second order so that

=0 <ty <Y<Y <Ytd

(A2) F:[0,7T] x G x (R™\{0}) x S™(R) — R is continuous.

(A3) Ao 1= sup,, |]'-(t,p,77, O)‘ < o0.

(A4) There exists a positive constant A; such that

~ 22 N
f(t,p,r],X) _‘F(tap7’r]aX) < ?15+(X_X)a

where £T(X) := max{0, maximum eigenvalue of X'}, and there exists a
modulus of continuity w = w(r) = O(r) as r — 07 such that:
]:(t’pﬂ% X) - ‘F(Sa q,1, X) < W(|S - t| + |p : q71|G)7 (22)

for all (¢,p),(s,q) € [0,T] x G, n € R™ \ {0}, and X € S™ (R).
(A5) For any r, R > 0, there exists a modulus of continuity w,, g such that

]'—(t,p,ﬁ,)() - ‘F(tap’na‘)() S Wr,R(”ﬁ - 77”)7 if ”ﬁHa ”77” Z r, ”X“ < R.
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The main result of this article read as follows. of the paper is the following existence
result.

Theorem 2.1. Under assumptions (A1)—(A6), equation (2.1)) has a viscosity solu-
tion in BUC([0,T] x G).

Remark 2.2. Assumption (A1) on the datum may be satisfied for ¢p € BC(G)
being constant outside a compact set. That is the setting of [16].

Remark 2.3. In this article, assumptions (A4) and (A5) will be usually applied
to:

n="Vgo(p) and X =Vgié(p),
for some smooth ¢ (we do not write the dependence on t). In terms of Euclidean
derivatives, there are matrix fields A and M (see [8, Lemma 3.2]) so that

Vgod(p) = A(p)Ve(p) and Vg io(p) = Alp)V2e(p)Ap) + M(p),

where Vo (p) and V2¢(p) denotes the Euclidean gradient and Hessian of ¢ at p.
Hence in order to consider sub-elliptic equations in terms on Euclidean derivatives,
it is natural to introduce the operator

G(t,p,np, Xg) = F(t,p, Ap)ne, Ap)XpAP) + M(p)), ne€RY, Xpe SN(R)

which necessarily depends on ¢ and p (so the existence result from [19] is not
applied). Moreover, hypothesis (A5) does not imply, in general, [19, (F4)], since
the norm of A(p) is not uniformly bounded in G.

2.1. Some applications.

Mean curvature flow equation. If M C G is a smooth hypersurface, we define
Y(M) as the set of characteristic points of M, that is, the points p € M where
the horizontal distribution at p is contained in the tangent space of M at p. The
horizontal mean curvature flow is the flow ¢ — M, in which each point p(t) ¢ 3(M;)
in the evolving surface moves along the horizontal normal with speed given by the
horizontal mean curvature. The equation, outside the characteristic set, may be

written as (1.1]). For (1.1, the singular operator is given by

Fucr(n,X) = —tr [(I— 7|7|;7g|)|;7>)(}7

for n € R™ \ {0} and X € S™(R). Hence, the existence of solutions follows from
Theorem 2.11

Parabolic infinite Laplacian. The infinite Laplacian is connected with the problem
of finding minimal Lipschitz extensions, called absolute minimizers. In a Carnot
group, we say that a Lipschitz function u in Q is an absolute minimizer if for every
V C Q and every Lipschitz function h in V' such that v = v on 9V, it holds

IVg.oullLee vy < [[Vgovllpe ).
It has been established independently in [2] and [28] that absolutely minimizers are
viscosity solutions of the infinite Laplace equation. We consider the parabolic and
normalized counterpart
mi

1
Zﬁlli(Xiu)Q Z XZ’U/XJX,LXJ’LL (23)

4,j=1
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Hence, the singular operator is

Fpro(n, &) = (Xn,m),

1
[l
for n € R™ \ (0) and X € S™ (R). Hence, the existence of solutions is derived
from our analysis.

3. PRELIMINARIES

3.1. Carnot groups. Let G be a connected and simply connected Lie group, whose
Lie algebra G is real and N-dimensional. We say that G is a Carnot group of step
I > 1if G has a stratification, that is, there exist vector spaces Vi, ..., V; such that

g:V1@@‘/l, [Vlvm]:‘/jb+1a ]-SZSZ_]-) [‘/Z,‘/l]:o, ZZ]—val

Here, [V, V] stands for the linear subspace generated by the vectors [X, Y], where
X e Vi and Y € V;. In particular, G is nilpotent. Choose a Riemannian metric
with respect to which the V; are mutually orthogonal. Let m; = dimV;, for i =
1,...,0 and consider h, = my +--- +m,, 0 < r <[, with hy = 0. Choose an
orthonormal basis of V; of left-invariant vector fields X;, 7 = h;—1 + 1,..., h;.
Thus, the dimension of G as a manifold is N = h; = my + ...m;. The exponential
map exp : G — G is a global diffeomorphism and may be used to define exponential
coordinates ¢ in G as follows: any p € G may be written uniquely as

p=exp(pXi+---+pyvXn),
and thus we may put ©(p) = (p1,...,pn). In this way, we identify G with (RV,.),
where the group law - is given by the Campbell-Hausdorff formula [9] as
where R; depends only on ¢y, for k < i. In what follows, we just write p; for ¢;(p).
We sometimes use the notation
p = (pl,la ce 7pl,ml)-

The first layer V4 spanned by the vector fields Xy, ..., X,,, plays an important
role in the theory and it is called the horizontal distribution. Thus, for every p in

