Electronic Journal of Differential Equations, Vol. 2021 (2021), No. 67, pp. 1-17.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO COUPLED
SEMILINEAR PARABOLIC SYSTEMS WITH BOUNDARY
DEGENERACY

XINXIN JING, YUANYUAN NIE, CHUNPENG WANG

ABSTRACT. This article concerns the asymptotic behavior of solutions to cou-
pled semilinear parabolic systems with boundary degeneracy. For the problem
in a bounded domain, it is proved that there exist both nontrivial global and
blowing-up solutions if the degeneracy is not strong, while any nontrivial so-
lution must blow up in a finite time if the degeneracy is enough strong. For
the problem in an unbounded domain, blowing-up theorems of Fujita type are
established. It is shown that the critical Fujita curve is determined by the
strength of degeneracy. In particular, it is infinite if the degeneracy is enough
strong.

1. INTRODUCTION
As a typical parabolic equation with boundary degeneracy,

%Z%(l‘A%)—i—f(l‘,t,u), 0<z<1,t>0, (A>0) (1.1)
is degenerate at x = 0, a portion of the lateral boundary. It is well known that
(1.1) can be used to describe some models, such as the Budyko-Sellers climate
model ([18]), the Black-Scholes model coming from the option pricing problem [3],
and a simplified Crocco-type equation coming from the study on the velocity field
of a laminar flow on a flat plate ([4]). In recent years, the null controllability of the
control system governed by was studied in [T}, 4] (5] [6], 8, O} 16l 2T, 24 25], and
it was shown that the null controllability depends on the degenerate exponent. In
particular, for the control system governed by

Ou 0 ( ,0u

ot~ ox (x O
it was proved that the control system is null controllable if 0 < A\ < 2, while not if
A > 2, where h is the control function, w is a subinterval of (0,1), and x,, is the
characteristic function of w. Although the system is not null controllable for A > 2,
it was shown in [19] that the system is approximately controllable in L?(0,1) for
any A > 0. In [20], the author proved that the asymptotic behavior of solutions

)+ hi@xe, (@) € (0,1) x (0,7),
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to (1.1) depends on the degenerate exponent. Precisely, the following problem was
studied

ou_ 00wy,
E_ax@ 8x)+u’ O<zx<1,t>0, (1.2)
ou
Aou _ _
(m 8x)(o,t) =0, w(l,t)=0, ¢>0, (1.3)
u(z,0) =up(z), 0<z<1, (1.4)

where A > 0, p > 1, and ug is a nonnegative function. For problem 7, it
was proved that there exist both nontrivial global and blowing-up solutions if the
degeneracy is not strong that A < 2, while the nontrivial solution must blow up in
a finite time if the degeneracy is so strong that A > 2. Furthermore, the blowing-up
theorems of Fujita type were also established in [20] for the following problem in
an unbounded domain

Ou _ 9 ¢ \0uy 4
E‘ax(x 833)+u7 2> 0,t>0, (1.5)
ou
AT _
(:c ax)(o’t> —0, >0, (1.6)
u(z,0) = uo(x), z>0. (1.7)

It was shown that the critical Fujita exponent is

3= 0< A<,
Pe = 400, A>2.

That is to say, in the case 0 < A < 2, any nontrivial solution to problem 1'

must blow up in a finite time if 1 < p < 3— A, while there are both nontrivial global

and blowing-up solutions to problem 7 if p>3—A. As to the case A > 2,

any nontrivial solution to (L.5)—(L.7) must blow up in a finite time for p > 1. In

1966, Fujita [T1] proved that for the Cauchy problem of the semilinear equation
ou

a:Au—i—u”, zeR™ t>0,

any nontrivial solution must blow up in a finite time if 1 < p < 1 4 n/2, whereas
there exist both nontrivial global and blowing-up solutions when p > 1+ n/2.
For this problem, p. = 1 + n/2 is called the critical Fujita exponent, and the
critical case p = p. was proved to belong to the blowing-up case in [12, [13]. Fujita
revealed an important topic of nonlinear partial differential equations. And there
have been a great number of extensions of Fujita’s results in several directions
since then, including similar results for numerous of quasilinear parabolic equations
and systems in various of geometries with nonlinear sources or nonhomogeneous
boundary conditions, see the survey papers [7, [I4] and also the recent papers [2] [I5],
17, 22], 23], [26], 27, 28], 29]. In particular, Escobedo and Herrero in [10] investigated
the Cauchy problem of the coupled semilinear parabolic system

%:Au+v”, %:Av+uq, zeR" t>0, (pg>1),

and proved that the critical Fujita curve is

2
(pq)e =1+ - max{p+ 1,q + 1}.



