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CUBIC DIFFERENTIAL SYSTEMS WITH INVARIANT
STRAIGHT LINES OF TOTAL MULTIPLICITY SEVEN AND
FOUR REAL DISTINCT INFINITE SINGULARITIES

CRISTINA BUJAC, DANA SCHLOMIUK, NICOLAE VULPE

ABSTRACT. In this article we consider the class CSL‘%S‘X’ of non-degenerate
real planar cubic vector fields possessing four distinct real infinite singularities
and invariant straight lines, including the line at infinity of total multiplicity 7.
We prove that there are exactly 93 distinct configurations of invariant straight
lines for this class, and present corresponding examples for the realization of
each one of the detected configurations.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article we consider the real polynomial differential system

dx d

where P and @ are polynomials in x,y with real coefficients, i.e. P,Q € R[x,y].
The degree of a system is defined as max(deg(P), deg(Q)), so that a cubic system
is a system of degree three.

We also consider the vector field corresponding to (1.1)):
0 0
X = P(z,y)— =
(@) 5, + Q@95

Darboux [I2] introduced the notion of an algebraic invariant curve for differential
equations on the complex plane. An algebraic curve f(x,y) = 0 with f(z,y) €
C[z,y] is an invariant curve of a system of the form (1.1)) where P(z,y), Q(z,y) €
Clx,y] if and only if there exists K[z, y] € C[x,y] such that

X(f) = Ple.s) 30+ Qan) 5t = e (o)
is an identity in C[z,y]. Since R C C, any system ([1.1)) over R generates a system
of differential equation over C. Using the embedding C? — Py(C), (z,y) — [z :
y: 1] =[X:Y :2Z, (x =X/Z,y =Y/Z and Z # 0), we can compactify
the differential equation Q(z,y)dy — P(z,y)dz = 0 to an associated differential
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equation over the complex projective plane. In fact the theory of Darboux in [12]
is done for differential equations on the complex projective plane.

We compactify the space of all the polynomial differential system of degree
n on S¥~! with N = (n + 1)(n + 2) by multiplying the coefficients of each system
with 1/(2(@% + bfj))l/z7 where a;; and b;; are the coefficients of the polynomials
P(z,y) and Q(z,y), respectively.

Definition 1.1 ([3I]). (1) We say that an invariant curve £ : f(z,y) =0, f €
Clz,y] for a polynomial system (S) of degree n has multiplicity m if there exists
a sequence of real polynomial system (Sj) of degree n converging to (S) in the
topology of SY =1 N = (n+1)(n+2), such that each (S;,) has m distinct invariant
curves L1 : fiu(@,y) =0,..., Lk : frk(x,y) = 0 over C, deg(f) = deg(fix) =
r, converging to £ as k — oo, in the topology of Pr_1(C), with R = (r+1)(r+2)/2
and this does not occur for m + 1.

(2) We say that the line at infinity £, : Z = 0 of a polynomial system (S) of
degree n has multiplicity m if there exists a sequence of real polynomial system (S%)
of degree n converging to (S) in the topology of S¥=1, N = (n + 1)(n + 2), such
that each (Si) has m — 1 distinct invariant lines L1 : fix(z,y) = 0,..., L :
fm-1.6(z,y) = 0 over C, converging to the line at infinity L., as k — oo, in the
topology of P»(C) and this does not occur for m.

In this work we consider a particular case of invariant algebraic curves, namely
the invariant straight lines of system . A straight line over C is the locus
{(z,y) € C?|f(z,y) = 0} of an equation f(z,y) = uxr + vy + w = 0 with (u,v) #
(0,0) and (u,v,w) € C3. We note that by multiplying the equation by a non-zero
complex number A, the locus of the equation does not change. So that we have
a bijection between the lines in C? and the points in Po(C)\{[0 : 0 : 1]}. This
bijection induces a topology on the set of lines in C? from the topology of Py(C)
and hence we can talk about a sequence of lines convergent to a line in C2.

For an invariant line f(z,y) = uz + vy + w = 0 we denote a = (u,v,w) € C3
and by [a] = [u : v : w] the corresponding point in Py(C). We say that a sequence
of straight lines f;(x,y) = 0 converges to a straight line f(z,y) = 0 if and only if
the sequence of points [d;] converges to [a] = [u : v : w] in the topology of Py (C).

In view of the above definition of an invariant algebraic curve of a system ,
a line f(x,y) = ux + vy + w = 0 over C is an invariant line if and only if it there
exists K (x,y) € Clx,y] which satisfies the following identity in Clz, y]:

X(f) = uP(z,y) + vQ(x,y) = (uz + vy + w) K (2, y).

We point out that if we have an invariant line f(z,y) = 0 over C it could happen
that multiplying the equation by a number A € C* = C\ {0}, the coefficients of the
new equation becomes real, i.e. (u\, v\, wA) € R3. In this case, along with the line
f(x,y) = 0 sitting in C? we also have an associated real line, sitting in R? defined
by A\f(z,y) = 0.

Note that, since a system is with real coefficients, if its associated complex
system has a complex invariant straight line ux + vy + w = 0, then its conjugate
complex invariant straight line ux + vy + w = 0 is also invariant.

A line in P5(C) is the locus in Py(C) of an equation F(X,Y, Z) = uX+vY4+wZ =
0 where (u,v,w) € C* and F(X,Y,Z) € C[X,Y,Z]. The line Z = 0 in Py(C) is
called the line at infinity of the affine plane C2. This line is an invariant manifold
of the complex differential equation on P2(C. Clearly the lines in P3(C) are in a
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one-to-one correspondence with points [u : v : w] € Py(C) and thus we have a
topology on the set of lines in Po(C). We can thus talk about a sequence of lines
in P2(C) convergent to a line in Py(C).

To a line f(z,y) = uz + vy + w = 0, (u,v) # (0,0), f € C[z,y], we associate

its projective completion F(X,Y,Z) = uX + vY + wZ = 0 under the embedding
C?% — Py(C), (x,y) = [z :y: 1] = [X,Y, Z] indicated above.
We first remark that in the above definition we made an abuse of language. Indeed,
we talk about complex invariant lines of real system. However we already said that
to a real system one can associate a complex system and to a differential equation
Q(z,y)dy — P(x,y)dz = 0 corresponds a differential equation in Py(C).

We remark that the above definition is a particular case of the definition of
geometric multiplicity given in [IT], and namely the ”strong geometric multiplicity”
with the restriction, that the corresponding perturbations are cubic system.

The set CS of cubic differential system depends on 20 parameters and for this
reason people began by studying particular subclasses of CS. Some of these sub-
classes are on cubic system having invariant straight lines.

We mention here some papers on polynomial differential system possessing in-
variant straight lines. For quadratic system see [I3], 27, 26}, 31, 32} 33| B34} [35] and
[36]; for cubic system see [18] 21}, 22} 20} 28], [39, [40] 4, [5] 6}, [7], [8, O] [10] and [29]; for
quartic system see [38] and [42].

The existence of sufficiently many invariant straight lines of planar polynomial
system could be used for proving the integrability of such system. During the past
15 years several articles were published on this theme (see for example [32], 34]).

According to [I], for a non-degenerate polynomial differential system of degree
m, the maximum number of invariant straight lines including the line at infinity
and taking into account their multiplicities is 3m. This bound is always reached
(see [I1).

In particular, the maximum number of the invariant straight lines (including the
line at infinity Z = 0) for cubic systems with a finite number of infinite singularities
is 9. In [20] the authors classified all cubic systems possessing the maximum number
of invariant straight lines taking into account their multiplicities according to their
configurations of invariant lines. The notion of configuration of invariant lines for
a polynomial differential system was first introduced in [31].

Definition 1.2 ([35]). Consider a real planar polynomial differential system .
We call configuration of invariant straight lines of this system, the set of (complex)
invariant straight lines (which may have real coefficients) including the line at in-
finity of the system, each endowed with its own multiplicity and together with all
the real singular points of this system located on these invariant straight lines, each
one endowed with its own multiplicity.

In [20] the authors used a weaker notion, not taking into account the multiplic-
ities of real singularities. They detected 23 such configurations. Moreover, in [20]
the necessary and sufficient conditions for the realization of each one of 23 config-
urations detected, are determined using invariant polynomials with respect to the
action of the group of affine transformations (Aff(2,R)) and time rescaling (i.e.
Aff(2,R) x R*)). In [4] the author detected another class of cubic system whose
configuration of invariant lines was not detected in [20].

If two polynomial systems are equivalent under the action of the affine group and
time rescaling, clearly they must have the same kinds of configurations of invariant
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lines. But it could happen that two distinct polynomial systems which are non-
equivalent modulo the action of the affine group and time rescaling have “the same
kind of configurations” of straight lines. We need to say when two configurations
are considered equivalent.

Definition 1.3. Suppose we have two cubic systems (5), (S’) both with a finite
number of singularities, finite and infinite, a finite set of invariant straight lines
L;: filx,y)=0,i=1,...,k, of (S) (respectively L, : fl(z,y) =0,i=1,..., Kk, of
(S7)). We say that the two configurations C, C’ of invariant lines, including the line
at infinity, of these systems are equivalent if there is a one-to-one correspondence
¢ between the lines of C' and C’ such that:

(i) ¢ sends an affine line (real or complex) to an affine line and the line at
infinity to the line at infinity conserving the multiplicities of the lines and also
sends a invariant line with coefficients in R to an invariant line with coefficients in
R;

(ii) for each line £ : f(x,y) = 0 we have a one-to-one correspondence between
the real singular points on £ and the real singular points on ¢(£) conserving their
multiplicities and their order on these lines;

(iii) we have a one-to-one correspondence ¢, between the real singular points
at infinity on the (real) lines at infinity of (S) and (S’) such that when we list in
a counterclock wise sense the real singular points at infinity on (S) starting from a
point p on the Poincaré disk, p; = p,. .. ,pk, Poo Preserves the multiplicities of the
singular points and preserves or reverses the orientation;

(iv) consider the total curves

F By, zymzm =0, 7 [ E(X.Y, 2™ Z™ =0

where F;(X,Y, Z) = 0 (respectively F!(X,Y, Z) = 0) are the projective completions
of L£; (respectively £}) and m;, m} are the multiplicities of the curves F; = 0, F} =0
and m,m’ are respectively the multiplicities of Z = 0 in the first and in the second
system. Then, there is a one-to-one correspondence 1 between the real singularities
of the curves F and F’ conserving their multiplicities as singular points of the total
curves.

Remark 1.4. To describe the various kinds of multiplicity for infinite singular
points we use the concepts and notations introduced in [3I]. Thus we denote by
“(a,b)” the maximum number a (respectively b) of infinite (respectively finite)
singularities which can be obtained by perturbation of a multiple infinite singular
point.

The configurations of invariant straight lines which were detected for some fam-
ilies of system , were instrumental for determining the phase portraits of those
families. For example, in [32] [34] it was proved that we have a total of 57 distinct
configurations of invariant lines for quadratic system with invariant lines total mul-
tiplicity greater than or equal to 4. These 57 configurations lead to the existence of
135 topologically distinct phase portraits. In [28 39, [40, [29] it was proved that cubic
system with invariant lines of total parallel multiplicity six or seven (the notion of
”parallel multiplicity” could be found in [40]) have 113 topologically distinct phase
portraits. This was done by using the various possible configurations of invariant
lines of these system.
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In what follows we define some algebraic-geometric notions which will be needed
in order to describe the invariants used for distinguishing configurations and phase
portraits.

Let V be an irreducible algebraic variety of dimension n over a field K.

Definition 1.5. A cycle of dimension r or r-cycle on V' with coefficients in an
Abelian group G is a formal sum Xynw W, where W is a subvariety of V of
dimension r which is not contained in the singular locus of V, ny € G, and
only a finite number of ny are non-zero. The support of a cycle C is the set
Supp(C) = {W|nw # 0}. An (n — 1)-cycle is called a divisor D.

Definition 1.6. We call type of a divisor D the set of all ordered couples (m, s,,)
where m is an integer appearing as a coeflicient in the divisor D and s, is the
number of occurrences in D of the coefficient m.

Clearly the notion of type of a divisor is an affine invariant.

These notions (see [16]) which occur frequently in algebraic geometry, were
used for classification purposes of planar quadratic differential system by Pal and
Schlomiuk [24], [30] and by Llibre and Schlomiuk in [I9]. They are also helpful here
as we indicate below.

We apply the preceding notions to planar polynomial differential system .
We denote by PSL,, ¢ the class of all non-degenerate planar polynomial differential
system of degree n with a finite number of infinite singularities and possessing
invariant lines, including the line at infinity, of total multiplicity £.

We define here below an important divisor which is used in this work and which
we call the parallelism divisor. Consider a system in (S) € PSL,, ¢. Let p1,pa, ..., Ds
be the set of all the real singular points at infinity of (S). Let ji, k € {1,...,s}
be the total multiplicity of all invariant affine lines which cut the line at infinity
at pg. Let ig, k € {1,...,s} be the maximum number of distinct invariant affine
lines which can appear from the line at infinity in a perturbation of (S) in the class
PSL,, ¢ and which cut the line at infinity at p.

Definition 1.7. We call parallelism divisor on Z = 0 with coefficients in Z? the
divisor Dp,(S; Z) defined as follows:

D.(S; 2) :i <;Z>m

k=1

In this definition we spell out the affine part ji (the finite parallelism index)
as well as the infinite part expressed by ij (the infinite parallelism index). We
could form another divisor on the line at infinity, namely Y7 _, (ix + ji)px whose
coefficients are the total parallelism indices.

Definition 1.8. We define the parallelism type of the configuration (or simply type
of the configuration) of invariant lines occurring for a cubic polynomial system (.5),
the sequence of non-zero numbers, 7, = ix+ji, k € {1,..., s} attached to D (S; Z),
listed according to descending magnitudes:

T=(m, 12,...,7), 1<I<s.

Clearly ¥ is an affine invariant of system in the class PSL,, ¢ and of their con-
figurations of invariant lines.
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Notation 1.9. We shall denote by CSL2*> the class of cubic system with invariant
lines of total multiplicity seven which have four distinct real singularities at infinity.

In this article we classify the family CSL‘%SOO according to the relation of equiv-

alence of configurations. Our main result is the following one.

Theorem 1.10. The class CSL‘%SOO has a total of 93 non-equivalent configurations
of invariant lines, only 20 of which have complex invariant lines and these are
always simple, 10 of which are with only one couple of complex conjugate invariant
lines and 10 with two couples of complex conjugate invariant lines. The remaining
74 configurations have only invariant lines whose coefficients could be made real,
of multiplicities at most three and in anyone of the configurations, there is at most
one line of multiplicity three. There is a total of five configurations with a triple
imvariant line, in two of them this being the line at infinity. The 93 configurations
Config. 7.1-Config. 7.93 of invariant straight lines are given in Figure [ The
configurations split into subclasses according to the wvalue of the invariant T as
follows:

14 configurations Config. 7.1 Config. 7.14 are of the type ¥ = (3,3);
26 configurations Config. 7.15— Config. 7.40 are of the type T = (3,2,1);
25 configurations Config. 7.41— Config. 7.65 are of the type T = (3,1,1,1);
1 configuration Config. 7.66 is of the type T = (2,2,2);

27 configurations Config. 7.67— Config. 7.93 are of the type T = (2,2,1,1).

We prove that each one of these configurations is realizable within CSL‘%SOC by
constructing examples for each one of the configurations Config. 7.1-Config. 7.93.
The proof that all these 93 configurations are non-equivalent, according to our
definition of equivalence is done in Subsection 3.6.

Notation 1.11. We explain here how to read the pictures representing the config-
urations. An invariant line with multiplicity & > 1 will appear in a configuration
in bold face and will have next to it the number k. Real invariant straight lines
are represented by continuous lines, whereas complex invariant straight lines are
represented by dashed lines. The multiplicities of the real singular points of the
system located on the invariant lines, will be indicated next to the singular points.
The maximum number of parallel invariant straight lines will be shown to be three.
Whenever we have three parallel lines, clearly at least for one of these will be real.
Due to an affine transformation we can assume this line to be £ = 0 and after this
transformation the system will be of the form:

i = x(a+ 2bx + cx?), §=Q(a x,y).

Here Q(a,z,y) = ag + aior + ap1y + az0x? + 2a117y + agey? + azor® + 3azz2y +
3aiawy? + ap3y® and a = (ag,aio, - .-, ae3). If two invariant lines of the triplet are
complex, then the condition b?> — ac < 0 must hold and this implies that ¢ # 0 and
due to time rescaling we may assume ¢ = 1. Setting b> —a = —u? (a = b* + u?) we
obtain the system

i =xz[(z+b)? +u?],

y=Qa,z,y).
which has the triplet of invariant lines: z = 0, x = —b + iu, * = —b — iu. In case
b # 0 we place both complex invariant lines on one side of the real line. If b = 0 we
make the convention to place this line between the two complex lines.

(1.2)
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Ficure 1. Configurations of invariant lines of total multiplicity 7
for cubic system with 4 distinct real infinite singularities (to be
continued)

The work is organized as follows. In Section 2 we give some preliminary results
needed for this paper. In Section 3 we prove our Main Theorem restricting ourselves
to cubic system with exactly four distinct singularities at infinity. In Subsection 3.1-
3.5 we examine step by step each one of the five possible types of the configurations
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FIGURE 1. (cont.) Configurations of invariant lines of total mul-
tiplicity 7 for cubic system with 4 distinct real infinitesingularities
(to be continued)

defined above (see Definition|1.8)). In Subsection 3.6, using the geometric invariants,
we prove that all the 93 detected configurations of invariant lines for the class of
cubic system we considered are distinct according to Definition 1.3.
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FIGURE 1. (cont.) Configurations of invariant lines of total multi-
plicity 7 for cubic system with 4 distinct real infinite singularities
(to be continued)

We note that the construction of the affine invariant necessary and sufficient
conditions for the distinction of the configurations as well as for the realization of
each one of them will be the subject of a new article which is in progress.
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FIGURE 1. (cont.) Configurations of invariant lines of total mul-
tiplicity 7 for cubic system with 4 distinct real infinite singularities

2. PRELIMINARIES

Consider real cubic system, i.e. system of the form:
& = po +pi(z,y) +p2(z,y) + ps(x,y) = Pla, 2,y),
¥ =q0+q(2,y) + @(r,y) + ¢3(z,y) = Qa, z,y)

with variables z and y and real coefficients. The polynomials p; and ¢; (i = 0,1, 2, 3)
are homogeneous polynomials of degree ¢ in x and y:

(2.1)

po =aoo, Pp3(x,y) = asox® + 3azix’y + 3arawy® + aosy’,
p1(z,y) = a10x + aoy, p2(x,y) = azox” + 2a117Y + ae2y’,

a0 =boo,  q3(x,y) = bsoa® + 3ba1a”y + 3biaay”® + bosy®,
a1 (2,y) = biox +bory,  2(2,y) = baox” + 2b112y + boay”.
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Let a = (CLQ(), ai1o0, agl, - - -5 ap3, boo, b10, b01, ey b03) be the 20—tuple of the coefficients
of system ([2.1) and denote
Rla, z,y] = Rlago, a10, ao1, - - - , @03, boo, b10, bo1, - - - boz, x, Y]

It is known that on the set of polynomial systems , in particular on the set
CS of all cubic differential system (2.1]), acts the group Aff(2,R) of affine transfor-
mation on the plane [35]. For every subgroup G C Aff(2,R) we have an induced
action of G on C'S. We can identify the set C'S of system with a subset of
R?0 via the map CS — R?° which associates to each system the 20-tuple
a = (a007 ai10,ap1y - --5a03, boo, b107 b()17 ey bog) of its coefficients.

For the definitions of an affine or GL-comitant or invariant as well as for the
definition of a T-comitant and CT-comitant we refer the reader to [31I]. Here we
shall only construct the necessary invariant polynomials (7T-comitants) which are
needed to detect the existence of invariant lines for the class of cubic system with
four real distinct infinite singularities and with invariant straight lines with total
multiplicity seven, including the line at infinity (with its own multiplicity).

Let us consider the polynomials

Ci([l,x,y) = ypi(a’amyy) - -TQi(CL,x,y) € R[a,x,y}, 1= Oa 17273a

D;(a,x,y) = %pi(a,m,y) + qui(a,x,y) € Rla,z,y], i =1,2,3.
As it was shown in [37] the polynomials
{Co,C1,C5,C3, D1, Dy, D3} (2.2)
of degree one in the coefficients of system are G L-comitants of these system.
Notation 2.1. Let f, g € Rla, x,y| and
k k k
(f,9)" = Z<_1)h (/]i) 3xihfayh 8xh885k7h'

h=0

(f,9)®) € Rla, z,y] is called the transvectant of index k of (f, g) (cf. [15], [23]).

Theorem 2.2 ([1]). Any GL-comitant of system (2.1) can be constructed from
the elements of the set (2.2) by using the operations: +, —, X, and by applying the
differential operation (f,g)"*).

Applying the translation z = 2’ 4+ x9, y = ' + yo to the P(a,z,y) and Q(a, z,y),

we obtain P(d(a,xmyo),x',y') = P(a, 2’ + zg,y + yo) and Q(d(mxo,yo),x',y’) =
Qa, 2’ + xo,y + yo). We construct the following polynomials
Qi (aa Zo, yO) = Resx’ (Cz (d(aa Zo, yO)v xlv y/) ) CO (&(a, Zo, yO)v xlv y/))/(yl)iJrlv
Qi(a7 Zo, yO) S R[a7 Zo, 90]7 (Z = 17 27 3)
and we denote

g~i(G/7x?y) = Sli(a/vx()a:yO)‘{zO:a:7 o=y} € R[a,%y] (Z = 17273)

Remark 2.3. We note that the polynomials G (a, z,Y), Gg(a,x, y) and gg(a,x, Y)
are affine comitants of system ([2.1) and are homogeneous polynomials in the coef-
ficients aqo, - - . , bps and non-homogeneous in x,y and

deg,G1 =3, deg,G> =4, deg,Gs =05,
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deg(%y) G, = 8, deg(%y) Gy = 10, deg(m’) Gy = 12.

Notation 2.4. Let G;(a, X,Y, Z) (i = 1,2,3) be the homogenization of G;(a, z,y),
1.€e.

Gi(a, X,Y,Z) = Z%G1(a, X/2,Y /| Z),

Go(a,X,Y,Z) = Z°Gs(a, X/ Z,Y /| Z),

Gs(a,X,Y,Z) = Z*2Gs(a, X/ Z,Y /| Z),

H(a, XY, Z) = ged (G1(a, X,Y, Z),Ga(a, X, Y, Z),Gs(a, X, Y, Z))

in Rla, X,Y, Z].

The geometrical meaning of these affine comitants is given by the two following
lemmas (see [20]).

Lemma 2.5. The straight line L(x,y) = uz+vy+w = 0, u,v,w € C, (u,v) # (0,0)
is an invariant line for a cubic system (2.1) if and only if the polynomial L(x,y) is
a common factor of the polynomials G1(x,y), Ga(x,y) and Gs3(x,y) over C, i.e.

Gi(z,y) = (uz + vy + w)Wi(z,y) (i=1,2,3),
where Wi(z,y) € Cla, y).
Lemma 2.6. Consider a cubic system ([2.1) and let a € R?° be its 20-tuple of
coefficients.

(1) If L(z,y) = ux + vy +w = 0, u,v,w € C, (u,v) # (0,0) is an invariant
straight line of multiplicity k for a system (2.1)) then [L(z,y)]* | ged(G1, Ga, G3) in
Clz,y], i-e. there exist Wi(a,x,y) € Clx,y] (i = 1,2,3) such that

éi(aaxay) = (um+vy+w)kWi(a,x,y), 1:17273

(2) If the line lo : Z = 0 is of multiplicity k > 1 then Z*~' | gcd(G1, G2, G3), i.e

we have Z*1 | H(a, X,Y, 7).

Consider the differential operator £ = z-Lg —y-L; constructed in [3] and acting
on R[a, z,y], where

L 3ag0=—— + 2a + i-ﬁ-l i—i—ga i—i—a 9
e 003 0 108 0 laal 3 28a12 3 118&21 208@30
0 0 1 0 2 0 0
3b 2b10=—— + bogr=—— + —boga—— b b
P00 gy S0 by T gloegy o g gy L b
Ly =3a 0 +2a01 57— +a 2 —i—la 2 +ga 9 +a 9
2= 00 3a0 01 8a02 10 (9(111 3 20 8@21 3 118&12 02 8a03
0 0 0 1 0 2 0 0
b 2b b —byg—— + =b b
= 3boo g 21y broggy A ghao g A ghu gy = boe gy

Using this operator and the affine invariant

pto = Resultant, (p3(a, z,9), g3(a, z,9)) /v’

we construct the polynomials
0! P —
wila,z,y) = L (o), i=1,..,9,

where £& (po) = £(L£5D (o)) and £ (1) = po.
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These polynomials are in fact comitants of system with respect to the group
GL(2,R) (see [3]). The polynomial p;(a,z,y), ¢ € {0,1,...,9} is homogeneous of
degree 6 in the coefficients of system and homogeneous of degree i in the
variables x and y. The geometrical meaning of these polynomial is revealed in the
next lemma.

Lemma 2.7 ([2, B]). Assume that a cubic system (S) with coefficients a € R?°
belongs to the family . Then:
(i) The total multiplicity of all finite singularities of this system equals 9 — k if
and only if for every i € {0,1,...,k — 1} we have p;(a,z,y) =0 in the ring Rz, y]
k

and pr(a, x,y) # 0. In this case the factorization ug(a,z,y) = H(sz —vy) £0
i=1
over C indicates the coordinates [v; : u; : 0] of singularities at infinity which in
perturbations generate finite singularities of the system (S). Moreover the number
of distinct factors in this factorization is less than or equal to four (the mazimum
number of infinite singularities of a cubic system) and the multiplicity of each one
of the factors u;x — v;y gives us the number of the finite singularities of the system
(S) which have coalesced with the infinite singular point [v; : u; : 0].

(i) The point My(0,0) is a singular point of multiplicity k (1 < k < 9) for
the cubic system (S) if and only if for every i such that 0 < i < k — 1 we have
to—i(a,z,y) =0 in Rz,y| and pyo_r(a,z,y) # 0.

(iii) The system (S) is degenerate (i.e. ged(p,q) # const) if and only if
wi(a,z,y) =0 in Rlz,y] for everyi=0,1,...,9.

To define the invariant polynomials we need, we first construct the following
comitants of second degree with respect to the coefficients of initial system (2.1)):

= (Co.C1)V, S10=(C1,C5)V, Sig = (Co, D5)V,
= (Co,C2)", 811 =(C1,C5), 8o = (Ca, D3)?,
= (Co, D), S12=(C1,D5)", 8oy = (D2, C5)",
S =(Co,C3) . S13=(C1.D3)?,  Sap = (D2, D)V,
= (Co, D3)"V,  S1a=(C2, ), Sps = (C3,C5)?
= (01,0, Si5=(C2, D)"Y, Say = (C5,C5)Y,
= (C1,0)W . S5 = (C2,C3)V, Sas = (C3,D3)Y,
= (C1,02)?, Sir=(C2,C3) . Spe = (C3,D5)",

Sg = (017D2)( ) Sig= (02,03)(3) , Sor = (D3,D3)(2) .

We shall use here the following invariant polynomials constructed in [20] and [6]
in order to determine the necessary conditions for the existence and the numbers
of triplets and/or couples of parallel invariant straight lines which a cubic system
could have (see Theorem [2.10)):

Vi(a,2,y) =Sa3 +2D3, Va(a,z,y) = Sas, Vs(a,z,y) = 6525 — 3523 — 2D3,
Vi(a, z,y) =Cs {(037523) + 36 (D3,526) } )
)

V5(a, x,y 603(9145 — 7A6) + 2D3(4T16 — T17) - 3T3(3A1 + 5142) + 3A5Ty
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+ 3672 — 3Ty,
where
Ay = 530/288, A = Sy/T2, Ay = (T2D1 4z + (S22, D)) /24,
As = (823, C5)\Y /27735, Ag = (Sas, D3) ) /2° /37
are affine invariants, whereas the polynomials
Ty = S53/18, Ty = Sp5/6, Ts = So6/72, Tis = (Sas, Ds)® /26/33,
Ty = (526,D3)(1)/25/33, Tua = ((S23,C3) W, Dg)(Q)/5/26/33’

are T-comitants of cubic system (see [31] for the definition of a T-comitant).
We remark that in the above invariant polynomials we keep the notations introduced
in [6].

To determine the degree of the common factor of the polynomials G;(a, z,) for
i =1,2,3, we shall use the notion of the k*" subresultant of two polynomials with
respect to a given indeterminate (see for instance, [17], [23]).

Following [20] we consider two polynomials

f(2) =apz" +a12" P - dan, g(z) =bez™ + b1 2" F by,

in the variable z of degree n and m, respectively.
We say that the k-th subresultant (see for example, [23]) with respect to variable
z of the two polynomials f(z) and g(z) is the (m+n—2k) x (m+n—2k) determinant

ag al as oo oo Qmyn—2k—1
0 aop ai cee e Om4n—2k—2 (m _ k) — times
0 0 ao oo oo Qmyn—2k-—3
RP(fg) =0 oo (2.3)
0 0 by ... .. biin_2k_3
0 bo by ... ... bm+n—2k—2 (n - k') — times
bo b1 by ... ... bm+n—2k—1

in which there are m — k rows of a’s and n — k rows of b’s, and a; = 0 for ¢ > n,
and b; = 0 for j > m.

For k = 0 we obtain the standard resultant of two polynomials. In other words
we can say that the k—th subresultant with respect to the variable z of the two
polynomials f(z) and g(z) can be obtained by deleting the first and the last k rows
and the first and the last & columns from its resultant written in the form
when k£ = 0.

The geometrical meaning of the subresultants is based on the following lemma.

Lemma 2.8 (see [I7, 23]). Polynomials f(z) and g(z) have precisely k roots in
common (considering their multiplicities) if and only if the following conditions

hold:

RgO)(fmg) = R,(zl)(fvg) = R,(ZZ)(f’g) == R,(zkil)(fag) =0# R,(zk)(fvg)

For the polynomials in more than one variables it is easy to deduce from Lemma
the following result.
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Lemma 2.9. Two polynomials f(xl, X9y .. &y) and g(x1,x9, ..., x,) have a com-
mon factor of degree k with respect to the variable x; if and only if the following
conditions are satisfied:

RO(f,9) =R (f,9) = RO(f,9) =--- = RED(F,9) =0 # RP(f,9),
where R%J)(f, 9)=0inRz,...05_1,Tj41,...,Tn].

In [20] all the possible configurations of invariant lines are determined in the case,
when the total multiplicity of these line (including the line at infinity) equals nine.
All possible configurations of invariant lines in the case when the total multiplicity of
these line (including the line at infinity) equals eight, are determined in [5} 6] 7, [8, [@].

In the above mentioned articles several lemmas are proved concerning the number
of triplets and /or couples of parallel invariant straight lines which could have a cubic
system. Taking together these lemmas produce the following theorem.

Theorem 2.10. If a cubic system possesses a given number of triplets or/and
couples of invariant parallel lines real or/and complex, then the following conditions
are satisfied, respectively:

(i) two triplets imply V1 = Vo =U1 =0;

(ii) one triplet and one couple imply V4 = Vs =Us = 0;

(iii) one triplet imply V4 = U = 0;

(iv) 3 couples imply V3 = 0;

(v) (v) 2 couples imply Vs = 0.

Remark 2.11. The above conditions depend only on the coefficients of the cubic
homogeneous parts of the system (2.1)).

We rewrite the system differently:
i =a+cx + dy + gx® + 2hay + ky? + pxd + 3qzy + 3ray® + sy
= P(z,y),
y=0b+ex+ fy+ 2% + 2may + ny? + ta® + 3ua?y + 3vzy® + wy?
= Q(z,y).

Let L(z,y) = Uz + Vy + W = 0 be an invariant straight line of this family of
cubic system. Then, we have

UP(z,y) + VQ(x,y) = (Ux + Vy + W)(Az® 4+ 2Bay + Cy? + Dz + Ey + F),

(2.4)

and this identity provides the following 10 relations:
Equ=p—-AU+tV =0, Eg = 2h—E)U+ (2m — D)V —2BW =0,
Ego=Bq—2B)U+ Bu— AV =0, Eqg =kU+ (n—-E)V-CW =0,
Eq=0Br-C)U+Bv—-2B)V =0, Eg=(c—-F)U+eV-DW =0 (2.5)
Ep=(s—C)WU+Vw=0, Eq=dU+(f—F)V—-EW =0,
Egs=(9g—D)U+1IV—-AW =0, Eqqo=aU+bV—-FW =0.
It is well known that the infinite singularities (real or complex) of system

are determined by the linear factors of the polynomial

Cs = yp3(z,y) — zq3(x,y).
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Remark 2.12. Let C3 = H?Zl(oziz + Biy), i = 1,2,3,4. Since among the infinite
singularities we have the points at infinity of invariant lines, for an invariant line
Uz +Vy+ W =0 we must have [U : V] = [«a; : 8;] for some ¢ and we may assume
(U, V) = (a4, ;). In this case, considering W as a fixed parameter, six equations
among become linear with respect to the parameters {A, B,C, D, E, F'} (with
the corresponding non-zero determinant) and we can determine their values, which
annihilate some of the equations ) So in what follows we will examine only
the non-trivial equations containing the last parameter W.

For the proof of the Main Theorem it is useful to consider the following homo-
geneous cubic system associated to system ([2.4):

Clearly in the case of four real distinct infinite singularities the polynomial
Cs3(z,y) has four distinct real linear factors. The following remark concerning the
associated homogeneous cubic system ([2.6]) is useful.

Remark 2.13. Assume that a cubic system possesses invariant lines of total
multiplicity three (respectively two) in a real direction. Then the corresponding as-
sociated homogeneous cubic system has one invariant line of total multiplicity
at least three (respectively two) in the same direction.

Indeed, if a system (2.4)) possesses a triplet of parallel invariant lines (distinct or
coinciding) in a real direction then via an affine transformation this system could
be brought to the form

.T:I[(I+b)2+u]a y:Q(aaxay)'

It is clear that if u < 0 (respectively u > 0) then we have three real (respectively

one real and two complex) all distinct invariant lines. In the case u = 0 we either

have one simple and one double invariant lines if b # 0, or one triple invariant line

if b = 0. It remains to observe that in all four cases the corresponding associated

homogeneous cubic systems possess the invariant line x = 0 of total multiplicity at

least three. The case of a couple of parallel invariant lines ca be examined similarly.
According to [20] | (see also [25]) we have the following result.

