Electronic Journal of Differential Equations, Vol. 2022 (2022), No. 41, pp. 1-16.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

OSCILLATION OF MODIFIED EULER TYPE HALF-LINEAR
DIFFERENTIAL EQUATIONS VIA AVERAGING TECHNIQUE

PETR HASIL, JIRINA SISOLAKOVA, MICHAL VESELY

ABSTRACT. In this article, we analyze the oscillation behavior of half-linear
differential equation
s(t)

tlogPt
Applying the modified half-linear Priifer angle and a general averaging tech-
nique over unbounded intervals, we prove an oscillation criterion for the studied
equation. We point out that the presented oscillation criterion is new even in
the linear case when p = 2.

(r(t)tpflé(:r'))l + B(z) =0, B(z)=|z[P " sgnz, p>1.

1. INTRODUCTION

The research presented in this article belongs to the qualitative theory of half-
linear equations. We intend to prove an oscillation criterion and to fill the gap in
the knowledge about oscillation properties of Euler type half-linear and also linear
differential equations. Before we describe our motivation in the form of results that
we intend to generalize and complete by our research, we outline the main points
of the theory of half-linear equations. For more details, we refer, e.g., to [I}, [10].
A more comprehensive list of relevant papers is given at the end of this section.

The half-linear differential equations are equations of the form

(c(t)@(z")) +d(t)®(x) =0, &(z)=|z[P"tsgnz, p>1, (1.1)

where coefficients ¢ > 0,d are continuous functions. Equations of the form
are closely related to linear equations, non-linear equations, and also to partial
differential equations. To obtain linear equations, it suffices to put p = 2 which
leads to the equation (c¢(t)z’)’ + d(t)z = 0.

The main difference between linear and half-linear equations is the fact that the
solution space of is homogeneous but it is not additive. It is the origin of the
designation “half-linear” and one of the reasons that many tools from the theory
of linear equations are not available and that other tools have to be non-trivially
modified for half-linear equations. Hence, it is more complicated to obtain results
for half-linear equations. At the same time, such results are often used as a gateway
to research in the field of non-linear equations (especially, those with functions that
preserve sign in the place of ).
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Another important relation is to (elliptic) partial differential equations with p-
Laplacian. The connection is caused by the fact that can be viewed as a scalar
PDE with one dimensional p-Laplacian (see the first term and the form of ®). Then,
oscillation results for the one dimensional case (half-linear equations) lead to criteria
for more general PDE’s (in particular, concerning the so-called weak oscillation).
Of course, the motivation for the research in the field of half-linear equations is
not just purely mathematical which is described above. These equations are also
used in real world models (e.g., in the non-Newtonian fluid theory). In addition,
its impact to non-linear equations and to PDE’s is important.

In this article, we study the oscillation of half-linear equations, where we use
the half-linear Sturm theory. In particular, the well-known half-linear Sturm sep-
aration theorem allows us to categorize half-linear equations as oscillatory and
non-oscillatory. We call an equation oscillatory if all of its solutions are oscillatory,
i.e., there does not exist the largest zero point of any solution. A basic consequence
of the half-linear Sturm separation theorem is the following implication. If one
non-trivial solution is oscillatory, then every non-trivial solution is oscillatory.

Next, we focus to the description of the result that we are going to prove in this

paper. We treat (L.1)) with
t s(t)

o(t) = (@),3_17 At) = ooy

where 7 > 0 and s are continuous functions. Further, in the whole paper, let ¢
be sufficiently large and let p > 1 be arbitrarily given. As ¢, we denote the real
number conjugated to p, i.e., it holds p + ¢ = pq, and log stands for the natural
logarithm.

Now, we mention the main three motivations explicitly. The first one of our main
motivations comes from [32]. In [32], it is proved the following oscillation criterion.