EJDE-2021/67 ASYMPTOTIC BEHAVIOR OF SOLUTIONS 3

That is to say, any nontrivial solution must blow up in a finite time if pg < 1 +
2/nmax{p + 1,q + 1}, whereas there exist both nontrivial global and blowing-up
solutions when pg > 1+ 2/nmax{p+1,q+ 1}.

A natural question of [20] is that how about the parabolic systems with the
boundary degeneracy, which is solved in this paper. More precisely, in this paper
we study the asymptotic behavior of solutions to the following two coupled parabolic
systems with the boundary degeneracy

u 0 [ ,0u v
5 8x( 6>+U’ O<x<l, t>0, (1.8)
ov 0/ ,0v u,
5 &T( 8)+ 0O<zx<l, t>0, (1.9)
( A‘9“) 0,1) = (x)‘av> =0, t>0, (1.10)
u(l,t) =v(1,t) =0, t>0, (1.11)
u(z,0) =up(z), v(x,0)=wvy(x), 0<z<]l, (1.12)
and
Ou _ 2 A% P
E’ax(x m)*”’ >0, t>0, (1.13)
9v _ 2 A@ q
%’ax(x 6x)+u, >0, t>0, (1.14)
ou Ov
A _ (A
( ax)(o 0) 7( - )(0 =0, t>0, (1.15)
u(z,0) =up(z), v(z,0)=wve(x), x>0, (1.16)

where p,g > 1 and A > 0. For problem f in a bounded domain, it is
shown that A = 2 is a threshold in the sense that there exist both nontrivial global
and blowing-up solutions if A < 2, while the nontrivial solution must blow up in a
finite time if A > 2. As for problem (L.13)-(1.16) in an unbounded domain, it is
shown that A = 2 is also a threshold such that the critical Fujita curve is

(pg). = 1+ (2—-XMmax{p+1,¢g+1}, 0<A<2
Pdje = ~+o00, A> 2.

Furthermore, the critical curve pg = (pq). belongs to the blowing-up case if 0 <
A < 2. That is to say, if the degeneracy is not strong that 0 < A\ < 2, any nontrivial
solution to - blows up in a finite time when pg < (pq)c, whereas there
exist both nontr1v1a1 global solution and blowing-up solution when pg > (pq).. If
the degeneracy is so strong that A > 2, any nontrivial solution to f
must blow up. The methods for the system in this paper are similar to the ones
in [20] for the single equation. For the blowing-up of solutions to (I.8)-(1.12) in a
bounded domain and problem (1.13)-(L.16)) in an unbounded domain, we apply the
methods of weighted energy estimates to determine the interaction of the degenerate
diffusions and the reactions, and the key is to choose appropriate weights. To
prove the global existence of nontrivial solutions, we construct suitable self-similar
supersolutions. Since the problems in this paper are on coupled parabolic systems
with boundary degeneracy, some complicated estimates are needed. In particular,
for the critical case pg = (pq). when 0 < A < 2, it is shown that it belongs to the
blowing-up case by a series of elaborate energy estimates.
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This article is organized as follows. Some preliminaries and main results are
stated in Section 2. Problem (1.8)—(1.12)) in a bounded domain and problem (|1.13)—
(1.16)) in an unbounded domain are studied in Section 3 and Section 4, respectively.

2. PRELIMINARIES AND MAIN RESULTS

The subsolutions, supersolutions, as well as solutions to problems (|1.8)—(1.12)

and (1.13)—(1.16)) are defined as follows.

Definition 2.1. Let 0 < T < 400. A pair of nonnegative functions (u,v) is called
a subsolution (supersolution, solution) to problem (1.8)-(L.12) in (0,7), if
(i) Forany 0 < T <T,u,ve L>((0,1)x(0,T)), and %It‘, g:,xA/Qg—g,x)‘/ng; €
L*((0,1) x (0,7)).
(ii) For any 0 < T < T and any nonnegative functions ¢, ¢ € C''([0,1] x [0, T])
vanishing at x =1,

// at“ plz,t) + Z(“)Zi( ) dedt

>,:)/O /Ovp(x,t)go(:c,t)dxdt,

T g, NGL o
/O /O (E(x,t)¢(m,t)+x %(x,t)afx(m,t))dxdt

<(>,=) /of /01 ul(z, t)p(z, t) de dt.