Lemma 2.14. If a cubic system (2.4)) has 4 real distinct infinite singularities then
its associated homogeneous cubic system (2.6)) could be brought via a linear trans-
formation to the canonical form (Sr):

¥ =(p+ T)x?’ +(s+ v)xzy +qzy?, C3= zy(x — y)(rz + sy),

/ 2 2 3 (2'7)
y =pxfy+ (r+v)zy® + (g +s)y>, rs(r+s)#0

3. PROOF OF THE MAIN THEOREM

The proof proceeds in three steps:

Firstly we construct the cubic homogeneous parts (Ps, Q3) of system for
which the corresponding necessary conditions provided by Theorem [2.10] in order
to have the specified number of triplets or/and couples of invariant parallel lines in
the corresponding directions are satisfied.

Secondly we consider the system with the cubic homogeneous parts (Ps, Q3)
and generic homogeneities of lower degrees. For these system using the equations
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we determine the coefficients of these homogeneities in order to get the re-
quired number of invariant lines (of total multiplicity 7) in the required configu-
ration. Thus the second step ends with the construction of the canonical system
possessing the required configurations.

Thirdly, we prove that all the constructed configurations are distinct in view
of the Definition To do this we apply some geometric invariants defined in
Subsection

Assuming that cubic systems in the family (2.4)) possess four distinct real infinite
singularities, according to Lemma [2.14] via a linear transformations they could be
brought to the family of systems

& =a+ cx 4 dy + gz? + 2hay + ky* + (p + )2 + (s + v)2y + qzy?,

) (3.1)
J =b+ex + fy+1z® + 2may + ny® + pzy + (r + v)zy® + (¢ + 5)y°

with C5 = zy(x — y)(rx + sy) and rs(r + s) # 0. As we have four real infinite
singularities and the total multiplicity of the invariant lines (including the line at
infinity) must be 7, then the above system could only have one of the following five
possible types of configurations of invariant lines:

(1) T=(,3); () T=(321); (ui)T=(3111)

(i0) T = (2,2,2); () T=(2,2,1,1). (32)

3.1. Systems with the type of the configuration T = (3,3). Since we have
two triplets of parallel invariant lines, according to Theorem the conditions
Vi = Vo = Uy = 0 are necessary for system . In [20, Section 5.1] it was
proved that in this case via a linear transformation and time rescaling the cubic
homogeneities of these system could be brought to the forms x3, y3 and we consider
the homogeneous system
t=a y=y°. (3.3)
So applying a translation we may assume g = n = 0 in the quadratic parts of
system with the cubic homogeneities 2, y%. In such a way we obtain the
family of systems
& =a+cx+dy + 2hxy + ky® + 22,

y=0b+ex+ fy+1a® + 2may + y°,

for which we have Cs(z,y) = zy(z — y)(z + y).

To find out the directions of two triplets, according to Remark[2.13] we determine
the multiplicity of the invariant lines of system . For this system we calculate
(see the definition of the polynomial H(X,Y, Z) on the page Notation :

H(X,Y, Z) = ged(G1,Ga, Gs) = 3X*(X = YV)Y3(X +Y).

So system ([3.3)) has two triple invariant lines + = 0 and y = 0 and by Remark
2.13] syste could have triplets of parallel invariant lines only in these two
directions.

(i) The direction z = 0. Considering and Remark we obtain

Eq: =k, Eq =d—2hW, Eqo=a—cW —-W3

(3.4)

and obviously we can have a triplet of parallel invariant lines (which could coincide)
in the direction x = 0 if and only if K = d = h = 0. Assuming that these conditions
hold we consider another direction for the second triplet.
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(ii) The direction y = 0. In this case we have
Bgs =1, Bgs=ec—2mW, Eqo=b—fW-W?

and again we conclude that for the existence of a triplet of parallel invariant lines
for system the conditions e =1 = m = 0 have to be satisfied.

It remains to examine the directions y = & and y = —x to determine the con-
ditions for the non-existence of an additional invariant line in one of these two
directions.

For the direction y = £ considering and Remark we have

Eq; = —3W; Eqo=F(c—f+3W?); Eqo=a+b—cW —W3.

We observe that in each one of the cases we could have only one invariant line.
Moreover the necessary and sufficient conditions for the existence of such a line are
c— f=a+b=0 for the direction y = x and ¢ — f = a — b = 0 for the direction
Yy = —2x.

Thus we conclude that for the non-existence of an invariant line in additions to
the two triplets the following conditions are necessary and sufficient:

(c—f)* +(a® =b*)* £ 0.
We arrive at the family of systems
it=a4cx+a>, y=b+ fy+y° (3.5)
for which the above conditions must be satisfied. These system possess the invariant
lines defined by the equations
B +ex+a=0, ¥+ fy+b=0.

We observe that the number of distinct invariant lines and their kinds (real
and/or complex) depend on the discriminants of the cubic polynomials #3 + cx +a
and 32 + fy + b, i.e.

€1 = —(27a® + 4¢%), & = —(27b* + 4f3),

respectively. Moreover, we observe that the polynomial 2% + cz + a (respectively
y> + fy + b) has a triple root if and only if v, = a® + ¢® = 0 (respectively vy =
b* + f*=0).

Remark 3.1. Note that for system (3.5) we could not have simultaneously vy =
vy = 0, otherwise we obtain the homogeneous cubic system & = 2%, 3 = 3 which
possesses invariant lines of total multiplicity nine.

In what follows we examine the possibilities provided by the discriminants &;
and &;.

(1) Case &1& > 0 and & + & > 0. Then each one of the mentioned cubic
polynomials factorizes in three distinct real factors, i.e. we obtain the system

i=(z—ar)(z—Pi)(x—0b), y=u—a2)(y—pF)(y— ), (3.6)
where «, B;,6; € R, i =1,2. As all the lines are distinct then via the transformation
(z,y,t) = (o1 — (a1 — Bz, a2 — (o1 — Br)y, t/(a1—B1)?) (3.7)

we arrive at the following 3-parameter family of systems

t=a(z—1)(z—a), §=yly—0by—c), ala+bcb—c)#0,  (3.8)
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where
ay — 0 az — B2 ag — 02
a= , b= , c= .
ay — By oy — By ap — B
This system has 9 finite real singularities which are located at the intersections of
these two triplets of invariant lines. As a result we obtain Config. 7.1.

(2) Case £&1&2 > 0 and & + & < 0. Then in each one of the directions z = 0
and y = 0, system has one real and two complex invariant lines. After the
translation of the origin of coordinates at the intersections of the real invariant lines
we arrive at the system

i =a(2®+ 281z +61), U=yy*+ 2By + ),

where 7 —§; < 0 and B2 — J < 0. So we can set 87 —d; = —u? # 0 and
B3 — 63 = —v? # 0 respectively, the above system becomes

d=alu’+(@+0)°], §=y[®+y+5)"]

Since u # 0 then we may assume u = 1 due to the rescaling (z,y,t) — (ux, uy,t/u?)
and we obtain the following 3-parameter family of systems

Jb:x[(x—i—a)z—l—l], y:y[(y—l—b)z—l—cQ], c#0. (3.9)

These systems possess 1 real and 8 complex finite singularities which are located
at the intersections of these two triplets of invariant lines (real and complex).

As a result, considering Notation [[.11] we obtain Config. 7.2 if ab # 0, Config.
7.31if ab=0and a+ b # 0, and Config. 7.4 ifa=0="b.

(3) Case £1&2 < 0. Without loss of generality we may assume &; > 0 and & < 0
due to the change (z,y,t,a,b,¢, f) — (y,x,t,b,a, f,c) which conserves system ({3.5)).
Then we have the following factorization of the right hand parts of these system

i=(x—o)(z—p)(x—0), §=(y— )y’ +28y+d), (3.10)

where a;, 3;,0; € R, i = 1,2 and B2 — §, < 0. So we can set 37 — 6 = —u? # 0 and
then applying the transformation (3.7]) we obtain the following 3-parameter family
of systems

i=z(z—1)(z—a), y=y[ly+b)>+’], ala—1)c#0. (3.11)

These systems possess 3 real and 6 complex finite singularities which are located
at the intersections of these two triplets of invariant lines (real and complex).

So considering Notation we obtain Config. 7.5 if b # 0, and Config. 7.6 if
b=0.

(4) Case £&162 = 0, & + & > 0, vive # 0. As it was mentioned earlier due
to the change (z,y,t,a,b,¢, f) — (y,z,t,b,a, f,c) (which conserves system )
we may assume & = 0 and & > 0. Following the same arguments as before,
system can be written in the form with 81 = a1 # §;. Then applying
the transformation in which we substitute 81 by a1 # d; we arrive at the
following 2-parameter family of systems

t=2*(x—-1), y=yly—0)(y—c), belb—rc)#0. (3.12)
These systems possess three double real singularities (located at the intersections
of the double invariant line x = 0 with three simple lines) and 3 simple real sin-
gularities, located at the intersections of the simple invariant line x = 1 with the
triplet in the direction y = 0. As a result we obtain Config. 7.7.
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(5) Case &€ = 0, & + & < 0, vivg # 0. We may assume again & = 0,
&5 < 0 and v # 0. In this case we consider system with f1 = a3 # 6; and
following the same steps and the corresponding similar transformation we obtain
the following 2-parameter family of systems

i=2%(x-1), §g=ylly+b)*+c?], c#0. (3.13)

Clearly these systems possess three double singularities (one real and two complex)
on the double line z = 0 and three simple singularities (one real and two complex)
located on the simple invariant line x = 1.

So considering Notation [[.11] we obtain the configuration of invariant lines given
by Config. 7.8 if b # 0, and Config. 7.9 if b = 0.

(6) Case £&1&2 =0, & + & > 0, 1o = 0. As it was mentioned above we may
consider &5 = 0 which implies & > 0. Then v5 # 0 and hence we have v; = 0.
In this case we have a triple line in the direction x = 0 and after a translation we
obtain the system

=1 §=yly—b)y—o)
with bc # 0. Then applying the rescaling (z,y,t) — (cz, cy,t/c?) we force ¢ = 1
and we arrive at the following 1-parameter family of systems

p=a g=yly—Ly—b), bb-1)#0. (3.14)

It is easy to determine that these systems possess three triple real singularities
located on the triple invariant line = 0. This leads to the configuration Config.
7.10.

(7) Case £1&3 =0, & + & < 0, vy = 0. So similarly as before, we may consider
& =1 =0and & < 0. In this case we have a triple line in the direction x = 0 and
after a translation setting some new parameters (see the second equation of system
(3-13))) we obtain the system

g=a% =yl +(y+b)°]
with ¢ # 0. Then applying the rescaling (x,y,t) — (cz,cy,t/c*) we arrive at the
following 1-parameter family of systems

i=2° g=y[l+y+b)?. (3.15)

These systems possess three triple singularities (one real and two complex) located
on the triple invariant line # = 0. Considering Notation [I.11] this leads to the
configuration Config. 7.11 if b # 0 and Config. 7.12if b = 0.

(8) Case & = & = 0, v1v2 # 0. Then we have two double real invariant lines
(one in the direction = 0 and the second in the direction y = 0). Due to v1v5 # 0
none of them could be triple. So after a translation which moves the origin of
coordinates at the intersection of the double lines we arrive at the system

i=2%(x—a), y=y*(y—0b),

where ab # 0. Then applying the rescaling (x,y,t) — (az, ay,t/a*) we obtain the
following 1-parameter family of systems

t=a%(x—1), y=vy*(y—1>b), b#O. (3.16)

It is not difficult to determine that these systems possess four distinct real finite
singularities: one of multiplicity four (located at the intersection of the double lines)
two double and one simple. As a result we obtain the configuration Config. 7.13.
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(9) Case &1 = & =0, v = 0. According to Remarkthe condition v?+v2 #
0 is necessary and by the same reasons as above we may assume v; = 0 and vy # 0.
Therefore we have a triple invariant line in the direction x = 0 and a double one in
the direction y = 0. As a result via a translation we obtain the system

j:xga y:y2(y_a)7

with @ # 0. Then we may assume a = 1 due to the rescaling (z,y,t) — (az, ay,t/a?)
and we arrive at the system

i=a2 =y (y—1). (3.17)

We observe that this system has only two distinct finite singularities: one of the
multiplicity six and one triple both located at the invariant line x = 0. So we obtain
Config. 7.14. Thus we have proved the following lemma.

Lemma 3.2. Assume that for a system the conditions in terms of the poly-
nomials &1, €2, V1 and ve and indicated below in the first column are satisfied. Then
this system could be brought via an affine transformation and time rescaling to one
of the corresponding canonical system, indicated in the second column. Moreover
this system possesses one of the configurations Config. 7.1 — 7.14 if and only if
the conditions on the parameters a and b of the corresponding canonical system
wherever they are indicated, are satisfied, respectively:

16> 0,6+ & >0 = (3.8) & Config. 7.1;

ab#0 < Config. 7.2
£ > 0,6 +& <0 = (3.9) with Sab=0,a+b#0 < Config. 7.3
a=b=0 & Config. 7.4;

_ b#0 < Config. 7.5
<0 = (BI1) with
§1&2 we {b =0 < Config. 7.6

16 =0,& + & > 0,111 7é 0 = " < Config. 7.7,

) b#0 < Config. 7.8
=0,6 +& <0, 0 =;(3.13 th
§162 &+ & vive # we {b =0 < Config. 7.9,

§16 =0, + & >0,y =0 = (3.14) < Config. 7.10,

. b#0 < Config. 7.11,
=0,& + & <0, =0 = (3.15) with
b182 fté v o {b =0 <& Config. 7.1

162 =0, +& =011, #0 = (3.16) < Config. 7.13;
§16 =061+ & =0, =0 = (3.17). & Config. 7.14.

3.2. Systems with configuration type ¥ = (3,2,1). In this subsection we con-
struct the cubic system with 4 real infinite singular points which has 6 invariant
affine straight lines (counted with multiplicities) with configuration of type (3,2, 1),
having total multiplicity 7 including the line at infinity.

Since we have one triplet and one couple of parallel invariant lines, according to
Theorem the conditions V4 = V5 = Us = 0 are necessary for system . In
[0, Subsection 3.3.1] it was proved that in this case via a linear transformation and
time rescaling the associated cubic homogeneous system could be brought to the
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form
t=ra®, y=(-Dzy*+y*, rr+1)#0. (3.18)
Consider the generic cubic system with cubic homogeneities as indicated in sys-
tem (3.18)). Since r # 0 via a translation we may assume g = n = 0 in system (3.1)),

i.e. a system possessing invariant lines in the configuration (3,2,1) can be brought
to the following family:

i =a+cr+dy+2hxy +ky® +rad, r(r+1)#£0,

3.19
y:b+ex+fy—|—la:2+2mxy+(r_1)xy2+y3_ ( )

Remark 3.3. We observe that due to a rescaling, the directions y = —rz and
y = z can be interchanged without changing the form of the system ([3.19)).

First of all we recall that the directions for the potential invariant lines of system
are defined by the factors of the invariant polynomial Cs(z,y) = zy(z —
y)(rz—+y). Since all non-zero coefficients of the polynomials of degree less than three
of the right-hand parts of system are free parameters, we can assume that any
rescaling does not affect them. So we consider only the cubic homogeneous system
associated to the system . Due to r # 0 applying the rescaling (z,y,t) —
(—x1,7y1,t1/7?) we obtain the homogeneous cubic system

i1 =mray, o= (- Dryd + oy,
where 7y = 1/r. Since 21 = —x and y; = y/r for these system we have

Cs(w1,91) = mayr (w1 — y1)(rizs +y1)
= —x(y/r)(—z —y/r)(—x/r +y/r)

= —oyrz + 9o~ y).

So we conclude that the direction rz+y = 0 (respectively  —y = 0) corresponding
to system passes to the direction x; — y; = 0 (respectively rz1 + y1 = 0)
corresponding to the above system and hence the claim of Remark [3:3] is valid.

In what follows we determine necessary and sufficient conditions for a system
to have configuration of the type T = (3, 2, 1).

According to [6, Remark 3.3] for system the following remark is valid:

Remark 3.4. A cubic system can possess: (i) a triplet of parallel invariant
lines either in the direction = = 0, or y = 0 and in the second case the condition
r = 1 holds; (ii) a couple of parallel invariant lines either in the direction y = 0, or
y=uza (ifr=-1/2),or y =2z (if r = —2).

So we have to examine the two cases: (r —1)(1+2r)(2+7) # 0 and (r —1)(1 +
2r)(2+r) = 0 (which splits in tree subcases).

3.2.1. Case (r —1)(1 +2r)(2+r) # 0. Then by Remark system could
have a triplet (respectively a couple) of parallel invariant lines only in the direction
x = 0 (respectively y = 0). In [6] (see Subsection 3.2.1.1) these two directions were
examined and the following result was obtained:

Lemma 3.5. In the case r — 1 # 0 system (3.19) has a triplet of parallel invariant
lines (which could be real or complex, distinct or coinciding) in the direction x =



24 C. BUJAC, D. SCHLOMIUK, N. VULPE EJDE-2021/77

0 and a couple of such lines in the direction y = 0 if and only if the following
conditions hold:

k=d=h=1=0, e=[4m*+ f(r—1)*]/(r —1),

b= ~2m[4m? + f(r = 1]/~ 1)" (3:20)

Clearly, in addition we need exactly one invariant line, which could be in one of
the directions y =  or rz +y = 0. However according to Remark [3.3]it is sufficient
to only consider the direction y = x.

Considering the conditions in [0, Subsection 3.3.2] was proved that a
system ([3.19)) possesses one invariant line in this direction if and only if beside the
conditions i2.20 the following conditions are satisfied:

o= frt 12m%r(2 +7) e 6 fmr 772m3r(1+r+r2). (3.21)
(r—=1)(142r)2 (r—=1)1Q+2r) (r—1)3(1+42r)3

It can be checked directly that system with the conditions and
(3.21)), possess the following invariant lines with configuration of the type ¥ =
(3,2,1):

Li=(r—-1)2r+ 1)z —6m, L= (1+42r)(x—y)—2m,
Lya=(r—1)%2r+ 122> +6m(r — 1)(2r + )=
+ (A +r =202 L 12m2(1 47 +1?),
Lsg = (r— 1% +2m(r — Dy + f(r — 1)% + 4m?.

To determine if the invariant lines L3 4 = 0 and L5 ¢ = 0 are real or complex as well
as if the invariant line L; = 0 coincides with one of the lines L3 4 = 0 we calculate:

Discrim[Ls 4, 2] = —4(r — 1)%(1 + 2r)*[3m? + f(r — 1)?],
Discrim([Ls g, y] = —4(r — 1)*[3m* + f(r — 1)?],
Res, (L1, Ly a) = (r — 1)%(1 4 2r)*[f(r — 1)*(1 +2r)? + 12m*(7 + 7 + r?)],
Setting the notation
E=—[Bm?*+ f(r—1)?], v=fr-1*0+2r)*+12m*(T+r+r*) (3.22)
we observe that
sign ( Discrim[Ls 4, 2]) = sign ( Discrim[Ls 6,y]) = sign(&).

Moreover, if & = 0 then v # 0, otherwise the condition £ = 0 = v imply m =
f =0 and we arrive at the homogeneous system possessing invariant lines of total
multiplicity 8. So we examine the possibilities provided by the polynomials £ and
v.

(a) Case & > 0 and v # 0. This means that 3m? + f(r — 1)? < 0, i.e. all 6
invariant lines are real. Setting 3m?+ f(r —1)? = —u? # 0 we obtain f = — 3{;‘3{;5
and we arrive at the following system

6m 3m —u—2ru 3m +u+ 2ru
xzr[m— ]7

o o Pt oo nar e Pt o na a2

. m—1u m—+u 2m
y:[y+(7,_1)][y+ (T_l)][(r_l)x"_y_ (7,_1)]

(3.23)
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For f = 7% we obtain
v=(9m —u—2ru)(9Im + u + 2ru) # 0.
Then considering the condition u(r — 1)(1 + 2r)(2 4+ r) # 0 via the transformation
(2,9.1) ’_>(6m + (u—9m+ 2ru)gc7 (u—m)(1+2r)+ (u—9m+ 27“u)y7
(r—1)(1+ 2r) (r—1)(142r)
(r—1)%(1+2r)2
(u —9m + 2ru)? )’
after setting a new parameter
Im +u+ 2ru
T 9m—u—2ru

(I+a)(1+ QT)U)
9(a—1) ’
system can be brought to the 2-parameter family of systems:
t=rz(r—1)(x—a), ala—Dr(r—1)+#0
y=yly+1l-a)[(r—Dz+y+1].
These systems possess the invariant lines
Li:x=0, Ly:x=1 Ls:x=a,
Ly:y=0, Ls:y=a—-1, Lg:x—y=1

(i.e. m =

(3.24)

and the nine finite singularities:
M1(07O)7 M2(07_1)a MS(Ova‘_l)a M4(170)v M5(17_T)7
Mg(l,a —1), M=(a,0), Msg(a,a—1), Mg(a,a(l—r)—l).

It is easy to determine that 7 of these singularities are located at the intersec-
tions of the above invariant lines, more precisely the singular points M; for ¢ €
{1,2,3,4,6,7,8}. The singular point Mj (respectively My) is located on the invari-
ant line Lo (respectively L3). Moreover we have two singular points located at the
intersections of three invariant lines: Lo, L4 and Lg which intersect at the point
My, whereas L3, Ls and Lg intersect at the point Mg. To determine all possible
configurations for system we have to examine the positions of the invariant
lines as well as of the singularities M5 and Mg depending on the parameters a and 7.

Let us first examine the position of the invariant lines. We observe that four
of the lines are fixed and only the positions of the lines L3y and L5 depend on the
parameter a. More exactly, if a < 0 then the non-fixed invariant line z = a is
located on the left of the fixed invariant lines x = 0 and x = 1. If 0 < @ < 1 then
the invariant line x = a is located between the invariant lines x = 0 and =z = 1.
And finally, if @ > 1 then the invariant line = «a is located on the right of the
invariant lines x =0 and = = 1.

Notation 3.6. Assume that the two finite real singular points Ml(xl,yl) and
MQ(xg, y2) of a cubic system are located on the real invariant line ax + by + ¢ =0
of this system. Then: («) in the case a # 0 we say that the singular point M, is
located below (respectively above) or coincides with the singularity Mg if y1 < yo
(respectively yo < y1) and we denote this position by M, = M, (respectively
Mg < Ml);

(B) in the case a = 0 (then y; = y2) we say that the singular point M, is located
on the left or coincides with (respectively on the right) the singularity Mg ifz; <xq
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(respectively zo < x1) and we again denote this position by M, 1 =< ]\72 (respectively
My < Ml).

Next we consider the position of the finite singularity Ms(1,ys) with y5 = —r
(respectively My(a, yg) with yg = a(1—r)—1 on the invariant line x = 1 (respectively
x = a). We observe that on the line x = 1 (respectively x = a) two real singularities
My4(1,0) and Mg(1,a—1) (respectively M7 (a,0)) and Mg(a,a—1)) are located and
their reciprocal position depends on the sign of a — 1 # 0. So we distinguish two
possibilities: (i) ¢ < 1 and (i3) a > 1.

It is clear that the positions of these singularities in two different cases (i) and
(43) could be distinct and therefore we examine each one of these cases. Since ar # 0
we deduce that y; # 0 (respectively y9 # a — 1), but we could have y5 = a — 1
(respectively yg = 0) and in this case the singularity Ms (respectively My) coalesced
with the singularity Mg (respectively Mz7).

Case (i): a < 1. Then we have Mg < My and Mg < M7 and considering the
coordinates y5 = —r and y9 = a(1 — r) — 1 and Notation we have the following
implications.
(I) For the singular point M3:
Ys<a—1= Ms S Mg<My; a—1<ys<0 = Mg—< M5 < My;
ys >0 = Mg < My < Ms.

(IT) For the singular point My:

y9<a—1:>M9-<Mg-<M7; a—1<y9<0:>Mg—<M9-<M7;
y920:>M8<M7jM9.

Case (ii): a > 1. Then we have My < Mg and M; < Mg, and considering the

coordinates y5 and yg9 we have the following implications.
(I) For the singular point M3:

Ys <0 = Mg <My <Mg; O0<ys<a—1= My=<Ms5=< Mg;
ysZa—1=>M4<MﬁjM5.

(IT) For the singular point My:

Y9 <0 = Mg S M; < Mg; 0<yg<a—1= M;< Mg—< Msg;
Yo >a—1 = M; < Mg < My.

It is clear that not all the possibilities described above are realizable and exam-
ining the compatibilities of the conditions it is not too hard to convince ourselves
(using, for example, the tools ”‘FindInstance” or ”‘Reduce” of computer algebra
system Mathematica) that the following lemma is valid.

Lemma 3.7. Consider the family of systems with the conditions ,
321, (r =11 +2r)(24+7) # 0 and & > 0 and v # 0. Then via an affine
transformation and time rescaling, after introducing some new parameters, system
can be brought to the 2-parameter family of systems . Moreover this
family of systems possesses the following configurations of invariant lines when the
corresponding conditions indicated below, are satisfied (examples are given in the
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last column):

0,1— 1-1 =—-1/2,r=2

Config. 7.15 < a<b a<T< /a, (a /2,7 )s
ora<0,l—1/a<r<l—a (a=-2,r=2)
-1<a<0,r=1-1 =—1/2,r=3),

Config. 7.16 < a r /a (a /2,7 =3)
ora<—-l,r=1-a (a=—2,7 = 3);

Config. 717 & a<0Or>1—a,r>1—-1/a (a=-2,r =4);
—l<a<0,r=1-—a (a=-1/4,r=5/4),
ora<—-1l,r=1-1/a (a=-2,r=23/2),
Config. 719 & a=—1,r =2;
Config. 720 & a<0,0<r<l—a,r<l-1/a; (a=-2,r=1/2);
Config. 721 & a<0,r<0; (a=-1,r=-3);

Config. 718 < {

0 1 1-— =1/2.r=23/4
Config. 7.22 & <a<lir>l-a, (a=1/2,r=3/4),
ora>1,r>1-1/a (a=5/4,r=1/2);
0 Lr=1- =1/2,r=1/2
Config. 723 « {° ¢ <H7 a (a=1/2,r=1/2),
ora>1lr=1-1/a, (a=2,r=1/2);

Config. 724 < {O<a<170<r<1—a (a=1/2,r = 1/4),

ora>10<r<l-1/a (a=3,7r=1/2);

O<a<lr=1-1/a (a=5/32,r=—-27/5),

C ig. 7.25 &
onfig {0ra>1,7":1—a (a=4,7r=-3);

O<a<lr<l-—1/a (a=-1/4,r =-4),

a
C g. 7.26 <
onfig {0ra>1,r<1—a; (a=3,r=-3);

0<a<l,1-1/a<r<0, (a=1/4,r = =5/2),

Config. 7.27 &
onfig {0ra>l,1a<r<0(a5,r3).

(b) Case & > 0 and v = 0. Since (r — 1)(2r + 1) # 0, considering (3.22)) the
12m2(7+r+7‘2)

condition v = 0 gives f = ~ =Dt and we arrive at the system
P [;v _ 6m ]2[ n 12m }
N (r—1)(1+2r) (r—1)(142r)"
. 2m(—4+r 2m(b +r 2m
=l + s+ s - Day - )

(r—1)(142r) (r—1)(142r)
We observe that m # 0 otherwise we obtain f = 0 and this implies £ = 0, i.e. we
arrive at a contradiction. Then considering the condition m(r—1)(14+2r)(2+r) # 0
via the transformation

6m(l —3z) 2m(4—r—3y) (r—1)%(1+2r)? )
r—1)(1+2r) (r—1)(1+2r)’ 324m?

(r—1)

we arrive at the following 1-parameter family of systems

i=ra*(z—1), g=yy-1)[(r—1z+y] (3.25)
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These system possess the invariant lines
Lis:xz=0(double), Lg:x=1 Ly:y=0, Ls:y=1 Leg:y==x
and the following five finite singularities of total multiplicity 9:
M1,2,3,4(O70)a M5,6(0a1)7 M7(150)7 M8(171)7 M9(171 —7").

As we can see the positions of the invariant lines are fixed, as well as the positions
of the finite singularities, except for the singularity My(1,1 — r) located on the
invariant line x = 1. It is not too difficult to detect that depending on the position
of My with respect to the singularities M7 and Mg as well as of the position of the
s-points ("smooth”, see Definition on page [L03)) infinite singularity we obtain

the following four distinct singularities: Config. 7.28 if r < —1; Config. 7.29 if
—1 < r < 0; Config. 7.30 if 0 < r < 1; and Config. 7.31 if r > 1.

(c) Case £ < 0. This means that 3m?+ f(r—1)? > 0, i.e. the invariant lines L3 4
and L5 ¢ are complex, whereas L; and Ly remain real. Setting 3m? + for— 1)2 =

u? # 0 we obtain f = —3(7;{5“22 and we arrive at the following system
) 6m 3m 2 u?
t=rlr - o) [(H ohare) oo 1)2}’
. moo\2 2 2m
i=[+ i) " (r—1)2] =Dz +y - 255

For f = —S(Tiz)%z we obtain v = 81m? + u2(1 + 2r)? # 0 because of u(1 + 2r) # 0.
So considering the condition u(r — 1)(1 + 2r)(2 + r) # 0 via the transformation

u(2a — 3x) u(a + 2ar +9z) (r— 1)215)

3(r—1)(1+2r)’ 9(r—1) 7 w?
and setting a new parameter a = —% (i.e. m = —a(1l + 2r)u/9) we arrive at

the following 2-parameter family of systems:
i=rz[(z—a)’+1], 7=04+¢)[(r—1)z+y+ad]. (3.26)

These systems possess the following six invariant affine lines (two real and four
complex):

(2.9,8) > (-

Li:z=0, Loz:x=ax1, Liys:y==%i, Leg:x—y=a
and the following nine finite singularities:
Mq(0, —a), M2 3(0,£%), Mas(a+xi,1), Mgr7(a=£1i,—1),
Mg(a —i,—ar +i(r — 1)), Mg(a+i,—ar —i(r — 1)).

We observe that one of the infinite singularities is located at the end of the affine
line y = —rz and since the other three fixed infinite singularities ale located at the
intersections of the line at infinity with the lines x = 0, y = 0 and y = « it is clear
that we need to distinguish three possibilities: » < —1, —1 < r < 0 and r > 0,
respectively. As a result, considering Notation [I.11] in the case a # 0 we obtain
Config. 7.32 if r < —1; Config. 7.33 if —1 < r < 0; and Config. 7.34 if » > 0.

On the other hand if @ = 0 we obtain Config. 7.35 if » < —1; Config. 7.36 if
—1 <r <0 and Config. 7.37 if r > 0.

(d) Case & = 0. Considering we obtain f = —3m?/(r — 1)? and then
v = 81m?. We observe that m # 0 otherwise we obtain the system possessing
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invariant lines of total multiplicity 8, because for these system we have (see Notation
2.4):

H(X,Y,Z) = gcd(G1,G2,G3) = —rX*(X = Y)Y?(rX +Y).
So for f = —3m?/(r — 1)? we arrive at the family of systems

ol 3m 20 6m
b=rlo+ e - -

S L e (el

y=[y+ %]2[(7‘— Dr+y— (TQTl)]

Since m # 0 we can apply the transformation

3m(3z — 1) m(1+2r—9y) (r—1)3(1+ 2r)? )

(@,9,8) = ((r—l)(1+2r)’ (=D +2r) 81m?

we arrive at the 1-parameter family of systems

t=ra*(x—1), y= y2[(r— l)x—i—y—r].
These systems possess the invariant lines
Lis:2=0(double), Lsg:x=1, Ly5:y=0, (double), Lg:y==x
and the following four finite singularities of total multiplicity 9:
Mi234(0,0), Ms56(0,r), Mr;g(1,0), My(1,1).

As we can see, the positions of the invariant lines are fixed, as well as the positions
of the finite singularities, except for the double singularity M5 (0, ) located on the
invariant line x = 0. It is not too difficult to detect that depending on the position
of M5 ¢ with respect to the singularity M; as well as the position of the s-points at
infinity, due to r(r + 1) # 0, we obtain the following three distinct configurations:
Config. 7.38 if r < —1; Config. 7.39 if —1 < r < 0 and Config. 7.40 if r > 0.

3.2.2. Case (r—1)(142r)(2+r) = 0. We examine each one of the three subcases
given by these factors. However we observe that the subcase r = —2 could be
brought to the subcase r = —1/2 via the rescaling x — x/2 . Therefore we consider
only two subcases: =1 and r = —1/2.

For system , considering the equations and Remark we obtain

Eq; =k, Eq =d—2hW, Eqqo=a—cW —rW3, (3.27)

for the direction x = 0,
Eqi=1, E¢=e—2mW +(r—1)W? FEd,y=0b—fW —-W3 (3.28)

for the direction y = 0 and
Eql =1—2h—k+2m — (1+2r)W,
Eqf =-c—d+e+ f+2(—h+m)W —3rW?, (3.29)
Edly=—a+b+(e—c)W +IW? —r W3
for the direction y = x.

1. Subcase r = 1. According to Remark system could have the
following parallel invariant lines: (i) a triplet in the direction = 0 and a couple
in the direction y = 0; (i7) a triplet in the direction y = 0 and a couple in the
direction z = 0.
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However for r = 1 from (3.27) and (3.28]) it follows that in each one of these
directions we could have either one, or three parallel invariant lines. So in the case
r = 1 we could not have a configuration with the type T = (3,2, 1).

2. Subcase r = —1/2. According to Remark system could have a
triplet of parallel invariant lines in the direction x = 0 and a couple of parallel
invariant lines either in the direction y =0 or y = x.

Forcing to have a triplet in the direction z = 0, according to , for system
(3.19) the conditions k = d = h = 0 must be satisfied. So it remains to examine
two possibilities for the existence of a couple of invariant lines: (i) in the direction
y =0 and (i7) in the direction y = x.

2.1. Possibility: a couple in the direction y = 0. Considering we have
[ =0 and taking into account the condition r = —1/2 we calculate

R\ (Egy, Eqly) = —(6e + 9f +16m?)/4=0 = e = —(9f + 16m?)/6

and then we obtain

R (Eq,, Eq)y) = —(27b — 36 fm — 64m?)%/216 = 0, = b = 4m(9f + 16m?)/27.
So we determine the conditions

r=-1/2,k=d=h=1=0,e=—(9f4+16m?)/6, b = 4m(9f + 16m?)/27 (3.30)
which lead to the family of systems

&= (2a + 2cx — 2°)/2,

= §8m — 9z + 6y))(/9f + 16m? — 12my + 9y°) /54. (3:31)

We observe that these systems possess one triplet in the direction x = 0 and one
couple of parallel invariant lines in the direction y = 0. So we need one more
invariant affine line, which could be either in the direction y = x or in the direction
y = x/2 (since we have r = —1/2). However according to Remark [3.3]it is sufficient
to only examine the case y = .