G:
Vip=span{Xip, ..., Xm, p}-

Metric structure on G. If v : I =[0,1] — G is an absolutely continuous curve in G
that satisfies

’}//(t) € Vl,w(t)7 fora. e. tel,
we call v a horizontal path. We define the Carnot-Carathéodory distance on G by

de(p,q) = mf {7/ ()] : 7/ (t) € Vi), VEE T, 74(0) = p, 7(1) = q},

where || - || is the norm induced by the Riemann structure on G. Since Carnot
groups satisfy the Hormander’s condition, we get by Chow’s Theorem, that d is
well-defined. It is well-known that the topology induced by d¢ is equivalent to the
Euclidean topology. However, d¢ is not bi-Lipschitz equivalent to the Euclidean
distance (see [20]).
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Calculus on Carnot groups. Consider the Carnot group R x G where we add 9/0t
to the horizontal frame as Xgy. For any 1 < k < [, we say that u : Rx G — R
belongs to Cfub if it is continuous and X'u is continuous for I = (ig,i1,...,iy) SO
that
d([) =igdg +i1dy + - +indy <k,
where dyp = 1 and d,;, = j if the corresponding vector field belongs to V;, 5 =1,..., L.
The full (spacial) gradient with respect to the Carnot frame {Xy,..., Xn} will
be given by
N
qu(p) = Z(Xi,pu)Xi,pa peG.
i=1
We shall also consider the horizontal and second order horizontal gradients of u,

h1 h2
Vgou(p) =Y (Xipu)Xip, and Vgiup)= > (Xipu)Xi,.
=1 i=hi1+1

The symmetrized horizontal Hessian matrix, denoted by Vé’fau, has entries

* 1 .
Vé’}ouij = §(X1XJU+XJXZU)7 i, =1,...,mq,
The stratified Taylor expansion of a C2,, -function u at (¢,p) € R x G reads as (see
[I7, Theorem 1.42] or[d, Exercise 6, Chapter 20]):

u(s, q)

= u(t,p) + u(t,p)(s — t) + (Vgoult,p), (™" - @)1) + (Vgault,p), (0" - q)2)

V) (™ @) 7 a)) + olde(p.0)” + 15— 1),
(3.2)
Here, (p~! - ¢)1 and (p~! - ¢)2 denote the projection of p~! - ¢ onto V; and Vs, re-
spectively. We remark that if instead of choosing a left-invariant frame, we consider
a right-invariant basis of the Lie algebra, then we may also define right horizontal
derivatives of first and second order (see [I7]).

Example 3.1. The simplest example of a Carnot group is the Euclidean space
with the usual norm (RY,|-|). This is a Carnot group of step 1.

Example 3.2. One of the most familiar Carnot groups is the Heisenberg group
H, whose background manifold is R?"*1. Given two points p = (p1, ..., pan+1) and
q=(q1,---,92n+1) in H, we define a group operation by

2n
1
p-qg= (Pl +q1,---,P2n + G2n,P2n+1 + Q2n+1 + 5 E (PiGitn — pi+nQi))
i=1

The standard basis of left invariant vector fields of the Heisenberg Lie algebra,
denoted by H, is given by

Pn+j .

ijaj—%azmrh J=1...m

Yy = Opn+ LOonit, j =1L (3.3)
T = any1-
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Note that [X;,Y;] = T for j = 1,...,n. Then the vector fields X1, ..., X,,,Y7,...,Y,
satisfy the Hormander’s condition. In this case, the stratification of the Lie algebra
is given by
H=V Vs,

where V; = span{Xy,...,X,,Y1,...,Y,} and Vo = span{T'}. Hence, H is a step-
2 group. For applications of the Heisenberg group to quantum mechanics, the
interested reader may consult the monograph [I0].
Example 3.3. The Engel group E* is the Carnot group whose Lie algebra is

G=VioVad Vs,

where V; = span{X;, Xo}, Vo = span{X3} and V3 = span{X,}, with the Carnot
frame

X1=01— %53 - (* + 2 (p1 +p2)>34

2 12
_ Prog (P3_P1
=0y + 5 03 ( 5 12(171 +p2))84 (3.4)
1
X3 =05+ 5(?1 + p2)0y4
X4 = 04,

p= (p1,-..,ps). The Engel group is a Carnot group of step 3. For more details on
the Engel group see [20].

3.2. Jets and viscosity solutions in Carnot groups. We shall recall the defi-
nition of parabolic jets in Carnot groups and the notion of viscosity solutions.

Parabolic jets. Let u be an upper-semicontinuous function in [0,7] x G. We define
the parabolic superjet of u at the point (¢, p) as

P2Fu(t,p) = {(a,n,g, X) € R x R™ x R™ x Sml(R) such that

u(s,) < ult,p) + als = )+ (0, (07 @) + (6 07 - a)a)
XG0 (07 @) + o(delp ) I — 1) a5 (5,0) = (1.0) )

Similarly, if v is lower semicontinuous in [0,7] x G, we define the parabolic subjet
P2~ o(t,p). It is known that parabolic jets may be seen as appropriate derivatives
of test functions touching the given function by above or below. More precisely, if
u is upper semicontinuous, we consider

K+72u(t7p) = {(¢t(t7p)7 VQ,O¢(t7p)v v9,1¢(t7p)7 Vé,:)(b(t?p)) so that ¢ is Cs2ub
and (u— ¢)(s,q) < (u— B)(t,p) for all (s,q) close to (¢, p)}

and similarly define X ~2v(t, p) for test function touching the lower semicontinuous
function v from below. Hence it follows that

P* u(t,p) = K**u(t, p),
P27o(t,p) = K> u(t,p).
Finally, we shall also consider the theoretic closure of the sets defined above. We
define ﬁ2’+u(t,p) as the set of (a,n,£,X) in R x R™ x R™2 x §™(R) so that

(3.5)
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there exists a sequence (L, Dn, G, Nn, En, Xn) converging to (¢, p, a,n, X) satisfying
(@n, My Xp) € P2 u(ty, py) for all n. In a similar way, we define 52’_v(t,p).