(iil) u(1,-),v(1,:) < (>,=)0in (0,7) and u(-,0) < (>,=)ug(+), v(-,0) < (=,=
Jup(+) in (0,1) in the sense of trace.

and

Definition 2.2. Let 0 < T < 400. A pair of nonnegative functions (u,v) is called
a subsolution (supersolution, solution) to problem (T.I3)—~(1.16)) in (0,7), if

(i) For any 0 < T < T, uv € L>((0,+00) x (()j“))’ and %1;7 gg’ xA/2%7
x>‘/2% in L?((0,R) x (0,7)) for each R > 0.

(ii) For any 0 < T < T and any nonnegative p,¢ € C([0,+00) x [0,T])
vanishing when x is large,

/ /+°° at (z, t)p(z, 1) + g (z, t)gi( ,t))dxdt

<(2,2) /0 / e it 1) e,

T +o0 o b) )
/ / a—:(x,t)¢(x7t) +x’\a—v(x,t)a—¢(x,t)) dz dt

+oo
<(>,= / / Iz, t)p(x,t) dx dt.

(iii) u(-,0) < (>,= 0) < (>,=)vo(+) in (0, +00) in the sense of trace.

and
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If (u,v) is a solution to (1.8)—(1.12) (or to (L.13)—(L.16))) in (0, +00), it is said

that (u,v) is a global solution in time. Otherwise, there exists T' > 0 such that
(u,v) is a solution in (0,7T) and satisfies

lu(-, )l o 0,1y + [lv(5 Ol Lo 0,1) = +00, ast— T,
(OI‘ ”u(’vt)HLoo(O,-‘roo) + ”U('at)”L‘”(O,-i-oo) — t+o00, ast— Tﬁ)a

and it is said that (u,v) blows up in a finite time.
Similarly to [20], one can establish the well-posedness and the comparison prin-

ciples for problems (|1.8)—(1.12)) and (1.13)—(1.16)).

Propos1t10n 2 3 ) For any 0 < ug,vg € L>(0,1) with 2 ?ul), 2 ?v} € L?(0,1),
problem (1.8 admzts at least one solution locally in tzme
( i) Assume that (t,9) and (4,0) are a supersolution and a subsolution to problem

7- in (0,T), respectively. Then (@,v) < (@, 0) in (0,1) x (0,T).

Proposition 2.4. (i) For any 0 < wug,vo € L>®(0,+00) with a*?u), 2?0} €
L?((0,R)) for each R > 0, problem (1.13)-(1.16]) admits at least one solution locally
m time.

(i) Assume that (G, 0) and (4, D) are a supersolution and a subsolution to problem
(1.13)—~(L.16) in (0,T), respectively. Then (i, v) < (4, 0) in (0,400) x (0,T).

The main results of the paper are as follows.

Theorem 2.5. Assume that 0 < A < 2, p,g > 1 and 0 < ugp,v9 € L*>°(0,1) with
a2l a2l € L2(0,1). Then the solution to (T.8)-(1.12) exists globally in time
if (up,vp) 1is suitably small, while blows up in a finite time if (ug,vo) is suitably
large.

Theorem 2.6. Assume that )\ > 2 and p,q > 1. Then for any nontrivial 0 <
g, vo € L>(0,1) with x*ufy, x*v) € L*(0,1), the solution to (L.8)~(L.12) must blow
up in a finite time.

Theorem 2.7. Assume that 0 < X\ < 2, 0 < ug,vg € L>(0,+00) with 2™ ?u)
22l € L2((0, R)) for each R >0, and (ug,vo) is nontrivial.
(i) If p,g > 1 and pg < 1+ (2 — M) max{p + 1,q + 1}, then the solution to

(1.13)—(1.16) must blow up in a finite time.

(ii) If p,g > 1 and pg = 1+ (2 — N)max{p + 1,q + 1}, then the solution to t

(1.13)—(1.16) must blow up in a finite time.

(i) If p,g > 1 and pg > 1+ (2 — N)max{p + 1,q + 1}, then the solution to
(11.13)—(1.16)) ewxists globally in time if (ug,vo) is suitably small, while blows

up in a finite time if (ug,vo) is suitably large.

Theorem 2.8. Assume that A > 2. Then for a nontrivial 0 < ug,vo € L*(0,+00)
with 2 ?uly, 22 ?v}) € L*((0, R)) for each R > 0, the solution to (T.13)~(1.16]) must

blow up in a finite time.