Considering and the conditions we obtain Fqgf = 2m = 0, i.e.
m = 0 and then we calculate

RY (Eqy, Bqly) = [27a* — 4(2c + f)(c + 2f)*] /8 = ¥ (a,c, f).
In order for the equation ¥” = 0 to have real solutions we clearly must have either
2c+ f>0or c+2f =0. We consider each one of these cases.
2.1.1. Case 2c+ f > 0. So setting 2¢ + f = 3u? > 0 we obtain f = —2c + 3u?
and then we have
U’ =27(a + 2cu — 4u®)(a — 2cu + 4u®) = 0.
So because of the change u — —u we may assume a — 2cu + 4u> = 0 and we obtain
the condition a = 2u(c — 2u?). Considering the conditions (3.30]) we arrive at the
family of systems
&= (2u+z)(2c — 4u? + 2ux — 2%)/2, ¥ = (3z — 2y)(2c — 3u® —y*)/2. (3.32)
These systems possess the following invariant lines with the configuration of the
type T = (3,2,1):
Li=x+4+2u, Ly=z—y—u,

3.33
L3s = (u—1x)?— (2c—3u?), Lse=y>— (2c— 3u?). (3:33)
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Clearly the invariant lines L34 = 0 as well as Ls s = 0 are real (respectively
coinciding) if 2¢ — 3u? > 0 (respectively 2c — 3u? = 0) and they are complex if
2¢ — 3u? < 0. Moreover since

Res, (L1, L34) = —2(c — 6u?),

we conclude, that the invariant line L; = 0 coincides with one of the lines L3 4 =0
if and only if ¢ = 6u? and clearly this implies 2¢ — 3u? = 3u? > 0, i.e. the
invariant lines L3 4 = 0 must be real. So we examine the subcases provided by the
polynomials £’ = 2¢ — 3u? and " = ¢ — 6u2.

2.1.1.1. Subcase & > 0 and v"" # 0. Then all the invariant lines (3.33]) are real
and distinct. Setting 2¢ — 3u? = v? # 0 we obtain ¢ = (3u? + v?)/2 and we arrive
at the system

t=Q2u—z)u—v+z)utv+2)/2, ¥=0Bx—-2y)(v—y)(v+y)/2. (3.34)

Then since v # 0 via the transformation

(z,y.t) = (—u+v—2vz, —v(l+2y), t/(20%)
and introducing a new parameter b = (v — 3u)/(2v) (i.e. u =v(1 — 4a)/3) system
(3.34]) can be brought to the system
t=a(z—-1)b—2), y=yly+1)(2+b—3z+2y).
We observe that in system (3.24) the condition a — 1 # 0 holds. Then setting
b=a/(a — 1) via the following affine transformation and time rescaling:
2

r1=(1-a)z+a, y1=01-a)y, t= mt
the above system could be brought to the system (3.24)) for which » = —1/2. This
family was investigated earlier (see Lemma [3.7)) and since for r = —1/2 we do

not have bifurcation points for the family (3.24)) we deduce that there are no new
configurations.

2.1.1.2. Subcase £” > 0 and " = 0. Then ¢ = 6u? which implies £’ = 6u? > 0
and we obtain the family of systems
i=—2u—2)%(4u+1x)/2, §=(3z—2y)3u—1y)(3u+y)/2.

Due to u # 0, the above system can be brought via the transformation

(z,9,t) =~ (2u(1l — 3z), 3u(2y — 1), t/(18u?))
to the system

i=—2*(x—1), §=yly—1)Bz+2y—2).
After the additional change (z,y,t) — (2, 1—y, t/2) this system can be transformed

to the system (3.25)) with » = —1/2. This system was already investigated and hence
no new configuration could be obtained.

2.1.1.3. Subcase £ < 0. Setting 2c —3u? = —v? < 0 we obtain ¢ = (3u?+v?)/2
and we arrive at the following system

i=(2u—z)[(x +u)?+0?]/2, = (3z—2y)(y>+v?)/2. (3.35)

Since v # 0 the above system could be brought via the transformation (z,y,t) —
(2u + vz, vy, 7215/112) to the system

i=z((z—a)?+1], §=(1+y*)(3z—2y—2a).
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We observe that applying the time rescaling ¢ — —¢/2, the above system becomes
the system (3.26)) with r = —1/2 and hence, no new configuration could be obtained.

2.1.2. Case ¢+ 2f = 0. Then the equation ¥ = 0 implies a = 0 and we arrive
at the family of systems

b= —a(df +20)/2, §=—(3z—2)(f +7)/2. (3.36)
These systems possess the following 8 invariant affine lines
ZL':O, 4f+l’2:0, x:2ya f+y2:03 f+(x_y)2:Oa

i.e. we are out of the class of system studied in this article.

2.2. Possibility: a couple in the direction y = x. Considering (3.29) and the
conditions r = —1/2 and k = d = h = 0 (in order to have a triplet in the direction
x = 0) we obtain:

Eqy =1+2m, Eqj=-c—d+e+ f+20W —3W?/2,
Edly=—a+b+ (e — o)W +IW? +W3)2.
So the condition Fqj = 0 yields I = —2m which implies
R\ (Eq, Eqly) = (—6¢ + 6 — 3f —16m?) /4 =0 = e = (6c+ 3f + 16m?)/6
and then we obtain
RW(Eqll, Eq}ly) = (27a — 2Tb — 36 fm — 64m?)?/216 = 0,
= b= (27a — 36 fm — 64m>)/27.
So we found that under the conditions
r=-1/2, k=d=h=0, l=-2m,
e = (6c+3f+16m?)/6, b= (27a— 36fm — 64m?)/27,

system (3.19) has one triplet in the direction z = 0 and one couple of parallel
invariant lines in the direction y = z. In this case we arrive at the system

&= (2a+2cx — 2%)/2,

(3.37)

1 1
j = E(QM — 36 fm — 64m?) + 6(6c +3f 4+ 16m*)x — 2ma® + fy

3
+ 2may — iny + 5.

However we detect that these system can be brought via the change (z,y,t) —
(z,z — y,t) to the system with exactly the same parameters a,c, f and m.
Since the system were already investigated we deduce that no new configu-
rations could be obtained.

3.3. Systems with the configuration of the type T = (3,1,1,1). In this sub-
section we construct a cubic system with 4 real infinite singular points which has
6 invariant affine straight lines, with configuration of type ¥ = (3,1,1,1), having
total multiplicity 7, as always the invariant straight line at infinity included.

According to Theorem [2.10]if a cubic system possesses 6 invariant affine straight
lines in the configuration of type ¥ = (3,1,1,1), then necessarily condition V; =
Us = 0 holds.
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3.3.1. Construction of the associated homogeneous cubic system. As a first step
we construct the cubic homogeneous parts of system (3.1) for which the above
condition is fulfilled. Since we have 4 real infinite distinct singularities, according

to Lemma we consider the family of systems
& =(p+7)2° + (s + v)2’y + gay?, (3.38)
g =px®y + (r +v)zy® + (¢ + s)y>, rs(r+s) #0, '

and we force the condition V, = Us = 0 to be satisfied.

A straightforward computation of the value of V, for system (3.38)) yields V, =
—9216 V4 Cs(z, y), where

Vi = r2(3q + 5 +v) + r(2pg — 52 + 3qu + v?) — s(2pq + 3ps + 3pv + sv + v?).

As for system ([3.38) we have C5 = zy(z — y)(rz + sy) # 0, we conclude that for

these systems the condition V4, = 0 is equivalent to V4 = 0.
We observe that the invariant polynomial U is a homogeneous polynomial of
degree four in x and y. So we shall use the following notations:

4
Z/[Q = Zquxllijj.
7=0

Calculating the value of the polynomial Us for system (3.38) we obtain
Uy = p[q(Qp +3r)% + (s +v)(2pr + 3r? — 3ps — 3rs — pv)] = pﬁgo
and we consider two cases: p # 0 and p = 0.

1. Case p # 0. Then we must have 1720 = (0 and as this polynomial is linear with
respect to the parameter ¢, we examine two subcases: 2p+ 3r # 0 and 2p+ 3r = 0.

1.1. Subcase 2p 4+ 3r # 0. In this case the condition fjg() = 0 gives
(s +v)(2pr + 3r% — 3ps — 3rs — pv)

(2p + 3r)?
and then we calculate
2 2 2rs — ~
Uys — 3p(s+v)(2p + 3r + s+ v)(2ps + 2rs — rv) — (2p+ 31Dy,
2p + 3r

So because of 2p + 3r # 0 the condition Us; = 0 implies 174 =0.
On the other hand since p # 0 the condition Usg = 0 gives

(s+v)2p+3r+s+v)(2ps+2rs—rv) =0
and we consider the three possibilities provided by this condition.
1.1.1. Possibility s + v = 0. Then v = —s (this implies ¢ = 0) and we obtain
Us =0 =YV,. In this case we arrive at the system
b= (p+rad, y=py+(r—s)zy* +sy®, rs(r+s)#0. (3.39)

1.1.2. Possibility s+ v #0 and 2p+3r+s+v =0. Then v = —(2p + 3r + s)
and calculations yield Us = 0. So we arrive at the family of systems

i =(p+r)z®— (2p+3r)2’y + (p+r — s)zy?,

g 2 2 3 (3.40)
g =px-y — (2p+2r + s)xy* + (p+r)y°.
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These systems, via the transformation

r( ) T (rz+ sy), 53t
. =—(x— =—(re+s =
1 s Y), Y1 52 Y), 1 7"2(7'—"-5)’
could be brought to the systems
i1 = (p1+r)af, G =pixiy + (1 — syl + s19i, (3.41)

where
pr=—(pr+ri+ps+2rs)/s, ri=r, s1=s5 = rs1(r1+s1)=rs(r+s)#0.
In other words we arrive at systems .

1.1.3. Possibility (s +v)(2p + 3r + s+ v) # 0 and 2ps + 2rs —rv = 0. In this
case we have v = 2(ps + rs)/r (this implies ¢ = s(ps — r? + rs)/r?) and we again
get Us = 0. This leads to the family of systems

& =(p+r)z® + s(2p + 3r)ay/r — s(r® — ps — rs)zy? /12,
y =pxiy + (r* 4+ 2ps + 2rs)xy®/r + (p + 1)s*y® /ri.
We claim that these systems could be brought to system via a linear trans-

formation and a time rescaling. Indeed, since rs(r + s) # 0 we can apply the
change

(3.42)

x1=re+sy, Yy1=s8y, t1= t/(TS)
and we obtain systems (3.41]), where
pr=ps/r, ri=s, s1=—(r+s) = risi(r1+s1) =rs(r+s)#0.
So we arrive at systems ([3.39)) and our claim is proved.

1.2. Subcase 2p + 3r = 0. We have p = —3r/2 and then we obtain Uy =
—972(s + v)?/4. Since r # 0 the condition Uy = 0 implies v = —s and then we
calculate

Usy = —3q(2q + 7 + 25)(2qr + 2rs + s2)/2 = 0.
So we consider the three possibilities provided by this condition.

1.2.1. Possibility ¢ = 0. Then we obtain Us = 0 = 174 and we arrive at the

family of systems
i=—ra®/2, y=-3rz’y/2+ (r — s)xy® + sy,
which is a subfamily of systems (3.39)) defined by the condition p = —3r/2.

1.2.2. Possibility ¢ # 0 and 2q +r + 2s = 0. In this case ¢ = —(r 4+ 2s)/2 and

we obtain the family of systems

= —rx3/2 — (r+2s)xy?/2, ¥ = —3ra’y/2+ (r — s)xy* + sy°,
which is a subfamily of systems (3.40) defined by the condition p = —3r/2 and
which could be brought via an affine transformation to systems (3.39)).

1.2.3. Possibility q(2q + 17 + 2s) # 0 and 2qr + 2rs + s> = 0. In this case we

obtain ¢ = —s(2r + s)/(2r) and we arrive at the family of systems
i =—ra3/2 — s(2r + s)zy?/(2r),
y=—3rzy/2+ (r — s)zy® — s>/ (2r).
It remains to observe that this family of systems is a subfamily of systems (3.42))

defined by the condition p = —3r/2.
Thus the case p # 0 is completely investigated.
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2. Case p = 0. Then we calculate
Upy = 3r(r +v)(3qr + 15 — s> + 10 — sv) = 3rVy.

So because of r # 0 the condition Us; = 0 implies ]74 = 0. Since we have to impose
the condition Us; = 0 to be satisfied we examine two subcases: r +v = 0 and
r+v #0.

2.1. Subcase r +v = 0. Hence we have p = 0 and v = —r (this implies Us = 0)
and we obtain the system

i =rad+ (s —r)x?y +qry?, g = (q¢+s)y> (3.43)
Because of rs # 0 we can apply the transformation
1=y, y1=-rx/s, t;1=st/r
and we obtain systems with
pr=gqr/s, ri=1, s1=1 = ris1(r1+s1)=rs(r+s)#0.

So by an additional transformation we arrive at systems again.

2.2. Subcase r+v # 0. Then the condition Uy, = 0 implies 3gr+rs—s?+rv—sv =

0 and we obtain ¢ = 7%' Then calculations yield

Uz = (28 —v)(r+v)(s+v)Br+s+v)=0
and since r + v # 0 we have three possibilities.

2.2.1. Possibility 2s — v = 0. Then v = 2s (this implies ¢ = —s(r — s)/r) and
considering the condition p = 0 we arrive at the family of systems

@ = rad + 3sx’y — s(r — s)xy?/r, = (r+ 2s)xy® + s%y3/r.
We observe that this family of systems is a subfamily of systems (3.42)) defined by
the condition p = 0, and therefore could be brought to systems of the form (3.39)
via a linear transformation and time rescaling.

2.2.2. Possibility s +v = 0. Then v = —s and this implies ¢ = 0. Evidently for
p=¢q=0and v =—s system (3.38)) becomes a subfamily of systems (3.39)) defined
by the condition p = 0.

2.2.3. Possibility 3r + s + v = 0. In this case we have v = —(3r + s) (which
implies ¢ = —(r — 5)?/(3r)) and considering the condition p = 0 we obtain the
family of systems

& =rz® = 3raly + (r—s)ay®, §=—2r+s)zy® +ry’

which evidently is a subfamily of the family (3.40) defined by the condition p = 0.
So all the cases are examined and we arrive at the following remark.

Remark 3.8. Consider a homogeneous system (|3.38)) for which the condition Us =
0 is satisfied. Then this system could be brought via a linear transformation and a

time rescaling to the form (3.39).

Consider the generic cubic system with cubic homogeneities as indicated in
system . Since s # 0 via a translation we may assume n = 0 in system .
Moreover we may assume s = 1 due to the time rescaling ¢ — ¢/s. So we obtain
the following cubic system

i =a+cx+dy+ gx? + 2hay + ky? + (p + r)a,

3.44
g =b+4ex+ fy+ia® 4+ 2mry + priy + (r — Day® +4°, r(r+1) #0 (3.44)
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which we consider here below.

3.3.2. Construction of the cubic system possessing invariant lines with configuration
of type T = (3,1,1,1). In what follows we shall determine necessary and sufficient
conditions for a system (3.44]) to have a configuration of the type (3,1,1,1).

Considering Remark for the homogeneous system (with s = 1), asso-
ciated to the system ([3.44)) we calculate

H(X,Y,Z) = ged(G1,G2,G3) = —(p+ 1) X3 (X - Y)Y (rX +Y).

So each one of the invariant lines y = 0 or y = = or y = —rx of system (3.39)) is
simple, whereas the invariant line z = 0 is of multiplicity three.

Remark 3.9. We observe that due to a rescaling, the directions y = —ra and
y = x can be interchanged without changing the form of the system (3.44)).

First of all we recall that the directions for the potential invariant lines of system
(3.44]) are defined by the factors of the invariant polynomial Cs(z,y) = zy(x —
y)(rz—+y). Since all non-zero coefficients of the polynomials of degree less than three
of the right-hand parts of system are free parameters, we can assume that any
rescaling does not affect them. So we consider only the cubic homogeneous system
associated to the system . Due to r # 0 applying the rescaling (z,y,t) —
(21, —7ry1,t1/7r?) we obtain the homogeneous cubic system

i1 = (p1+7r1)23, 91 =pirdy + (- Dyl + v,

where p; = p/r? and 71 = 1/r. Since x; = x and y; = —y/r for these systems we
have

C3(z1,91) = zayr (w1 — y1) (ren + 1) = x(=y/r) (@ +y/r)(x/r —y/r)
1
= —gwy(m +y)(z —y).

So we conclude that the direction rz +y = 0 (respectively x —y = 0) corresponding
to systems passes to the direction x7 — y; = 0 (respectively rz1 + y; = 0)
corresponding to the above systems and hence the claim of Remark is valid.
Considering Remark we examine three possibilities for the direction of a
triplet of parallel invariant lines for systems (3.44): (i) direction # = 0, (ii) direction
y =0, and (iii) direction y = z.
Existence of a triplet in the direction # = 0. Consider system (3.44)). Taking into
account the equations and Remark for the direction = = 0 we obtain:

Eq; =k, Eq=d—2hW, FEqo=a+gW?—cW —(p+r)W>.

Evidently we have a triplet of parallel invariant lines in this direction if and only if
the condition k£ = d = h = 0 holds.

Next we ask for the existence of exactly one invariant line in each one of the
remaining three directions.

1. Direction y = 0. In this case considering the equations (2.5) and Remark

for systems ([3.44)) we have
Eqi=1—pW, Eq¢y=ec¢—2mW +(r—1)W? Eq,=b—fW —-W?3. (3.45)
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2. Direction y = x. Considering the equations (2.5) and Remark in this
case we calculate

Eg =1—g—2h—k+2m— (1+p+2r)W,
Eq)=—c—d+e+f+(1—g+k)W+(1-p—nW? (3.46)
Edfy=—a+b+(e— )W +([I—g)W = (p+r)W?

3. Direction y = —rx. In this case considering the equations (2.5) and Remark
2.12] we have

Eq)' =2m — g+ 2hr —kr* —1/r + (p +2r + r*)W/r,
Eq) =f—c—e/r+(1+gr—kr YW/ —(p+r—r)W?/r? (3.47)
B¢l =b+ar — (e +er)W/r+ (14 gr)W?/r? — (p+r)W3/r%

Thus in what follows we have to impose the existence of exactly one invariant
line in each one of the directions y = 0, y = = and y = —rx providing that the
condition k = d = h = 0 is satisfied.

We observe, that the equation Eqf = 0 (respectively Eqf = 0; Eqf’ = 0) depends
on the parameter W (linearly) if and only if p # 0 (respectively (1 + p + 2r) # 0;
(p+2r +72) # 0). So we consider two cases: p(1 +p+ 2r)(p + 2r +r2) # 0 and
p(1+p+2r)(p+2r+1r%)=0.

Case p(1+p+2r)(p+2r+1r?) # 0. Considering (3.45) the condition Eqf = 0 gives
W =1/p and then we calculate

Egy = [ep® — 2lmp +1°(r — 1)] /p* =0, Eqio = (bp* —1° = 1fp*)/p* = 0.

Since p # 0 we obtain the relations e = I(l 4+ 2mp — Ir)/p? and b = (1> + fp?)/p>.
These conditions guarantee the existence of an invariant line in the direction y = 0.

Next we consider equations associated to the direction y = x providing
that the conditions

k=d=h=0, e=I(l+2mp—Ir)/p% b=I11%+ fp?)/p’ (3.48)

hold. So considering these conditions the equation Eqf = 0 gives W = (I — g +
2m)/(1+p+ 2r) = Wy and then the equation Eqy|(w—wyy = 0 yields

(l+2mp—1 l—g)? —4m? -3)( — 2m)?
f:67(+me r)_ (-9 —4m*  (p—3)(-g+ Qm). (3.49)
D 21+p—+2r) 21+p+2r)
Considering this value of the parameter f and (3.48)) the equation Eqiy|(w=wyy =0
implies
_l+gp—2mp+2r
-~ P+pt2r)?

—pg(1+7) + 2mp(p + T)]] .

[cpz(l +p+ 2r)2 + (I + gp — 2mp + 2Ir) [l(p +7)(1+2r)

(3.50)

Thus conditions (3.48)), (3.49) and (3.50) guarantee the existence of 5 affine
invariant lines of system (3.44]): a triplet in the direction & = 0, one line in the
direction y = 0 and one in the direction y = z. It remains now to find the additional

conditions for the existence of one common solution in W of equations Egj’ = 0,

Eqy’ =0 and Eq¢jj = 0 given in (3.47)), providing that the conditions (3.48]), (3.49)
and (3.50]) hold.
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Equation Eqf’ =0 gives W = (L + gr — 2mr)/(p + 2r + r?) = W} and then we
calculate

Bl iw—win = (14+7r)G1G,
9 {w=wg"} P2 +p+2r)2(p+2r +12)2°
(1+T>G1G3

qullé|{W:W6//} = —

b

pd(1+p+2r)3(p+2r+1r2)3
where
Gi(l,g,m,p,7) = p(g —2m)(1 —r) — (2 + 3p + 51 + 2r?) (3.51)
and Ga(l, g, m,p,r) and Gs(c,l, g,m,p,r) are the following polynomials:
Go =2mp(p+ 1) (1 +3p+Tr+72) —I(=1+7)(2+7)(p+7)(1 +2r)
—gp (2p* — 7+ 6pr + 212 —1%),

G :cp2r(1 +p+ 2r)2(p + 2r 4+ 7’2)2 + 12(p +7) [7’3(2 + r)2(1 + 27“)2
+p2+7)(1+2r)(—1+ 3r% + 4%) + p* (=2 + 6r% + 5r%)]
—Ip [Qm(p +7)(p + 4p* + 3p® — 2r + 8pr + 16p*r — 12 + 30pr?
+ 7p%r? + 20r° + 32pr® + 387t 4 10pr? 4 2215 + 45) — g(2p®
+ 2pt — 3pr + 3p?r 4 12p3r — 2r% — 6pr? 4 24p*r? + 4p3r? — 503
+ 16pr3 + 21p%r3 + 30pr* + 6p°r* + 5r° 4+ 15pr5 4+ 2r® 4+ 2pr6)]
+ (g — 2m)p*r| — 2m(p + r)(1 + 3p + 3p® + 67 + 12pr + 132
+3pr? + 613 + ) + g(p® —r — 3pr + 3p*r — % = 3pr? — 1193
— 3prd — 1t — 1"5)]

=cp’r(1+p+2r)(p+2r + )2 + V(l,g,m,p,7).

(3.52)

Therefore we conclude that an invariant line exists in the direction y = —rz if and
only if either G; = 0, or G2 = G3 = 0. So we examine two subcases: (i) G; = 0,
(11) G1 7é 0 and GQ = Gg =0.

1. Subcase G; = 0. We observe that the polynomial G is linear with respect
to the parameter g with the coefficient p(1 — r) and since p # 0 we consider two
possibilities 1 —r # 0 and 1 —r = 0.

1.1. Possibility 1 —r # 0. Then the equation G; = 0 yields

2mp(r — 1) — (2 + 3p + 5r + 2r?)
g = .
p(r—1)
It can be checked directly that this condition together with (13.48]), (3.49) and

(13.50)) lead to system (3.44) which has the invariant lines L; = 0 ¢ = ¢,...,6 with
configuration of type ¥ = (3,1,1,1), where

(3.53)

Li=pr—10z—3l, Ly=p(r—1)(z—y)—12+7),
Lsg=p*(r—1)*(p+r)z® — 2p(r — DA +7r+7r*) —mp(r—1)]z
+ [ep®(r = 1)? — 61*(1 + 1 + r?) + 6lmp(r — 1)],
Ls=py+1, Lg=p(r—1)(rz+y)—I(1+2r).

(3.54)
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To determine if the invariant lines i374 = 0 are real or complex as well as if the
invariant line L; = 0 coincides with one of the lines L3 4 = 0 we calculate:

Discrim[fng, z] = 4p*(r — 1)*X(c, I, m, p, 1),
Res, (L1, l~/3’4) =p*(r —1)%u(c,l,m,p,r),
where
A= [mp(r —1) =11+ 7 +7°)] [mp(r — 1) = (1 4+ 6p + Tr +17)]
—cp*(r—1)>%(p+7), (3.55)
pw=cp’(r—1)% + 12lmp(r — 1) +31%(3p — 4 — r — 4r%)

We observe that
sign (Discrim[igA, z]) = sign(}),

i.e. the invariant lines E3,4 = 0 are real (respectively complex; coinciding) if A > 0
(respectively A < 0; A = 0). And the invariant line L; = 0 coincides with one of
the lines Lz 4 = 0 if and only if 4 = 0.

On the other hand we observe that the equation A = 0 is linear with respect to
the parameter ¢ with the coefficient p?(r — 1)%(p + r) and since p(r — 1) # 0 we
examine two cases: p+1r # 0 and p+1r = 0.

1.1.1. Case p+r # 0. In what follows we examine the possibilities provided by

the polynomials A and p.

1.1.1.1. Subcase A > 0. Then we use a new parameter u setting A = u? we

obtain
B [mp(r — 1) =11+ 7+ r?)] [mp(r — 1) = I(1 + 6p + Tr + r?)] — u?
¢ 2~ D2+ 1) - (859)

This leads to the system

31 ))H$+mp(r—l)—l(1+r+r2)+u}

i P+ 7)

~1) -1 2)
><[QHme(r )—Il(1+7r+7r) u]’
P — 1o+ 1) -
s +l/)[ZQ(TQ—1)2—2lmp(r—1)(7‘2—|—7“+1)—u2+ m?
S P(r = 12(p +1) pr
Pr+2)2r+1) 1+2mp—Ir l 5 o
— T — —y+px —|—y—|—r—1xy}
p(r—1)(p+r) p P r=1
which has six real invariant lines.
On the other hand for the value of ¢ given in (3.56) we calculate
1 2 _ 2 2
= —u’), = -D+Ii83p—(r—1 3.58
p= o0 )y =mp(r 1) [3p— (r—1)7] (3.58)

and since the condition p = 0 leads to the coincidence of two invariant lines of the
triplet, we examine two possibilities: u # 0 and u = 0.

1.1.1.1.1. Possibility g # 0. Then (y—u)(y+u) # 0 and via the transformation

3l I(r—1
o= (p+r)’ = oy + (r )(p+7")’
v —u v—u
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(v —w)? _p(=1+7)(p+r7)
2 2 2 t, o= )

p*(r—1)*(p+r) Y-
system (3.57)) could be brought to the following family of systems (we keep the old
notation for the variables):

& =(p+r)z—1)(z —v),

g=yllp+rv—(p+r)L+v)a+pz®+(r—Day+y?,
where v = (v 4+ u)/(y — u) # 0. Moreover v # 1 because v — 1 = 2u/(y — u) # 0.
So, considering the conditions on the parameters p and r, which we impose in order
to obtain the above systems, we conclude that for systems (3.59)) the following
conditions must hold:

p(14+p+2r)(p+2r +r2)r(r* — Do(v — 1) # 0. (3.60)
We detect that systems (3.59) have six distinct invariant affine straight lines

t, =

(3.59)

Ly:x=0, Ly:xz=1 Lg:x=v, Ly:y=0, Ls:y==z, Lg:rx+y=0
and the following nine finite singularities:
M1(070)7 M2,3(07i\/ 7(p+7’)’l)), M4(170)7 M5(1,1)7 Mﬁ(]-?*?n)»
M7(v,0), Mg(v,—rv), Moy(v,v).
We observe that the singular points My and M3 could be real (if v(p + 1) < 0) or
complex (if v(p + r) > 0), but they could not coincide due to v(p + ) # 0.
Assume first v(p + 7) < 0. Then we use a new parameter w setting v(p + r) =

—w? < 0. We obtain p = —r —w? /v and then the singular points My and M3 from
(3.61) become Ms 3(0,£w). In this case the condition (3.60)) becomes

r(1+r)ow(v — 1) (v +rv — w?)(rv + r2v — w?)(rv + w?) # 0

(3.61)

and we observe that due to 7(1 + r)v(v — 1) # 0 all the finite singularities are
distinct.

We observe that all the singularities are located at the intersection of the
invariant lines, except for M3 3(0, £w) which lie on the line z = 0 and are symmetric
with respect to the origin of coordinates. Since w # 0 we deduce that fixing the
position of all invariant straight lines and moving only the singularities M 3(0, £w)
we could not obtain new configurations. So the distinct configurations depend only
on the position of the invariant lines.

We remark that only two lines are not fixed: Ls : x = v and Lg : y = —rz.
Moreover four of them (namely Lq,L4, Ls and Lg) intersect at the same point
M;(0,0). Since this point lies on the invariant line L, considering the triplet
of parallel invariant lines (L1, Ly and L3) we deduce that we could get different
configurations if L3 is located on the right of Ly (if v > 0) or on the left of it (if
v < 0).

In the case v(p + r) > 0 we obtain complex singularities Mz 3(0,++/—(p + 7)v)
whose location does not change the configuration, i.e. the arguments we underlined
above are valid in this case too. So we arrive at the following result.

Lemma 3.10. The family of systems (3.59) with the conditions (3.60) possesses
the following configurations of invariant lines when the corresponding conditions
indicated below are satisfied (examples are given in the last column):

Config. 741 & v(p+7r) <0,v<0, (p=5/2,r=-2,0=-2);
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Config. 742 < v(p+7r)<0,v >0, (p=3/2,r=—-2,0v=2);

Config. 743 < v(p+7r)>0,v<0, (p=3/2,r=-2,v=-2);

Config. 744 & v(p+r)>0,0v>0, (p=5/2,r=-2,v=2);
1.1.1.1.2. Possibility pr = 0. Then (v — u)(y +uw) = 0 and we may assume

v+ u = 0 because of the change u — —u. So setting u = —y # 0 in system (3.57)
and applying the transformation

3l(p + I(r—1
o =apt 20+, W= DA
2y 2y
42 -1
t = ’ t, a= _p—(r Jp+7)
pP(r—=1)2(p+r)? 2y
we obtain the 2-parameter family of systems
&=(p+ra’(@—1), g=y[-@+re+p®+-Lay+y’].  (3.62)

We observe that this family of systems is a subfamily of (3.59) defined by the
condition v = 0. So considering invariant lines of the system (3.59) for v = 0 we

obtain
Lig:x=0, Ly:x=1 Ly:y=0, Ls:y=2z, Lg:rxr+y=0.

Moreover examining the singularities (3.61)) we observe that 6 of them coalesced.
More exactly the singular points Ms 3, M7, Mg and Mg coalesced with M7 (0,0)
and we obtain a singularity of multiplicity six. As a result we only obtain one
configuration given by Config. 7.45 (providing that the condition p + r # 0 is
satisfied).

1.1.1.2. Subcase A < 0. This means that two invariant lines in the triplet in the
direction z = 0 are complex. We set A = —u? < 0 and we obtain
1
c= mp(r—1)=1(1+r4+72)] [mp(r—1)—1(1+6p+Tr-+r2 +u2}.
eyt (UL GOl )] [mp(r—1)~1(1+6p )]

This leads to the following system

T ot =00 et o] 1]

2(r2 —1)2 = 2mp(r — D)(r® +7r +1) + u? m?
) =(y +1 + 3.63
y=(y /P){ p2(r—1)2(p+r) D+ (3.63)
P(r+2)2r+1) 1+2mp—1Ir l 5 o
— + T——-y+px +y+r71my}
p(r—=1)2(p+7) p p r=1)
and we consider two possibilities: v # 0 and v = 0 (v is given in (3.58)).
1.1.1.2.1. Possibility v # 0. Then via the transformation
l I(r—1
xl:(mfi%(pﬂ‘)’ = oy — (r )(p+r)’
v
2 _
b= v i g D=1 +r)

S P12 +r)? B!
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system (3.63]) could be brought to the following family of systems (we keep the old
notations for the variables):

z=(p+ r)x[(a: +1)2 + 112],

. ; , , (3.64)
y:y[(p—i—r)(l—HJ Y+2(p+r)z+pr’+ (r—1azy+y ],

where v = u/7y # 0. So, considering the conditions on the parameters p and r which

we impose in order to obtain the above system, we conclude that for the system
(3.59) the following conditions must hold:

p(L+p+2r)(p+2r+7%)r(r+ 1)(p + r)v # 0. (3.65)
We detect that system (3.64) has six distinct invariant affine straight lines
Li:x=0, Lez:xz=—-1+iw, Lys:y=0, Ls:y=z, Lg:rz+y=0

and the following nine finite singularities:

M(0,0), Moz(0,4£v/—(p+7)(1+02)), Mys(—1=+iv,0),

(3.66)
Mg 7(—1%xiv,—1 £ 4v), M&g( —1+w,(1F z)r)

We observe that the singular points My and Mj could be real (if p 4+ < 0) or

complex (if p + r > 0), but they could not coincide due to p + r # 0.

Assume first p + r < 0. Then we may use a new parameter w setting p +r =
—w? < 0. So we have p = —r — w? and then the above singular points M, and Ms
become M 3(0, £v1 + v? w).

We observe that all the singularities are located at the intersections of the
invariant lines, except for M 3(0,++v/1 + v? w) which lie on the line = 0 and are
symmetric with respect to the origin of coordinates. Since w # 0 we deduce that
fixing the position of all the invariant straight lines and moving only the singularities
Ms3(0,£v1 + v2 w) we could not obtain new configurations.

On the other hand we remark that only three lines are not fixed: the complex
lines Ly 3 : ¢ = —1 £ 4v and L¢ : y = —rz. Moreover four of them (namely Lq,Ly,
Ls and Lg) intersect at the same point M7(0,0). In addition we point out that
according to Notation in the triplet of parallel invariant lines Ly (real) and
L3 3 (complex) we place both complex invariant lines on one side of the real line.

We also observe that we have two geometrically distinct positions of the invariant
line Lg : y = —ra: for r < 0 and for r > 0, however this does not lead to distinct
configurations.

When p +r > 0 we obtain complex singularities Ms 3(0, £+1/—(p +7)(1 + v2) )
whose location does not change the configuration, i.e. the arguments mentioned
above are also valid in this case. So we arrive at the following result.