Viscosity solutions. Let Q C G be a domain. Observe that in the following defini-
tion, the operator F does not depend on £ € R,,,.

Definition 3.4. An upper semicontinuous function w : [0, 7] x Q — R is a subso-
lution to the equation

u + F(t,p,u, Vg ou, Vé’j&u) =0 (3.6)

in (0,T) x Q if for every (¢t,p) € (0,T) x Q and every subjet (a,n,§,X) € fz’—i_u(t,p)
it holds
a+f*(t7p7u(tap)7na)() SO (37)

Here, the subscript * stands for the lower semicontinuous envelope of F. Similarly,
we say that a lower semicontinuous function v : [0,7] x 2 — R is a supersolution

to (3.6) if for every (¢,p) € (0,7) x Q and every superjet (a,n,£,Y) € ﬁz_v(t,p)
it holds

a+ F*(t,p,u(t,p),n,Y) > 0.

Analogously, the superscript * stands for the upper semicontinuous envelope of F.
Finally, we say that a continuous function is a viscosity solution to (3.6)) if it is a
viscosity sub and supersolution.

4. DETERMINISTIC GAMES: PROOF OF THEOREM [2.1]

In this section we employ two-person deterministic games to prove the existence
of solutions to

up + pu + F(t,p, Vgou, Vé”’gu) =0, on(0,7)xG,
u(0,p) =¥ (p), withpeG.
under the assumptions listed in Theorem [2.1

Remark 4.1. From (A3) and (A4), we conclude that F has at most linear growth
(and at least linear decay). In fact, there exists C = C'(Ag, A1) such that

|F(t,p,n, X)| < C(1+||X]]),
for (t,p,n,X) € [0,T] x G x (R™\{0}) x 8™ (R). In addition, from (A4), F is
(degenerate) elliptic, since F(-,X) < F(-, &X) for X > X.

We first describe the setting of the game. There are two players, Player I and
Player II. Let T' > 0 be the maturity of the game. For each ¢ € (0, 1) let m be the
number of steps,

T
mi= |5,

€2
where [] is the integer part function. The players’ choices are the following:
e the initial position is pg = p at tg = 0;
e Player I chooses a pair (19, Xp) € (R™\{0}) x S™ (R), with

Inoll < &7V, ||| < eV
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e for these choices of Player I, Player II chooses a horizontal direction:

qgo = (10,0) € G, with vg € R™ and |qo|c < e~/
where the Carnot gauge is defined as:
L mj
ple == ZZ |pi.;j Vi~ dc(p,0). (4.1)

j=1i=1

e Player I moves from py to p1 := po - 6:(qo), where the dilatation ¢, is given
by [0-(p)]i,; = €'pij

e the above steps are repeated m times;

e at the maturity time 7', Player I is at the final position p,, and pays to
Player II the amount:

m—1 X
1 m 1 i+1

m R(T —i 2a iy Qs iina 4.2
(1+M€2) Y(p )+i§=o(1+“52) (T —ic*, pis Gis i, Xs) (4.2)

where R€ is the running cost defined in (4.5)), and p;, ¢;,n; and X; are the
choices of the players at the i-th step.

The value u® of the game is obtained by considering that Player I has the objec-
tive of minimize and Player IT wants to maximize it.

We extend now the set up of the game to any maturity ¢ and we formalize the
definition of u¢. Take ¢ € [0,T] and consider the partition

0,7] = {0} U ( U, ((k — 1)e2, st]). (4.3)

Then if ¢ # 0, there is a unique k; € {1,2,...,m} such that t € ((k; — 1)&?, ke?].
If t =0, we define
us(t, p) = 1(p).
When t # 0, we have

1 ke
u®(t,p) ;= inf sup... inf su {(7)
( p) 10,Xo0 qop Moy —1: Xk —1 th})l 1+ /1452 d)(pkt)
ko1 (4.4)

1 i+1
PET) Re(t—1 27 iy Qi iaXi }7
+;(1+#52) (t — g%, pis @iy iy A;)

where
2

e
Re(tapj7Qj,77j7Xj> = _€<77j7yj> - §<ijj7yj> - ng(tapj7nj7Xj) . (45)

We introduce a rigorous definition for the values of the game based on the Dy-
namic Programming Principle.

Definition 4.2. For ¢y € BC(G), we define inductively:

u®(0,p) = ¢¥(p)
and for t € ((k; — 1)e2, ke?):

1 .
us(t,p) = m}}l’gsgp {u(t—e*p-0:(q)) + R (t,p,q,n, X)} .

When k; = 1, u®(t — €2, p - 6-(g)) is understood as u¢(0, p).
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We start with two technical lemmas regarding some Lipschitz regularity of the
value functions for smooth initial datum 2.

Lemma 4.3. Let 1) be smooth and such that the right and left horizontal derivatives
of first and second order are bounded in G. Then, there is a constant C = C[)] > 0
such that for all p,p € G and t € [0,T]:

uf(t,p) = u(t,p)| < Clp-p~ e + kie?w (Ip-H'e) ,
where w is the modulus of continuity from (F3).