3. PROBLEM IN A BOUNDED DOMAIN

In this section, we prove Theorems and for problem (1.8)—(1.12)) in a
bounded domain.
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Proof of Theorem[2.5. First consider the global case. To show the existence of a

global solution to (1.8)—(1.12), we study self-similar supersolutions to ([1.8)) and
(1.9) of the form

W(x,t) = (t+7)" @D/ DT (4 7)YV zef0,1], t>0,  (3.1)
oz, t) = (t4 7)~ @/ PEDY (4 1)V ENg) oz e 0,1], £ >0, (3.2)
where 7 > 0 will be determined later. If U,V € C?((0,7~/(2=Y)) solve

1 +1

(AU ) + 53U + ;q — U@+ Vi) <0, 0<r< T EEY,(3.3)
1 +1

(V) + gV + g:?q — V() +U(r) <0, 0<r< T HEEY(3.)

then (a,v) given by (3.1) and (3.2) is a supersolution to (1.8)) and (1.9). Set
1 1 -
U =V =5 (- -r""), 0<r<r /e,
T

2—-X
For 0 < r < 7/~ from direct calculations we have
1 1
(U (1) + mrU/(T) + ;qt 1U(r) + VP(r)
1 _ p+1 1 _ 1 1 \\P
e T s S G S S e S
PR U sy T v H(z_A)p(T " )
V)Y + V() + L Ly s v
2—-A pq—1
_ I 5 g+1 1 5 1 1 5 )¢
- 2 RSy )+(2—)\)‘I(T " )
Hence (i, ) is a supersolution to (1.8]) and (1.9) for each 7 > 7, where
p+1 1 qg+1 1
Tp = max + +1, + + 1.
’ {(pq—l)(Q—A) (2= (pg=1)2-=2) (2= }

It is noted that
o1
(:c’\—u>(0,t) =0, a(l,t)>0, t>0,

ox
o0
)\7 — ~ > .
(x ax)(o,t) 0, 9(1,£)>0, t>0
Therefore, (4, ?) is a supersolution to (|1.8)—(1.12) if
uo(z) < a(z,0), wvo(z) <o(z,0), 0<ax<l (7>70). (3.5)

Thanks to Proposition (ii), one gets that the solution to (1.8)—(1.12) exists
globally in time if (ug,vg) satisfies (3.5]).
Now we turn to the blowing-up case. Without loss of generality, it is assumed

that p > ¢ > 1. Set
2, 0<z<3g,
((z) = ) 2
I+cos(2r — 1), 5 <x<1.

It is clear that ¢ € C1([0,1]) is piecewise smooth and satisfies ¢’(0) = 0, ¢(1) =0,
and for 1/2 <z <1,

(22 (2)) = —2xma* L sin(22 — 1)1 — 4n?a? cos(2x — 1) > —47%¢(x).
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Assume that (u,v) is a solution to ([1.8)—(1.12)) in (0, +00). It follows from Definition
that (u,v) satisfies

d 1
dt Jo

1 1 1
= u(x v(z 22 () dz vP(x z)da ul(z z)dz
- [ (et + @)@ @) dos [ 0@ nc@ et [ e ce)a

(u(z,t) +v(z,1))¢(z) dz

> —4#2/0 (u(x,t)—i—v(m,t))((w)dx—l—/o vP(z,t)((x) dx

1
a
+/O ul(z,t)((z)dz, t>0.

(3.6)
Denote
1
w(t):/ (@, ) + (@, £)C(z) dz, t> 0,
0
It follows from and Holder’s inequality that
d
aw(t)
1 1
— A2 a d P d
> —4r w(t)—i—/o ul(x,t)((z) a:+/0 vP(z,t)((z) dx
1 _ 1
> _4r2u(t) + (/0 C(m)dx)l q(/o u(m)g(x)dx)q (3.7)

+ (/01 ¢(x) dz)l_p</01 v(x, t)((x) dx>p

> —4r2w(t) + 21_p{</01 u(z, t)¢(x) dx)q + (/01 v(x, t)(z) d:zc)p}.

If w(t) > 2, then

/ u(z,t)¢(x)dx > 1 or / v(z, t)(z)dz > 1.
0 0

It follows from [I7, Lemma 3.6] that
1

1
( / (e, )¢ () d:v)q +( / (z, )¢ (@) dx)p > 97PLI(t), ifw(t) >2.  (3.8)
0 0
If (ug,vo) is sufficiently large such that
w(0) 22, wiH(0) > 2°F*x, (3.9)
one gets from (3.7) and (3.8) that
d
—w(t) > 272w Ht), t>0.
dt
Since p > g > 1, there exists T' > 0 such that
1
w(t) = / (u(z, t) + v(2, 0))C(@) dz — +o0, as t— T,
0
which leads to
llu(-, )| Lo 0,1y + V(- E) || Loo(0,1) — +00, ast— T .
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That is to see, if (ug,vo) satisfies (3.9), then (u,v) blows up in a finite time. The
proof of Theorem is complete. O

Proof of Theorem[2.6. Without loss of generality, it is assumed that p > ¢ > 1.
For 0 < d < 1, set

A=1oA—1-8,.—6 _ A=1-6oA—1 _
)= 173 2 T £=92 1, 0<x<1/2,
ri=r —1, 1/2<z<1.