Lemma 3.11. The family of systems (3.64) with the conditions (3.65) possesses
the following configurations of invariant lines when the corresponding conditions
indicated below are satisfied:

Config. 746 < p+r <0, (p=1r=-2,v=1);
Config. 747 < p+r >0, (p=3,r=-2,v=1);
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1.1.1.2.2. Possibility v = 0. Taking into account (3.58)) we obtain m = —I(3p —
1+42r —r2)/(p(r — 1)) and then system (3.63) becomes the system

T p§<lr+—p1(>13<_prfr> [P =1)(p+7)a =81+ 1) +u?],
/= Pp+r)Op—2+4r—2r") +u*  [(r—1)* — 6p]
y= (y+l/p){ p*(r—1)>%(p+r) T (3.67)

I
*Z;y+px2+y2+(7’*1)$y]

Since up(p + r)(r — 1) # 0 we can apply the transformation

3 I(r—1
o —ap— AN (r )(p+7“)7
u u
b u? i qo Pr=D@+r)
L =12+ ) u

which brings systems to the following family of systems (we keep the old
notations for the variables):
i={p+r)z@@?+1), y= ylp+r +px® 4 (r — 1)y + yﬂ. (3.68)
These systems possess the invariant lines
Li:x=0, Lpz:ax==%i, Ly:y=0, Ls:y=2, Leg:re+y=0
and the following nine finite singularities:
M;(0,0), Moz(0,4£y/—(p+7)), Mys(£i,0), Mgr(Fi,+i), Msggo(Fi,Fir).

We observe that all invariant lines are fixed except for the real line Lg : ro +y = 0.
In addition we point out that according to Notation in the triplet of parallel
invariant lines Ly (real) and Lo 3 (complex) we place the real line between the two
complex lines.

As in the previous case, the singularities My 3(0, £+1/—(p + ) ) arereal if p4r <
0 and they are complex if p +r > 0. So applying the same arguments as in the
previous case, we arrive at the next result.

Lemma 3.12. The family of systems (3.68) with the condition (3.65) (removing
the parameter v which is not relevant here) possesses the following configurations
of invariant lines when the corresponding conditions indicated below are satisfied:
Config. 748 < p+r <0, (p=1r=-2);
Config. 749 < p+r >0, (p=3,r=-2).

1.1.1.3. Subcase A = 0. Considering and solving the equation A\ = 0 with
respect to the parameter c, it is clear that we obtain (3.56) for v = 0. This leads
to systems with v = 0, which we denote by 0}.

We observe that in this case we obtain u = v2/(p + r) and we again consider
two subcases: p # 0 and p = 0.

1.1.1.3.1. Possibility i # 0. Then v # 0 and via the transformation

3l(p+7) — I(r—1)(p+
2 = ag — WP 77“) Y =yt (r=Dp+r)
2
—1
b= g ¢ oo Pr=Dp+r)

prr—1)2%(p+r)?’ v
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system (3.57)) r,—0y can be brought to the following family of systems (we keep the
old notations for the variables):

& =(p+r)a’(z - 1),

3.69)
y:y[—r+2rx+pa:2+(1—r)y+(7“—1)ary—|—y2}, (

for which the condition p(1+p+2r)(p+2r +7r2)r(r +1) # 0 holds. These systems
possess the following five distinct invariant affine straight lines:

Lip:x=0, L3:xz=1 Ly:y=0, Ls:y=x—-1, Lg:rx+y=r
and six finite singularities
M;(0,0), M(0,—1), M;5(0,r), My(1,0), Mse(l,£y/—(p+1)). (3.70)

We detect that three of the above singularities are double. Indeed considering

Lemma [2.7] for system (3.69) we calculate
po =ps =0, pr=r’(p+r)aiype® +ra® +y?) #£0

i.e. by this lemma M;(0,0) is a double singular point. Moving My (respectively
M3) to the origin of coordinates we obtain for Ms:

po =ps =0, pz=—1+r)?p+r)]at (@ —y)(a®+pa® +ra® — 20y + %) #0;
for Mj:
po = pg =0, pr=r>(1+7r)2(p+7r)32* (re+y)(pa? +ra? +ria? +2ray +9°) # 0.

So by Lemma each one of these singularities is also double.

We observe that the invariant line = 0 is double and only the line Lg is not
fixed (it depends on the parameter 7). Moreover four of the invariant lines (namely
Ls, Ly, Ly and Lg) intersect at the same singular point My(1,0).

We notice that the singular points M; and Mg could be real (if p +r < 0) or
complex (if p + r > 0), but they could not coincide due to p + r # 0.

Assume first p + r < 0. As before, we may use a new parameter w setting
p+1r=—w? < 0. So we have p = —r — w? and then the above singular points Mj;
and Mg become Ms (1, w).

We observe that all the singularities are located at the intersections of
the invariant lines, except for M5 (1, £w) which lie on the line x = 1 and are
symmetric with to the singular point M4(1,0). Since w # 0 we deduce that fixing
the position of all the invariant straight lines and moving only the singularities
Ms 6 we could not obtain new configurations. We also observe that we have two
geometrically distinct positions of the invariant line Lg : y = —ra: for r < 0 and
for r > 0, however this does not lead to distinct configurations.

In the case p+r > 0 we obtain complex singularities M5 g (1, +/—(p+ 7")) whose
location does not change the configuration, i.e. the arguments mentioned above,
are also valid in this case. So we arrive at the next result.

Lemma 3.13. The family of systems (3.69)) with the condition (3.65) possesses
the following configurations of invariant lines when the corresponding conditions
indicated below are satisfied:

Config. 750 < p+r <0, (p=1,r=-2);
Config. 751 & p+r >0, (p=3,r=-2).
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1.1.1.3.2. Possibility 1 = 0. So we have A = p = 0 and this leads to the
existence of a triple invariant line among (3.54]). This leads to the system

b =)o - s

) 29p — 2+ 4r —2r%)  1(6p — 1+ 2r —1r?) l

+pa? +y® o+ (r - 1)%}

which via the translation 1 = = — p(%l), y1 = y+1/p can be brought to the cubic
homogeneous system
&= (p+r)2’, g=yl[p® + (- Day+y?]. (3.71)

This system has invariant affine lines of total multiplicity six (one triple and three
simple):

Ligss:x=0, Ly:y=0, Ls:y=2, Lg:y=—rx
and only the last invariant line is not fixed. Since the above homogeneous system
has a single singularity M;(0,0) which is of multiplicity 9, we obtain the unique
configuration given by Config. 7.52.

1.1.2. Case p+r = 0. Hence we have p = —r and this implies
A=[m(r—Dr+11+r+ 7’2)]2 =72 p=c(r—1)7%r*+120y. (3.72)

So we observe that A > 0 and we consider two subcases: A # 0 and A = 0.
1.1.2.1. Subcase A # 0. In this case considering the conditions (|3.48]), ,
(3.50) and (3.53|) we arrive at the family of systems
. 3l —rx +riz
o or3(r—1)3

. c(r =122 —22+5r+2r%) +6ly  Ir—1+2mr
y=(y—l/r){ ( ) rZ((rl)? ) + x (3.73)

[e(r —1)%r® + 6ly — 2(r — 1)rya],

r
l
+;y—m2+(r—1)xy+y2]

and we examine two possibilities: p # 0 and g = 0.

1.1.2.1.1. Possibility p # 0. Since v # 0 (due to A # 0) we may apply the
transformation

61 20(r—1
x1=am+l, y1=ay—M,
[ [
2 2r(r —1
P P Gtk
4(=1+1)2r22 ]
bringing systems (3.73) to the 2-parameter family of systems
i=azx(r—1), y=ylalx—1)—ra®+ (- Dy +y?], (3.74)

where a = —44%/u # 0. For these system we calculate (see the definition of the
polynomial H(X,Y, Z) on the page Notation [2.4)):

H(X,Y,Z) = ged(G1,G2,G5) = aX (X — V)Y (rX +Y)(X — 2)Z.
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So, by Lemma [2:6] the invariant line Z = 0 at infinity is of multiplicity two and the
invariant affine lines are

Li:x2=0, Ly:x=1, L3:y=0, Ly:y==x, Ls:y=—rzx.
We detect that the above system has six finite singularities
M1(070)7 M2,3(05i\/&)7 M4(170)7 M5(171)a M@(l,—?”),

which are distinct due to a # 0. We observe that only the line Lj is not fixed (it
depends on the parameter 7). Moreover four of the invariant lines (namely Lq, L3,
L4 and Lj) intersect at the same singular point My(1,0).

On the other hand the singular points My and M3 could be real (if a > 0) or
complex (if a < 0), but they could not coincide due to a # 0. These two singularities
are located on the invariant line x = 0 and are symmetric with respect to the origin
of coordinates.

So after the examination of the position of the invariant lines we arrive at the
next result.

Lemma 3.14. The family of systems (3.74) with the condition ar(r—1)(r+1) #0
possesses the following configurations of invariant lines when the corresponding
conditions indicated below are satisfied:

Config. 753 & a>0, (a=1,r=-2);
Config. 754 & a <0, (a=-1,r=-2).
1.1.2.1.2. Possibility p = 0. Considering we obtain
p=clr—12%*+12ly =0 = c=—12lv/((r — 1)*r?)
and then systems with the above value for the parameter ¢, via the translation
x1=x+3/(r(l—=")), yrr=u—-1/r
will be brought to the family of systems:
& =az?®, y= ylaz — rz® 4 (r — 1)zy + yz], (3.75)
where a = 2v/(r(1 —r)) # 0. For this system we calculate
H(X,Y,Z)=-aX*(X -Y)Y(rX +Y)Z
and therefore by Lemma the invariant line at infinity, Z = 0, is of multiplicity
two. This system has four distinct invariant affine lines
Lio:2=0, L3:y=0, Ly:y=2, Ls:y=-—-rzx

and the unique finite singularity M;(0,0). Considering Lemma for the above
system we calculate

po=p1=H =0, pz=a’(z—y)ylra+y)#0,
Pa = pi5 = g = pr = fig = pg =0
and hence by this lemma, three finite singularities coalesced with singularities at
infinity (together with one invariant line) and the remaining singularity M;(0,0) is
of multiplicity six.
Since the line = 0 is double, it is not too hard to detect that systems (3.75)
have the unique configuration of invariant lines given by Config. 7.55.
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1.1.2.2. Subcase A = 0. Considering (3.72]) we obtain v = 0. So from (r—1) # 0
we obtain

y=m(l—r)r —114+r+7r)=0 = m=I11+7+7%)/(r(1 —7))

and then p = ¢(r — 1)?r2? # 0. In this case the right-hand part of the first equation
of systems ([3.73]) becomes linear in « and applying the translation

x1=z4+3l/(r(1=7)), y1=u—1/r
we obtain the family of systems:
i=cx, y=yle—ra®+(r—1ay+y?], (3.76)
with cr(r? — 1) # 0. For these systems we calculate
HX,Y,Z)=cX(X -Y)Y(rX +Y)Z?

and therefore by Lemma the invariant line at infinity, Z = 0, is of multiplicity
three. These systems possess the invariant affine lines

Ly:xz=0, LQ:y:O7 Lg:y:]}7 L4:y:—7~$
and three finite singularities
Ml(0,0), M2,3(0,:|:\/ —C).

So examining in the same manner as further above the position of the invariant
lines as well as the position of the singularities Mz 3(0,£1/—c ) (which could be
real or complex) we obtain the following two distinct configurations: Config. 7.56
if ¢ < 0 and Config. 7.57 if ¢ > 0.

1.2. Possibility r = 1. Then considering (3.51]) we obtain Gy = —3I(3 4+ p) = 0.
On the other hand the condition 1+ p + 2r # 0 (see the paragraph|3.3.2)) for r = 1
gives p+ 3 # 0. Therefore we obtain [ = 0 and considering ((3.48)), (3.49) and (3.50))
we have the conditions:

k=d=h=e=b=1=0,
= BHp)° — (g~ 2m)(3g + 2mp)
(3+p)? ’
_ c(3+p)* —2(g — 2m)(g +m + mp)
B+p)?

In this case the cubic system (|3.44) takes the form

. g—2m 2(g—=2m)(g+m+mp) 2(g+m+mp)x 5
= — — ]_
P=le+ 57 1[e B+ p)? 3rp +pa?),
. 1(2m —g)(3g 4 2mp) 2 2
= { B3+ )2 +c+2max + px +y].

(3.77)
These systems possess the invariant lines

Li=g—2m+(B+p)z, Loz =c(3+p)*—2(g—2m)(g+m+mp)
+2(3+p)(g+m+mp)z + (14 p)(3+ p)*a?,
Li=vy, ﬂ5:g—2m+(3+p)(ﬂc—y), E6:g—2m+(3+p)(x+y).,
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To determine if the invariant lines i273 = 0 are real or complex as well as if the
invariant line L; = 0 coincides with one of the lines L 3 = 0 we calculate:

Discrim[Lg 3, 7] = 4(3 4 p)2N (¢, g, m,p), Resy(L1, Las) = (3 + p)2i/(c, g,m, p),
where
N = (3g — 3m + 2gp — 3mp)(g +m +mp) — c(1 +p)(3 +p)?,
W = c(3+p)* + (g — 2m)(—3g — 6m + gp — 6mp).
We observe that

(3.78)

sign (Discrim[Z/Q,g, x]) = sign(\'),

i.e. the invariant lines I~/2,3 = 0 are real (respectively complex; coinciding) if X' > 0
(respectively X' < 0; X' = 0). On the other hand the invariant line L; = 0 coincides
with one of the lines Ly 3 = 0 if and only if 1/ = 0.

We observe that the equation A = 0 is linear with respect to the parameter ¢
with the coefficient (1 + p)(3 + p)? and since (3 + p) # 0 we examine two cases:
p+1#0andp=-1.

1.2.1. Case p+1 # 0. In what follows we examine the possibilities provided by
the polynomials A and p'.

1.2.1.1. Subcase N > 0. Then we use a new parameter u setting \' = u? and
we obtain

1

(1+p)(3+p)? [
This leads to the system

(39 — 3m + 2gp — 3mp)(g + m + mp) — u*]. (3.79)

. 1 [ g—2m}{g+m+mp7u
T = T
1+p 3+p 3+p

g+m-+mp+u
[T +(1 —i—p)x}, (3.80)

J _y[m(l +p)(6g — 3m + mp) — g°p — u?
(1+p)B+p)?
On the other hand for the value of ¢ given in (3.79) we calculate

+(1+ p)x}

+ 2mx + pz? + yz].

1
/ 12 2 /
_ —u”), = —3m(1+ 3.81

1 (v ), Y =gp ( p) ( )

and since the condition p’ = 0 leads to the merging of two invariant lines of the
triplet, we examine two subcases: ' # 0 and /' = 0.

I

1.2.1.1.1. Possibility p' # 0. Then (7' —u) (7' +u) # 0 and via the transforma-
tion
—2m)(1+
xlza:rJr—(g ; I p)’ Y1 = ay,
Y t+u

O twp? _ (1+p)B+p)

b= em et YT
(1+p)*B+p) Y tu

system (3.57)) can be brought to the following family of systems (we keep the old
notations for the variables):

i=p+z@-1)@-v), g=y[E+v—(p+1)1+v)z+pz®+y*].
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We observe that this family of systems is a subfamily of the family (3.59)), defined
by the condition » = 1. According to Lemma for systems the condition
has to be satisfied, including r # 1. However we detect that for this family
the hypersurface » = 1 is not part of the bifurcation set of configurations as it can
be seen from Lemma So no new configurations can be obtained.

1.2.1.1.2. Possibility ' = 0. Then (7 — u)(y’ +u) = 0 and we may assume
"+ u = 0 because of the change u — —u. So setting in system (3.80) v = —y' #0
(since M =2 > 0) and applying the transformation

(g —2m)(1 +p)

m=ard S p=ay,
49" (1+p)B+p)
= 4 q= DRI
(1+p)>@B+p)? 2y

we obtain the 1-parameter family of systems:

i=p+1)2*(z—-1), g=y[-@+1z+pz®+y?]. (3.82)
We observe that (3.82) is a subfamily of systems (3.62)) defined by the condition
r = 1. So we deduce that we do not have new configurations.

1.2.1.2. Subcase N < 0. This means that two invariant lines of the triplet in
the direction z = 0 are complex. We set ' = —u? < 0 and we obtain

K
(1+p)(3+p)?
This leads to the systems
. 1 qg—2m
= [x + 7}
(1+p)B+p)? 3+p
X {(g+m+mp+3x+4pm +p2x)2+u2}, (3.84)

3g — 3m + 2gp — 3mp)(g +m + mp) + u*]. (3.83)

- rm(1+p)(6g — 3m + mp) — ¢%p + u?

v=| A+pB+p)?
We consider two possibilities: 7' # 0 and 7' = 0.
1.2.1.2.1. Possibility v # 0. Then via the transformation

(g —2m)(1 +p)
T =Qr - S, Y1 = ay,

v

o * ¢ oo (14P)B+p)

1=t a=-——"
(1+p)?(3+p)? o4

systems (3.84) can be brought to the following family of systems (we keep the old
notations for the variables):

+ 2mx + pz? + 2

T =(p+ 1)1‘[(9& +1)2 + UQ],
y=y[lp+1)(1+ v?) +2(p+ )z + px? + yQ],

where v = u/v" # 0. It could be easily observed that (3.85) is a subfamily of

systems ((3.64)) defined by the condition » = 1. This family was investigated earlier
(see Lemma [3.11)) and since for » = 1 we do not have bifurcation points for the

family (3.64)) we deduce that there are no new configurations.

(3.85)
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1.2.1.2.2. Possibility v/ = 0. Taking into account (3.81) we obtain m =
gp/(3(1 4 p)) and then system (3.84]) becomes system
2

:'c:[(1+p)x+g/3][<x+ J )2+ ° ],

31+p (1+p)>*@+p)? (3.86)
_ {gzp(S P It  2gp e yz}
9(1+p)*(3+p)? 3(1+p) '
Since u(1 + p)(3 + p) # 0 we can apply the transformation
9(3 +p) u? (1+p)(3+p)
T1 ax 3u ) Y1 ay, 1 (1 +p)2(3+p)2 ) « "

which brings systems (3.86)) to the systems
@ =(p+1la(®+1), y=y[p+1+p®+y°]
We observe that this family of systems is a subfamily of (3.68]) defined by the

condition 7 = 1. So we again do not have new configurations.

1.2.1.3. Subcase N = 0. Considering (3.78)) and solving the equation X' =
with respect to the parameter ¢, it is clear that we obtain (3.83) for u = 0. This
leads to the system (3.84) with u = 0, which we denote by (3.84) {,—o}-

We observe that in this case we obtain p’ = +' and we again consider two
possibilities: ¢’ # 0 and ' = 0.

1.2.1.3.1. Possibility p’ # 0. Then 7’ # 0 and via the transformation

2 1 3
7g+m,4>mpa n=ay, t1= Z Qta O‘:*( +p)(, +p)
¥ (1+p)?@B+p) v

system (3.84)) (,—oy could be brought to the system

1 = ax

&= (p+Da*(x—1), §=y[—y+2ay+p’y+y°].
It remains to observe that we obtain a subfamily of (3.69)), defined by the condition
r=1.

1.2.1.3.2. Possibility ¢/ = 0. In this case we have X = ¢/ = ' = 0 (ie.
m = gp/(3(1 +p))) and we obtain a triple line in the direction x = 0. Therefore

system (3.84)) (,—oy leads to the system
. gp , gp 2
el ) il ) e
(1+p) sa+p VTP i) Y
and evidently making the translation 1 = x + %, y1 = y we arrive at the cubic
homogeneous systems
&= (p+12°, g=y[pz®+y°]
which form a subfamily of systems (3.71)) for r = 1.
1.2.2. Case p = —1. In this case system (3.77)) becomes
& =[x+ (g9 —2m)/2][c - g(g — 2m)/2 + gx)], (387)
g =ylc—(g—2m)(3g — 2m)/4+ 2ma — 2° + y?] '

for which
N =g¢% ' =4(c—g*+2gm). (3.88)

So we observe that ' > 0 and we consider two subcases: X' # 0 and X' = 0.
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1.2.2.1. Subcase N # 0. Then g # 0 and we have to consider two possibilities:
w #0and g/ =0.
1.2.2.1.1. Possibility 1’ # 0. In this case systems (3.87)) can be brought via the

transformation

N/Q 49

29(g — 2m) I
1692 ’ M/

xlzax‘i’Ta y1=ay, 1

to the systems
i=az(z—1), y=ylalz—1)—2>+y?],
where a = —4/u'. We observe that we obtain a subfamily of systems defined
by r = 1.
1.2.2.1.2. Possibility ' = 0. Considering we obtain ¢ = g(g — 2m) and
then system takes the form
i=g(g—2m+22)°/4, §=y[(g®—4m> + 8ma — 42 + 4y°)] /4.
In this case we apply the transformation =1 = z/g + (9 — 2m)/(29), y1 = y/g,
t1 = ¢g°t which brings the above system to the system
=2, ylz—2®+y?).
Evidently this system belongs to the family for a = r = 1, already studied.
1.2.2.2. Subcase N = 0. By we obtain g = 0 and system becomes
i=clx—m), yle—(z—m)*+y°].
Clearly applying the translation x — = 4+ m we obtain the system
T =cx, y[c—x2 —&-yﬂ
which belongs to the family of systems for r =1, already studied.
2. Subcase Gy # 0, Go = G3 = 0. Then considering , since p(1 +p +

2r)(p+2r +12) # 0, the condition G = 0 yields ¢ = —¥(l, g,m,p,7). On the other
hand we observe that the polynomial G5 from is linear with respect to the
parameter m with the coefficient 2p(p + r)w, where w = 1 4 3p + 7r + r2. Since
p # 0 it remains to consider three possibilities: (a) (p+r)w #0, (b) p+r # 0 and
w=0,and (¢) p+7r=0.

2.1. Possibility (p + r)w # 0. Then the condition Gy = 0 gives

1 2 2
mzm[l(r—1)(2+T)(P+r)(1+2r)—|—gp(2p — 74 6pr+2r® —r?)].

It can be checked directly that this condition together with (3.48)), (3.49), (3.50)
and ¢ = —=U(l,g,m,p,r) applied to systems ([3.44) lead to the family of systems:

=3l2+7)(p+7r)+gp(1+p+ 27«)}

ﬂ'c=(p+7‘)[m+

p(p+r)w
y [x+ —31(—1+7‘)(p+r)+gp(p+3r)]
p(p+rjw
o [m L 3Up+ )+ 2r) + gp(p +2r + r?)}
p(p+r)w
= +r)(@+e1)(@+p2) (T + p3),
y==l+1/p) [W [(Blgp(r — 1)(p+r)(2p* — 7+ 3pr — 12 —17)
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— *p2(p® + 6p*r — % 4+ 9pr? + 213 — )+ P(p+1r)2(2 4+ 3p + 18p* 47
1
plp+r)w
+2r — %) + gp(2p* — r + 6pr + 2r% — r?’)}x +ly/p—px® + (1 —r)zy — yﬂ.

+ 21pr — 6r® + 3pr® + 1% 4+ 2rY)] — [—U(=1+7)(p+7)(-1+3p

We calculate
gp(r—1)+9l(p+7r) o (1+7)[gp(r = 1) +91(p + )]
potrw T p(p +r)w
and hence setting 6 = gp(r — 1) + 9l(p + r) we deduce that if 6 = 0 then all the
parallel invariant lines in the direction = 0 coincide.
On the other hand for the above mentioned values of the parameters ¢ and d we
obtain

Y2 — @1 =

(L+p+2r)(p+2r+1r?)d

p(p+r)w
and therefore the condition G; # 0 implies § # 0. In this case we can apply the
transformation

Gy =—

o= az 1+ 31(2+T)(p+7“)5—gp(1 tpt2) +67")w)7
5 p(p+r)w
PR YT

and we arrive at the family of systems
t=@p+r)zx—-1)(xz—-1-1),
g=y[Q+r)p+r)+@* —2p—r)z+pz®+ (1 +p+2r)y (3.89)
+(r = Day + 7],
for which the following condition is satisfied
r(r+Dpl+p+2r)(p+2r +1°)(p+r)(1+3p+Tr+1°) £0. (3.90)
These systems possess six real invariant affine straight lines
Li:x=0, Ly:x=1, Ly:z=r+1,
Ly:y=0, Ly:y=axz—1—7r, Lg:rz+y=0
which are all distinct because (r + 1) # 0. The above systems have the following
nine real finite singularities:
Ml(0,0), M2(07—1—’I“), ]\43(07 —p—r), M4(1,0), M5(1+T,0),
Mg(1,—r), M7(1,—p—2r), Ms(1+r,—p—r), Mg(l +r,—r(l+ T))
We observe that because of the condition r(r + 1)(p + ) # 0 all these singularities
are distinct except for the case of the singularity M7 (1, —p — 2r) which coalesces
with the singularity My if p+ 2r = 0.

It is easy to determine that 6 of these singularities are located at the intersections
of the above invariant lines, more precisely these are the singular points M; for
i€{1,2,4,5,6,9}. The singular point Ms (respectively M7; Mg) is located on the
invariant line Ly (respectively Lo; L3). Moreover we have three singular points each
one located at the intersection of three invariant lines: Li, Lo and Lg intersect at

the point My; L3, L4 and L5 intersect at the point Ms; and Lo, Ly and Lg intersect
at the point Mg.
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To determine all possible configurations for system we have to examine
the positions of the invariant lines as well as of the singularities Mg, Mg and My
depending on the parameters r and w.

Let us first examine the position of the invariant lines. We observe that three of
the lines are fixed, namely Ly, Lo and L4. Other three invariant lines depend on
the parameter r. More exactly the positions of L1 and Ls depend on the sign of the
expression r + 1, whereas the position of the invariant line Lg depends on the sign
of the parameter r. So it is clear that we have to examine three cases: (i) r < —1;
(1) —1<r<0and (#i) r > 0.

Next we consider the position of the finite singularity Ms5(0, y3) with y3 = —(p+r)
(respectively M7(1,y7) with y; = —(p + 2r); Mg(1 + r,ys) with ys = —r(1 + 1))
on the invariant line x = 0 (respectively © = 1; = 1 + r) with respect to the
singular points M;(0,0) and M2(0, —(1 + r) (respectively M4(1,0) and Mg(1, —r);
Ms(1 + 7,0) and My(1 +r,—r(1 +7))). It is clear that the positions of these
singularities in three different cases (i) — (i4i) enumerated above could be distinct
and therefore we examine each one of these three cases.

Case (i) r < —1. Then considering Notation we have
0<—(r+1) = My<My; 0<—r = My <M —r(r+l)<0 = My < Ms,

and considering the coordinates y3 = —(p+7r), y7 = —(p+2r) and ys = —r(1+7)
we have the next implications.

(I) For the singular point M3:
y3<0:>M3<M0<M2; 0<y3<—(T+1)$M0-<M3-<M2;
ys > —(r+1) = My < My < Ms.
(IT) For the singular point My:
yr <0 = My X My < Mg; 0<y;<—r = My < M; =< Ms;

Yyr > —r = My < My < M.

(ITI) For the singular point Ms:

ys < —r(r+1) = Mg < Mg < Ms; —r(r+1)<ys <0 = My < Mg < Ms;

yg >0 = Mg < M5 < Msg.

Case (ii) —1 < r < 0. In this case we have
—(r+1)<0=My<My; 0<—-1=My<Mg; 0<—r(r+1)= Ms;=< My,
and this leads to the next implications.
(I) For the singular point Mj:
ys < —(r+1) = My < My < Mo; —(r+1) <ys <0 = My < Mz < Mo;
ys >0 = My < My < Ms.
(IT) For the singular point M7:
Y7 <0 = M; S My < Mg; 0<y; <—r = My < M; < Mg;
yr > —r = My < Mg < M.
(ITI) For the singular point Ms:
Ys <0 = Mg < My < My; 0<ys < —r(r+1) = My < Mg < Mo;
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yg>—r(r+1) = M5 < My < Ms.

Case (iii) 7 > 0. Then we have

—(r+1)<0= My <My; —-r<0= Mg<My; —r(r+1)<0= My =< Ms,
and this leads to the next implications.

(I) For singular point Ms:

—(r+1) = M3 <My <My; —(r+1)<ys<0= My~< Mz < Moy;

ys >0 = My < My < Ms.

Y3 <

(IT) For singular point M7:
yr < =1 = M7 < Mg < My; —3<y; <0 = Mg < M7 < My;

yr >0 = Mg < My < My.

(III) For singular point Ms:

ys < —r(r+1) = Mg < Mg < Ms; —r(r+1)<ys<0 = Mg < Mg < Ms;

yg >0 = Mg < M5 < Msg.

Since we only have two parameters (p and r), clearly not all of the possibilities de-

scribed above could be realizable. So examining the compatibilities of the conditions

it is not too hard to convince ourselves (using for example, the tools “FindInstance”

or “Reduce” of computer algebra system Mathematica) that the following lemma
is valid.

Lemma 3.15. The family of systems (3.89) with the condition (3.90) possesses
the following configurations of invariant lines when the corresponding conditions
indicated below are satisfied:

Config. 7.58 < p>1,p> —2r,p > r?,

r<—1,-2r <p<r? pf17/2rf73)

Config. 7.59 <

Config. 7.61

Config. 7.62 < {

orr < —1,r2<p< —=2r,

or —1<r<0,-2r<p<l,
or —1<r<0,1<p<—2n

orr>0,1<p<r?
orr>0,12<p<l,

e =2<r<-=1/2,p=—-2r,

r<—=2,p=-—2r

r<-—1,—-r<p<-=2rp<r?

Config. 7.64 <

or —1<r<0,—r<p<-2r,p<l,

orr>0,—r<p<rip<l,

Config. 7.65 <

r<-—11<p<-—r,

or —1<r<0,r2<p<—r,

orr>0,-2r<p<-—n,

or —1/2<r<0,p=—2r,

(p=

(

(p = 65/24,r = —3/2);
(b =3/4,r = —1/4);

(p = 131/96,r = —3/4);
(0 =7/2,7 = 2)
(p=5/8,r=1/2);
(p=3,r=-3/2);

(p = 6a7a = _3>,
(p=3/4,1r=-3/8);
(p=5/2,r=-2);
(p = 7/877n = _1/2);
(p = —1/2,7" = 1);
(p=3/2,r=-2);

(p = 3/8,7" = _1/2)§
(p=-1,r=3/4);
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r<-—-l,p<l, (p=-1/2,r =-=2);
Config. 766 & Cor —1<r<0,p<r? (p=-1/2,7r=-1/2);
orr>0,p< —2r, (p=-7/2,7r=1);

Config. 7.67 & r>0,p=—-2r, (p=-2,r=1).

2.2. Possibility (p+1) # 0, w = 0. Then the condition w = 1+3p+7r+72 =0
gives p = —(1 4+ 7Tr +12)/3 # 0 (since p # 0) and we denote w’ = 1+ 7r + 12 # 0.
Then we calculate
Go= (r—=1D2+r)(1+2r) [g(r —Dw' +91(1 + 4r + 7“2)] /27,
p(L+p+2r)(p+2r+72) = (r— 122+ 7r)(1+2r)w'/9 #0.

Hence the condition Gy = 0 gives

91 +4r + r?)

9= (r— 1w’

and this leads to the family of systems
. 1+ 4r + 12 3[2m(1 — r)w’ =312+ r)(1+5r)]
TTT T3 [”3_ r— 122+ r)w ]
» [:p ~ 33U+ r)(L+2r) + 2m(r — 1)w’)}
(r—1)2(1+2r)w’
" [m ~ 32+ ) (L+2r) +2m(r — 1)w’)}
(r=12+r)1+2r)uw
= (P +r)@— ) — o) (@ — @),
. , -3
§=ly = 3t/u) {(7« A2+ r)2(1+ 2r)2w
+ 573 ) + 3122+ )2 (5 + ) (1 + 2r)3(1 4 57) + 6lm(r — 1)(2 4 r)(1 4 27)
r—1)4+2muw’

[4m?(r — 1)%w'(1 + 5r + 1572

3l
X (2+ 197 4 661 + 19r° + 2r")] + ( z+ 3ly/w' —w'z?/3

+(r— 1):Ey+y2]

We calculate
18(1 +r)d’ , ;L 1876’

r— D22+ (It 20w’ BTN T o022+ (L + 20w
where &' = 31(2 4+ 7)(1 + 2r) + m(r — 1)w’. Since r(r + 1) # 0 it is clear that
the condition ¢’ = 0 is equivalent to the existence of a triple invariant line in the
direction z = 0.

On the other hand for the above mentioned values of the parameters p and g we
obtain G; = —2§’/3 # 0. Therefore we can apply the transformation

(r=1)[m(r— 1w + ¢ = oy I(r —1)2(247)(1+2r))

Tl = oxr — 6o/ ) 1= 66/ ’
b 32447 ¢ e (r—=122+r)(1+2rw
TS D2+ 20+ 2r)2e? T 185

and we arrive at the family of systems

i=—(1+4r+r)z(z —1)(x+1r)/3,
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¥ zy[— r(l4+7r+7r%) =3(r — Dre — (1+7r+72)z? + (r — 1)%y
+3(r — 1)ay + 3y°] /3.
We observe that these system via the transformation (z,y,t) — (1 —x, —y,t) could

be brought to the system (3.89) with p = —(1 + 7r 4+ 7?)/3 # 0 and hence no new
configurations can be obtained.

2.3. Possibility p+r = 0. Considering for p = —r we obtain
c=g(l—=20r+gr —2mr)/r?, Gy = —gr*(1+r)?
and because of 7(r + 1) # 0 the condition G2 = 0 gives g = 0. However in this case
we obtain ¢ = 0 and this leads to degenerate systems
2mr —1

i=0, y:(y—l/r){MererHl;fT

So the case p(1 +p + 2r)(p + 2r + r?) # 0 is completely examined.
Case p(1+p+2r)(p+2r +1r?) = 0. We examine two subcases: p = 0 or p # 0 and
(L+p+2r)(p+2r+7?) =0.

1. Subcase p = 0. Considering the condition Eqf = 0 gives I = 0 and then
we calculate

Eqi =0, Eq,=e—2mW + (r—1)W? Eqj,=b—fW —W?3. (3.91)

-z +y|.