Proof. We proceed by induction. When ¢t = 0 (k; = 0), we have by the boundedness
of the horizontal derivatives and the stratified mean value theorem [I7, Theorem
1.41] (modified for right-invariant vector fields, see Remark after [I7, Theorem
1.37]) that there is C = C[¢)] > 0 so that

[u¥(0,p) = w*(0,5)| = [¢(p) = ()| < Clp- 5" [e-
Assuming for t € ((k; — 1)e? and k2], ky € {1,...,m — 1} that
|uf(t,p) —u®(t, )| < Clp-p~ e +kee?w (Ip- 5~ 'e)
for £ =t + €% we have
ui(i'i 52,? ! 55(‘])) - ua(ff 52725 ! 56((1)) + R€(£7p7 q,7, X) - RE(E’ﬁv q,1, X)
<Clp-p Me+keew(lp-pte) +w (lp-p ')
<Clp-p e+ k2w (lp-p " e),
where k; := k; + 1. Thus
us(f_ EQap ' 66(Q)) + Rs(ﬂpa q,1, X)
< C|p ! ﬁ_1|G + kfgzw (‘p : ﬁ_1|G) + ’U’E(E_ 62713 : 65((1)) + RE(Evﬁv q,1, X)
Taking sup, and then inf, x we derive
lu*(t,p) = uw* (£, )| < Clp- b~ e + keew (Ip- ' e) -
O

Lemma 4.4. Let 1) be smooth and such that the right and left horizontal derivatives
of first and second order are bounded in G. Then, there is C' = C(¢, Ao, A1) > 0
such that for all p € Q and t,

[u®(t,p) —us(t — €%, p)| < C(

kt
T [LEQ) e2 + (ks — 1)e2w(e?),

where w is the modulus of continuity from (A4).
Proof. We proceed again by induction. Since 9 is smooth, and has bounded deriva-

tives, we derive from the stratified Taylor formula (3.2) and the fact that J. is
horizontal that there is C¢)] > 0 so that

(P d:(0) — ¥(p) — (Vg0 (). [6-(@)]1) — %Wé’f&lﬁ(p) [6:(9)]1, [8<(@)]1)|

< Cl)e®/?. sup | XTp(p - 2) — XTap(p)| for some universal b > 0
|z|g<be3/4,d(I)=2
< Clyle?,
(4.6)
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where we have used the stratified mean value theorem [I7, Theorem 1.41] for the
second order derivatives. Hence for t € (0,&2]:

u®(t,p) — ¥(p)

1
< (155m) nfsun {=((Va.0v) —m).0)
+ i<(V2’*¢( ) — X)v,v) — e F(t X)+ c[w]g} " pe? b(p)
2 Gg,0 p ) y P> 1, T lug2 D
1
= (1 + ,UEQ) ,,17{1;5 {53/4||V9,01/J(P) - 77”
3/2
+ St (Colvl] — X) + C(1+ | X)) + Clle® | + Colle?,
where
Coly] = max [[[¢]lsc, [[Vg.0% oo V¥l oc] (4.7)

and I € SV denotes the identity matrix. Let ¢ > 0 be small enough so that Cy[t)] <
g1/, then we can choose (1, X) = (Vg0 (p), Co[v]I) (in the case Vg 0t(p) = 0,
take an approximating sequence 0 # 7, — 0) to obtain

()~ 0() < [+ Cole]) + Ol (7 )™ (48)

Next, we show the lower bound. Similarly to the above arguments, for any ¢ with
lglg < e~ /* we have

(1+ ue?)(w (£, p) — ¥(p))
> inf {<((Vo.ot(p) —m).0) +
— 2 F(t,p.n, X) - Cly]e*} — Colwle®

Now, we apply Lemma from the Appendix with 7 = Vg 09 (p), v = —Cy [T
and Ry := Co[t)] and K = 1. Then. choosing an appropriate ¢ = g(e,n,7), X, X),
we have in the case ||Vg 0¥(p)|| > 1, that

(1 + pe?)(us(t, p) — $(p))
> 2 F(t,p, Vg 09 (p), ~ColY}1) — ha(e"/")e? = Clyle? = Co[y]e?,
and if Vg 0¥ (p)l| <1,
(L + pe?) (W (t,p) — ¢(p)) = —€*F*(t,p, 0, —Co[y]I) — Cyle* — Colv]e?,
for all sufficiently small € < min[eq,e2]. As in (48], we have

ol ~ Xy

W(tp) = 00) > =[O+ Qo) + )+ Cl) (7)< (49
Combining and , we obtain
. 1
¥ (t.0) =90 < O )" (4.10)

Suppose now that
1
|u(t — €%, p) — uf(t,p)| < C(

ky
TMEQ) 52 + (kt — 1)82(4)(52).
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Now, taking t =t + ¢,
’U/E(t7p . 55((1)) - ue(t - 52710 : 66((])) + Re(gap7n7X) - RE(tN_ 527p7777)()

ky
<C ) €2 + (ky — 1)e2w(e?) + 2w(e?).

1
- (1 + pe?
where we have used (A4) in the latter inequality. Taking sup, and inf, x, we derive
1
14 pe?

(F .2 0N .e(F ketd 2 2
u®(t—e®,p) —u(t,p) < C e” + kie*w(e?)