Theorem 1.1. Let us consider the equation

(rP )t e(a")) 5() d(z) =0, (1.2)

+ _
tlogP t
where r > 0 and s are continuous functions such that

ft+a r(r)dr 0 I fH_Q |s(T)| dr _

lim 2t—— 2 = ¢ 1.3
heo logt ==Y logt (1)
for some a > 0. Let R, S > 0 be given. If
RPTIS > 7P (1.4)
and if
1 t+a 1 t+a
—/ r(rt)dr > R, —/ s(r)dr > 8 (1.5)
@ Jt @ Ji
for all large t, then (1.2)) is oscillatory.
Theorem has been improved in a certain sense in [20] as follows.
Theorem 1.2. Let us consider
t
(r(t)tpfl@(x/))/ + 5(t) ®(x) =0, (1.6)

tlogPt
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where v > 0 and s are continuous functions such that

0 < liminfr(t) < limsupr(t) < oo
t—ro0 t—o0

> s(r)
/ 7log? T dr

is convergent. Let there exist M, > 0 such that

t+8 t+8 s(7) M
d M d 0
[ smari<a | [ ST dr < s Beloal
for all large t. If there exist R,S > 0 satisfying (1.4]) and if the inequalities

1 t+a 1 t+a
—/ r=(r)dr > R, 7/ s(r)dr > S
¢ ¢

« (0%

and that the integral

hold for all large t, then (1.6]) is oscillatory.

The last main motivation is given by the main result of [23] which reads as
follows.

Theorem 1.3. Let f > 0 be a continuously differentiable function and g > 1 be a
continuous function such that

- _ - f()g* () _
Jim f(t)g(t) =0, lim ———==0. (1.7)
Let us consider the equation
(P (D () 4+t Ps(6)D(x) = 0, (1.8)
where a € R\ {p} and r > 0 and s are continuous functions satisfying
HO) t+£(t)
. [ () dr _ /. |s(r)| dr
limsup &+————"— < 00, limsup +—w——"— < c0.
tooo f(D)g(?) t—00 f(t)g(t)
Let
1 t+£(t)
M(r, ::liminf—/ r(r)dr € R,
o= timint s [ (o)
1 t+£(t) )
M(s, f ::liminf—/ s(t)dr € R.
LR N

If (M(r, f))P" M (s, f) > p~P|p — P, then (1.8) is oscillatory.

We remark that the power 1 —p of r in and in is considered only from
technical reasons (technical parts of proofs are more transparent in this case). Of
course, since 7 is positive, it does not mean any impact to the used methods.

The aim of this paper to prove an oscillation criterion which generalizes Theo-
rems [I.1] and [T:2] and which corresponds Theorem [I-3] in the omitted case a = p.
Although Theorem [I.2]is proved using the Riccati technique, Theorem [I.3]is proved
via a modification of the adapted Priifer angle. In this paper, we obtain the an-
nounced criterion (which corresponds Theorem applying a different modifica-
tion of the Priifer angle.

We emphasize that the main result of this paper is not a generalization of any
known fact about linear equations, i.e., we obtain a result which has not been
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known for linear equations. The corresponding result for linear equations is ex-
plicitly formulated as a corollary of the main result at the end of this paper (see
Corollary . We also mention another consequence and a very simple example
of an equation whose oscillation properties have not been known. These corollaries
together with the example declare the significant novelty of the main result.

In this paragraph, we give a short literature overview. The basics of the os-
cillation theory of the treated half-linear equations are presented, e.g., in [I], [10].
Concerning linear and half-linear equations which are strongly close to the con-
sidered Euler type equations, the oscillation behavior is studied in many papers.
We point out at least [9] [12] 13| [T6] 17 191 22] BTl B7, [47] in the case of differen-
tial equations, [28] B0, B3] [38], [43] in the case of difference equations, and papers
[211, 34, 35, 45| 48] in the case of dynamic equations on time scales. In addition,
a similar study of oscillation properties of Euler type equations can be found in
[2, Bl I8, 26] [49]. The oscillation of perturbed half-linear Euler type equations is
analyzed, e.g., in [5 6} 14, 15, 25 29, 40, [41] 42 44] in the case of differential
equations and in [36] 50] in the case of linear and non-linear difference equations.

This article is organized as follows. The used preliminaries are collected in
Section[2] Especially, in Section[2] it is derived the used modification of the adapted
Priifer angle. Auxiliary results (about an averaging function of the Priifer angle)
can be found in Section The presented oscillation criterion is formulated and
proved in Section [4] together with two corollaries and an illustrative example.