It is clear that (s5(x) € C*((0,1]) is piecewise smooth, and

/1 Gs(w)dz < My (3.10)
0

(2Ch(@) = —A=1DA—=1=8§)22 17927279 <z < 1/2,
0 0, 1/2 <z <1,

where M; > 0 is a constant depending only on A but independent of §. Therefore,
there exists a constant Ms > 0 depending only on A\ but independent of § such that

(z2¢(2)) > —Mads(z), 0<a < 1. (3.11)

Assume that (u,v) is a solution to (1.8)—(1.12) in (0, 400). By the similar argument
in [20, Theorem 2.2], one can get that (u,v) satisfies

d 1
4 [ e+ o6 s

= [ () + o) G o+ [0 06) da

0 0

+/0 ul(z,t)(s(x) da (3.12)
271\/[25/0 (u(z,t)Jrv(m,t))C(g(x)der/O vP(x,t)(s(x) dz

—I—/O u(z,t)¢s(x) dz, t>0.
We denote .
w(t) = / (u(z,t) +v(z,t))(s(x)dz, ¢>0.
0

It follows from (3.12)) and Hélder’s inequality that
d
—w(t
)

> Mt + | (o) da + / (. )G ) da
> —Myde(t) / G5 (z) do l_q(/olu(x,t)g;(x)dx)q
/Cé dﬂU (/Olvﬂ?tCa) )

> —Msow(t) /1u (x,t)Cs(x dx)q + M11*P</ v(x, t)¢s(x) dx)p
0 0
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> —Mgéw(t)+M11p{(/lu(x,t)C5(x) dx>q+ (/Olv(x,t)g;(m) dx)p}. (3.13)

0

If w(t) < 2, then

1 1
/ u(z, t)(s(z) de < 2, / v(z,t)(s(x) da < 2.
0 0

It follows from [I7, Lemma 3.6] that

1

(/Olu(x,t)g;(a:) @)’ + (/O ol G (w) dz)” > 272 (r), i w(t) <2, (3.14)

Similarly to the proof of (3.8)), one can get

1

1 q p
(/ w(a, t)Cs () dx) + (/ (@, )¢s(x) dx) > 27 Pwi(t), ifw(t) > 2. (3.15)
0 0
Owing to info<s<1{w(0)} > 0, there exists sufficiently small 0 < § < 1 such that
M6 < 272P7 1M PP~ (0), Mo < 27P7 1M} Pwi™(0). (3.16)
If w(0) < 2, we claim that there exists T > 0 such that w(T) > 2. Otherwise,

w(t) <2, te0,+o0). (3.17)

It follows from (3.13)), (3.14)), (3.16) and (3.17) that

d
@t > 27 INITPGP(L), > 0.

Since p > g > 1, there exists 7' > 0 such that
1 A
w(t) = / (u(z,t) +v(z,t)(s(z)de — 400, ast—T,
0

which contradicts (3.17)). Therefore, one can assume that w(0) > 2. Then one gets
from (3.13), (3.15) and (3.16) that

d
w® > 27PTINMITPLA(E), > 0.

Since p > g > 1, there exists T' > 0 such that
1
w(t) = / (u(z,t) + v(x, )5 () de — 400, ast—T7,
0

which leads to
lu(-, )l Lo 0,1y + V(- )l Lo 0,1) = +00, ast— T .

That is to say, (u,v) must blow up in a finite time. The proof of Theorem is
complete. [
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4. PROBLEM IN AN UNBOUNDED DOMAIN
In this section, we prove Theorems and for problem (1.13)—(1.16]) in

an unbounded domain. It is clear that Theorem follows from Theorem 2.6
Propositions 2.4 and We only prove Theorem

Proof of Theorem[2.7 (i) and (iii). Without loss of generality, it is assumed that
p>q>1. For R> 0, set

1, 0<z <R,
Crz) = %(1 + cos @), R <z < 2R, (4.1)
0 z > 2R.