Now taking into consideration the conditions k =d = h = p = [ = 0 we consider
other two directions. From (3.46) and (3.47)) we obtain respectively:

Eq) =—g+2m—(14+2r)W, Eq =—c+e+f—gW+(1—-r)W?3

Eqly=—a+b+(e— )W — gW? — r W3, (3.92)
and
Eqg' =2m—g+2+n)W, Eqj'=f-c—e/r+gW/r+(r—1)W?/r,
Eqly =b+ar — (e+cr)W/r+gW?/r — W3 /r, (3.93)
As we observe the equation Eqf = 0 (respectively Fqf’ = 0) is linear in W if and

only if 1 4 2r # 0 (respectively 2 + r # 0). So in what follows we consider two
possibilities: (1 +2r)(24r) #0 and (1+2r)(2+7r) =0.
1.1. Possibility (1 +2r)(2 + 1) # 0. Then the equation Eqf = 0 gives W =
(2m —g)/(1 + 2r) = W and then the equation Eqg|w—wyy = 0 yields
(g —2m)(2g — 2m + gr + 2mr)
=c—e— . 3.94
f c € (1 + 27’)2 ( )
Considering this value of the parameter f and (3.92)) the equation Eqiy|(w=wyy =0
gives

(c—e)lg—2m) (9—2m)(g+gr+2mr))
a=bt e 1+ 2r)° ' (395)

We examine now the equations corresponding to the direction y = —rz. Consider-

ing (3.93)) and the conditions (3.94]) and (3.95)) we detect that the equation Egg’ = 0
gives W = (g—2m)/(2+r) = Wy" and then the equation Eqq’|{w—w; = 0 yields

(g —2m)(r — 1)(g + 2m — 2gr + 14mr + gr? + 2mr?)
e=— . (3.96)
(24 7)2(1+ 2r)?
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Considering this value of the parameter e and (3.93) the equation Eqig|w=w;y =
0 implies

(g —2m)(r —1)
CETSHIESBE [e(2+7)*(1+2r)% — (g — 2m)(8g — 4m + 11gr (3.07)

+ 8mr 4 8gr? — 4mr2)} .

b=—

Now we return to the direction y = 0. Taking into account (3.91) and the conditions
(3-94), (3.95), (3.96]) and (3.97) we obtain

(W)

Eqy, = — CETE RS TE [(g + 2m — 2gr + 14mr + gr? + 2mr?
—(r=1D24+r)(1+ QT)W],
(W
Eqyy = 2+ r)3((1 i_ E [—c2+7)2(1+2r)°+ (g —2m)(8g — 4m + 11gr

+ 8mr + 8gr? — 4mr?) 4 (g — 2m)(r — 1)(2 +7)(1 + 2r)W
—(2+7)%(1+2r)*W?],
where U(W) = (g—2m)(r—1)+(2+r)(1+2r)W. So Eq¢§ and Eq¢|, have a common
factor which is linear in W. This means that the detected conditions are sufficient

for the existence of six invariant affine lines for system (3.44]). As a result these
systems become

T = :c-i—M}{ _6(9_2m)(g+g7"+3mT+gr2)
24+7r)(1+2r) 2+ r)2(1 +2r)2
2(g + gr + 3mr + gr?)
ERRNCERS () “”2]
= il(x)fa,?,(x),

g = nyH (g —2m)(8g — 4m + 11gr + 8mr + 8gr — 4mr?)

(2+7r)(142r) (24 r)2(1+2r)2
(9 +2m — 2gr + 14mr + gr® + 2mr®) (g —2m)(r — 1)
2+ r)(1+2r) T ernarn?

—(1 —T)xy—l—yg}.

+

We need to detect if the two lines defined by the equation I~/2,3 = 0 are real or
complex and in the case when they are real, if one of them coincides with the
invariant line Ly = 0. So we calculate

T e, g,m,r - -
Discrim[Ly 3, 2] = o +(r)§(1 n 2)r)2’ Resy (L1, Las) =

fi(c, g, m,7)
(24 7)2(1 +2r)?’

where
A= (g+Tgr —9mr + gr2)(g +gr +3mr + gr?) —er(2 + r)2(1 + 2r)2, (3.98)
fo=c(2+7)%(1+2r)? —3(g — 2m)(4g + gr + 18mr + 4gr?). '

We observe that
sign (Discrim[fg_rg, z]) = sign(M),
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i.e. the invariant lines ig,g = 0 are real (respectively complex; coinciding) if A>0
(respectively A < 0; A = 0). And the invariant line L; = 0 coincides with one of
the lines Ly 3 = 0 if and only if i = 0.
1.1.1. Case A > 0. Then we use a new parameter u setting A = u2 and since
(24 r)(1 + 2r) # 0 we obtain
1
c= I
r(24+7r)2(1 4 2r)?
This leads to the system

(g + Tgr — 9mr + gr?)(g + gr + 3mr 4 gr®) — u2]. (3.99)

:c:r[a:—k

3(g —2m) g+ gr+3mr+gr:—u
(2+r)(1+2r)“ r(2+r)(1+2r)
g+ gr+3mr+gr2+u
r(2+r)(1+2r) }’
(g—2m)(r—1)77g%(r — 1)2(r+1)2  2gm(7r? +13r +17)
(2+7)(1+2r) ] [r(r+2)2(2r—|—1)2 (r+2)%2(2r +1)2
m2r(8r? +11r +8) +u?  g(r —1)% +2m(1 + 7r +r?)
 r(r+2)2(2r +1)2 (2+r)(1+2r)
(9= 2m)(r — 1)
24+7r)(1+2r)
On the other hand for the value of ¢ given in we calculate
1
-
and since the condition fi = 0 leads to the coincidence of two invariant lines of the
triplet, we examine two subcases: fi # 0 and g = 0.
1.1.1.1. Subcase i # 0. Then (¥ — u)(¥ 4+ u) # 0 and via the transformation

x[w—i—

g = [y _ (3.100)

y+(r—1)xy+y2}.

fp=—-(7—u?), A=gr—1)7249mr (3.101)

3(g—2 -2 -1
o = ag - 29 m)?’7 = ay+ (g —2m)(r )7”,
¥—u F—u
(7 —u)? r(2+7)(1+2r)
t = t, a=-———1 T2
r2(24r)2(1 4+ 2r)? ¥—u

system (3.100) could be brought to the following family of systems (we keep the
old notations for the variables):

i=rz(z—1)(z—v), g=y[rv—r(l+v)z+(—1)zy+y?]. (3.102)
It remains to note that this family of systems is a subfamily of (3.59) defined by
the condition p = 0 and hence it is already examined.

1.1.1.2. Subcase i = 0. Then (¥ —u)(¥+u) = 0 and we may assume ¥ +u =0
because of the change u — —u. So setting u = —% # 0 in system (3.100) and
applying the transformation

3(g —2m)r —2m)(r — )r
oy = a9~ )7 ylzay+(9 ) )’
2y 2y
4732 r(24+7)(1+2r)
=3 2 2l X =7 5
p*(r—1)2(p+r) 27

we obtain the family of systems:

J'v:rx2(xfl), y':y[foJr(T*l)nyryQ]-



EJDE-2021/77 CONFIGURATIONS OF INVARIANT LINES OF CUBIC SYSTEMS 59

We observe that this family of systems is a subfamily of (3.62)) defined by the
condition p = 0, i.e. no new configurations could be obtained.

1.1.2. Case A < 0. In this case we set A = —u2 and since 7(2 + 7)(1 + 2r) # 0
we obtain

1
€= r(247r)2(1 + 2r)
This leads to the system

5 [(g + Tgr — 9mr 4 gr?) (g + gr + 3mr + gr?) + u2] . (3.103)

3(g —2m) H( g+gr+3mr—|—gr2)2
(2+7r)(1+ 2r) r(2+7)(1+2r)
u2
+ B
r2(24r)2(1 + 2r)?
J :{ (g =2m)(r - 1)} {92(7" —D2r+1)2  2gm(7r? +13r +7)
24+ 7)1+ 2r) Ilr(r4+2)2(2r+1)2 (r+42)2(2r+1)2
B m2r(8r? + 11r +8) —u?  g(r — 1)2+2m(1 + 7r +r?)
r(r+2)2(2r+1)2 (24 7)(1+2r)
(9 —2m)(r —1)
(24 7r)(1+2r)
and we consider two subcases: ¥ # 0 and 4 = 0 (¥ is given in (3.101)).
1.1.2.1. Subcase ¥ # 0. Then via the transformation

s'czr{x—I—

(3.104)

y+ (r—Day+y°

3(g —2m)r —2m)(r — )r
l‘]_:Oé.’IJ—i—M, ylzay_(g 2( )a
Y Y
7 r(2+7)(1 + 2r)
t1= 2 gt a=—"""_-""—"""
r2(2+7)2(1+2r) q

the above system can be brought to the canonical form
i=rz[(z+1)>+0%], g=y[r(l+0*) +2rz+ (r— Dazy+y°], (3.105)
where v = u/4 # 0. We observe that these systems belong to the family (3.64]) for

p =0 and this family is already examined.
1.1.2.2. Subcase 4 = 0. Considering we obtain m = —g(r — 1)2/(9r)
and then system becomes system
: 2 u’
x=4x+§ﬂ[@**gﬁ +r%2+ﬂ%1+2ﬂJ’
g(r —1)717126%(=1+7)%(2 + r)%(1 + 2r)? — 81ru?
9r } [ 81r2(2 4 r)2(1 4 2r)?

y:-b-
—1)2 _
Lo gl
9r 9r
Since ur(2 4+ r)(1 + 2r) # 0 we can apply the transformation

247r)(1+2 -1DE24+r)(1+2
rmaws ST DN ),

3u
u? r(24+r)(1+2r)
= t’ 0=
r2(24r)2(1+ 2r)? U

y+ﬂ*¢ﬂyff]
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and we arrive at the family of systems

i=ra(@®+1), g=ylr+@r-Dzy+y?. (3.106)
It remains to observe that this family of systems is a subfamily of (3.68]) defined
by p = 0, i.e. no new configurations could be obtained.

1.1.3. Case A = 0. Considering (3.98) and solving the equation A\ = 0 with
respect to the parameter c it is clear that we obtain (3.103|) for uw = 0. This leads
to system (3.104) with u = 0, which we denote by (3.104) (,,—0;-

We observe that in this case we obtain i = 52/r and we again consider two
subcases: i # 0 and g = 0.

1.1.3.1. Subcase i # 0. Then 4 # 0 and via the transformation

+ gr 4 3mr + gr? —2 -1
) = g IO Imr+gr® ylzaw(g m)(r = r.

0 Y

A2 r(24+r)(1+2r)

t = t, a=—-—"—"""—"
r2(2+4r)2(1+ 2r)? o
system (3.104)) ,—oy can be brought to the family of systems
i=ra*(x—1), yg=y[-r+2ra+1-r)y+(r—Dzy+y’]. (3.107)

We notice that the above systems belong to the family (3.69)) for which p = 0 and
this family is already examined.

1.1.3.2. Subcase ji = 0. In this case we have A = i = 0 and this leads to the
existence a triple invariant line in the direction = 0. Since i = 52/r we obtain
4 = 0 and considering (3.101)) we obtain m = —g(r — 1)2/(9r). Therefore taking
into account for u = 0 we have ¢ = g?/(3r) and then for these values of the
parameters m, u and ¢ system becomes

. (g+3rx)® . (gr—g—9ry)*)
T = 572 Y= 30,3 [29(—1 +7r)+9(—1+7r)re+ 9ry].

However these systems possess invariant lines of total multiplicity 8, because for
these system we have (see Notation [2.4)):

H(X,Y,Z) = %(&«X g2 (~0Y — gZ + grZ)2(9rX — Y + 297 + grZ)
x (92X +9rY + gZ +2grZ),

where o € R. So we are out of the class of system studied in this article.

1.2. Possibility (1 4+ 2r)(2 +r) = 0. Considering Remark we may assume
2r + 1 = 0 because of the rescaling (z,y,t) — (z,—ry,t/r?) in system (3.44)). So
r = —1/2 and then the equations (3.91)) and (3.92)) become, respectively:

Eqi =0, FEq,=e—2mW —3W?/2, Eqjo=b— fW —W?3,
and
Eql = —g+2m, FEq)=—c+e+f—gW+3W?/2,
Eqly=—a+b+(e— )W — gW? 4+ W?/2.
So the condition Eqf = 0 gives g = 2m and therefore equation becomes
Eql' =3W/2, Eq) =—c+2e+ f—4mW +3W?,
BEdiy =b—a/2+ (2¢ — c)W — 4mW? + 2.
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"

We observe that the equation Egg’ = 0 gives W = 0 and hence we obtain the
conditions:

Eqy' = —c+2e+f=0, Eq/j=b—a/2=0.

Thus we obtain f = ¢ — 2e and a = 2b and then we calculate Resy (Eqf, EqYy) =
—Resw (Eq¢g, Eqiy) = U(b,c,e,m)/8, where

U (b, c,e,m) = 27b° — 18c%e — 32€> + 64e>m? + 64bm> + 4¢(12e2 + 9bm — 8em?).

So in order to have invariant lines of total multiplicity seven the condition U =0
is necessary. This equation is quadratic in b and we calculate

Discrim[¥, b] = 8(3e + 2m?)(9¢ — 12e + 16m?)?

and clearly we could have a real solution of the equation ¥ = 0 with respect to the
parameter b only if either (3e + 2m?) > 0 or 9¢ — 12e + 16m? = 0. We consider
both cases.

1.2.1. Case (3e + 2m2) > 0. Then setting 3e + 2m?2 = 2u? > 0 we obtain
e = 2(u? — m?) and we have

U = (27b + 18cm + 32m® + 18cu + 48m>u — 16u°)
X (27b + 18cm + 32m> — 18cu — 48m*>u + 16u>) /27 = 0.

Because of the change u — —u we assume without loss of generality that the first
factor vanishes and we have the condition

b= —2(m + u)(9c+ 16m?* + 8mu — 8u?)/27.
Then considering also the conditions
k=d=h=p=1=0, r=-1/2, g=2m, f=c—2e, a=2b (3.108)

we detect that system ([3.44) has the form

4 qu —
&= _(m+5+3x) [2(9¢ + 16m” + 8mu — 8u?) + 12(2m — u)z — 927])
= —Li()L;5(x)/54,
2 2u —
= 7(m+5+3y) [2(9¢ + 16m? + 8mu — 8u®) + 18(m — u)x
+12(m + u)y — 27y + 18y?].
(3.109)
Following the same algorithm as before we calculate
Discrim[L} 5, ] = 216(3¢ + 8m? — 2u?) = 216X\ (¢, m, u),
’ (3.110)

Res, (LY, L 3) = 54(3c + 8m?* — 8u?) = 5441/ (¢, m, u)

and hence the invariant lines L 3 = 0 are real (respectively complex) if A" > 0
(respectively A < 0) and they coincide if A’ = 0. On the other hand the third line
(L} = 0) of this triplet coalesces with another invariant line if and only if ¢/ = 0.
So we examine the possibilities given by these conditions.
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1.2.1.1. Subcase X' > 0. Setting X = 6w? > 0 we obtain ¢ = —2(4m? — u? —
3w?)/3 and then system becomes
& =(4m + 4u — 3z)(4dm — 2u — 6w — 3z)(4dm — 2u + 6w — 3x)/54,
Y =(2m + 2u — 3y) [4(2m — v — 3w)(2m — u + 3w) — 18(m — u)z (3.111)
— 12(m + u)y + 27zy — 18y*] /54.
For the above value of the parameter ¢ we calculate p/ = —6(u —w)(u+ w) and we
consider two possibilities: ' # 0 and p’ = 0.
1.2.1.1.1. Possibility p' # 0. Then applying the transformation
"= 5w ?iffﬁff e R 3Ztlz:)’ b= A =)t
we obtain the 1-parameter family of systems:
i=z(x-1)(v—2)/2, y=y[—v+1+v)z—3zy+2y°]/2.

We observe that this family is a subfamily of (3.102) defined by » = —1/2 and
hence no new configurations could be obtained.

1.2.1.1.2. Possibility ' = 0. In this case we may assume w = u (due to the
change w — —w) and system ([3.111]) becomes

& =(4m — 8u — 3x)(4m + 4u — 3x)? /54,
¥ =(2m + 2u — 3y) [16(m — 2u)(m + u) — 18(m — u)z — 12(m + u)y
+ 27zy — 18y?] /54.
Since in this case we have ' = 6u? > 0 (i.e. u # 0) applying the transformation
x m-+u Y m—+u

_E+ 3u yl:_@ 6u ’
we obtain the system

i=a2(1-2)/2, 5=yl -3y +2%)/2.

It remains to observe that this system is contained in the family (3.62)) for p =0
and r = —1/2, so this family is already examined.

1.2.1.2. Subcase X' < 0. Setting N = —6w? < 0 we obtain ¢ = —2(4m? — u? +
3w?)/3 and then system becomes
@ =(4dm + 4u — 3z) [(4m — 2u — 3z)* + 36w?] /54,
g = (2m + 2u — 3y) [4(4m® — dmu + u* 4+ 9w?®) — 18(m — u)z (3.112)
— 12(m + u)y + 27zy — 18y?] /54.

Tr1 = tl = 16U2t

For the above value of the parameter ¢ we calculate ' = —6(u? + w?) # 0 since
N = —6w? < 0. So we consider two possibilities: u # 0 and v = 0.

1.2.1.2.1. Possibility u # 0. Then we apply the transformation
x  2(m+u) y m+tu
20 3u 0 T 24 3w’
obtaining the systems

i=—z[(z+1)>+0°]/2, §=y(-1—v>—22—3zy+2y%)/2,

where v = u/w # 0. We observe that the above systems form a subfamily of (3.105|)
defined by r = —1/2 and hence no new configurations could be obtained.

Tr1 = tl = 4u2t
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1.2.1.2.2. Possibility u = 0. In this case doing the transformation
T 2m Y m

== = =L =t
o0 3w M T % 3w ! v

system (|3.112) can be brought to the system
i=—z(x®+1)/2, §=y(—1-3zy+2y?)/2.

It remains to notice that this system is contained in the family (3.106]) for r = —1/2,
i.e. no new configurations could be obtained.

1.2.1.3. Subcase X' = 0. Considering (3.110) this condition gives ¢ = —2(2m —
u)(2m + u)/3 and then system (3.109) becomes

& =(4m + du — 3z)(4m — 2u — 3z)? /54,
g = (2m+ 2u — 3y) [4(2m — v)* — 18(m — u)z — 12(m + u)y (3.113)
+ 27zy — 18y?] /54.

For the value of the parameter c, given above, we calculate ' = —6u? and we
examine two possibilities: ' # 0 and /' = 0.
1.2.1.3.1. Possibility ¢/ # 0. Then u # 0 and performing the transformation
T 2m-u y  m+tu 9
= - =2 _ t = 4u’t
R 3u 0 T 2 3u 0 1T

we obtain the system
i=—a?(x—1)/2, §=y(l—-2z+3y—3zy+2y?)/2.

We notice that this system belongs to the family (3.107) for »r = —1/2, already
examined.

1.2.1.3.2. Possibility ' = 0. Therefore v = 0 and systems become
&= (4m —3z)3/54, G = (2m — 3y)*(8m — 9z + 6y)/54.
For these systems we calculate (see Notation
H(X,Y,Z)=2"%372(X - 2Y)(3X —4mZ)3(3X — 3Y — 2mZ)*(3Y — 2mZ)?

and hence by Lemma we have invariant lines of total multiplicity nine, i.e. we
are not in the class of systems with invariant lines of total multiplicity exactly

seven.
1.2.2. Case 9c — 12e + 16m? = 0. Then we obtain ¢ = 4(3e — 4m?)/9 and this

implies U = (9b + 8em)?/3. Therefore the condition ¥ = 0 yields b = —8em /9 and
considering also the conditions ([3.108) we detect that system (3.44]) becomes

&= — (4m — 32)(8e + 8mx — 32%)/18,
iy = — (8m — 9z + 6y)(2e + 4my — 3y?)/18.
However for these systems, calculations yield
H(X,Y,Z)=—-2"13"7(X - 2Y)(3X — 4mZ)(3X? — 8mX Z — 8eZ*)(3Y?
—4mY Z — 2eZ%)(3X?* —6XY +3Y? —4mXZ +4mY Z — 2eZ?)

and according to Lemma [2.6] the above systems have invariant lines of total multi-
plicity nine, so we are out of the class we examine in this work.

2. Subcase p # 0 and (1+p+2r)(p+2r+r?) = 0. We claim that in this case we
may assume 1+ p 4 2r = 0 because the case p + 2r +r? = 0 can be reduced to the
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first one via a rescaling. Indeed, considering Remark [3.9] we observe that by the
rescaling (x,y,t) — (x, —ry,t/r?) in system (3.44]) (which replaces the direction
y = —rz with y = ) the cubic homogeneous system associated to these system
becomes
i1 = (p+m)zd, 5 =pay + (m — Dyl + vl
where p; = p/r? and 7y = 1/r. Therefore,
s P 2 1 1 B
p1+2r1+'r1—T—2+;+72—72(p+2r+1)70
and this completes the proof of our claim.
Sop = —(2r + 1) # 0 and considering the condition ¥ = d = h = 0 (for
the existence of a triplet in the direction = 0) and (3.46) we detect that the
condition Eqf = 0 gives [ = g — 2m. Now taking into consideration the conditions

k=d=h=0,p=—2r+1),l =g —2m as well as the equations (3.45), (3.46)
and (3.47) for the remaining three directions, we calculate:

(a) for the direction y = 0:
Eqi=g—2m+(1+2r)W, Eqg,=e—2mW + (r—1)W?

3.114
Eqlo=b— fW - W? 3119
(b) for the direction y = x:
Eq) =0, Eqj=—c+e+f—2mW+(2+r)W? (3.115)
Edly=—a+b+ (e — )W —2mW? + (1 +r)W?, '
(c) for the direction y = —ra:
1
Eqf' = Tt [2m — g+ (r —1)W],
-2 1 2
qu/:f—c—e/rJrg 72+ng+ +r2+r w2, (3.116)
T r
-2 1
dly=b+ar— Ly SR Iy Sy,

Since 1 + 2r # 0 the equation Eg; = 0 is linear in W and hence we obtain W =
(2m — g)/(1 4 2r). Therefore we obtain the equations

e(142r)2 + (g — 2m)(—g + 4m + gr + 2mr)

Egy = (1+2r)2 =9
;b1 +2r)° + (g —2m)[(g — 2m)* + f(1 +2r)°
Eqy = d I Z'EZT)S ~ i ] =0,

which lead to the two conditions:

o lg=2m)(4m—g+gr+2mr) (g —2m)[(g —2m)* + f(1 +2r)]
B (1+2r)? o (1+2r)3 '

We observe that the equation Fq¢f’ = 0 from (3.116) is linear in W if and only if

r—1 % 0. So in what follows we consider two possibilities: 7 —1 # 0 and r —1 = 0.

2.1. Possibility r—1 # 0. Then the equation Eqf’ = 0 gives W = (g—2m)/(r—1)
and considering the above conditions the equations Eq§’ = 0 and E¢f} = 0 give us
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the following two new conditions:

a =

flr—1)2(1+2r)2+3(g —2m)
(r—1)

So considering all the above conditions we could convince ourselves that
Resw (Eqf, Eq¢iy) = 0 which means that the obtained conditions guarantee the
existence of at least one invariant line in the direction y = 0.

Thus setting all these conditions in system we arrive at the following
family of systems:

CcC =

3(g — 2m) } [f 3(g —2m)2(1 + 1 +1?)
(r—1)(142r) (r—1)2(1+2r)2

2(g — 3m + gr — 3mr + gr?) o1 o ,
(r—1)(1+2r) —(r+1)z } = Li(x)L 5(x),

. (g —2m) (g—2m)? 4m —g+gr+2mr (g —2m)
y‘[_(1+2r)Hf (1+2r)2 a+r2r) T arn?

— (1 +2r)2% + (r — Day + 3

i:{er

+

We again need to detect if the two lines defined by the equation L/273 = 0 are real
or complex and in the case when they are real, if one of them coincides with the
invariant line Lj = 0. So we calculate

Discrim[L} 5, 2] = 4(r — 1)*(1 + 2r)?A1(f, g, m, 7),
Resy (L, Ly ) = (r = 1)*(1+2r)* D (¢, g, m, )
where
M= fr =121 +7)(1+2r)* — 18gm(1 +7)(1 + 7 +7%)
A2+ 7 +72) +3m?(1 4+ ) (7 + Tr + 4r?), (3.117)
pM = c(2+471)(1+2r)* = 3(g — 2m)(4g + gr + 18mr + 4gr®).
We observe that
sign ( Discrim[Lj 5, 2]) = sign(A1),

i.e. the invariant lines Lj 5 = 0 are real (respectively complex; coinciding) if Ay > 0
(respectively A1 < 0; Ay = 0). The invariant line L} = 0 coincides with one of the
lines L} 5 = 0 if and only if (V) = 0.

2.1.1. Case A; > 0. Then we may use a new parameter u setting A; = u? and
since (r — 1)(1 4 r)(1 + 2r) # 0 we obtain

1 2
RSV RS TE [18gm(1 +7)(L4r+7%) (3.118)

— P2+ A+r+7) = 3m* (1 +r)(T+ 7r + 4r°) + 7).

f=
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This leads to the family of systems

3(g —2m) H _g—3m+gr—3mr+gr2—u
(r—=1)(1+2r) (r—1(1+r)(1+2r)
g73m+gr73mr+gr2+fu}

(r=1)(1+7r)(1+2r) ’

;t:—(r+1){x+

x |2 -

yz—[y— (Q—Qm)}[92(7"4—&—47"3—&-107“2—1—97"4—3) (3.119)
1+2r (r—=1)2(r+1)(2r+1)2
B 2gm(7r? + 13r +7)  m2(r 4+ 1)(8r2 +29r + 17) — u? s
(r—1)2(2r +1)2 (r—1)2(r+1)(2r +1)2 Y
dm — g+ gr + 2mr (g —2m) 9 }
— 142 1-— .
1+2r T gy v AF I+ -y
On the other hand for the value of f given in (3.118)) we calculate
1
p = =0 =), N =g(2+n)? = 9m(r+1) (3.120)

and since the condition (") = 0 leads to the coalescence of two invariant lines of
the triplet, we examine two possibilities: ) # 0 and p = 0.

2.1.1.1. Subcase () # 0. Then (v, —u)(y14+u) # 0 and via the transformation

o= o S —2m)(L+7) gy 9= 2m)(r = (L 4 7)
L 7 +u ey 7 tu ’
o (11 +u)? b g =D+ 2r)

YT =102+ r)2(1 42027 7 +u

system ((3.100) can be brought to the following family of systems (we keep the old
notations for the variables):

t=—(r+1z(x—1)(z —v),

g=y[— Q+rv+1+r)1+v)z—1+2r)2>+ (r—1ay+y°], (3.121)

where v = (v —u)/(71 + u) # 0. It remains to observe that this family of systems
is a subfamily of (3.59) defined by the condition p = —(2r + 1) which was already
examined.

2.1.1.2. Subcase p¥) = 0. Then (1 — u)(71 + u) = 0 and we may assume
Y1 + u = 0 due to the change u — —u. So setting u = —7; # 0 in system ((3.119)
and applying the transformation

$1=a$+3(g_22771)(1+T), ylzay_(9—2m)(r—1)(1+r)’
mn 2m
t1 = i ¢ oo = DA+ +27)
YT =120+ m2(1 42020 2,

we obtain the family of systems
i=—(r+D2*(z—-1), y= y[(A+r)z— 1+ 2r)z? 4 (r — 1)y + yQ]. (3.122)

We observe that this family of systems is a subfamily of (3.62) defined by the
condition p = —(2r + 1), i.e. no new configurations could be obtained.
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2.1.2. Case A\; < 0. Then we set \; = —u? and since 7(2 + 7)(1 + 27) # 0 we
obtain
1
= 18gm(1 1 2
I=4= 1)2(1+r)(1+2r)2[ gm(l+r)(L+r+17)
— P2+ A +r+7) =3m* (1 +r)(T+ Tr + 4r°) — ).

This leads to the system

(3.123)

M}K _9—3m+gr—3mr+gr2>2
(r =11 +2r) (r—1(1+7r)(1+2r)
oA ea —|—2r)2}’
- (g —2m)17g2(r* +4r® +10r% + 9r + 3)
y—_[ T 14927 H (r—1)2(r + 1)(2r + 1) (3.124)
C2gm(Tr? 4+ 13r+T)  mP(r+ 182 +29r +17) —u?
(r=1p@r+17? D ner Y
4m — g + gr + 2mr (g — 2m)

_ 1+ 222+ (1 — ]
1+2r T gy vt (42t (1= r)ay

and we examine two subcases: y1 # 0 and ;3 = 0 (7 is given in (3.120)).
2.1.2.1. Subcase y1 # 0. Then via the transformation

3(g—2m)(1 + -2 -1+
by Mg (g 2m) =)
gi! gi!
o () L =)
YT =02+ m2(1 42020 "
the above system can be brought to the canonical form
T=—(r+ 1)95[(96—1— 1)? +v2],
g=y[ - QL +7r) 1 +0) =21 +r)z — (1+2r)2 + (r — Day + y?],
where v = u/y; # 0. We observe that these systems belong to the family (3.64) for
which p = —(2r + 1) and hence no new configurations could be obtained.
2.1.2.2. Subcase y; = 0. Considering (3.120) we obtain m = g(2+7)2/(9(1+7))
and then systems (|3.124}) become

f'r:—(r+1)[x+

(3.125)

. 9) 9 \? u’

e (1+T)[m_ 3(1+r)] [(x_ 3(1+r)) + (71+T)2(1+7’)2(1+27’)2}’
g(r — 1)} [gz(r —1)2(1 +2r)2(11 + 14r + 2r2) + 81(1 + 7)u?

oL 1 r) R1(r — 121+ )21+ 2r)2

_g(T+10r + r?) g(r—1)

)" ol VO e

Since ur(l 4+ r)(r — 1)(1 + 2r) # 0 we can apply the transformation

l’lzax—w’ ylzay+g(r71)9u(1+2r),
b= o D)
L =124+ 2r)2 u

y:f[er




68 C. BUJAC, D. SCHLOMIUK, N. VULPE EJDE-2021/77

and we arrive at the family of systems
i=—(1+r)z@@®+1), g=y[-1-—r—(1+2r)2>+ (r— Dy +y?]. (3.126)
It remains to observe that this is a subfamily of (3.68]) defined by p = —(2r + 1).

So no new configurations could be obtained.

2.1.3. Case Ay = 0. Considering (3.117) and solving the equation A\; = 0 with

respect to the parameter f it is clear that we obtain (3.123)) for u = 0. This leads
to system (3.124) with v = 0, which we denote by (3.124) (,—o}. We observe that

in this case we obtain pu") = —4?/(1 + r) and we again consider two subcases:
p #£ 0 and M = 0.
2.1.3.1. Subcase p) # 0. Then v; # 0 and via the transformation

—3m + gr — 3mr + gr? —2m)(r—1)(1 +r
o=zt ! g 9 eyt Y Jr =D +7)
7 gi!
b v? ; a__(T—l)(1+r)(1+2r))
YT 020+ 24202 "

systems (3.124]) with {u = 0} can be brought to the family of systems
i=—(14+7r)2%(z—1),

. ) , (3.127)
y:y[—r+2ra:—(1—|—27“)x +(1-ry+(r—1zy+y ]

We notice that the above system belongs to the family (3.69) for p = —(2r+1) and
this family was already examined.

2.1.3.2. Possibility () = 0. In this case we have A\; =y, = 0 and this leads to
the existence of a triple invariant line in the direction = 0. Considering ([3.120)

the condition v; = 0 gives m = g(2+7)%/(9(1 +r)). Therefore taking into account
the condition u = 0 system (3.124]) becomes

. g 13

x:f(TJrl){x—m] ,

. g(r—1) g?(11 + 147 +2r2) (7 + 10r +1?) g(r—1)
y_[y+9(1+r)H_ S1(1+1)2 91+r) o1 +n’

— (1 42r)2? + (r— Day + yQ]
However for these system we have (see Notation :

H(X,Y,Z) = —(3X +3rX — gZ)> (X +9r*X +9Y + Y — gZ — 2grZ)

!
(I+47r)

X (9X +9rX —9Y — Y — 297 — grZ)*(9Y + Y — gZ + grZ),
where o € R. Therefore by Lemma [2.6] the above system have invariant lines of
total multiplicity 8, i.e. we are out of the family we study here.

2.2. Possibility r —1 = 0. So r = 1 and considering (3.116]) we obtain Eqy’ =

(r4+1)(2m — g)/r = 0 which implies g = 2m. Then from (3.114) we obtain that
W = 0 must be a common solution of the equations Eq; = Eq§ = Eqj, = 0. This
implies e = b = 0 and we obtain the following conditions on the parameters

k=d=h=l=e=b=0, p=-3, g=2m, r=1, (3.128)
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which guarantees the existence of a triplet of parallel invariant lines in the direction
x = 0 and one invariant line in the direction y = 0. For the other two directions
y = and y = —rz considering (3.115)) and (3.116]) we obtain respectively:

Eq) = —c+ f—2mW +3W?,  Eq/y=—a—cW —2mW? 4 2W?3

and
Eq)' = f —c+2mW +3W?,  E¢f) =a—cW +2mW? 4 2W3.
We calculate Resw (Eqq, Eqfy) = Resw (Eqy’, E¢Yl) = ¥ (a, ¢, f,m), where
U'(a,c, f,m) = 27a® + 2am(9c + 4m?) — (c — f)(c* +4dcf + 4% +4fm?). (3.129)

So in order to have invariant lines of total multiplicity seven the condition ¥’ = 0
is necessary. This equation is quadratic in a and we calculate

Discrim[¥’, a] = 4(3¢ — 3f +m?)(3c + 6f + 4m?)?

and clearly we could have a real solution of the equation ¥’ = 0 with respect to the
parameter a only if either (3¢ —3f +m?) > 0 or (3¢ +6f +4m?) = 0. We consider
each one of these cases.

2.2.1. Case (3¢ —3f +m?) > 0. Then setting 3c — 3f +m? = u? > 0 we obtain
f = (3¢c+m? —u?)/3 and we obtain

U = (27a + 9em + 4m® + 9cu + 6m?u — 2u®)
x (27a + 9em + 4m® — 9eu — 6m*u + 2u®) /27 = 0.

From the change u — —u we may assume without loss of generality that the first
factor vanishes and we have the condition

a = —(m+u)(9c+ 4m? + 2mu — 2u?)/27.
So considering also the conditions ((3.128)) we detect that system (13.44)) has the form

T = —W [9¢ + 4m? + 2mu — 2u® + 6(2m — u)x — 1827])

~L{(2)Ly ()27, (8.130)
y = y(3c+m?* —u® + 6max — 92% + 3y*)/3.