2. PRELIMINARIES

Now, we describe the equation for the used modification of the half-linear Priifer
angle. To introduce this modification, we recall the concept of half-linear trigono-
metric functions. Let

27
Ty = .
P psin %
The half-linear sine function sin, is defined as the odd 2m,-periodic extension of

the solution of the problem
(@ (@) + (p— D)®(a) =0, (0) =0, 2/(0)=1.

The half-linear sine function is continuously differentiable. Its derivative is called
the half-linear cosine function and it is denoted by cos,. We collect only properties
of the half-linear functions which we will use later. At first, we mention the half-
linear Pythagorean identity

/

[sin, z|? + |cosp z|P =1, z€R, (2.1)
which implies
|cospzlP <1, |sinpzlP <1, zeR. (2.2)
In addition, we have
|® (cospx)sin,z| <1, zeR. (2.3)
We will also use the fact that the functions y = |sin, z[P, y = |cos,z|P, and

y = @ (cos, x)sin, x are periodic and continuously differentiable on R (see, e.g.,
[8]). Hence, there exists a constant C' > 0 for which

| [sing 21 |7 — [sin, 2| | < Cloy — 22|, @122 €R, (2.4)

| [cosp @1|” — |cosp aa|” | < C'lay — @a|,  a1,22 €R, (2.5)
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|<I> (cosp x1) siny, £1 — P (cosp 2) siny, x2| <Clxy — x|, x1,29 €R. (2.6)

For other properties, we refer to [I0, Section 1.1.2]).
We consider the half-linear equation

((7%))1’*1@(96/))’ T tfo(gt]))t d(z) =0, (2.7)

where 7 > 0 and s are continuous functions. Applying the Riccati type transfor-

mation . . ”
p—
o= () o(50)
r(t) (t)
to ([2.7), we obtain the so-called Riccati equation

WO+ 4 (0= 1) (0 ) T L) =

i.e.,

s(t)

/
t
w(>+tlogpt

For details, see [10, Section 1.1.4].
Applying the substitution

+ -0 " e =o.

v(t) = w(t) - logP 1t
and the modified Priifer transformation
_ t
x(t) = p(t) sin, ¢(t), (rl_p(t) tp_l)q ! 2 (t) = {)(fng cos, (1),

ie.,

) = p(O)sing o(t),2'(0) = L plt) cos, (),

we obtain the equation for the adapted Priifer angle ¢ in the form
¢'(t)
_ ! [r(t)| cos, P(B)[P — B (cos, (1)) sim, p(t) + —— s(t) [sin (t)ﬂ
= tlogt r¥ P PP p PN |-

Concerning details about the derivation of ([2.8]), we refer to [32] (where (2.7)) is
treated without the power 1 — p in the first term).

(2.8)

3. AUXILIARY RESULTS

Let f be a positive and continuously differentiable function and let g be a positive
and continuous function which are defined for all large ¢ and for which

Jim f'(t)g(t) = 0, (3.1)
fg*(t) _

v tlogt 0 (32)

lim f(t)tg(t) o, (3.3)

gint := liminf g(t) > 0. (3.4)

Especially, (3.2)) and (3.4) give

g
t—oo tlogt

=0, (3.5)
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ie.,
i tlogt
im ————
t—oo f(t)g(t)
We consider ([2.7), where r > 0 and s are continuous functions satisfying
fo(t) r(r)dr

= 0. (3.6)

r(f,g] = h?iigp W < o9, (3.7)
t+£(t)
s[f, g] :==limsup M (3.8)

100 f)g(t)

Let F be a continuous function defined on an interval in the form [T, 00). For
such a function F' and the given function f, we define the averaging function by

the formula

1 t+f(t)
avelF, f](t) := f(t)/t F(r)dr, te][T,o0). (3.9)

For a solution ¢ of (2.8)), we consider properties of ave[p, f] in the following three
lemmas.

Lemma 3.1. Let ¢ be a solution of (2.8) on an interval [tg,00). Then, the in-
equality

tlogt
A (p, ave[p, f]) := limsup )

MSUD ) Te[gf;(t)]lw(f)—ave[%f](t)l <oo  (3.10)

holds.