= C(ﬁ)kfg + (ky — 1)e%w(e?).
A similar argument is applied to u®(,p) — u(t — 2, p). O
In the next results we shall appeal to the following constant. For a positive
integer K, let us set
C*ly, K] == C(1+ Col9]) + he (V") + Clul,

where C' is the constant from Remark Cy is given by (4.7), C[¢] by (4.6) and
hi is the modulus in Lemma [5.1] from the Appendix.

The next proposition establishes the convergence of the value functions.

Proposition 4.5. There exist a subsequence {€;}; converging to 0 and a con-
tinuous function w so that u® — wu locally uniformly as j — oo. Moreover,
u € BUC(]0,T] x G) and u(0,p) = ¥(p) for all p.

Proof. For 6 > 0 consider the regularizations w? € C? of 9 from assumption (A1),

=08 <y <P <oy <P+ (4.11)
Lemma gives the next estimate for ¢ € (0,&?],
[ufe (t:p) = ugs (1:9)] < Colp - p o + €%w(lp- 5" e), (4.12)

for all p,p and all sufficiently small ¢, and where ufpi denotes the value function
é
with ¢ = 1/1?. Combining (4.12)) and (4.11]), we conclude that
u®(t,p) = u®(t,9)| < Cslp- e + *w(p-H~'e) + 6,

for p,p € Qandalle < &’. Heree' = s/(w(si, Ao, A1) is sufficiently small. Inductively,
we derive for t € ((k; — 1)e?, ke?),

e (t,p) — w6, 5)] < Calp- 5 Ve + ke®w(lp- 5 Me) +6. (4.13)
Now, by Lemma [£.4] the estimate
€ € 2 er,/,E
5 (7) — g2t = )| < OB (1770
holds for each ¢ and all sufficiently small £ where
C*[5] = max[C [y 1], Co[w5 , 1]].
fO0<i<j<m,te((i—1)%ie?], and s € ((j — 1)e?, je?], then
ufpgt (t - 52,17 . 55(‘1)) - ufz,g: (5 - 52,]7 ' 55((])) + Rs(t,pvq,% X) - RS(S,p, q,1, X)
< ufﬁf(t —e2p-6.(q)) iufbf(t —e2 42 p-6.(q)) £ ..

tuls(t—e®+ (j—1)e*,p-0:(q)) — ufe (s — %, p - 0:(q)) + °w(|s — t])
§ s

k¢
) 224 (ke — 1)e2w(e?),
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< CWE(G — )2 + j( — D)e2w(e?) + 2w (|s — t]).

Hence, taking sup, and inf, x, for t € ((i — 1)e?,ie?], s € ((j — 1)?, je?] we derive
that
[uf (1, 9) = e (5.p)| < W) — )e® + (7 — )e”w(e®) + ew(ls — 1))
Therefore,
[u (t,p) = u®(s,p)| < C°WF1(G —0)e® + m(j — )’w () + *w(ls — t]) + 6. (4.14)

Now we prove the proposition. For any t,s € [0,7] with ¢ < s, there exist 4, j such
that 0 <i < j <m and

je? <s< (j+1)e?, i <t < (i+1)e
From and , it follows that
[u (t.p) = (,0)] < CW5( — D)e? + (F — )Tw(e®) + 2w(]s — ¢])
+Cslp-p~ e + Tw(lp-p ") + 26.

Set
Co[vy] == max[Co[¥7 ], Coly]].

Since i€ >t — &2 and je? < s, we have
[u (t,p) = u®(5,9)] < C°[5 (s — 1) +m(s — )w(e®) +w(ls — t])
+Cslp 5o + Tw(lp -5~ 'e) + 26
Interchanging s and ¢, we conclude that
[u(t,p) — u(5,9)] < C[W5 ][5 — | +mls — tlw(e®) + e%w(]s —¢])
+Cslp-p e + Tw(lp- 5~ e) + 26.

for all s,t € [0,T]. Using (A4) on w there is a constant C' such that mw(e?) < C.
Also, observe that

(4.15)

Clyy] = lim C*[y5] = C(1 + Col¥5])-

Next, we take n € (0,1) and fix § < 7/6. Moreover, we consider g9 > 0 so that
gg < n/4 and for all € < &g,

C[5] < C(1+ Colu]) + 6.
Finally, we take ro > 0 so that |[p~! - p|g + |s — t| < rg. Then

[Z + C(1+ Co[E)]ro + e2w(ro) + Csro + Tw(ro) <

N3

Therefore, |p~!

‘plg + |8 —t] <rg and € < g imply

[u®(t,p) — u(s, p)| <.
Moreover, the functions u° are uniformly bounded. Indeed, for ¢ € (0,£2], we have
the upper bound

(14 pe®)us(t,p) < [|¢]loo + %n)gsupRs(tp,q,n,X)
’ q

< ||9]|oo + inf sup R*(t, p, q,n, O)
T q

= [#lloc + inf sup (—e(n,v) — 2 Fu(t,p,n,0)).
q
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1

Taking a sequence n \, 0 with ||| < e~*/* and using the lower semicontinuity of

Fi together with (F5), we obtain
us(t,p) < |19l

for all € > 0. Now, taking 77 = 0, X = 0 and Ry = 1 in Lemma there is g
(depending on ¢, n and X') so that

(1+ pe®)us(t,p) > —|[¢]loo + inf sup R*(t,p, g1, X)
v g
Z _Hw”OO + lnf R*7E(tapvqa 0) O)
n,X

—[[¥]loo-
Therefore, |u®(t, p)| < ||9||cc- By induction we deduce that for all (¢, p),
(8, p) < [[¥]lco-

In this way, we may apply [23] Lemma 4.2] to obtain the convergence (up to a
subsequence) of u® to some continuous u, locally uniformly in [0,T] x G.
We now prove the final statement. Taking ¢; — 0 in (4.15)), we obtain

[ult,p) = u(s, )| < C(L+ Cole5])ls — | + Cslp -5~ e + Tw(lp- 5~ '|e) + 24.