It is clear that (g € C! ([O7 +oo)) is piecewise smooth, and

AT sy . (@—Rm 72 (x — R)w
Pl I A—1 _ A .
(" Crl@)) = or" TR orz” “®TR

> - 22 1?2R M %(g(x), R<z<2R.

Assume that (u,v) is a solution to (1.13))—(1.16]) in (0, +00). It follows from Defi-
nition 2.2 that (u,v) satisfies

d [T
dt Jo

+00 Foo
= [ e+ Brole, )@ ) e R [ )il do
0 0

(u(z,t) + R7v(z,t))(p(z) do

“+oo
—|—/O vP(x,t)Cr(x) dx

+o0 +oo
> 2 2 RA2 / (u(z,t) + R7v(z,t))(p(x) do + R? / ul(x,t)Cr(z) de
0 0

+o00
+/ vP(z,t)Cr(x)de, t>0,
0
(4.2)
where

We denote
+oo
wr(t) = / (u(z,t) + R°v(z,t))C(r(x)dz, t>0.
0

It is noted that

pg—1
p+1°

l-¢q+oc=1-p—0op=—
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It follows from (4.2]) and Holder’s inequality that
d —+oo —+oo
awR(t) > — 22 12R N 2wg(t) + R° / ul(z,t)Cr(z) dz + / P (z,t)C(r(x) dz
0 0
+o0 1—gq +oo q
> — 22 RA 2 (1) +R”( / Cr(z) dx) ( / u(z, t)Cr () dx)
0 0

+ (/O+DO Cal() dx)lp(/0+oo

“+o0
> — 222 RA20p(t) + 21 IR 1O (/ u(zx, t)Cr(x) dx)q
0

v(z, t)Cr(x) dm)p

+oo P
+ 2171’R17p7”p< R7v(x,t)Cr(x) dm)
0

+
> — P 2R 20p (1) + 9l—p p—(pg—1)/(p+1) ((/ u(z, t)Cr(x) dx)q
0

“ /Om R7o(e.0)Cal@)dr)" ). 0.

(4.3)
Similarly to the proof of (3.14) and (3.15)), one obtains
+o0 q +o0 P
([ e ticutyan) s+ ([ Browtalo)do) = 2 2nhe),
0 0
if wr(t) < 2, (4.4)
+oo q +oo p
(/ u(z, t)Cr(x) dx) + (/ R7v(z, t)Cr(x) dx) > 27Pwh(t),
0 0
if wg(t) > 2. (4.5)
Since pg < (pq)e, it holds that
L kB
p+1
Thanks to infgsowgr(0) > 0, there exists R > 0 sufficiently large such that
2 r2 RA2 < 273 R (pa=D/ (A1) ,p =1 ) (4.6)
P2 RN 2 < 972 R=(Pa= )/ +1) 071 (), (4.7)

If wr(0) < 2, we claim that there exists 7' > 0 such that wg(T) > 2. Otherwise,
wgr(t) <2, tel0,+00). (4.8)
It follows from (4.3)), (4.4), (4.6) and (4.8) that

%wR(t) > 27 R=Pa=D/ AP (1) ¢ > 0.

Since p > q > 1, there exists T > 0 such that

wr(t) = /O+oo(u(x,t) + R7v(x,1))Cr(z) dz — 400, ast— T,
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which contradicts (4.8]). Therefore, one can assume that wg(0) > 2 without loss of

generality. Then one gets from (4.3)), (4.5) and (4.7)) that

%wR(t) > 272 R=(Pa=D/H T (1), ¢ > 0.

Since p > g > 1, there exists T' > 0 such that
+o00
wr(t) = / (u(z,t) + R7v(z,t))(r(x)dz — 400, ast—T,
0

which leads to
||U(',t)||L(x>(07+Oo) + HU(’7t)||Loo(07+oo) — 400, ast—T.

That is to say, (u,v) must blow up in a finite time.
We turn to case (iii) that pg > (pq).. Thanks to Theorem and Propositions

and the solution to (1.13)—(1.16) blows up in a finite time if (ug,vp) is

suitably large. Below we prove that there exists a nontrivial global solution to
(1.13)—(1.16) if (ug,vo) is suitably small. Set
a(z,t) = (t+ 1)~ P/ Dy (¢4 1)V Ny 2 >0, >0, (4.9)
oz, t) = (t+ 1)~ @D/ ey 4 1)"YCNg) 2 >0, t>0. (4.10)