So we need again to detect if the two lines defined by the equation L’Q’,3 = 0 are
real or complex and in the case when they are real, if one of them coincides with
the invariant line L} = 0. So we calculate

Discrim([Lj 5, ] = 108(6c¢ + 4m? — u?) = 108\z(c, m, u),

3.131
Res, (LY, L} 3) = 27(3c + 2m* — 2u?) = 270 (¢, m, w). ( )

Therefore sign ( Discrim[Lj 5, 2]) = sign()2) and hence the invariant lines Lf 5 = 0
are real (respectively complex; coinciding) if Ag > 0 (respectively As < 0; A2 = 0).
The invariant line L7 = 0 coincides with one of the lines Ly ; = 0 if and only if
u? =0.

2.2.1.1. Subcase A2 > 0. Then we may use a new parameter w setting A\; = 3w?
and we obtain ¢ = (u? + 3w? — 4m?)/6. This leads to the system

T =(2m —u— 3w — 6z)(2m — u + 3w — 6x)(m + v — 3z)/54,

3.132
g =—y(2m?® +u® — 3w® — 12ma + 182” — 6y°) /6. | )
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On the other hand for the value of ¢ given above, we calculate u(? = —3(u —
w)(u+w)/2 and since the condition u(?) = 0 leads to the coalescence of two invariant
lines of the triplet, we examine two possibilities: p(?) # 0 and u = 0.

2.2.1.1.1. Possibility 1® # 0. Then (u — w)(u + w) # 0 and via the transfor-

mation

2z 2(m + u) 2y

) =
w)

T =

(N2
w—u  3(u— w—u’ fo=(u—w)"t/4

system (3.132)) can be brought to the following family of systems (we keep the old
notations for the variables):

i=—-2zx(z—1)(z—v), §=y[-2v+2(1+v)z—32>+y°],

where v = (u+w)/(u—w) # 0. It remains to observe that this family of systems is
a subfamily of (3.121)) defined by the condition » = 1 and this family was already
examined.

2.2.1.1.2. Possibility n® = 0. In this case (u — w)(u +w) = 0 and we may
assume w = u (because of the change w — —w). Then system (3.132) becomes

i =2(m —2u—3z)(m+u—3x)%/27, 5= -—y(m?—u®—6ma+9x> - 3y?)/3.
Since in this case we have Ay = 3u? > 0 (i.e. u # 0) via the transformation
3012—E m—l—u’ ylz—g, t1 = u’t
U 3u U

we obtain the system
i=-22%1-2x), y=y(2z-32>+17).

We notice that this system is contained in the family (3.122)) for » = 1, i.e. no new
configurations could be obtained.

2.2.1.2. Subcase Ay < 0. Setting Ay = —3w? < 0 we obtain ¢ = (u? — 3w? —
4m?)/6 and then system (3.130]) becomes

@ =(m+u—3z)[(2m — u — 62)* + Jw?] /54,

3.133
y = —y(2m? + u® 4 3w? — 12max + 182 — 6y%) /6. ( )
For the above value of the parameter ¢ we calculate pu(?) = —3(u?+w?)/2 # 0 since
Ay = —3w? < 0. We consider two possibilities: u # 0 and u = 0.
2.2.1.2.1. Possibility u # 0. Then we may apply the transformation
2 2 2
g2 Amtw) 2
U 2u U

getting the system
i=-2z[(z+1)?+0°], §=—y2+20"+ 4z + 3% —y?),
where v = w/u # 0. We observe that the above systems form a subfamily of the
family (3.125)) defined by r = 1 and this family was already examined.
2.2.1.2.2. Possibility u = 0. In this case via the transformation
T 2m Y m 9
= = =L~ =
7% 3w T 3w M v
system ([3.133) will be brought to the system

i=—2z(z®+1), §=uy(—-2-32>+17).
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It remains to notice that this system is contained in the family (3.126]) for r = 1,
i.e. no new configurations could be obtained.

2.2.1.3. Subcase A\ = 0. Considering (3.131)) this condition gives ¢ = (u? —
4m?)/6 and then system (3.130]) becomes
& =(2m —u — 62)*(m +u — 3z) /54,

3.134
§=—y(2m? +u?® — 12mzx + 1822 — 64°) /6. | !

For the above value of the parameter ¢ we calculate p(?) = —3u? /2 and we examine
two possibilities: 1 # 0 and p(® = 0.
2.2.1.3.1. Possibility 1(?) # 0. Then u # 0 and via the transformation

2 2m — 2
xlz—x— m u ylzzy, t1=U2t/4

u 3u
we obtain the system

b= —-2(-1+x)2% §=uy(—1+2z—322+4%).
We notice that this system belongs to the family (3.127)) for » = 1, i.e. no new
configurations could be obtained.
2.2.1.3.2. Possibility n® = 0. In this case u = 0 and system (3.134)) becomes

i =2(m—3x)%/29, §=—y(m? —6mzx + 9z — 3y°%)/3.
For these systems we calculate (see Notation [2.4))
H(X,Y,Z)=237Y(3X —mZ)}(3X +3Y —mZ)*(—=3X +3Y + mZ)?

and hence, by Lemma we have invariant lines of total multiplicity nine, i.e.
we are not in the class of systems with invariant lines of total multiplicity exactly
seven.

2.2.2. Case (3¢ + 6f + 4m?) = 0. Then we obtain ¢ = —2(3f + 2m?)/3 and
this implies (see (3.129)) ¥’ = (27a — 18fm — 8m3)?/27. Therefore the condition
U = 0 yields a = 2(9fm + 4m3) /27 and considering also the conditions we
detect that systems have the form

i =2(m — 32)(9f +4m? — 6max + 922)/27,  § = y(f + 2max — 32° + 7).
However for these systems calculations yield
H(X,Y,Z) = —2-38Y(3X —mZ)(9X? — 6mXZ + 9fZ* + 4m*Z?)

x (X% + 18XY +9Y? — 6mXZ — 6mY Z +9fZ* + 4m?Z?)

X (9X? — 18XY +9Y?2 —6mXZ +6mY Z +9fZ? + 4m?Z?)
and according to Lemma the above system has invariant lines of total multi-
plicity nine.

Existence of a triplet in a direction different from x = 0. Considering Remark [3.9]
it is sufficient to consider two cases: when either the triplet exists in the direction
y=0,ory=ux.

We claim that in each one of these cases the corresponding systems (3.44)) could
be brought via an affine transformation to systems, which form a subfamily of

systems (3.44) possessing a triplet in the direction & = 0. To prove this claim we
consider each one of the possibilities.
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1. A triplet in the direction y = 0. Considering (3.45)) it is clear that for the
existence of a triplet in this direction it is necessary and sufficient | =p=e=m =0
and r = 1. In this case system (3.44)) becomes

& =a+cr+dy+gr*+ 2hay +ky® + 2%, g=b+ fy+yi.
So by the transformation z; = y, y; = x this system becomes
i1 =a1+ar+2f, g1 =b+eim + fiyn + hat + 2mizyn + gt + o)
where
a1 =b, by=a, ca=f e=d fi=c L=k mi=h mn1=gyg

are free parameters. Then we may consider n; = 0 due to a translation and going
back to the old notations we obtain the family of systems

t=a+cx+2®, yg=b+exr+ fy+lz®+2may+y°

which possess a triplet of invariant lines in the direction = 0. Evidently this family
of systems is a subfamily of (3.44)) defined by the conditionsp=d=h=k=9g=0
and r = 1 and hence our claim is proved in this case.

2. Triplet in the direction y = x. In this case considering (3.46]) we must impose
the equations Fqf = 0 and FqJ = 0 to vanish identically. So by (3.46) we arrive
at the conditions

c=—d+e+f, k=—-h+m, l=g+h—m, p=3, r=-2
and this leads to the family of systems

i=a+(e—d+ f)z+dy+ gz® + 2hay + (m — h)y*a3,

y=b+ex+ fy+ (g+h—m)a® + 2may + 322y — 32y + .

Applying the transformation o = x —y and ys = —y these systems can be brought
to the form

o = ap + caTo + goa3 + T3,
o = by + eay + foys + laws + 2mazays + noys — 3y + 3,
where
az=a—b, ba=-b ca=f—-d, ex=—e, fo=e+f, go=m—h,
lo=m—g—h, ma=g+h, ny=—(g+h+m)

are free parameters. We may consider no = 0 via a translation and returning to
the old notations we obtain the family of systems

t=a+cx+gr>+a2®, g=b+ex+ fy+lz®+ 2may +ny® — 3z + >

which evidently possess a triplet of invariant lines in the direction z = 0. It re-
mains to observe that this family of systems is a subfamily of defined by the
conditions p=d=h =k =0, p=3 and r = —2 and this completes the proof of
our claim.
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3.4. Systems with configuration type ¥ = (2,2,2). In this subsection we con-
struct a cubic system with four real infinite singular points which has six invariant
affine straight lines with the configuration of the type T = (2,2,2), having to-
tal multiplicity seven, as always the invariant straight line at infinity is included.
According to Theorem [2.10} in this case the condition V3 = 0 is necessary.

In [6, Subsection 3.4.1] it was proved that in this case via a linear transformation
and time rescaling the associated cubic homogeneous system can be brought to the
form

b=rad+ 2+ )%y, §=14+2r)zy® + > (3.135)

Consider generic cubic systems with cubic homogeneities (3.135f). Since r # 0 via
a translation we may assume n = 0 in system ([2.4)), i.e. a system possessing invariant
lines in the configuration (2,2, 2) necessarily belongs to the following family:

9'c:a+cac+dy+ga:2+2hxy+ky2+rac3+(2+r)x2y,

3.136
g =0b+ex+ fy+lz? +2may + (14 2r)zy® + 43, r(r+1) #0. ( )

In what follows we shall determine necessary and sufficient conditions for a sys-
tems (3.136)) to have invariant affine straight lines with the configuration of the
type T = (2,2,2).

Considering Remark for the homogeneous systems (3.135), corresponding
to system , we calculate

H(X,Y,Z) = ged(G1,G2,Gs) = X*(X —=Y)Y?(rX +Y)*.

So each one of the invariant lines x = 0, y = 0 and rz+y = 0 of system is of
multiplicity two and the line y = z is of multiplicity one. However for some values
of the parameter r the common divisor ged(Gy,G2,G3) could contain additional
factors (see Notation 2.4 and Lemma [2.6). Since the factor (X —Y) depends on X
as well as on Y, in order to increase its multiplicity it is necessary

RGSX(QQ/H, gl/H) = Re5y(g2/H, gl/H) =0.
We calculate:

Resx (Go/H,Gi/H) = 24(r — 1)(1+7)*(2 + r)(1 +2)Y* =0,
Resy (Go/H,G1/H) = —24(r — 1)(1 4+ 7)%(2 4+ 7)(1 4 2r) X3 = 0,

and since r(r + 1) # 0 the condition (r —1)(2+7)(1 4 2r) = 0 must hold. However
for systems ([3.135)) with the conditions (r — 1)(2+r)(1+ 2r) = 0 calculations yield

3XHX —Y)Y2(X +Y)3 if r=1;
H(X,Y,Z) =4 —6X3(X —Y)(2X —Y)2Y? ifr=—2;
3X2(X —2Y)2(X - Y)Y3/8 ifr=—1/2,

and hence, by Remark we deduce that systems could not possess a
couple of parallel invariant line in the direction y = z. So systems could
possess three couples of invariant straight lines only in the directions x =0, y =0
and rz +y = 0. In [0, Subsection 3.4.2] these directions were examined and the
following statement was proved:
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Lemma 3.16 ([6]). Systems (3.136]) have one couple of parallel invariant lines in
the direction x = 0 and one such couple in the direction y = 0 if and only if the
following conditions hold:

(r+2)2r+1)#0, k=1l=h=0, g=2m, d=c2+r)/r
a=2cm/r, e= f(1+2r)+4m?/(1+2r), (3.137)
b= —2[4m® + fm(1+2r)*] /(1 +2r)°.

We examine the third direction y = —rz in which we could also have a couple of
parallel invariant straight lines. Considering equation (2.5, Remark and the

conditions (3.137)) we obtain

Eqs = (1 -
a5 = (1) = er)
8m3 2fm

2

—2mW — (r — 1)W? =0,

Egio = 2cm — - -2 -Wi=
q10 cm A1oF 1ror 2c+ f+er)W —-W?° =0,
1) 12m>r
Ry/(Eqs, Eqio) = 2c(r — 1) = 2fr(r — 1) — Tror 0

It is clear that in order to have two common solutions of the equations Fqg = 0

and Eqp = 0 the condition r — 1 # 0 is necessary. Therefore we obtain ¢ =
2

fr+ 07%?7112@ and we calculate

144m2r2(1 4 r)2[f(r — 1)2(1 + 2r)2 + 3m2(1 — 2r + 4r2)]
(r — 1)3(1 + 2r)8

Ry (Egs, Equo) = —
=0
and we have either m = 0 or m # 0 and
e 3m?2(1 — 2r + 4r?)
(=147)2(1+2r)%

We claim, that in the case m = 0 we arrive at systems possessing invariant lines
of total multiplicity 8. Indeed, suppose m = 0. Then considering and the
above expression for the parameter ¢ we obtain the conditions

k=l=h=g=m=a=b=0, c=fr, d=f(2+r), e=f(1+2r).
Thus we obtain the family of systems
o= (f+a*)re+2+ry), §=(+y")(@+2rz+y)
with the condition 7(r? —1)(r +2)(2r + 1) # 0. This system possesses the following
seven invariant affine straight lines:
2+ f=0 ¥ +f=0 y—x=0, (re+y)?+f1+7r)?*=0

and this proves our claim.
In what follows we assume m # 0 and we examine the second possibility: f =
2 2
—%. Then we obtain ¢ = —% and taking into account the
conditions (3.137)) this leads to the 2-parameter family of systems:

3m 3m

i:[xfm} [erm] [rz + (24 r)y + 2m],
i=lv- (r—l)] v+ (TT—n(f)r(l_—l-l)ZT’)} [+ 2r)a+y - 1%:7121"]'
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As it was mentioned earlier, for these systems the condition mr(r 4+ 1)(r + 2)(2r +
1)(r — 1) # 0 must hold. Then via the transformation

(1) ( 3m(1 — 2z) ’ m(1+2r+ 6ry)’ (r—1)%(1+2r)? )
(r—=11Q+2r) (r—1(1+2r) 36m2r

we arrive at the 1-parameter family of systems

i=z(z-Dz—(r+2y—1-r], g=yly+1)[ry—(1+2r)z+1+r]. (3.138)
These systems possess six distinct invariant affine straight lines

Li:x=0, Ly:x=1, L3:y=0, Ly:y=-1, Ls:y==z, Lg:y=ax—1
and the following nine finite singularities:

Mi(0,0), M5(0,—1), M3(0,—1—1/r), M4(1,0), Ms5(1,1),
Ms(1,-1), M;(—-1,-1), Mg(1+7,0), Mo(1/(1+7r),—1+1/(1+71)).

It is easy to determine that 6 of these singularities are located at the intersections
of the above invariant lines, more precisely these are the singular points M; for
i€ {1,2,4,5,6,7}. The singular point M3 (respectively Mg; My) is located on the
invariant line Lq (respectively Ls; Lg ). Moreover we have three singular points
located at the intersections of three invariant lines. More exactly Lq, L3 and Ls
intersect at the point My; L1, Ly and Lg intersect at the point My and Lo, Ls and
Lg intersect at the point Mjy.

To determine all the possible configurations for system we have to ex-
amine the positions of the singularities M3 (located on the invariant line x = 0),
Mg (located on the invariant line y = 0) and My (located on the invariant line
x —y = 1) depending on the value of the parameter 7.

Considering Notation and the coordinates xzg =1+, y3 = —(1 +r)/r and
xg = 1/(1 4+ r) it is not too hard to detect the following implications:

(i) zs <0 = —1<y3<0,29 <0 = Mg <M <My, My~< Ms~< M,
My < My < My;

(i) 0<zg <1 = y3>0,29 >1 = M < Mg < My, My < My < Ms,
My < My < My;

(iii) zg >1 = ys < —-1,0<a29 <1 = M; < My < Mg, M3 < My < M,
My < Mg < My.

We observe that in the case (i) (respectively, case (ii); (iii)) we arrive at the config-

uration given by Figure[2(a) (respectively, Figure [2[b); Figure 2{c)). However it is

not too difficult to detect that each one of these three configurations is equivalent

(see Definition to Config. 7.66).

FIGURE 2. Configurations of invariant lines of type (2,2,2)
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3.5. Systems with configuration type ¥ = (2,2,1,1). In this subsection we
construct a cubic system with four real infinite singular points which has six invari-
ant affine straight lines with the configuration of the type T = (2,2,1, 1), having
total multiplicity seven, as always the invariant straight line at infinity is included.
According to Theorem [2.10]in this case necessarily the condition V5 = 0 holds.

3.5.1. Construction of the associated homogeneous cubic system. As a first step we
construct the associated to the system homogeneous cubic system for which
the condition Vs = 0 is fulfilled. Since we have 4 real infinite distinct singularities,
according to Lemma we consider the family of systems

i =(p+r)a® + (s +v)z’y + gy’
g =pxy+ (r+v)zy® + (g + s)y®, rs(r+s) #0,

and we shall force the condition V5 = 0 to be satisfied.
We observe that the invariant polynomial Vs is a homogeneous polynomial of
degree four in x and y. So we shall use the following notations:

(3.139)

4
V5 = ZV5jIL'47jyj.
7=0

Calculating the value of the polynomial Vs for system we obtain
Vs1 = 128pq(pr +2r? —ps —rs+1v)/9, Vs3 = —128pq(qr — qs +rs — 25> — sv)/9
and we consider two cases: pq # 0 and pg = 0. (1) Case pg # 0. Then Vi1 = Vi3 =
0 give us
p(r—s)+r2r—s+v)=0=q(r—s)+s(r —2s —v).
(a) Subcase r — s # 0. In this case we obtain
p=(=2r"+rs—rv)/(r—s), q=(-rs+2s>+s0)/(r—s)
and this implies V5 = 0. Then after a time rescaling we obtain the family of systems
i =r(r4+v)z> = (r—s)(s+v)x2y + s(r — 25 — v)ay?,
g=r2r—s+v)zy — (r—s)(r+ov)zy* —s(s+v)y?
with rs(r — s)(r + $)(2r — s + v)(r — 2s — v) # 0 for which we calculate
H(X,)Y,Z)=(r—s)X(X = Y)Y (rX 4 sY)?.

So we observe that these system could have the two couple of parallel invariant
affine straight lines in the directions z —y = 0 and rz + sy = 0. However it is more
convenient to have such lines in the directions z = 0 and y = 0. So applying the
change

(3.140)

(.9.1) (m
r

r
PR Sy

Y (r+s)(r—s)
systems ([3.140)) can be brought to the form

2rs + rv + sv ] ) 2[(r2+52+m+5v)
. Y, yY=y

i:xz{m:Jr
r—s

y+sy}.
r—s

Finally, since r — s # 0 setting a new parameter u = (r+s)(s+wv)/(r —s) we obtain
the 3-parameter family of homogeneous systems:

i=z’[rz+ (s+u)yl, v=y*[(r+u)z+ sy (3.141)
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with rs(r + s)(r — s) # 0.

(b) Subcase r — s = 0. Setting s = r we calculate Vs; = 128pgr(r + v)/9 and
since pgr # 0 we obtain v = —r. Then we obtain Vs2 = 64pgr(p + ¢+ 3r)/3 =0
which implies p = —(¢ + 3r). In this case we obtain V5 = 0 and applying the time
rescaling t — —t we arrive at the following family of systems

& =z((g+2r)2* —qv’], §=yllg+3r)a® — (g +r)y’].

with gr(g 4+ 3r) # 0. In this case we apply the transformation (z,y,t) — (z + y,
y —x, t/(2r)) and we obtain the systems

i = 2 [z + (2q+ 3r)y/r], Uy = y2 [(2(] +3r)z/r + y}
Setting a new parameter u; = (2g + 3r)/r we arrive at the systems
& =2z +wy), §=y(mr+y), w#l

We observe that these systems could be a subfamily of systems ([3.141]) if we allow
r = s. Indeed, setting s = r # 0 in systems (3.141) we may assume r = 1 (due to
the time rescaling t — t/r) and then for u = u; — 1 we obtain the above systems.

(2) Case pg = 0. Then without loss of generality we may assume p = 0 due
to the change (z,y,p,q,7,s,v) = (y,x,q,p,s,r,v) which conserves systems (3.38]).
For these systems for p = 0 we calculate

Vso = Vs1 = Vso = Vs3 =0, Vsq = —32q(q+2r +25+v)(qr+rs+ s> — sv)/9 = 0.
So we consider three subcases: (i) ¢ = 0; (i7) ¢ # 0 and v = —(q + 2r + 2s) and
(iii) q(q+2r +2s+v) # 0 and v = (gr + s + s2)/s.

(a) Subcase ¢ = 0. In this case we obtain the family of systems

i“:xz[rx—i— (s—i—v)y], 7 :yQ[(r—i—v)x—&—sy]

with rs(r+s) # 0 which coincides with the family (3.141]) (removing the restriction
r—s#0).

(b) Subcase ¢ # 0 and v = —(q + 2r 4+ 2s). This leads to the systems

& =alra® — (g +2r+ )y +aqy’], G=y* [~ (@+r+29)z+ (¢ +9)y]
with grs(r + s) # 0. Applying the transformation (z,y,t) — (z —y, —y, —t) and
setting three new parameters s; = r+ s, r1 = —r and u; = —(q + 2s) (i.e. r =
—r1,8 =171 + 81, = —2r; — 281 — uy) we arrive at the family of systems
i = 2 [7'11' + (s1+ ul)y], g =y? [(rl +ur)r+ sly]

which coincides with the family (3.141]).

(c) Subcase q(q + 2r +2s +v) # 0 and v = (qr + rs + s?)/s. Then we obtain
the systems

& =x[re® + (qr/s +r+28)zy +qy’], 5 =y’[(gr/s +2r + s)x + (¢ + 5)y]
with grs(r+s) # 0. Applying the transformation (x,y,t) — ((z —y)/r, y/s, —rst)
we arrive at the family of systems

i=a’[—sz+ (—qr—rs+s>)y/s|, §=v’[—(qr+2rs+s*)a/s+ (r+s)y].
Then setting three new parameters

3(q + 29)
s

To =—S8, S2=T-+S, Uy=—
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7’2(2T2 + 282 + ’LLQ)
9 + So

= r=r9+82, S=-T9, (q=

we obtain the family of systems
i = x? [rgx + (s2 + ug)y], y =y’ [(7‘2 +ug)x + SQy]

which again coincides with the family (3.141]).
Thus for further examination it remains only the family (3.141]) with the con-
dition rs(r + s) # 0. Since rs # 0 in the generic systems with the associated

homogeneous cubic systems ([3.141)), we may consider ¢ = n = 0 in system (2.4
(due to a translation) and s = 1 (due to the time rescaling ¢ — t/s). So we obtain

the following family of cubic systems

& =a+cr+dy+ 2hay + ky* +rad + (1 +u)z?y,

3.142
g =b+4ex+ fy+ia®+2may + (r +wzy®> +4>, r(r+1)#0 ( )

which will be considered below.

3.5.2. Construction of a cubic system possessing invariant lines with configuration
type T = (2,2,1,1). In what follows we shall determine necessary and sufficient
conditions for a system to have invariant lines with the configuration of the
type € =(2,2,1,1).

Considering Remark for the homogeneous systems , associated to
system we calculate

H(X,Y,Z) = ged(G1,Go,G3) = X2Y3(X —Y)(rX +Y).

So each one of the invariant lines « = 0 and y = 0 (respectively, y = z and
y = —rx) of systems is of multiplicity two (respectively, one). However for
some values of the parameters r and u the common divisor ged(G1, G2, Gs) could
contain additional factors (see Notation and Lemma . We prove the next
lemma.

Lemma 3.17. For the existence of a couple of parallel invariant line in the direction
y = x (respectively, y = —rx) of a system (3.142)) the condition 2(r + 1) + u =10
(respectively r + 1 — u = 0) is necessary.

Proof. We examine each one of the directions mentioned in the statement of the
lemma. (1) Direction y = z. Considering the equation (2.5) and Remark for

system (3.142]) we obtain
Egg=1-2h—k+2m— (2r+2+u)W,
Eg=c+f—c—d+(1+k)W+(1—-rW? (3.143)
Eqo=b—a+ (e— )W +IW? —rW?3,
We observe that the equation Fqg = 0 is of degree one with respect to W. So it is
clear that for the existence of two distinct solutions of the above equations (with

respect to W), the condition 2(r + 1) +u = 0 is necessary. This proves the validity
of the lemma concerning the direction y = .
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(2) Direction y = —rxz. In a similar way considering Remark for system
(3.142) we calculate:

Eqs = 2hr +2m — (kr® +1)/r + (r + 1 — )W,

3 _ _
(k‘r{r2 1) W - 1 we, (3.144)

Eqo=ar+b+ [r(cr +e)W + w2 — 7“W3] /r.

Eq=dr—c+ f—e/r—

We again observe that the equation Eqgs = 0 is of degree one with respect to W.
So for the existence of two distinct solutions of the above equations (with respect
to W), the condition r + 1 — u = 0 is necessary. This completes the proof. (]

Lemma 3.18. A system (3.142)) possesses one couple of parallel invariant lines in
the direction x = 0 if and only if the following conditions hold
1+u#0, k=0,
Je 4h2r + (1 + u)? B 2h[4R*r + c(1 4 u)?] (3.145)
T w07 (1+u?

Systems (3.142|) possesses one couple of parallel invariant lines in the direction
y =0 if and only if

2m[4m?® + f(r + u)?]
GETE

. 4m? + f(r + u)?

0, 1=0
r—l—u;é ) 9 r4+u

. b=-— . (3.146)

Proof. We consider each one of the directions x = 0 and y = 0 and force the
existence of a couple of parallel invariant lines in each one of these directions.

(1) Direction x = 0. Considering the equations ([2.5) and Remark for system
(3.142)) we obtain

Eq; =k, Eq=d—2hW + (1 4+u)W?, Eqqo=a—cW —rW3.

Therefore the condition Eq7; = 0 gives us k = 0 and the equation Eq9 = 0 could
have two solutions only if 1 +u # 0. On the other hand since r(1 + u) # 0, by
Lemma 2.8 for the existence of two common solutions of the equations Eqg = 0 and
FEq19 = 0 the following conditions are necessary and sufficient:

RY (Eqo, Eqro) = RY (Eqo, Eqio) = 0.
Calculations yield
R (Eqo, Eqio) = —c(1 4+ u)? — r(4h? — d — du) = 0

r(d+du—4h?)
(1+wu)?

R (Eqo, Equo) = [a(1 + u)? + 2dhr]? /(1 +u) = 0

and this gives ¢ = . Then we calculate

and we obtain a = —2dhr /(1 + u)2. For these values of the parameters ¢ and a we
obtain

r(2h + W + ulW)
1+ u)p

i.e. we have two common solutions, which could be real or complex, distinct or

coinciding.

Eqo = d—2hW +(1+u)W?  BEq = —

[d—2nW + (1+u)W?],
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(2) Direction y = 0. In this case considering Remark for system (|3.142)
calculations yield

B¢t =1, Eg¢i=e—2mW +(r+u)W? Eqo=b—fW-W3  (3.147)

Hence the condition Eg¢f = 0 gives us [ = 0 and the equation Fqf = 0 could have
two solutions only if » +u # 0. Then by Lemma for the existence of two
common solutions of the equations Eq} = 0 and E¢j, = 0 the following conditions
are necessary and sufficient

RY (Ed}, Edio) = Ry (Edh, Eqlo) = 0.
We calculate
R (Ed}, Eqlo) = —4m> + e(r +u) — f(r +u)® =0

and this gives f = %. Then calculations yield

RO (Eql, Edig) = [b(r + u)? + 2em)?/(r +u) = 0

and we obtain b = —2em/(r + u)?. For these values of the parameters f and b we
obtain

Eqy =e—2mW + (r + u)W?,
2m 4+ rW +uW

Ed,y = —
d10 (T+U)2

[e = 2mW + (r + w)W?],
i.e. we have two common solutions, which could be real or complex, distinct or
coinciding. This completes the proof of the lemma. O

Next we examine the remaining two directions. Taking into account Lemma [3.17]
we consider two cases: (2r+24wu)(r+1—u) #0and 2r+2+u)(r+1—u) =0.
Case (2r +2+u)(r+1—u) # 0. By Lemma system could possess a
couple of parallel invariant lines, neither in the direction y = x, nor in the direction
y = —rx. Therefore we could have two couples of such invariant lines: one in the
direction x = 0 and one in the direction y = 0. So assuming that the conditions
(3.145) and (3.146|) are fulfilled (this guarantees the existence of the two couples of
parallel invariant lines), we have to force the existence of two invariant lines: one
in the direction y = x and the other in the direction y = —rx.

(a) Direction y = x. In this case we consider (3.143)). Since (2 + 2r + u) # 0 the

equation Eqg = 0 gives W = % = Wy and we calculate

Hi(e,d,e, f,l, k,m,r,u)

Eaolgw=wsy = (24 2r +u)? ’
HZ(ca da €, f7 la k? m,r, U)
quo\{wzwo} = 2+ 2r 1 ) )

where H; and Hs are the polynomials of degree 3 and 4 in the indicated parameters.
It is clear that we could have an invariant straight line in the direction y = z if and
only if H1 = H2 =0.

(b) Direction y = —rx. We consider now the equations (3.144) and analogously
as above we detect that since (r + 1 — u) # 0 the equation Eqs = 0 gives W =
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—% = W{. Herein considering (3.144) we calculate

H{(C7 d7 e’ f’ l? k’ m’ T’ u)
r3(14+r—u)?2(l4+u)(r+u)’

Hé(c7 d7 €, fv lu ka m,r, u)
I+r—uBl+u)B(r+u)?

Egoliw=wyy =

Eqoliw=wyy = "

with some polynomials H| and Hj. So we deduce that the condition H{ = H, =0
is necessary and sufficient for the existence of exactly one invariant line in the
direction y = —rzx.

Thus we conclude that to have invariant lines with the configuration of the type
T =(2,2,1,1), we need to join the conditions (3.145)), (3.146) and H; = Hy = H| =
H), = 0. We stress that in the considered case for system (3.142)) the additional
condition

rir+1D)(u+1)(r+u)(2+2r+u)(r+1—u)#0 (3.148)
must hold.

Assume that the conditions (|3.145) and (3.146]) are satisfied. For these values
of the parameters a, b, d, e, k and | we evaluate the polynomials H; and H} which
turn out to be linear with respect to the parameters ¢ and f. We obtain
494 (h, m,r,u)
(14+u)(r+u)’
472®" (h,m,r, u)

(14+u)(r+u)

H, = %(1 +r+u)(2+2r +u)(—c+ fr) +

H| = r*u(l+7r—u)?(cr — f)

)

where

Oy =2hm(1 —r)(1 +u)(r +u) —m?(1+u)(4 4+ 9r + 3r + bu + 3ru + u?)
+ B2 (r +u)(3 4 9r 4 4r% 4 3u + 5ru + u?),
O =2hm(—1 4 r)r(1 +u)(r +u) + m*(1 +u)(—1 — 3r +u + 3ru — u?)
+ B2 (r +u)(3r + 1% — 3u — ru + u?).
We calculate

Coefficient[H7, ¢] x Coefficient[H7, f] — Coefficient[H, f] x Coefficient[H7, c]
=ru(l —r)(L+r+u)(1+r)(1+r—u)?2+2r +u)? = Ay

Clearly the equations H; = 0 and H; = 0 have a unique solution with respect to the
parameters ¢ and f if and only if the condition A,y # 0. Considering the condition
(3.148)) we deduce that this condition is equivalent to u(1 — r)(1 +r + u) # 0.
So in what follows we examine two possibilities: w(1 — r)(1 + r + u) # 0 and
u(l—7r)(1+r+u)=0.

1. Possibility u(1 —r)(1 + 7+ u) # 0. Then solving the equations H; = 0 and
H/{ = 0 with respect to parameters ¢ and f we obtain

‘T +u><r4: DA [T —u) = (L u)(2 4 2r + )l

—4r?

T+ w0+ why

(3.149)

f= [r2(1+7‘—u)2u(1)1—(1—|—7‘+u)(2_|_27,_|_u)2(1)/1]'
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So considering these conditions as well as the conditions (3.145) and (3.146[) we

calculate

8r(14+7)(2+2r +u)? 8r8(1+7r)(1+7r—u)3

Hy = H) = — V.
2= T rap(rruph, V2Ve H = s A, e
where
V1: h(2r —u)(r +u) + m(u — 2)(1 + u),

(
= hr(r+u)(B+r+u)+m(l+u)(l+3r+u),
Vg = hr(r +u)(2r + 472 + 21 — w4 2ru + 3r2u — 8u® + 2r2u? — 4u®
+3ru® +ut) +Fm(1 4 w)(rPu — 2r — 4r% — 2r% — 3ru — 2r%u — 2u?
+ 8r2u? — 3u® 4 4ru® — ut),
Vi=h(r+u)(2r® +2r* = 2r — 2r% 4 u — Tru — 9r?u — r3u + u?
— 15ru? — 10r%u? — u® — 8ru® — ut) + m(1 +u)(2 + 2r — 2r% — 213

—u —9ru — Triu + r3u — 10u? — 15ru? 4+ r2u? — 8u® — ru® —ut).

(3.150)

Therefore the equations Hy = 0 and H) = 0 have a common solution if and only if
either V1 =0 or V5 =0 or V3 =V, = 0. We examine each one of these cases.

1.1. Case Vi3 = 0. In this case we consider two subcases: 2r —u # 0 and
2r —u=0.

1.1.1. Subcase 2r — u # 0. Since r + u # 0 (see the condition (3.148)) the

equation Vi = 0 implies h = %

I:[x— 2m(2u+ru—1—5r) H 2m(3r — 1+ u — u?) }
(14+r—u)2r—u)(r+u) A+r—w) @ —u)(r+u)
2mr(u — 2)

FourTo)

and we arrive at the family of systems:

X {rm+(1+u)y+

2m(5r + 12 2ru) 2m(r? — 3 +u?) (315
y:{y—k (1+r—u)(2r—u)(r+u)] {y (1+r—u)(2r—u)(r+u)]
2m
X [(r—l—u)m—&—y—rJru].