Proof. Based on the continuity of ¢, we have (see (2.2)), (2.3)), (3.4)), (3.7), and (3.8)
and consider (2.8)))

lim su t 1og t max
t—>oop F(#®)g(t) reltt+£t)]

tlogt ()
glimsupif (o) do
L e S )

tlogt [THf® 1
<limsup ——— / _
oo f(E)g(t) Ji ologo

+ |® (cos, (o)) sin, (o)| + |s(o)]

. tlogt g
= linsup f<t>g<t>/t flog !
1
t)g

t+f(t)
= limsupif r(o)do + limsup
tsoo  f(1)g(t) J (@) oo 9(t)

I ()
+ limsup ——— / ———do
t—oo f(t)g(t) Jy p—1
1 ;
=r[f,g] +7+78[f 9 < oo
gint  p—1
The proof is complete. ([l

In particular, from (3.10) (i.e., from the statement of Lemma 3.1), we obtain the
next auxiliary result.

lp(7) — avelp, f](¢)]

[7(0)]cos, (o))"

|sin,, p(o) "
p

1 }da

[T(J) +1+ o1
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Lemma 3.2. If ¢ is a solution of (2.8) on an interval [ty,o0), then

Jim [o(t) —avelp, f](1)] = 0. (3.11)
Proof. From (3.10) in Lemma it follows that
tlogt
lim sup ——— |¢(t) — ave|p, f|(t)| < oc. 3.12
m st f(t)g(t)| (t) e, £1(2)] (3.12)
To prove (3.11)), it suffices to consider (3.12)) together with (3.6)). O

For a solution ¢ of (2.8) on an interval [tg,00), where ¢, is sufficiently large,
we show the fundamental property of the derivative of ave[yp, f] in the following
lemma.

Lemma 3.3. Let ¢ be a solution of (2.8) on an interval [tg,00). Then,

% — |cosy, (ave[e, f1(t))|” ave[r, f1(t)

+ @ (cos,, (avelp, f](2))) siny, (avelp, f](2)) (3.13)

siny (avelp, £1(6)) aves, £](8)| = 0.

lim 'tlogt
t—o0

p—1

Proof. Without loss of generality, we can assume that ¢y > 1 and that the functions
f,g,r, s are defined for all ¢t > to. For t € (tg,00), it holds (see (3.9))

davelp, f1(t)
ot
_( % /tt+f<t> oiryar)
== ;;((?) /tt”(t) p(r)dr + % [(L+ (@) et + f(t) — ¢(t)] (3.14)
-5/ T et (vt 10 - 775 | Y omar)
— o [ a2 (e g0 el 10

At the same time, we have (see (3.1)) and (3.10)) in Lemma

J;”/((f)) (ot + £(8)) = avele, £1(1) )|

< i / BE
< fim [f/(£)g(#)] - limsup

limsuptlogt

t—o0

1
tlogt (3.15)

———  max
(t)g(t) relt,t+£(t)]
From ([3.14) and (3.15)), it follows that
d t)  tlogt [tHFO
tli)rgo‘tlogt ave[(;p;, A _ f(zf) /t o' (r)dr| =0. (3.16)

By direct calculations, one can verify that

tlggog(t) (t+ f(t))logt(llfo—g{(t)) —tlogt _

|p(7) — avelp, f](t)| = 0.

0. (3.17)
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Indeed, from (3.3) (consider also (3.4))), it is seen that
(t+ f(t)log(t + f(t)) —tlogt

0 < liminf g(¢)

=00 tlogt
t t)) log(t t)) — tlogt
Slimsupg(t)( + f(t)) log(t + f(1)) og
t—o0 tlogt
(14 55 ) tlog ((1+ 557) t) — tlogt
i 9 9(t)
<1 t g
- lills;jpg( ) tlogt
i (1 * g(t)) (1 + logt -log (1 + g(t))) 1
= lim sup g(¥) .
t—o0 1

where ¢ > 0 is arbitrary and where it suffices to use the well-known limit
. €
lim ylog (1 + f) =€
Y—00

if lim sup,_, ., g(t) = 0.