If U,V € C?((0,+0)) satisfy

1 1

(AU () + 57U () + Ifj_ _U(r) +VP(r) <0, >0, (4.11)
1

(V) + gV )+ V) £ U <0, 7 >0 (4.12)

then, (@, 0) given by (4.9) and (4.10) is a supersolution to (1.13)) and (1.14). We

take
Ulr)y=V(r)= 667AT27A, r >0,

where € > 0 will be determined and A is a constant such that

p+1 1
— <A< ——. 4.13
EEPY e AR Ve (419)
For r > 0, one gets from direct calculations that

/ / 1 / p+1
(U (1)) + mrU (r)+ p—
=U() (A2 -0 (A@ -2 - 5 )P N+ (B - ae - )

+ gpflefA(pfl)r27>‘>

Ur)+ VP (r)

%)r%’\ + (;qtll —A2- )\)) + Ep—l)’

V(r)+Ui(r)

< U@ (a@-N(Ae2- -

1 qg+1
/\V/ ’ ‘r/

= v (-2 (A2 -0 - 55 )P+

+ gq—le—A(q—l)'rj*)‘)

q+1
pg—1

A2 )\))



EJDE-2021/67 ASYMPTOTIC BEHAVIOR OF SOLUTIONS 13

1 - g+1 _
< _ _ = )2 I _ ql.
<V (ae-n(ae-x 24)76 +(qu1 A2 =)+t

It follows from (4.13)) and p > ¢ > 1 that
1 p+1 q+1
A2 — — A2 — A2 = N).
R-N<5—x% -1 <A@, 7 <4R=Y

Therefore, (4, ) is a supersolution to ([1.13)) and (1.14) for each 0 < & < &g, where

g = min{(A(Q_)\) . p+1 )1/(p71), (A(2—)\) 3 qg+1 )1/((171)}.

pg—1 pg—1
Note that o o6
A—“)Ozszo (’\—U)Ot:O t>0
(=5 =0 (P5)0.0=0. t>0.
Therefore, (4, ?) is a supersolution to ([1.13))—(1.16) if 0 < & < gy and

uo(x) <a(z,0), wvo(z) <o(z,0), z>0. (4.14)

Thanks to Proposition (ii), the solution to (1.13)—(1.16] exists globally in time
if (ug,vo) satisfies (4.14)) and 0 < ¢ < 9. The proof of Theorem (i) and (iii) is

complete. O
To prove Theorem (ii), we need the following lemma.

Lemma 4.1. Let 0 < A <2, p > q > 1 and pqg = (pq).. Assume that (u,v) is a
solution to (1.13))=(1.16) in (0,+00). Then for any R >0,

wr(t) <N, t>0, (4.15)
%wa(t) > _ P Lo@rere-1)/0-1) No/o- /- D ph-2 50 (4.16)
p
d 2R 1/2
Con(t) 2Rl (- 272 / (u(e, 1) + Rov(a, 1))Cr() d)
dit R (4.17)

+ 2N RET VR (), >0,
where
“+o0
wn(t) = / (u(z,t) + R70(z,8))Ca(z) dz, t> 0,
0
N = 9@ N /(-1 2/a-1) 5 _ 1P
) p + 1 )

and Cr(x) is the function defined by (4.1)).
Proof. Since p > ¢ > 1, it holds that N > 2. It follows from (4.3 and (4.5 that

%MR(t) > M2 RAN2wR(t) + 217 R/ G (1) if wp(t) > 2. (4.18)

Since pq = (pq)e, one obtains
o pg—1
p+1

Let us prove (4.15)) by a contradiction. If (4.15)) is not true, there exists to > 0 such
that

=A-2

wr(ty) > N >2, 2212 <2724,L7(t). (4.19)
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Then, from (4.18) and (4.19) we obtain

d
R0 > 27 RATZWL (1), t > to. (4.20)

Since p > g > 1, there exists T' > tg such that

wgr(t) = /0+oo(u(z,t) + R%v(z,t))C(r(x)de — 400, ast— T,

which leads to
lu(, )l oo (0,4-00) + V(5 E) || Loo(0,400) — +00, ast—T7.

Hence (u,v) must blow up in a finite time, which is a contradiction. Thus (4.15) is

proved.
Now we turn to (4.16)). It follows from (4.3) that

ontty> —2”T2i:_2“R(t) + 21_ka_2((/0+00 i) ) (4.21)

P
+ ( Rv(z,t)Cr(x) dx) ), t > 0.
0
Owing to (4.15)), it holds that
+oo —+oo
/ u(z,t)(g(x)dz < N, / Rov(z,t)(r(x)dx < N, t>0.
0 0
Hence from [I7, Lemma 3.6] we obtain
1
(/O (@, )G () / R7u(a,0)Gs(w) dz)” > @N) (1), 1> 0. (4.22)
It follows from (4.21] , and Holder’s inequality that