To simplify these system we need to use a transformation which depends on two
possibilities: m(u? +u + ru — 8r) # 0 and m(u? + u + ru — 8r) = 0.

1.1.1.1. Possibility m(u® + u + ru — 8r) # 0. In this case, because of the
condition (1 +r —u)(2r — u)(r + u) # 0 we may apply the transformation

1+5r—2u—ru 5r 412 —u—2ru

T Yyt ru—8r h=oy+ u2+u+ru—_8r’
. 4m?(u? + u + ru — 8r)? (I+7r—u)2r—u)(r+u)
= o = —
YT 0+ r—w)2(2r — w2 (r 4 u)? 2m(u? + u + ru — 8r)

This leads to the 2-parameter family of systems (we keep the old notations for the
variables)

i=x(z—1)[re+(1+uwy—r—1],

y=yly-D[r+uw)zr+y—r—1],
for which the condition

ru(r? = 1) (u+1)(r+u)(2+2r+u) (2r —u) (u* +u-+ru—_8r) [(r+1)*—u?] # 0 (3.153)

(3.152)
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holds. These systems possess six distinct real invariant affine straight lines
Li:x=0, Ly:x=1, Lsg:y=0,
Ly:y=1, Ls:y=x, Lg:rz+y=r—+1
and the following nine finite singularities:
M;(0,0), M>5(0,1), M;5(0,1+7), M4(1,0), Ms(1,1), Mg(1,1—u),

1 — 1 1
M7(T+ 70)7 Mg(u,l), M9( T ’ T )
T T 1+r+u 1+7r+u

(3.154)
We determine that due to the condition all these singularities are distinct
if and only if (u—1)(u—r) # 0. In the case u = 1 (respectively v = r) the singular
point Mg (respectively Mg) coalesces with My (respectively Ma).

It is easy to determine that six of these singularities are located at the intersec-
tions of the above invariant lines, more precisely, these are the singular points M;
for i € {1,2,3,4,5,7}. The singular point Mg (respectively Mg; My) is located on
the invariant line Lo (respectively L4; Ls). Moreover we have one singular point
located at the intersection of four invariant lines and one singularity is located at
the intersection of three invariant lines. More exactly Ly, L4, Ls and Lg intersect
at the point My whereas L1, L3 and Ls intersect at the point M;.

To determine all the possible configurations for system we have to ex-
amine the positions of the invariant lines as well as of the singularities Mg, Mg and
My depending on the parameters r and wu.

Let us first examine the position of the invariant lines. We observe that five
of the lines are fixed and only the position of the invariant line Lg depends on
the parameter r. Since this line is defined by y = —rx + r + 1, comparing with
other three invariant lines (Lo, Ly and Ls) which intersect Lg at the same point
M5(1,1) we detect that we could have geometrically distinct situations in three
cases: (i) r < —1; (1) —1 <r <0 and (i5) r > 0.

Next we consider the position of the finite singularity Mgs(1,ys) with yg =1 —u
(respectively Mg(zs,1) with xg = (r — u)/r; Mo(xg,ye) with g = yo = (r +
1)/(1+7+w)) on the invariant line x = 1 (respectively y = 1; y = x) with respect
to the singular points M,(1,0) and M;5(1,1) (respectively M2(0,1) and M;5(1,1);
M;1(0,0) and M5(1,1)). Considering Notation and the coordinates yg = 1 — u,
2g = (r—u)/r and g = (r +1)/(1 + r + u) we have the next implications.

(I) For the singular point Mg,
Yo <0 = Mg XMy <Ms; 0<ys <l = My =< Msg=< Ms;
ye > 1 = My < Ms < Mg.
(IT) For the singular point Ms,
8 <0 = Mg My <M;5; 0<xg<1l = My < Mg=< Ms;
rg > 1 = My < Ms < Ms.
(ITI) For the singular point My,
Tog <0 = Mg <M <Ms; 0<x9<1 = M; <My =< Ms;
x9g >1 = M; < M5 < M.

So it is clear that the three possibilities mentioned before, for the position of
the invariant line Lg, defined by the parameter r (i.e. r < —1, —1 < r < 0 and



84 C. BUJAC, D. SCHLOMIUK, N. VULPE EJDE-2021/77

r > 0), we have to confront with the possibilities for the three singularities Mg Mg
and Mgy mentioned above. Since we only have two parameters it is evident that
not all of the above possibilities are realizable. So examining the compatibilities
of the conditions it is not too hard to convince ourselves (using, for example, the
tools ”FindInstance” or "Reduce” of computer algebra system Mathematica) that
the following lemma is valid.

Lemma 3.19. The family of systems (3.152)) with the condition (3.153)) possesses

the following configurations of invariant lines when the corresponding conditions
indicated below are satisfied:

r<-—-lu>1r>-1—u, (r=-2,u=>5/4);
-1 <0,u< -1 = —1/8,u = —3/4);
Config. 7.67 or | <r u<r< u, (r /8, u /4);
Config. 768 & r< —1—u, u>1, (r=-4,u=2);
oru<r<0,r>-1-—u, (r=-=7/8,u=1/4);
-2 lu=1 — _5/du=1):
Config. 7.69 < <r<—Lu=4 (r /A u=1);
or —l<r<-=1/2,u=r, (r=-5/6,u=-5/6);
r<-—2,u=1, (r=-5/2,u=1);

C .g. 71.70 <
onfig {Or —1/2<r<Ou=r, (r=-1/4u=-1/4);

“l-u<r<-1,0<u<l, (r=-11/8u=1/2);

C ig. 7.71 <
ondig {Or —l<r<uu<-l-u, (r=-5/6u=-7/12);

< d1-u0<u<l — 2.u=1/2);

Config. 7.72 & " “ == (r u=1/2)
or —1—u<r<0,u<0, (r=-5/8u=-1/8);

< -1 = 2 u=-3

Config. 7.73 &< v<r<-h (r v )

or —1<r<0u>1 (r=-3/4,u=2);

-1 0 = du=-2)

Config. 7.74 & r<ohrsus<t (r Y )
or —1<r<0,0<u<l, (r=-7/8u=1/4);

u=r< -1, (r=-2u=-2);

or —1<r<0,u=1, (r=-1/2,u=1);
Config. 7.7 & 0<r<wu, u>1, (r=1/8u=>5/4);

Config. 7.75 < {

1 = 2,u = 5/4);
Config. 7.77 & U< (r ) U /4);
or0<r<u,u<l, (r=1/16,u=1/2);
Config. 7.718 < <r<lLu . (r /7, u );
orr=u>1, (r=2,u=2);
r>1lu=1, (r=2,u=1);

or0<r=u<l, (r=1/2,u=1/2);
Config. 780 & r>u,0<u<1, (r=7/8,u=1/2);
Config. 781 & 0<r<—-1—u, (r=1/2,u=-5);

Config. 782 < r>0,r>—-1—-u,u<0, (r=1/2,u=-5).

Config. 7.79 & {
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1.1.1.2. Possibility m(u® +u + ru — 8r) = 0.

1.1.1.2.1. Case m = 0. Then (3.151)) become cubic homogeneous
b=a?(re+y+uy), y=v(rztur+ty), r(r+1)#0 (3.155)

possessing four distinct invariant affine lines: = 0 (double), y = 0 (double), y =
and y = —rz. We observe that the unique singularity (0,0) of these systems is of
multiplicity 9. Since the invariant lines z = 0 and y = 0 are double and other two
are simple we deduce that we could have two geometrically distinct possibilities:
when the simple invariant lines are adjacent (if » < 0) and when they are not
adjacent (if » > 0). Therefore we obtain the configuration of invariant lines given
by Config. 7.83 if r < 0 and by Config. 7.84 if r > 0.

1.1.1.2.2. Casem # 0 and (u®>+u+ru—8r) = 0. So we have r(u—=8)+u(1+u) =
0 and clearly u # 8 (due to u(1+wu) # 0). Therefore we obtain r = u(1+wu)/(8 — u)

and system ((3.151]) becomes
(14 u)[m(u—8) - 27u2x]2

! T P G .
1
I =550 g3 (e~ 8 = uy)”[2m(u — 8)° — 810w + 9(u — 8)uy].
Since u # 0 applying the transformation
m(u — 8)> m(u — 8) ¢
— - 7 — A S t _
T xT 27u2 ) U1 Yy 9 s 1 83— u

we arrive at the 1-parameter family of systems (we keep the old notations for
variables)

i=1+uwz’fuz+B-w)y], §=y*[duz+(8—uyl. (3.157)
On the other hand, setting in systems the condition r = u(1 + u)/(8 — )
we obtain the 1-parameter family of systems
i=1+uwz’fuz+ B—wy]/B—u), §=y*[9uz+(8—u)y]l/(8—u).
Evidently applying the time rescaling ¢ — (8 — u)t we obtain systems and

hence we could not have new configurations.

1.1.2. Subcase 2r —u = 0. Then v = 2r and considering the condition
Vi = 0 becomes Vi = 2m(r — 1)(1 + 2r) = 0. Since by the condition we
have (u+1)(r+1—u) = (2r+1)(1 —r) # 0 the condition V; = 0 implies m = 0.
This leads to the family of systems

i:(x_%) [x+(rh—(1;(ﬁr2)r)} e+ 20y - 1211;}7 (3.158)
) hr hr .
4 :[y_ (r— 1:;(1 +2r)} {“ (r— 1?;(1 +2r>} (3ra t-y).

1.1.2.1. Possibility h # 0. Then we can apply the transformation

(1-r)(1+2r) 1+2r (1—r)(1+2r)
6hr T 6r @ N 6hr y+1/2,
36h2r2¢

(r—1)2(1+2r)2

xry =

t] =
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and this leads to the systems (we keep the old notations for variables)
i=a(@-Dra+Q+2r)y—r—1], g=yly—1)[Bra+y—r—1].

We observe that after the translation y — y + r these systems become a subfamily
of the family (3.152)) defined by the condition u = 2r and hence the corresponding
configurations are already determined.

1.1.2.2. Possibility h = 0. In this case system (3.158]) becomes homogeneous
system (3.155)) with u = 2r, i.e. we obtain Config. 7.83 if r < 0 and by Config. 7.84
if r > 0.

1.2. Case Vi # 0 and Vo = 0. Considering we obtain the condition
Vo=hr(r+uw@B+r4+u)+ml+u)(14+3r+u)=0
and as r(r+u) # 0 (see the condition (3.148)) we examine two subcases: 3+r+u # 0
and 3+ 7+ u=0.
1.2.1. Subcase 3+ r + u # 0. In this case the condition Vo = 0 gives
m(1+u)(143r+u)
r(r+u)(34+r+u)

and considering also the conditions (3.149)), (3.145) and (3.146)) we arrive at the
system

h=—

gb:[x— 2m (1 + 8r + 3r? + u + 2ru) }
r(r+u)3+r+u)(2+2r+u)
[x 2m(1 + 3r? + 2u + 3ru + u?) }
r(r+u)B3+r+u)(2+2r+u)
2m(1 4 3r +u)
(r+u)(3+r+u)}’
z'/:[y+ 2m(3 + 8r + % + 2u + ru) } [(r+u)m+y—
(r+uw)B+r+u)(2+2r+u)
x[ 2m(3 + 7?2 + 3u + 2ru + u?) }
(r+uw)B+r+u)(2+2r+u)l
We again have to examine two possibilities: m(u? + u + ru — 8r) # 0 and
m(u® +u+ru—8r) = 0.
1.2.1.1. Possibility m(u? + u +ru — 8r) # 0. In this case due to the condition
r(r+u)(3+r+uw)(2+2r +u) # 0 we apply the transformation

1+8r+3r2 +u+2ru r(3+ 87 + 1% + 2u + ru)

X [m+ (1+u)y + (3.159)

2m]
r+u

I =or Crut+ru—8r n=oyt w+ut+ru—8r
. 4m?(u? + u +ru — 8r)%t r(r+u)B+r+u)(242r +u)
—= o = .
TR+ u)2BHr+ w22+ 2r + u)?’ 2m(u® +u+ru — 8r)

This leads to the 2-parameter family of systems
i=x(z—1)[rz+ (1+u)y—ri(l+r),
y:y(y+rl)[(r1 +u1)$+y+1+rﬂ.

However we detect, that setting 1 = 1/r, u1 = —(1 4+ r + u)/r and applying the
rescaling (z,y,t) — (z, —y/r, r*t) we arrive at systems (3.152)) for which all possible
configurations of invariant lines are provided by Lemma [3.19
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1.2.1.2. Possibility m(u? + u + ru — 8r) = 0. The straightforward calculations
give us that for m = 0 system (3.159) becomes the cubic homogeneous system

(3.155), whereas for r = u(l + u)/(8 — u) system (3.159) becomes exactly the
system ([3.156)), i.e. we do not have new configurations.

1.2.2. Subcase 3+ 1r+u =0. Then u = —(3 + r) and considering (3.150) the
condition V5 = 0 becomes Vo = 2m(1—r)(2+r) = 0. Since by the condit
we have (u+1)(242r+u) = (1—7)(247r) # 0 we deduce that the condition V5 =0
implies m = 0. This leads to the family of systems

a:(xh){x(h(rll)} [TI*(2+r)y+ Qhr}7

r—1 r—12+7r) 247
1
. _[ _ 3hr ] [ . 3hr }( B 3x) (3.160)
S O s TIPS R o DT I N
1.2.2.1. Possibility h # 0. Then we can apply the transformation
1-=r)2+7r) 247 1-r2+r) r 36h2t
= S A L A 7T ke —
o on T W on YTy T oo Eere

and this leads to the systems (we keep the old notations for the variables)
i=x(x—1)[re—2+r)y+r], y=yly—r)|ly—3z+1]

We observe that applying the translation y — y + r this system becomes a sub-
family of the family (3.152)) defined by the condition w = —(3 4+ r) and hence their
corresponding configurations are already determined.

1.2.2.2. Possibility h = 0. Setting this condition in (3.160) we arrive at the
homogeneous system ([3.155)) with u = —(3 + r), i.e. we could not have new config-
urations.

1.3. Case V3 =V, = 0. Considering (3.150) we observe that both polynomials
V3 and Vj are linear and homogeneous with respect to the parameters h and m.
Moreover calculations yield

Coefficient[V3, h] x Coefficient[Vy, m] — Coeflicient[V3, m| x Coeflicient[Vy, h)
=(1+r)1+r—wul+u)?(r+u)?(1+r+u)(2+2r +u)(u? +u+ru—8r)
= Ahm-

We observe that Ap,, # 0 due to the condition (3.148) and A.f # 0. Hence we
detect that the unique solution of the equations V3 =0 and V, =0is h =m = 0.

Therefore considering the conditions (3.149)), (3.145]) and ([3.146)), systems (|3.142))
become homogeneous systems ([3.155|), possessing two configurations given by Con-

fig. 7.83 or Config. 7.84.

2. Possibility u(1—r)(1+r+u) = 0. In this case A,y = 0 and we have to return
and impose the conditions H; = Hy = H{ = Hj = 0 to be satisfied. We examine
each one of three conditions: (i) uw = 0; (ii) u # 0 and r = 1 and (iii) u(1 —r) £ 0
and (1+7r+wu) =0.

2.1. Case u = 0. Then we obtain

H{ = —4r(m —hr®)[br*(3+7) + m(1+3r)] =0 (3.161)

and since r # 0 we have to examine two subcases: m — hr? = 0 and hr?(3 +r) +
m(1 + 3r) = 0. We claim that the first condition leads to degenerate systems.
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Indeed, assume m = hr?. Then calculations yield
Hy=H,=0, Hy= 4(1+7)3(—c+ fr —3h% 4+ 3h%%)/r,
Hy = 8h(r —3)(1 +7)*(—c+ fr — 3h%r + 3h%r®).
Since by condition we have 7(r + 1) # 0, the equation H; = 0 gives ¢ =

r(f — 3h% + 3h2r?). Considering the conditions u = 0 and m = hr? and this value
of the parameter ¢ we arrive at the systems

i =—2hr —rx —y)(f + h? + 3h*r? + 2hx + 2?),
§ = —(2hr —rx —y)(f + 4h*r* 4+ 2hry + y°)
which evidently are degenerate. So our claim is proved and we need to examine the

condition hr?(3 +7) + m(1 + 3r) = 0, considering two subcases: 1+ 3r # 0 and
14+3r=0.

2.1.1. Subcase 1+ 3r # 0. Then m = —hr?(3+1)/(1 + 3r) and we calculate

4(147)? h2r(r —1) 9 3 4
So the condition H; = 0 gives
h2r(r—1
e=fre D s o 1582 4 o4 4 3e)

(1+7)(143r)
and therefore,
Hy — 64hr(1 +1r)?

(1+3r)3
Since r(r + 1) # 0 and h # 0 (otherwise we obtain m = 0 and this leads to
degenerate systems) the condition Hy = 0 yields
B h2r2(27 + 72r + 82r2 + 2473 + 3r?)

(T4 7)2(1+ 3r)2

This implies H) = 0 and we obtain the following family of systems

[+ 1)2(1 4 3r) 4 h2r2(27 + 720 + 820 4 2417 + 3r)] = 0.

=

. h(1 + 3r2) h(1 + 8r + 3r2)
s =+ na e [ Ay an) 2ty 2w),
) hr(3 +12) hr(3 4 8r + 1?) 2hr(3+ )
y:{y* (1+7~)(1+37«)H - (1—1—7")(1—1—37“)} [m““ 1+3r ]
Then setting » = 1/, and applying the transformation
(1+7r)B+r)  3+8r +1?
I = T — 5
8h7“1 87“1
(14+7)3B+r) 1+ 8ry + 312 64h2 ¢
n=- 8h vt 87y C T B Ay +r2)?

we arrive at the 1-parameter family of systems (we keep the old notations)
t=z(x—1)(ra —ry—1—r),
y=yly—Dy—xz—1-—7r), r(r+1)3r+1)#0.

We observe that this family is a subfamily of systems (3.152)) defined by the
condition v = —(1 + r), i.e. it corresponds to the case r + u + 1 = 0. On the
other hand for system (3.152)) all possible configurations of invariant lines were

(3.162)
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constructed provided that the condition ([3.153|) is satisfied. This condition includes
in particular the condition r +u + 1 # 0. So considering the singularities (3.154])
of system (3.152) we deduce that the condition u = —(1 + r) forces the finite
singularity My to coalesce with the infinite singularity N[1:1:0].

We observe that the invariant lines of systems (3.162)) coincide with those of
systems ((3.152) (since they do not depend on parameter u):

Li:x=0, Le:xz=1, L3:y=0,
Ly:y=1 Ls:y==z, Lg:rx+y=r+1,
but system (3.162)) has only eight finite singularities:
Ml(oao)v M2(071)7 M3(0,1+7’), M4(1a0)7 M5(151)7

1 2 1
Mo(L2+7), Mr(T=,0), My(Z05 1),
T '

We observe that because of the condition 7(r + 1) # 0 all these singularities are
distinct if and only if (r+2)(2r+1) # 0. In the case r = —2 (respectively r = —1/2)
the singular point Mg (respectively Ms) coalesces with My (respectively Ma).

We determine again that 6 of these singularities are located at the intersections
of the above invariant lines, more precisely, these are the singular points M; for
i € {1,2,3,4,5,7}. The singular point Mg (respectively Mg) is located on the
invariant line Ly (respectively Ls). Moreover we have one singular point located
at the intersection of four invariant lines and one singularity is located at the
intersection of three invariant lines. More exactly Ly, L4, Ls and Lg intersect at
the point M5 whereas Ly, L3 and Ls intersect at the point M.

To determine all possible configurations of invariant lines for system (3.162) we
examine the positions of the invariant lines as well as of the singularities Mg and
Mg depending on the parameter r.

Since the invariant lines of systems (3.162f) coincide exactly with those of system
(3.152)), as it was mentioned, for the invariant lines of system (3.152)) (see page,
in order to detect the position of the invariant line Lg (which is the only line which
depends on the parameter r) it is necessary to examine three cases: (i) r < —1,;
(15) —1<r<0and () r > 0.

In addition we need to examine the position of the finite singularity Mg (1, ys)
with y¢ = 2 4+ r (respectively Mg(xg,1) with zg = (2r 4+ 1)/r) on the invariant
line x = 1 (respectively y = 1) with respect to the singular points M,(1,0) and
M5(1,1) (respectively M5(0,1) and M5(1,1)). Considering Notation [3.6] a we have
the following implications.

(I) For the singular point Mg:
Yo <0 = Mg My <Ms; 0<ys <1l = My—< Ms~< Ms;
ye > 1 = My < Ms < Mg.
(IT) For the singular point Mjg:
28 <0 = Mg XMy <Ms; 0<zg<1l = My < Mg—< Ms;
xg >1 = My < My < Msy.
Considering the values of the coordinates ys and xg we obtain
16 <0 & r<-2; 0<ys<1l & 2<r<-1; yg>1 < r>-—1;

23<0 & —1/2<r<0; 0<az3<1l & —-1<r<-—1/2
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rzg>1 < r<—1lorr>Q0.

Taking into account the three possibilities mentioned before for the position of
the invariant line Lg defined by the parameter r (i.e. 7 < —1, —1 < r < 0 and
r > 0) it is not too difficult to convince ourselves that the following lemma is valid.

Lemma 3.20. The family of systems (3.162)) with the condition r(r + 1)(3r +
1) # 0 possesses the following configurations of invariant lines if and only if the
corresponding conditions indicated below are satisfied:

Config. 785 & r< —=2or —1/2<r <0,r #—1/3;
Config. 7.86 < r e {-2,—1/2};
Config. 787 & —2<r<—1/2, r#—1;
Config. 7.88 < r > 0.

2.1.2. Subcase 1+ 3r = 0. Then r = —1/3 and the condition hr?(3+7r) +m(1+
3r) =0 (see (3.161])) gives h = 0. Then we calculate

H; =0, H;=16(6c+2f—2Tm?)=0 = f=—-3(2c—9m?)/2
and this implies
Hy = —8m(16¢ — 243m?)/3 =0, H) = —4(16c — 243m?)/729 = 0.

Since m # 0 (otherwise we obtain m = h = 0 and this leads to degenerate system),
the condition ¢ = 243m?/16 must hold. In this case we arrive at the family of
systems

& = (2Tm — 4z)(27m + 4x)(z — 3y) /48,
g = (3m — 4y)(21m — 4y)(18m — x + 3y) /48
with m # 0. Then applying the transformation

2 2
1 27mx + /2a Y1 om Y /67 tl 81m t/

we obtain the system (we keep the old notations)
t=z(z-1)By—-3z+2), y=yly—y—z+2).

We observe that this system belongs to the family (3.162)) for » = —1/3 and by
Lemma [3.20] its configuration corresponds to Config. 7.85. So we can remove from
the lemma the condition r # —1/3, which corresponds to this configuration.

2.2. Case u # 0, 7 = 1. We detect that in this case for the system (3.142]) the
following condition must hold:

r(r+1)(u+1)(r4+u)2r+2+u)(r+1—u) #0 = (u+1)(u+4)(u—2) #0 (3.163)
For r = 1 we calculate
Hy = (u—2)*[u(c— f) +4(h* —=m?)] /(1 + u)

and as u(u — 2) # 0 the condition H] = 0 gives f = %. In this case

calculations yield
Hy =8(h —m)(h+m)(4+u)?/(u(l+u)) = 0.
Considering condition (3.163) we obtain (b —m)(h +m) = 0.
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2.2.1. Subcase h = m. In this case we have H; = H{ = Hy = 0 and
HY = dmu(4 4 u)
(1+u)?

and we consider two possibilities: m = 0 and m # 0.

[c(u—2)*(14+u)® +4m*(T—u+u®)] =0 (3.164)

2.2.1.1. Possibility m = 0. Then H} = 0 and we arrive at the following family
of systems:

= (c+at)z+y+uy), 7= (c+y*)(x+ur+y). (3.165)

We observe that for ¢ = 0 these systems become homogeneous and belong to the
family for r =1.

Assume that condition ¢ # 0 holds. Since the invariant lines ¢ + 22 = 0 and
¢+ y? = 0 could be real or complex depending on the sign of the parameter ¢ we
examine both cases.

2.2.1.1.1. Case ¢ < 0. Then setting ¢ = —v? and applying the transformation
(z,y,t) — (vx, vy, t/vz) we arrive at the 1-parameter family of systems

i = (2% - 1)[SU +(1+ u)y], v =(y*— 1)[(1 +u)x +y] (3.166)

with condition (3.163). These systems possess six distinct fixed invariant affine
straight lines

Li:x=1, Ly:x=-1, Ly:y=1 Ly:y=—-1, Ls:y=x, Lg:y=—x
and the following nine finite singularities:
M;(0,0), Mo(—1,-1), Ms3(—1,1), My(1,—-1), M;5(1,1),
Me(—1,14u), M;(14+u,—1), Ms(l,—1—u), My(—1—u,l).

We observe that the above systems are symmetric with respect to the origin of coor-
dinates, because of the change (x,y) — (—z, —y). The systems are also symmetric
with respect to the invariant line y = x, because the change (z,y) — (y,z) also
conserves these system. As a consequence we have two pairs of finite singularities
depending on the parameter u which are symmetric with respect to (0,0) (M7 with
My and Mg with Mg), and two pairs of singularities symmetric with respect to the
line y = x (Mg with M, and Mg with My).

Thus, because of the symmetry, it is sufficient to determine the position of the
singularity Mg with respect to the singular points My and M3 located on the same
invariant line x = —1. Moreover we observe that Mg could coalesce with My
for v = —2 and due to the symmetry, M; could also coalesce with M, getting a
triple singular point My = Mg = M;. Clearly due to the symmetry we obtain
simultaneously a triple singular point M5 = Mg = M.

Thus for the singular point Mg(—1,1 + u) we have (see Notation [3.6):

u< =2 = Mg=My<Mz; —-2<u<0 = My=<Mg=< Ms;
u>0 = My < Mz < Ms.

Examining the positions of all the singularities (3.167]) corresponding to these con-
ditions we conclude that the following lemma is valid.

Lemma 3.21. The family of systems (3.166) with the condition u(u + 1) # 0
possesses the following configurations of invariant lines when the corresponding
conditions indicated below are satisfied:

(3.167)

Config. 7.89 & u < =2 or u > 0;
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Config. 790 & u = —2;
Config. 791 & -2 <u<0;
2.2.1.1.2. Case ¢ > 0. Then setting ¢ = v? and applying the same transforma-
tion (x,y,t) — (vx, vy, t/v2) we obtain the 1-parameter family of systems
i =(z®+1)[z+ (1+u)yl,
J="+D[(1+wz+y], ulu+1)(u+4)(u—2)#0.
These systems possess two real and four complex invariant lines
y==xx, x==£i, y==%i
as well as nine distinct finite singularities among which only one is real, namely
(0,0). As a result we obtain the configuration Config. 7.92.

2.2.1.2. Possibility m # 0. In this case considering the condition H) =0
gives
4m?(7 — u + u?)
" -2+ up
and therefore we arrive at the family of systems
6m 2m 2m
(u—2)(1+u)} [ + u—Z} {m—i—(l—l—u)y— u—i—l]’
. 6m 2m 2m
i=ly- (u—2)(1—|—u)} v gl[arwe - )
As m # 0 we can apply the transformation
(u—2)(1+w) u+1

@:P—

e 2m(4 + u) T
(u—2)(1+w) u+1) 4m?(4 +u)?t
= Y+ y = s
2m(4 4 u) u+4 (u—2)2(1+w)

and we arrive at the 1-parameter family of systems (we keep the old notation)
i =z(x—1)[z+ (1+u)y —ul,
g=yly— D[ +uwz+y—ul, ulut1)(u+4)(u—2)#0.

These systems possess six distinct fixed invariant affine straight lines

(3.168)

Li:x2=0, Ly:x=1, L3:y=0, Ly:y=1 Ls:y=2x, Lg:y=—x
and the following nine finite singularities:
My(0,0),  M(0,1), M3(0,u), My(1,0), Ms(1,1),
Mg(1,-1), Mr(-1,1), Mg(u,0), My(u/(2+u),u/(2+u)).

It is clear that for v = 1 the singularity M3 (respectively Mg) coalesces with Mo
(respectively My) producing two double finite singularities. Moreover if u = —2 the
singularity Mg coalesces with the singularity at infinity N[1: 1 : 0].

We observe that the above systems are symmetric with respect to the invariant
line y = z, because the change (z,y) — (y,x) conserves these system. As a conse-
quence we have one pair of finite singularities depending on the parameter u which
are symmetric with respect the line y = x: M3 and Ms.

On the other hand due to the symmetry it is sufficient to determine the position
of the singularity M3 with respect to the singular points M7 and Ms located on the

(3.169)
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same invariant line x = 0 as well as the position of the singularity My with respect
to the singular points M; and M;5 located on the same invariant line y = x.
So examining the positions of the singular points M3(0,u) and My (u/(2 +
u),u/(2 4 u)) we obtain, respectively
u<0= M3 <M <My; 0<u<l= M; < Mg~< My;
U21:>M1-<M2jM3,

and
u=-2=>My=N[1:1:0]; —-2<u<0= My =< M; < Ms;
u>0= M < Mg <Ms; u<-—-2= M, < Ms~< M.

So considering the positions of all the singularities (3.169) corresponding to these
conditions we conclude that the following lemma is valid.

Lemma 3.22. The family of systems (3.168|) with the condition u(u + 1)(u +
4)(u — 2) # 0 possesses the following configurations of invariant lines when the
corresponding conditions indicated below are satisfied:
Config. 7.76 & u > 1;
Config. 7.80 & 0<u < 1;
Config. 7.81 & u < —2;
Config. 7.82 & -2 <u<0;
Config. 7.88 & u= —2;
Config. 793 & u=1.

2.2.2. Subcase h = —m. In this case we have
dm(u? — 4)
(1+u)?

If m = 0 we obtain h = 0 and this case was considered above and leads to systems

(3.165)) and therefore we assume m # 0. On the other hand by the condition (3.163])
we have (1 +u)(4+ u)(u —2) # 0. So the condition Hy = 0 gives

Hy=Hy=Hy=0, Hy= [e(1+u)?(4+u)?+4m? (13+5u+u?)] = 0.

4m?(13 + bu + u?)
(1+u)?(4 4 u)?

and we arrive at the family of systems

2m 6m
4+u} [x* 1+ w4+ )

i*:{x— Hz+(1+u)y+u27m

y:{y+42j—nu} {y—k(l_’_f)ﬁ_'_u)}[(l—ku)x—l—y—m '

As m # 0 we can apply the transformation

(1+u)(4+u)$+u+17

2m(u — 2) u—2
(I+u(@d+u)  utl o 4m?(u —2)2t
2m(u — 2) Yo u—e 1T (1+u)?(4+ u)?

r1 = —

Y1 = —
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and this leads to the 1-parameter family of systems (we keep the old notation)
i=z(z—1)[z+(1+uy+u+2],
y=yly+D[1+wzr+y—u—2], u(u+1)(u+4)(u—2)#0.

We observe that via the change (z,y,t,u) — (x,—y,t,—u — 2) the above systems
can be brought to the systems (3.168) and hence no new configurations could be
obtained.

2.3. Case u(r —1) 20 and 1+ + u = 0. In this case the following condition
must hold for system :
rr+D(u+1D)r+uw)2r+2+u)ir+1—wulr—1)#0 = u(u+1)(u+2) #0.
For r = —u — 1 calculations yield

Hy = 4(h —m — mu)(2h — 2m + 3hu — mu + mu?) /(1 +u) =0
and we consider two subcases: h —m —mu =0 and h — m — mu # 0.
2.3.1. Subcase h —m — mu = 0. Then h = m(1 + u) and we calculate
Hy =Hy =0, H{=4’(14u)*[—f—c(l+u)+6m’u+3m°u’] =0.

Therefore from u(u+1) # 0 we obtain f = —c(1+u) +6m?u+3m2u?. This implies
H), = 0 and we arrive at the family of degenerate system,

(3.171)

i =02m—z+y)[—c+4m* +4mPu+2m(1 + w)z + (1 + u)2?],
U :(Qm—x+y)[—c+4m2 — cu + 6m3u + 3m2u? —2my+y2].
2.3.2. Subcase h — m — mu # 0. Then the condition H; = 0 yields
h(2+3u) + m(u—2)(1+u) =0. (3.172)
2.3.2.1 Possibility 2 + 3u = 0. Then uw = —2/3 and this implies m = 0. In this
case we have
H, =0, Hj=16(2c+6f+9h?)/729 =0
and this gives f = —(2c + 9h?)/6. Then calculation yields
H,=H, =0, Hy=4h(16c—171h*)/27 =0, H} =8h(16¢c — 171h?))/2187 = 0.
If h = 0 we obtain the degenerate systems
&= Bc—a?)(z—-y)/3, y=(r—y)lc—3y>)/3.

So h # 0 and we must have ¢ = 171h?/16. In this case we arrive at the family of
systems

& = (3h + 4x)(21h + 42)(6h — x +y) /48, = (9h —4y)(z — y)(9h + 4y)/16
which via the transformation
1 = —22/(9h) —1/6, y = —2y/(9h) —1/2, t; = —27Th*t/4

can be brought to the system

t=z(z-1)1+z—-y), yv=yly+1)(Bz—3y—1).
This system possesses six distinct fixed invariant affine straight lines

Li:x=0, Ly:x=1, Lsg:y=0,
Ly:y=-1, Ly:y=2a2—-1, Lg:xz—3y=1
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and eight finite singularities:
My(0,0), Mo(0,—-1), M;5(0,-1/3), My(1,0),
Ms(1,-1), Ms(1,2/3), M7(-1,0), Ms(-2,-1).
Considering Lemma we calculate po = 0 and g3 = —36(z —y) # 0 and we

deduce that one finite singular point has coalesced with N[1:1:0]. As a result we
arrive at the configuration of invariant lines equivalent to Config. 7.85.

2.3.2.2. Possibility 2 + 3u # 0. Then from the condition (3.172)) we obtain
h=-m(=24u)(1+u)/(2+ 3u) and calculations yield

3

Hy =0, Hy—__Smu . [(2 +3u)2(c+ f+ fu) + 24mPu(l + u)(2 + u)} —0.

(2 + 3u)
Since u # 0 we have to consider two cases: m = 0 and m # 0.
2.3.2.2.1. Case m = 0. This implies h = 0 and we obtain

Hy=Hy=Hy=0, H =—4u*1+u)*(c+f+cu)=0.