Hence u € BUC(]0,T] x G). Applying (4.15) to s = 0 and p = p, and taking the
limit €; = 0 we obtain

[ult,p) = ()| < C(1+ Colu5])le] + 20.
Letting ¢ — 0 and then § — 0 it follows that u(0,p) = ¥(p). O

Proposition 4.6. The function u is a viscosity subsolution of (2.1)).

Proof. We argue by contradiction. Then there exist a positive constant 6y and
a smooth function ¢, such that the following holds in a neighbourhood By :=
[to — d,to + d] X Bg(po, 7o) of a strict local maximal point Py = (to,po) € (0,T) x G
of u — ¢,

Ovp + pu+ Fi(t, p, Vg oo, Vé’:ggo) > 6y >0, (4.16)
where § and rg are sufficiently small, with
45 < T. (4.17)

We also assume that maxg (u — ¢) = 0.
Let P = (t,p) € By. Reasoning as in (4.6)), we have

W (P) = (1) nfsup {0 = 0)(t = 2,0 0:(0)) + 0(P) — 0uo(P)

1
1+ pe?
2

E *
+e(Vgop(P) —n,v) + ?<(V2’70¢(P) — X))
—e?F(t,p,n, X) + 0(62)}.
In the sequel, ¢ is small enough so that

Vo0l s, <€ V500l < '/ and o(e?) — %y < 0.

Using —p < —u in By we obtain

(6 = 9)(P) < (1) i suw { (0 = )t = &, 62(0)
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—*[0rp(P) + pu(P) + Fu(t,p, 1, X)]

+e(Vgop(P)—n,v)+ %((Vé”’gap(P) — X)u, V> + 0(52)}.

Taking the special choices n = Vg op(P), X = Vé’v’ggo(P) (if Vgop(P) = 0, we
choose an approximating sequence 0 # n; — 0) and appealing to (4.16]) we deduce
that

(us B SD)(P) = (TZEQ) SI;p {(UE - @)(t - 523p ' 65((])) + 0(52) — 5290}
< (1) swp = e = 8.0}
<(1+u52) p{ —<,0 t—E,p(S())}

Taking a sequence of points P, = (t,,pn) € By converging to P so that
(u)*(P) = lim u®(P,)

n— oo

we obtain

((u?)" = )(P)
= lim (u® —¢)(Fy)

n—roo

= (1 +1u62) nlbnéo SuP { — @) (tn — €%, pn - 55((]))} (4.18)

= (ﬁ) Jim {((w)" = @) (tn — €% pn - 0=(an)) }

< (ﬁ)((m)* — o)t -, p-b:(q))

1/4

for some |qnlc < e '/*, where ¢, — ¢§ (up to a subsequence that we do not re
label) and where we have used the upper semicontinuity of (u®)* — .
Define P§ = Py, and, for k > 1, P; = (t3,,p%) as follows:

Pp = (tiy — &% pior - 0:(g5(Pi_y))), 1<k <m.
If P, Ps,..., Pt € By, from (4.18)), we obtain

() - o) (PE) < (5

T ) 1) = el (7).

and so ) .
(W) = 9)F) < (157 1) = A(PD. (4.19)

Taking n = n® so that ne? € (4,49) it follows t5 ¢ [to — 6,to + d] (i.e., PS ¢ By).
In addition, n < m, by the fhoice (4.17)). Hellce, there exists a minimal number
K < m such that Pi_ € By but Pg ., ¢ Bo. By compactness, Py — P’ =
(t',p") € Bo\{Py} as € — 0 (or equivalently m — oo). Note that

0< e = e < (14 pe?) " < (14 pe?) " <1
Thus,

1\
lim ( ) =a € (0,1].
e—=0 \1+ pe?

(m—o0
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Consequently,
0= (u—¢)(Fo) = lim(u® — ¢)(F;)
e—0
KS € &
< lim (——— *_
<lim (17m) () = @) (PR)
< a(u—p)(P'), with P' € Bo\{FP}.
We have a contradiction, since Py is a strict maximum in Bo. O

Proposition 4.7. The function u is a viscosity supersolution of (12.1).

Proof. Reasoning by contradiction again, there exist fp > 0 and a smooth function
@, such that the following holds in a neighbourhood By of a strict local minimal
point Py = (tg,po) € (0,T) x Q of u — ¢,

O + pu+ F*(t,p, Vgop, Vi pe) < —0p < 0. (4.20)

We assume that the value of u — ¢ at Py is 0.
Let Ry > 0 be such that

V6,00l 00 3o+ 1G58 llc.B, < Ro-
Suppose first that Vg o@(FPo) # 0. We may assume that there is 7 > 0 such that
V6,090, =70 >0

Hence there exists jo € N such that v9 > 1/jo. By Lemma and performing a
Taylor expansion as in (4.6)), we have for P = (¢, p) € Bo,

W(P) 2 T nf {(u = (¢ = .p- 5.0) + £(P) — 20p(P)

— 2 F* (t,p, Va.op(P), Vé’:g@(P)) — 52th (51/4) + 0(52)},

for some g € G, with |g|g < e~1/4. So we obtain
(u® —©)(P)
1

V

Z T5 e {(w =)t = %0 6.(@) — 2[O10(P) + puu(P)