%wR( 1) > = PR 2wn(t) + 21PN PR 2D (1)
22! NP RA (= 2T INP R (1) + W (1))
>91-2p =P RA~ 2( 217(2p+>\ 1)/(p=1) Np?/(p=1) 1 2p/(p—1)
1 p D
~Wh(t) + wR<t>)
> P2 L o@otan-1)/0-1) N/ -1 g2/ - D pA-2, 4 5,
Thus is proved.p

Next we prove (4.17)). It follows from (4.2)) and Hoélder’s inequality that

2R
%wR(t) /R (u(z,t) + R7v(z, 1)) (2 (R (2)) da

+o00 +oo
—|—R"/ ul(x,t)Cr(x) dx—i—/ vP(z,t)Cr(x) da
0 0

2R
> — 2)‘7T2R)\72/ (u(z,t) + R7v(z,t))(p(x) dz

R

+o0 Foo
—i—R”/O u?(z,t)Cr(z) dx—i—/o vP(z,t)Cr(z) da
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2R
> — 2’\7r2R’\_2/ (u(z,t) + R7v(z,t))(r(z) dz

R
—+o0

+R”</O+Oo Cr(z) dx)lq(/o u(z, t)Cr(x) dx)q

+ RUP(/JOO Cr(@) dx) o ( /()+OO

2R

> — 22 g?RA2 /R (u(z,t) + R7v(z,t))(r(z) dz

Rv(x,t)Cr(x) dx)p

4 ol-agl-ato ( /O o (e, t)Cr(z) dx)q

+ 21pR1p0P(/O+OO Rv(z,t)Cr(x) dw)p

2R

> _ A p2pA-2 / (u(z, £) + B7v(z,))C(z) do
R
+ 2172 NTPRATRR (1), >0,
which leads to (4.17]). O

Proof of Theorem[2.7 (ii). Assuming that (u,v) is a solution to (L.13)-(L.16) in

(0, +00), we set
—+oo
= sup wg(t)= sup/ (u(z,t) + R°v(z,t)) da. (4.23)
R>0,t>0 >0 Jo

From (4.15) and the nontriviality of (ug, vg), it holds that 0 < T' < +o0. For g9 > 0,
there exists t;1 > 0 and Ry > 0 such that

Wy (t1) = T — <o, (4.24)
where ¢¢ will be determined below. For any ¢ > t1, it follows from (4.16) with
R = Ry and (4.24) that

-1
wry (t) >wr, (t1) — 2 . 9(2p+Ap=1)/(p=1) NP/ (P=1) 122/ (=) RA=2(¢ _ ¢)

>T — g — 29;12(217#\17*1)/(?*1)Np/(pfl)ﬂ%/(p*l)RS\—?(t —t)
p

)

which, together with (4.23)), leads to
4Ro
| ) + B ) an, (o)
2Ro
—+oo
< / (u(z,t) + R%v(z,t)) dz — wg, (t) (4.25)
0

<ot 1%12@“@71)/@71) NP/ D20 D A2y,

Taking R = 2Ry in (4.17)), we obtain

d

EWQRO (t)
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4R

> (2Ro) wyf (0~ 2 /2 (u(a,t) + R70(x, 1)) Cor, () dx)l/ ’

+ 2N, s,

Ro

Fix g9 € (0,T") and My > 0 such that
212 (g0 4+ Mp)Y/2 < 27PN~P(T — ) 2P~ /2,
Owing to (4.23)—(4.25)), it holds that

d
(1) = PN TPRITHD —go)P, ) <t <t (4.26)

where
bty =t, + —L 12<2p+Ap71>/<1fp>Np/(lfpwp/(lfp)MoRS—A.
p—
It follows from (4.24)) and (4.26) that
Wap, (ta) > war, (t1) + 22272 N"PRY2(T — 0)P(ty — t1) > T — &0 + 10,
where
o = p‘f 12(2p2+2p+x—3>/<1—p> NP /(=p) 120/ (1=0) N (D )P,

Repeating the procedure, one obtains that for any positive integer ¢,

Wai gy (tig1) = waig, (i) + Mo > wai-1r, (ti) + 10 > T' — e + ino,

where
tigr =t + Z%Qupupfl)/(lfp)Np/(lfmﬂzp/(lfp)(QiflRO)zfAMo,
Therefore,
“+o0
sup/ (u(z,t) + R°v(x,t)) de = 400,
>0 Jo
which contradicts 0 < I' < +00. The proof of Theorem (ii) is complete. O
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