Therefore from u(u+1) # 0 we obtain f = —c(1+wu) and this leads to the degenerate
system
t=(c—2?—ur®)(xz —y), ¥=(z—y)(c+cu—1y?).
2.3.2.2.2. Case m # 0. Since u #* 0 the condition Hy = 0 implies
(2 + 3u)? + 24m2u(1 + u) (2 + u)
(14 u)(2+ 3u)?

f=-

and then we have H; = Hy = 0 and
4w (14 u)(24 w)
(24 3u)?
Because u(1 + u)(2 + u) # 0 and 2 4 3u # 0, the condition H] = 0 gives
~ m2(1 4 u)(16 + 32u + 28u? — 12u® + 3u?)
u?(2 4 3u)? '

This implies H, = 0 and we arrive at the family of systems

H| —cu® (243u)?+m? (14u) (16+32u+28u*—12u* +3u*)] = 0.

b (o T ZSUo Oy, mA ) o 2))

u(2 + 3u) u(2 + 3u) 24 3u
. m(3u? — 2u — 4) m(4 + 6u + 3u?)
y*[y* u(2+ 3u) H T u2+30) }(Qm*:”y)'

Since mu(l 4+ u)(2 + 3u) # 0 we can apply the transformation
~u(24 3u) 4+ 6u —u?
T8mltw | 8(1+uw)

_u(2 4+ 3u) 4+ 2u — 3u? _64mA(1+u)*t
TEm(ltw T T80 tw) T w22+ 3u)?

and we obtain the system

T

Y1

i=zz—-D[(1+uwy—1+wz+u], §=yly—1)(u—2z+y).

It remains to observe that replacing in system (3.162) » = —1 —u we obtain exactly
the above system, i.e. no new configurations could be obtained.
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Case (2r +2 +u)(r + 1 — u) = 0. We observe that the condition (2r + 2 + u)? +
(r+1—u)? # 0 has to be fulfilled, otherwise we obtain a contradiction: r + 1 = 0.
So we examine both subcases given by this relation.

1. Subcase 2r +2 +u = 0. Then r = —(u + 2)/2 # 0 and we have r(r + 1) =
w(2+u)/4 # 0.

According to Lemma in this case we could not have a couple of parallel
invariant lines in the direction y = —rz. Hence we deduce that the possible direc-
tions in which systems could possess two couples of parallel invariant lines
could be either (i) z =0 and y = 0, or (ii) x = 0 and y = =, or (iii) y = 0 and
y = x. We examine each one of these possibilities.

1.1. Directions © = 0 and y = 0. The existence of two couples of the parallel
invariant straight lines in these directions was examined earlier (see Lemma
in the generic case and we have determined the conditions (3.145]) (for direction
x = 0) and (for direction y = 0). These conditions were detected without
imposing the condition 2r + 2 +u # 0. The only restriction was (14 u)(r +u) # 0,
which now becomes (1+u)(u—2) # 0. So the conditions (3.145)) and (3.146|) remain
valid also in the case 2r + 2 + « = 0 and setting r = —(u + 2)/2 we arrive at the
conditions

g 2[c(1 4 u)? = 2h2(2 4 u)] ~ 2h[2h3(2 4 u) — (1 + u)?]
- 1+ w2+ 0T (1+u)p ’
o _16m? + f(u—2)?
k=1=0, e= a2 (3.173)
Am[16m? + f(u — 2)?]

r=—(u+2)/2 b=— 2

We point out that these conditions guarantee the existence of two couples of parallel

invariant lines in the directions £ = 0 and y = 0. We recall that in this case the
parameter u must satisfy the following condition

w(u+1)(u—2)(u+2) #0, (3.174)
Now we consider the other two directions provided that the conditions (3.173)
are satisfied.

(a) Direction y = x. Considering it remains to examine the equations
Eqs = 0, Egg = 0 and Eqio = 0. When the conditions are satisfied we
obtain Fgs = —2(h —m) = 0 and this yields h = m. By Lemma in order to
have a common solution of the equations Fq9 = 0 nd Eq;p = 0 with respect to W
the condition Rg,g)(qu, Eq1p) = 0 is necessary. We calculate

uU1U2

O (Eqg, Eqro) =

where
Ur =2c(u —2)*(1+u)® + f(u—2)*(1 + u)*(2 +u)
+9m? w(2 4 u)(4 + u),
Uy =(u—2)*(1 +u)*(2c+2f + cu)? —4m?(u — 2)*(1 +uw)*(4 +u)  (3.175)
x [e(2 4+ u)(16 + 6u +u®) — £(32 + 36u + 12u* — u?)]
+Am* (44 u)? (4 + 2u + u?) (112 + 112u + 24u* — 2u® + u?)
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and because u # 0 we necessarily must have U;Us = 0. We will later examine this
condition together with the conditions of the existence of one invariant line in the
direction y = —rax.

(b) The direction y = —rz. In this case, considering the equations (3.144]) and
the conditions (3.173]) and h = m, we obtain Fqs = —u(2m + 3W)/2 = 0 and due
to u # 0 this yields W = —2m/3. Clearly that this value of W must be a common
solution of the equations Fqg9 = 0 nd Eqip = 0 from . For this value of W
we obtain

Ui
9(u2 —4)(1 +u)’

Us
27(u —2)3(1 + u)3(2 4+ u)

Eq9 = Eqio =

where
Ul = 9u(u — 2)(1 +u)(2c + 2f + cu) — —2m?(4 + u)(—32 — 16u + Tu?),
Uy =m[9c(u — 2)%(8 + 5u) — 18 f(u — 2)*(1 4+ u)*(16 + 2u + u?)
—2m?(4 + u)(128 + 1744u + 1880u® + 452u® — 20u* + 35u°)].
It is clear that in order to have one invariant line in the direction y = —rz the

condition U] = U} = 0 must hold. In addition we must also have an invariant line
in the direction y = x and hence the following condition must be satisfied

U\Us = U, = US =0,

where U; and U; are given in .

Since by condition we have u(u + 1)(u — 2) # 0, condition U] = U) =0
gives

2m?2(2 + u) (64 + 64u + 51u? — 23u® + Tu?)

a 9u2(u — 2)2(1 + u)? ’
m2(256 + 256u + 204u? + 232u% + 109u?)
f=- 9u2(u — 2)2(1 + u)? ’
This implies U; = 0 and we arrive at the family of systems

j;—[ 2m(u—8)} { 2m(8 + u + 2u?)

- u(u — 2) SU(u—Q)(l-yu)} [(1+U)y*(2+u)x/2
%] (3.176)
i=[ m} [ ”;,S(it%l{:z))} [ —2)a/2 4y - ],

To simplify these systems we need to use a transformation which depends on two
cases: m(4 +u) # 0 and m(4+u) = 0.
1.1.1. Case m(4 + u) # 0. Then we can apply the transformation

~ 3u(u—2)(1 +u) (u—8)(1 4 u) o AmP(A+u)tt
T T T oA+ T @rw? T 9u2(u - 2)2(1 + u)?
o Bu(u—2)(1+u) (u—2)(8+ 5u)
N T T oAtz VT 2@t

and this leads to the 1-parameter family of systems
i =z(x—1)[2(1 + u)y — (2+ uw)z + u] /2,

J=y(y —1)[(u—2)x + 2y +u] /2. (3.177)
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It remains to observe that this family of systems is a subfamily of (3.151|) defined
by the condition r = —(u + 2)/2. So we could not obtain new configurations.

1.1.2. Case m(4+u) = 0. If m = 0 then system (3.176) becomes cubic
homogeneous

&= —2?(2z +ur — 2y — 2uy)/2, ¥ =y*(—22 + ur + 2y) (3.178)
for which we calculate (see the definition of the polynomial H(X,Y, Z) on the page
13):

H(X,Y,Z) = ged(G1,Ga, G3) = X2(2X +uX —2Y)(X — Y)?Y?/16.

So by Lemmas [2.5 and we conclude that the above system has invariant lines
of total multiplicity 8 (including the line at infinity).
Assume now m # 0 and u = —4. Then system (3.176)) becomes

&= (m—32)%(2m + 3z — 9y)/27, 9= (m — 3y)*(2m — 9z + 3y)/27
for which we also calculate
H(X,Y,Z)=-33(X - Y)*(3X +3Y —2mZ)(3X —mZ)*(3Y —mZ)>.

So in this case we obtain a system possessing invariant lines of total multiplicity 9.

1.2. Directions x = 0 and y = z. According to Lemma for the existence
of a couple of parallel invariant straight lines in the direction z = 0 the conditions
(3.145)) are necessary and sufficient. For r = —(u + 2)/2 these conditions become
202 (24 u) — (1 +u)?
o (+w)2+w)

1+4u+#0, k=0, d

B 2h%(2 4+ u) — (1 + u)2] (3.179)

a =
(1+u)? ’
We consider now the direction y = = and ask for the existence of a couple of parallel

invariant straight lines in this direction. Considering (3.143)) for r = —(u+2)/2 we
obtain EFqs =1 —2h —k+2m =0, i.e. | = 2h+ k — 2m. Then taking into account
also (3.179)) we calculate
(1+w)(2f + cu+ fu) + (2 +u)(e — 4h® + eu)
214+ u)(2+u)
+ (4 +u)W?/2,
(14 u)?(b+ 2ch + bu) — 4h3(2 + u)
(14 u)s

+ (2 +u)W3/2.
We observe that Fqq is of degree two with respect to the parameter W if and only
if w+4 # 0. Therefore in order to have two common solutions of the equations
Eg9 =0 and Eqip = 0 (i.e. to have a couple of parallel invariant lines, which could
coincide, in the direction y = ) the condition u + 4 # 0 must be fulfilled.

On the other hand since by (3.174)) the condition 24w # 0 holds, then by Lemma

for the existence of two common solutions in W of the equations Eg9 = 0 and
FEq10 = 0 the following conditions are necessary and sufficient:

R(v?/)(qu,quo) = R%)(E%’ Eq) =0.

r=—(2+u)/2.

EQQ = + 2<h — m)W

Eqo = + (e — )W +2(h — m)W?
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Calculations yield

4 h2
R (Bao, Earo) = S [0 e £)(@-40)] 412 4 8hm — dm? 1 B2u 2o
and from (v + 1)(u + 4) # 0 we obtain
2 2 _ 2
e:( c+f)(2—|—u)+2h (2+u) 8(h—m) - (3.180)
2 1+u 4+u
Then condition R;?,)(qu, Eqi0) = 0 gives
b Af(h—m)  2c[h(3u? + 2u — 4) — 4m(1 + u)?
44w (14u)(2+u)(4+u)
(3.181)
B 4h3(2+wu)  16h%(h —m) B 64(h® — 3h®m + 3hm? — m?3)
(1+u) (I+u)(4+u) (44 u)3
and therefore,
B _[8(h—m)+ 2+ u)(4 +u)W]
Eqy =9(W), Eqqo= A+ u? (W),
W) = (4+u)(2c+2f +2cu+ fu) h2(u? + 4u +12)  4m(2h —m)
B 2(24u) (u+1)(u+4) u+4

+2(h —m)W + (4 +uw)W?/2.

Therefore the equations Fqg = 0 and Fq19 = 0 have two common solutions in W
given by ¥(W) = 0, real or complex, distinct or coinciding.

Thus, considering the conditions (3.179f), (3.180) and (3.181)) we ask for the

existence of two invariant line in each one of the directions y = 0 and y = —rz.
(a) Direction y = 0. Taking into account (3.147)) we obtain Egs = 2(h—m) = 0

and hence we obtain i = m. Then we calculate

(2+u)(2c+ f —4m? + 2cu + fu)

Eqs = 2T+ u) —2mW + (u —2)W?/2,
2 1 2 _2m?(2
Eqo=— mlel +18+u);n( + )] — fW — W3,

Since by (3.174) the condition u — 2 # 0 holds, according to Lemma for the
existence of a common solution in W of the equations Fqs = 0 and Fqi9 = 0, the
following conditions are necessary and sufficient:

ViVa
2(1 4 u)s
Vo =1+ u)* (24 u)® + 4e((1+u)?) [f(1+u)* (2 + u)?

—mPu(d+u)(2+du+u?)] + 42+ u) [P (1 +u)!
— fmPu(l+u)?(4 +u) + m*u?(4 +u)?].

Ry (Bas, Baro) = —0, Vi = 2e(l+u)? + f(1+u)? = m3(T + du),

Hence we have to examine the condition V3V5 = 0. We will later examine this
condition together with conditions of the existence of one invariant line in the
direction y = —rax.

(b) Direction y = —rx. In this case from (3.144) considering the conditions
(3.179), (3.180) and (3.181) we obtain Eqs = —u(2m + 3W)/2 = 0 which gives
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W = —2m/3. Substituting in Eqg and Fqio from (3.144) we obtain
Vi 2]

Fgg=————7-—7——— FE = .
P90+ w2 ru) T WA+ w2 +a)

where
V] =9(u — 2)u(l +u)(2¢ + 2f + cu) — 2m?(4 + u)(16 + Tu),
Vi =9(1+u)?2+u)fc(u—2) —2f(1+u)] +2m*4 +u)®
So considering the condition V] = Vj = 0 gives

~2m2(31 + 29u + Tu?) ~ m?*(2+ 19u + 8u?)
91 +u)2(2+u) 7 91 4u)2(2+u)
and this implies V7 = 0. So we arrive at the family of systems
. 2m 2m(5 + 2u) m(2 4+ u)
S P Ep—— L 0P — (2 24 2T
o [m+3(2+u)H 3(1+u)(2+u)H( tuy = @Fwe/2+ == }
. m 4m2(5 + 2u) 3m(2 + u) m u— 5
y_[y+1—|—u] [9(1+u)(2—|—u) 2+u © 1xa?T 2 nyry}'

If m = 0 then the above systems become exactly systems (3.178]) which have in-
variant lines of total multiplicity 9.
In the case m # 0 via the transformation

(14w  AmPt(4 4 w)?
= C2m(4+u) B2+ w)r+2m], t= (1 +u)2(2+u)?’
. (Ul ) Ch ) SRR

2m(4 4 u)
we arrive at the family of systems
i=x(x—1)[ur—21+uwy—2-u|/2, §=-yly—1D[A+u)z—2y+2+u]/2.
It remains to observe that these systems become systems by the change of
the parameter: u — —(u + 2).

1.3. Directions y = 0 and y = . We claim, that this case could be brought to
the case of the directions = 0 and y = & which we investigated above (beginning

from the page .
Recall that we are in the subcase 2r + 2 + v = 0. This condition depends only

on the parameters r and u of homogeneous cubic parts of systems (3.142) with
s =1 (we denote this family (3.142)) with {s = 1}). So we consider the associated
homogeneous cubic systems

t=ra® + (1+u)dy, y=0+way’*+y°, r(r+1)#£0 (3.182)
and apply the change (z,y,t,r,u) — (y,x,r1¢1,1/r1,u1/r1). Then we obtain the
systems

# =2’ + (L+u)a’y, §=(n+w)zy’ +y°
with 1 = 1/r and uy = u/r. For these systems we have

r(ri+1) =0 +7)/r?#0, 2r +2+u; = (2r+2+u)/r=0.

Therefore we have passed from the homogeneous systems (3.182)) with the condition
2r+2+4wu = 0 to the above systems with the condition 2r; +2+wu; = 0, interchanging
the directions y = 0, z = 0.



EJDE-2021/77 CONFIGURATIONS OF INVARIANT LINES OF CUBIC SYSTEMS 101

It remains to observe that all the coefficients of non-cubic parts of the whole
system are free parameters, except for the coefficient in front of 2 (respec-
tively y?) in the first (respectively second) equation, which vanishes. However the
change x <> y does not affect this property.

2. Subcase r +1 —u = 0. According to Lemma [3.17] in this case we could have
a couple of parallel invariant straight lines in the direction y = —rz. We claim
that via a rescaling (which replaces the direction y = —rz with y = z) system
{s:l} with the condition r + 1 — u = 0 could be brought to system of the
same form but with the condition 2r + 2 4+ u = 0.

Indeed assume that for system the condition r + 1 — u = 0 is satisfied.

Then applying the rescaling (z,y,t) — (—x/r,y,t) to system (3.142) (,—3 we obtain
the system

& =ai + 1z + diy + 2hazy + kvy? + rad + (1+ ul)x2y,
y=0b +erx+ fry+ Lx® + 2mizy + (r + up)xy? + 13, r(r+1)#0

where aq, b1, ...,my are new free parameters and r; = 1/r and u; = —(r+1+u)/r.
Then r =1/r1, u = —(r1 + 1+ u1)/rl and for these system we have

rir+1)=1+r)/r?#0, r+1—u=(2r  +2+uy)/r =0.

This completes the proof of our claim and this means that it is not necessary to
investigate the case r +1 —u = 0 because no new configurations could be obtained.

Since all the possible cases were investigated we conclude that the class CSLZ%SOO
of cubic systems possess at most 93 distinct configurations of invariant lines. In the
next subsection we prove that all of them are non-equivalent according to Definition
Lol

3.6. Geometric invariants and the proof of the non-equivalence of the 93
configurations. In this subsection we complete the proof of the Main Theorem
by showing that all 93 configurations of invariant lines we constructed are non-
equivalent according to Definition [1.3]

Notation 3.23. Let us denote

cS = {(S) : (9) is a system with ged(P(z,y), Q(z,y)) =1 and
max (deg(P(z,y)),deg(Q(z,y))) = 3}

CSL = {(S) € CS: (S) possesses at least one invariant affine line or
the line at infinity with multiplicity at least two}.
Notation 3.24. Let

P(X,Y,Z) = po(2)Z* +pi(a, X,Y)Z + pa(a, X, Y);
QX,Y,Z) = q(a)2° + q1(a, X, Y)Z + ga(a, X,Y);

C(X,Y,Z) =YP(X,Y,Z) - XQ(X.Y, Z);

o(P,Q) = {w € R?)| P(w) = Q(w) = 0};

Ds(P.Q)= Y I.(P,Quw;

wEU(ﬁ,é)
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Ds(C.2)= > IL(C.2w if Z{C(X,Y,Z);
we{Z=0}

Ds(P,Q;2)= > IL(P,Qu
we{Z=0}
Ds(P,Q.2)= Y (IM(G,Z),Iw(ﬁ,@)>w,
we{Z=0}
where I,,(F, G) is the intersection number (see [14]) of the curves defined by homo-
geneous polynomials F, G € C[X,Y, Z] and deg(F), deg(G) > 1.

A complex projective line uX + vY + wZ = 0 is invariant for a system (5) if
either it coincides with Z = 0 or it is the projective completion of an invariant
affine line uz + vy + w = 0.

Notation 3.25. Let (S) € CSL. Let us denote
IL(S) = {l: lis a line in P;(C) that is invariant for (S)},
M (1) = the multiplicity of the invariant line [ of (S).

In defining M (1) we assume, of course, that (S) has a finite number of invariant
lines.

Remark 3.26. We note that the line L, : Z = 0 is included in IL(S) for any
(S) e CSL.

Assume we have a finite number of invariant lines. Let I; : f;(z,y) = ax+by+c =
0, i = 1,...,k, be all the distinct invariant affine lines (real or complex) of a
system (S) € CSL. Let L; : Fi(X,Y,Z) = aX + bY + ¢Z = 0 be the complex
projective completion of [;. Let m; be the multiplicity of the line L; and let m be
the multiplicity of the line at infinity Z = 0.

Notation 3.27. Let

SingG = {w € G : w is a singular point of G};
v(w) = the multiplicity of the point w, as a point of G.
Drp(S)= Y M@I (S)eCSL.
1EIL(S)
Next we define the geometric invariants which will be used in this work.
N =#{l € IL(S):l:aX +bY +¢Z =0,a,b,c € R};
M =max{M():1 e IL(S)};
Ns =the total number of real singular points of the system which are located
on the smooth part of the total curve;
M (ls) = the multiplicity of the invariant line lo : Z = 0 of (S);
M, = the maximum multiplicity of a real affine singular point of a system.

Suppose that a system (2.1)) possesses a finite number of invariant lines L1, . .. Ly,
including the line at infinity. Sometimes it is convenient to consider in our discussion
a number of these invariant lines say L;,,...L;, of a system (5). We call marked
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system (S) by the lines L, ,...L; the object denoted by (S, L;,,...L;) of the
system (S) in which we singled out the lines L;,, ... L;,. We shall consider invariants
attached to such marked system.

For any non-degenerate cubic polynomial system (S) € C'SL marked with an
invariant line L that has a finite number of singularities, we can define the following
divisor:

Definition 3.28. Let D(S,L) =Y, v(w;)w; where w;’s are the singular points of
the system (.9) situated on the line L, and v(w;) is the multiplicity of the point w;,
considered as a point of the curve G.

All singularities of the curve G are also singular points of the system. Apart
from these points, on G we may also have singular points of the system which are
smooth points of the curve G and these points play a role in constructing geometric
invariants for the system which will help distinguishing such system. Clearly for
such a point w we have v(w) = 1.

Definition 3.29. We call s-point of the curve G a singular point of the system
that is a smooth point of the curve G.

Remark 3.30. Looking at the configurations we obtained for the class CSL2*> we
see that the maximum number of s-points located on a line is two, and that they
are never adjacent. Furthermore, for every system (S) € CSL‘%SOO with a simple
line L containing an s-point, the number of real singularities of (S) on L is 4. On
the other hand the maximum number of distinct invariant affine lines over R each
having an s-point is four. The maximum number of s-points occurring in a system
(S) is 4 and this occurs only in three configurations (Config. 7.66, Config. 7.89 and
Config. 7.91).

Consider a marked system (5, L) with the property that L is simple and on L
we have an s-point w. We attach an invariant to such marked system as follows:
Consider the divisor D(S, L) and order the integers v(w;) appearing in this divisor
as follows: we start with the minimum of the integers v(w;) which in this case is
1 = v(w). We have two possibilities: (i) on L w is the only s-point and (ii) on L
we have two s-points.

Consider case (i) and look at the two adjacent points on L of the point w and
denote them by p and ¢ and consider v(p) and v(g). Suppose that v(p) # v(q). Take
the smaller one of the two, suppose it is v(p). This defines an order on L, namely
from w to p. Then order the singular points on L considering this order from w to p.
This gives us the ordered sequence of integers S4(S, L) = (1,v(p),v(r),v(q)) where r
is the fourth singular point on L of the system. Suppose now that v(p) = v(q). Then
since (1,v(p),v(r),v(q)) = (1,v(q),v(r),v(p)) we define S4(S, L) as the common
value of these two sequences.

Consider now the case (ii). Suppose we have two s-points on L (= P;(R) = S!),
call them w and p. According to Remark [3.30] these are not adjacent points. We
have 4 singular points on L which are w, r, p, ¢. Suppose that v(r) < v(q). We
define then Sg(S, L) = (1,v(r),1,v(q)).

Clearly S; is an invariant of marked system (S, L) corresponding to D(S, L).
We use the notation Sy to indicate that this is a sequence of integers attached to a
divisor, namely the divisor D(S, L).

Assume now that we have a number of straight invariant lines L; over R on
which we have affine s-points. Then for each such line we can form D(S, L;) and
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Np=
R—7> Config. 7.1
M» Config. 7.7
=3
L» Config. 7.10
M =2 c
Ne=5[" —*> Config. 7.13
R_
M,=1 T =1 Config. 7.5
TE=0
T =(3,3) L Config. 7.6
Mb Config. 7.14
Ng=4 R
Tr=1
M, =2 LR Config. 7.8
T =0
L Config. 7.9
R_
7= Config. 7.11
M,.=3 TE—o
L———» Config. 7.12
Ng=3 R_
k TL—(ll)> Config. 7.2

M, =1 /TLR:(L 0)

R _
T2=00, Config 74

Sd:{(lz 2,3, 4) (17 2,3, 4)}} Config. 7.17
Sa={(1,2:3.9), (1’2"4’3)}= Config. 7.15

~ S[?OZ(1727374)

Sa= {(17 2, 3?4)7 (1~ 3,2, 4)}|—>00nﬁg 7.26

_ 5% —(1,3,2,4
Nos=3 =324 )Conﬁg. 7.22

CSLZ};OO S:d:{(1727473), (172747 3)}; COTLﬁg 7.20
={(1,2,4,3),(1,3,2,4
Sd {( ) 4y 73)7( 737 ) )}; Conﬁg 7.97

» Config. 7.3

Sa=1(1,3,2,4),(1,3,2,4)

}= Config. 7.21
No— T Sy=(1,2,3,4)

Config. 7.16
J, =1
Sa=(1,2,4,3) Config. 7.18
= Config. 7.2/
5°=(1,2,3,4) .
(391 Sa=(1,3,2,4) [ Config. 7.23
=(3,2,1) v §%°=(1,3,2,4) Confio. 725
ﬁb Config. 7.19
MAl(next page)
M,AQ(next page)
M,Aﬂnext page)

M,{l(newt page)

M Config. 7.66

M A (next page)

FIGURE 3. Diagram of non-equivalent configurations (to be continued)

Sa(S,L;). We now consider the marked system (S, L;;¢ < 4) (see Remark [3.30)



EJDE-2021/77

Sq=(1,2,3,4
T

A,
[N = 6]

. 54=(1,3,2,4)

As

53=(1,2,3,4)
—
59°=(1,2,4,3)
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) Config. 7.31

M» Config. 7.30

d = (L 2, 374)
S20—(1,2,4,3)

Config. 7.28

Config. 7.29
Config. 7.38

» Config. 7.39

T=(3,2,1) |[Ne=3|

S =(1,3,2,4)
L 00

71

Config.7.40
S =(1,2,3,4)
T

5%°=(1,2,4,3

Config. 7.32
» Config.7.33

As
[Nz = 3|

T =0

).
M, Config. .34
52 =(1,2,3,4)
— 70,

53=(1,2,4,3)

Config. 7.35
» Config. 7.36

Nes=3]3,

5%°=(1,3,2,4) Config.7.37

1,2,3,4),(1,2,3,4),(1,3,2,4)}

» Config. 7.58

Sa 1’3’2’4)}= Config. 7.59

1,2,3,4),(1,2,4,3),(

CSLY™

Ne=7

Nes=1

{
{
{
{

é

1,2,4,3),(1,2,4,3), (1,3,2,4)}

» Config. 7.62

» Config. 7.63

( ),
( )
(1,2,3,4),
( )
={(1,2,4,3),

(1,
(
(13,240, (L3 2D} oo 760
(
{1,

1,3,2,4),(1,3,2,4)}

Sw

Adj” =3 Config. 7.42

Adj Conﬁg 7.41
Sa=1(1,2,3,4),(1,3,2,4)}

Sa=(1,4,1,4)

» Config. 7.60
5a=1(1,2,4,3),(1,3,2,4)}

» Config. 7.61
Sa={(1,3,2,4),(1,3,2,4)}

T=(3,1,1,1)
A,

Ng=

Np=

T=(2,2,1,1)

» Config. 7.65
Config. 7-44

A = Config. 7.43

—>A6(n6ﬂ page)
A, (next page)

A (next page)

FIGURE 3. (cont.) Diagram of non-equivalent configurations (to

be continued)
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and to this we associate an invariant §d = S4(S, L;;i < 4) defined as follows: We
first consider S4(S, L;) for each one of the lines L;. We then define an order on
these Sq(S, L;), all of which start with 1. Consider two such 4-tuples Sq(S, L;) and
Sq(S, L) and order these two 4-tuples according to the order of their corresponding

first elements where they do not coincide. We now define §d =
this ordered sequence of these 4-tuples.

Sa(S, Li;i < 4) as

Let us consider an example: Config. 7.68, with three invariant affine lines with
s-points. Then the 4-tuples for the three invariant lines are: (1,2,3,4), (1,3,2,4)
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Config. 1.53

Config. 7.50

As J)
[N = 6 M Config. 7.5/

M, =6
M{::C""ﬁg» 745
=2
Mo Config. 7.51
T=3.111) M) =

3
—> Canﬁq 7.56
N, =2 TR=

L — n
M) =1 Config. 7.46
=1,
Config. 7.48
A; M) =3 757
Ve = 5] My =3 onfig.

M) =1, Config. 7.52

=
‘i
[==]
<
ol

1
no

> Conﬁg 7.55
TR=1

M,=1 Config. 7.47
TE=0
Config. 7.49
= Config. 7.89
Config. 7.91 (2,2,3.3

Sa={(1,2,3,4),(1,2,3,4),(1,3,2,4)} m&)nﬁa 7.72
CSL47’°“ \—bConﬁg 7.80

Adj'=

S53°=(2,2,3,3) - Config. 7.71
S, =1{(1,2.3,4),(1,2,4,3),(1,3,2, 4)}]—@: Config. 7.68

%) Config. 1.77

S,={(1,2,3,4),(1,3,2,4),(1,3,2,4 }% Config. 7.74
M(‘onﬁg. 7.82

Np=17 S.={(1,2,4,3),(1,2,4,3),(1,3,2,4) },#» Config. 7.67

M}C()ﬂfg 7.76
3
5,={(1,2.,4,3),(1,3,2,4),(1,3,2,4 }[—>> Config. 7.73
‘—)bCunﬁg 7.81

§5%=(2,2,3,3)

Config. 7.70
Config. 7.79

J =2
Sa={(1L,2,3,4), (13,20} 1S&=(2323)
. M, =1
T=(2,2,1,1) IL» Config. 7.87

S5 =(2,2,3,3)

Config. 7.69
Config. 7.78

N5, ((1,2.4,3). (1.3,2.4)) M’r 52=(2,3.2,3)
=1
=1y config. 7.85

. 53=(2,2,3,3)
$a={(1,3,2,4),(1,3,2,4)} Config. 7.75

=(2,3,2,3)
5=(2,2,3,3) BE=@323) conpig. 7.88

Config. 7.86
Config. 7.93

Nes=1

[
M» Config. 7.90
S53°=(2,2,3,3)

5 =(2,3,2,3)

Config. 7.83
Config. 7.84

N — ©
Mb Config. 7.92

FIGURE 3. (cont.) Diagram of non-equivalent configurations

and (1,2,4,3). We now form the ordered 3-tuple of the 4-tuples: Sy = ((1, 2,3,4),
(1,2,4,3),(1,3,2,4)).

Suppose the line at infinity L : Z = 0 is simple (i.e. of multiplicity one). Consider
the divisor D(S, L) and define S3°(S, L) for the marked system (S, L) as follows:
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On the line L we have four real singular points p, g, 7, v of the system with cor-
responding multiplicities v(p),v(q), v(r), v(v) of these points considered as points
of G. Take the points with minimal multiplicity.

Consider first that we have a single point with minimal multiplicity. Without
loss of generality we may assume that this point is p. Consider the two adjacent
points of p which without loss of generality we may assume to be ¢, r and with their
multiplicities v(q) < v(r). Consider the ordered 4-tuple (v(p),v(q),v(v),v(r)) and
define S3°(S, L) as this 4-tuple. For example for the configuration Config. 7.26 we
have S3°(S,L) = (1,2,3,4).

Suppose now that we have two adjacent points p, ¢ with the minimum multiplicity
as points of G. Consider the two remaining points r,v and we can assume without
loss of generality that v(r) < v(v). We define S3°(S,L) = (v(p), v(q),v(r),v(v)).

For example for the configuration Config.7.69 we have S3°(S, L) = (2,2,3,3).

Consider now the case when we have two singular points p, g of (S) with minimum
multiplicity i.e. v(p) = v(q), and which are not adjacent. Let the other two singular
points of (S) on L be r,v. Without loss of generality we may assume that v(r) <
v(v). Then for each one of the two points p,q we associate an order on L, i.e.
the order from p to r or the order from ¢ to r. Consider the first order and
form the ordered 4-tuple of the multiplicities of the singular points listed in the
first order. We obtain (v(p),v(r),v(q),v(v)). For the second order we obtain
(v(q),v(r),v(p), v(v)). But these two 4-tuples are equal and we define S3°(S, L) as
the common value of these two 4-tuples.

Consider now the case when we have at least three singular points p,q,r of
(S) on L with minimal multiplicity m < v(v) as points on G. Since these points
are on the line at infinity L then we necessarily must have three singular point
at infinity, all with multiplicity m, which are consecutive. In this case we define
S (S, L) = (m,m,m,v(v)).

Definition 3.31. Let (S) be a system and suppose that at least one of the
coefficients j; in Dp(S; Z) is three and that we actually have three parallel affine
lines, one of them L with real coefficients and two others complex: L', L”. Then as
indicated in the Notation we can bring the cubic system to the form

& =z(x+b)?*+u?, §=qla,z,y) (3.183)

which has the triplet of invariant lines: z =0, x = —b+iu, * = —b — iu. We have
here two possibilities: either b = 0 or b # 0. We define the invariant 7 attached
to the marked system (S, L, L', L") as follows: TX = 1 if and only if b # 0, and
TE = 0if and only if b = 0.

Applying this invariant to configurations Config. 7.5 and Config. 7.6 we then
have in the first case 7X(S) = 1 and in the second case T2(S) = 0.

The above definition is given for one triplet of invariant lines. In case we have two
such triplets (S, Lo, Ly, L), (S, L1, L}, LY) we shall condense the notation by writ-
ing for T the two corresponding coordinates which could be either (1,1) or (1,0)
or (0,1) as defined in the previous definition. For example for the configuration
Config. 7.3 we have: T} = (1,0).

Consider a system (S) and define Mg(S) to be the maximum of the numbers
v(p) where p is a real singular point of the curve G situated in the affine plane
and v(p) is its multiplicity. Suppose that G possesses only one point w such that
v(w) = Mﬂé. Consider all the invariant lines which pass trough w and consider
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the points at infinity corresponding to all these lines. We now define an invariant
attached to such system (5): Define Adj® = k if and only if w is adjacent to exactly
k points at infinity. Then for example consider for the configuration Config. 7.68,
Adj* = 2 whereas for the Config. 7.71 we have Adj" = 3.

In a similar manner we introduce the invariant Adj®. Let (S) be a system of
our family. Consider all the invariant affine lines of (S) which have at least one
s-point. We define Adj®* = 1 if and only if at least one of the s-points of these
lines is adjacent to the point at infinity of the line. Define Adj® = 0 if and only
if none of the s-points on these lines is adjacent to the point at infinity of the
corresponding line. Then for example consider for the configuration Config. 7.89,
Adj* = 1 whereas for the Config. 7.91 we have Adj® = 0.

We now introduce another invariant J, as follows: Suppose a system (S) in our
family has a singular point of (S) v with maximum multiplicity M, > 2. We define
Jy to be 1 if and only if v(v) = M, and 0 if and only if v(v) # M,.
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