+ 7 (1.2, Vooe(P), Vgse(P)) ] = 2hig(eV/*) +0(c?) }

mf{(u _QO)(L‘—E - 0:(q ))+€2[90+0(1) —hj0(51/4)}} (4.21)

v

1+ pe?a,
mf{(u —)(t—e%p-0.(Q)}

> 1 (). =)= -0 @)),

where we used —¢ > —u in By and (4.20)). By a similar argument as in ([4.18)), we
derive from (4.21) that

>
T 14 pe?a,

((u%) —)(P) = inf{((u). —)(t =% p- 0:(2))}- (4.22)

14 pe?n,
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Since for each admissible 7 and X we have [g|g < e~'/%, and the function ((u®), —
©)(t — %, p-6.(-)) is lower semicontinuous, the infimum:

inf  {((u)s — @)t —€%p-6-(Q)}

lqle<e—1/4

is finite. Hence, so is:
inf {((«): =)t =% p- (@)} -
Take a sequence (1, X,,) so that if g,, = G, (g, @, P, Nn, Xy), then

lim ((u%). = @)(t = &% p+ 0:(7,)) = inf {((w). = )t =, p-0.(@))}

n—oo
By compactness, there is a point G5 = g5(P), |g5|c < ¢~ /4, so that
e
%= 7.
t—e?,p-d.(-)) yields

) > ((u%)e = @)(t — %, p - 0:(35))-

The lower semicontinuity of ((u®). — ¢)(
lim (u%). — @) (t — %, p-0:(q,)

n—oo

Thus, by (4.22), we derive that

()~ 9)(P) > (1

1+ pe?

N =)t =% p-o.@).  (4.23)
Next, we consider the case Vg op(Py) = 0. Let F : By — R be so that
F() = 3ip() + pu(-) + F*(-,0, Vg o (-)-
We can assume F(P) < —6, and that ||Vg o@(P)|| < 1/j for any P € By and some
positive integer j. Applying Lemma for any P € By and any 1, X admissible,
there exists G5, with |g5|g < e~ '/4, such that

(u® —p)(P) > ﬁ 717n/_£ {(uE — @)t —€*p-0.(T5)) — &° [Orp(P) + pu(P)

+ 7 (62,0, V550(P)) ] + ol=?)}
- ﬁ ok s {(u%)s =)t =%, p-0:(q)) — €*F(P) + o(¢?) }
1 , )

> Ty g 0 () =)t = %p - 8 (0))}

Thus, there is ¢§ = ¢§(P) where the latter infimum is attained. Hence (4.23]) holds.
We may proceed as in the end of Proposition (right after (4.18))) to get a

contradiction with the fact that Py is a strict minimum. [l

5. APPENDIX: A TECHNICAL LEMMA FOR EXISTENCE

We provide the proof of the next lemma which is [19, Lemma 4.6]. We give full
details to show that ¢ may be taken horizontal.

Lemma 5.1. Let (7, X) € R™ x 8™ (R) and let Ry so that ||7)]],]|X|| < Ro.
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(1) If ||| > K= (K € N), then there exists e1 = 1(K, Ro, Ao, \1) such that
for all (n, X) € (R™\{0}) x S™ (R), with ||n| < e~ V4, | X|| < e~ /2, there
erists ¢ = Q(E,n,ﬁ,/\,’,é\?), 7 = (7,0), with |glc < e~'/* such that for all
e <ey and dll (t,p),

RE(t.p, g0, X) > RS (t,p,7,7, X) — *hic (1), (5.1)
where R** is defined as R® changing F by F* and hi (r) := w(1/2)K,Ry (7)),
with r > 0.

(2) If |9]| € K=' (K € N), then there exists e3 = e2(K, Ro, Ao, \1) such that
for all (n, X) € (R™\{0}) x S™ (R), with ||n| < e~ V4, | X|| < e~/2, there
exists ¢ = 6(5,77,77,/’\,’,/\?), 7 = (7,0), with [glg < e~ Y* such that for each
e < ey and dll (t,p),

R*(t,p,3,n, X) > R**(t,p, 7,0, X). (5.2)

Proof. Assume that 7 75 n and X # X. Using orthonormal eigenvectors &, &1, .. .,
Em,—1 € R™ of X — X, we can represent v with ||v|| < e~ /4 by

my—1
v=> si&,
i=0
where s; € R (i = 0,1,...,my — 1) with s2 + ...+ s2, _; < e~ /4 In particular,

let &y be the unit eigenvector which gives the maximum eigenvalue of X — X. Thus
e 2[Re(t,p,q,n, X) — R**(t,p,q,7, X)] is bounded from below by

mi—1

e tso(h —m, &) + 128177 &)+ 835(?3—96)

m11

+= Z (X = X)&, &) + [F(t.p, 0, X) = F(t,p,n, X))

Case 1: Assume ||7|| > K~! for some K € N.
(a) If |4 — n|| < ¥4, then ||n|| > 1/2K for all sufficiently small . In the case

S(Q\A’—X) > 0, we take |sg] = A1, s, =0fori=1,...,m;—1in (5.3). Then (5.3)

is rewritten as
! A oo ig
e (0 —n,&0)| + 75+(X - X)

+ [F(t,p. i, X) = Ft,p, 0, X)] + [F(t,poi, X) — F(t,p,m, X)],

where we choose an appropriate sign of so so that so(7} — 1,&) is non-negative.
From (A4), for any n € R™\{0},

(5.4)

2 A A
%EJF(X —X) + [F(t,p,0, X) = F(t,p,n,X)] > 0. (5.5)
From (A5) and ||n|| > 1/2K it follows

F(t,p, i, X) — F(t,p,n, X) > —wy jax gy (€4 (5.6)

Where 2 K Ro is a modulus of continuity depending only on K and Ry. Thus,
from and (5.4) we obtain

€ [R (t’pvqa 7, X) - R ’E(t,pﬁ, 777 ')E)} Z *hK(gl/Zl)v (57)
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where hr(s) = w125, R, (5)-

Now if £(X —X) < 0, we take s; = 0 for i = 0,1,...,m1 —1 in the formula (-3).
Then F(¢,p, 1, 2\?) > F(t,p, 7, X) for any n € R™\{0} holds, since F is degenerate
elliptic (see Remark. From , the inequality is derived (with the same
modulus hg).

(b) If ||f) — n|| > €'/*, then

A m1—1

n—n
—_— = E i, (5.8)
I =mnl =

where r; € R with rZ +7% +...+7 1. Let us divide this case into two parts.

2 _
mi—1 —

Suppose first that |[(7 —n,&)| > 5/1\/12. Then if £(X — &) > 0, we choose s; s0
that [so] = A1, s;, =0 (i=1,...,my — 1) and obtain a formula similar to (5.4):

i N
e (i = m, &)l + FEH(X - X)
+ []:(t,pvnu )e) _]:(tap7n7x)] + []:(tapafh/‘%) —]:(t,p/l’},.)E)]
Similarly, by (A4) and Remark we have for all € < e(Rg, Ao, \1),
e ?[RE(t,p, q,m, X) — RS (t,p, 7,9, X)] > e /2 —20(1 + | X))
>e V4 _20(14 Ry) > 0.

If £(X — X) <0, we choose s; so that |so| = &'/4\;, s; =0 (i =1,...,m; — 1), and
obtain a similar formula to (5.4]). Hence, there is €1 (Rg, K, Ao, A1) so that

E_Q[Rs(tap7a7 m, X) - R*vf(t’p, 67 ﬁa /YA‘)]

A3 ; ;
> T2 el PE(X - X) —20(1+ || X))

> et - M (R, 4 1) 20+ Ry)
> M4 )\% —2C(1+ Ro) >0,

cl/2

Now we consider the case |(i) —7,&)| < 5. Then from (5.8):

(h—mn,&), _ e/ 1/4
AL L R g— . 5.9
ol | S A s (59)

Since 73 +7rf + ...+ 7“72;1171 = 1, we have the inequality

ol = |

1—c2el/?<1—r? =ri 415+ 4rh g <l + e+ Pl
where we take € so that c2e!/?

least one number jy such that

< 1/2. This inequality implies that there exists at

> .
- mp—1 2(m1 — 1)
Now we take s; so that s; =0 (i # 0, jo) in (5.3 to obtain

2 R 2 .
6_180<ﬁ - 777§0> + E_18]'0<ﬁ - na£j0> + 8505(‘)( - X) + %<(X - X)€j07§j0>

+ [f(t,p,n,f) —f(t,p,n,X)] + []—"(t,p,ﬁ,?&) —]-"(t,p,n,é’e)]. (
5.10)
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If £(X — &) > 0, we chose |so| = A\ with so(f) —1,&) > 0. In addition, take

|5jo| = A1e'/* so that sj, () — 1, &;,) > 0. Then, using also (5.9), (5.10) is rewritten
as

) B ) /\2 R /\2 R
e Nalrol 3 =l + & Ml 1 — nll + SLE(R — ) + S (R — X))
+ [F(t,p,n, &) = F(t,pon, X)] + [F(t, 0,0, X) = F(t,p,m, X)].
From (A4) and Remark there exists €1 (R, K, Ao, A1) so that
5_2[RE(§7 m, X) - R*’E(67 ﬁ7 ‘XA‘)]

_ . 22 X . .
> e Nl 1 = nll + et U(X = X) o, &) + [F 1.0, X) = F(t 90, X)]
Me V2N s X
> 2= Tl U2 — x| —20(1+ | X)) > 0.
2 m =1 2° [ | (L+[1x) =

In the case £(X — X) < 0, we take 5o = 0 and |s;,| = A\e'/* so that s, (i) —
n,&5,) > 0. Then, as in the previous case we have

— K~ )\2 Y
el I =l + Gt = X))

+ I:]:(tvpﬂ%/‘?) _f(tap7n7X)] + []:(t7paﬁ7‘XA) _]:(t7p7’r]a/%):| 2> 0.

In particular, since ||7]| > K~!, we see F(t,p,n,X) = F*(t,p,n,X). Conse-
quently if we set €1 = €1 (K, Rg, Ao, A1), then the formula (5.1)) holds with hx(s) =
wRoJ/K(S)'

Case 2: For ||7j]| < K~! with K € N, we argue as in case 1 to derive the estimate
5. A

Finally, we consider the case of n = ) or X = X for 4 € R™\{0}. We can
choose sequences {n;} C R™\{0} and {X,} C S™ (R) such that n # n, nx — 7,
Xy, # X, Xy, — X as k,n — oo, respectively. Now let us set g, ,, := q(&, nx, 1), Xn, X)

where G(e, i, 7, Xn, X) satisfies the inequality (5.1) or (5.2). As Tpenlc < e/,
by compactness, the conclusion follows by taking as k — oo and then n — oo in

and (53)). 0
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