We have (see also . . ., and . with .

tloot t+£(t) 1 t+£(t)
o8 / o' (r)dr — —/ TlogT - ' (7) dT‘
¢ ¢

7 0
< tjl:()tg)t /tt+f<t> (Ttizzz _ 1) o' ()| dr
t+£(t) B
B tjlf(zf)t /t Tlogtﬁo—gilogt ()| dr
- ﬁ / o m%_gibgt\“ﬂl cos, o(7)["

dr

|p

— @ (cosp (7)) siny (7) + s(7) [sinp, ¢(7)

1O (4 f(1)) log(t + f(t) — tlogt Is(7)]
SW/ tlog {T(T) p—l]dT

L+ f@)log(t+ f() —tlogty 1 t+£(2)
= g(t) tlog t [f(t)g(t) /t r(r)dr

1 1 B0 |s(7)
ORI >/
(t+ f(t))log(t + f(t)) —tlogt 1 slf, gl
tlogt ( g + 1)

a
iy

<g(t)

for all large ¢, which yields (see (3.17))

. (tlogt [T 1 t+£(t) ,
tll)rgo W/ﬁ o' (r)dr — m/t TlogT - ¢'(7) dT‘ =0. (3.18)
From (3.16) and (3.18)), we have

t+f(t)
Jim ‘tlogt w - %/t TlogT - (1) d’T‘ =0. (3.19)
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Considering (2.8), we know that (3.19)) implies

t+£(t)
tim [rtogt 22l 2o [0 cos, gt ar
1 t+f(t) )
+ [i0] /t D (cosp (7)) siny, (1) dr (3.20)
1w |sing p(T)[P - | _
) /t s(T) p— dT‘ =0.
We have (see , , , , and in Lemma
. » 1 t+f(t) .
imsup | eos, avelg. A avelr 1) = 75 [ o)l cosy ()
) o/ 1 t+£(t)
= hﬂigp |cosy, (ave[y, f](t))] (m/t r(T) dT)
1 t+f(t) ] »
—m/t r(7)| cosp (7)) dT‘
t+f(t)
i — T v P )P | dr
<timsup = [ 0()]eos, (avelg, YD = | os, 2()P|
I LY e t) - p(r)|d
< lim — Vi —
<timsup 7 [ r(r)C favele. (0) = ()| ar
. tlogt
<timsup O erees _max | [io(r) — avele, f1(1)])

fg*) 1 HH®)
" Ttlogt 'f(t)g(t)/t r(m)dr

L f)g*(®)
= hltfllS(EPC - A (i, ave[p, f]) - “logt

! T[f? 9]7
ie.,
: p
Jim | feos, (avelip, £1(6)” avelr, f](¢)
L s e
- = 7(7)| cosp (T dT’:O.
f) Ji 3
Next, we have (see (2.6), (3.5), and (3.10) in Lemma [3.])

lim sup |® (cos,, (ave[p, f](t))) siny (ave[w, f](¢))

t—o00

t+f(t)
— % /75 O (cosp (1)) siny, ¢(7) d’T‘

] 1 t+f(t) )
< h?iilclp m /t |<I> (cos, (ave[yp, f](t))) sin, (ave[p, f](t))

— @ (cosp, (7)) siny, (1) |dT

(3.21)

t+f(t)
< limsup £ / C lavelp, £1(t) — ()] dr
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. tlogt f()g(t)
= Ch?isololp (f(t)g(t) Teﬁ?ii‘«(t)] () — avel, f](t)|) tlogt
=C-Alp,avelp, f]) - lim ft(iz)gg(:) =0. (3.22)

Finally, analogously as in the derivation of (3.21]) (consider (2.4)), (3.2), (3.8)), (3.9)),
and (3.10) in Lemma [3.I)), one can show that

tli)rgo ‘p 1 |siny, (ave[p, f](t))|” ave[s, f](t) o
1 1 t+f(t) . ) .
g el ar] <o

To obtain (3.13)), it suffices to use (3.20]) together with (3.21)), (3.22)), and (3.23). O

In the next lemma, we explicitly describe the connection between the oscillation
of (2.7) and the unboundedness of solutions of (2.8)).

Lemma 3.4. Equation (2.7) is oscillatory if and only if any solution ¢ of (2.8
(on a neighborhood of 0o) is unbounded from above, i.e., limsup,_, ¢(t) = co.

Proof. Tt is well-known that the oscillation of all solutions of (2.7) is equivalent to
the infiniteness of the corresponding adapted Priifer angle ¢ given by (2.8), i.e.,
to the unboundedness from above of any solution of ([2.8)) on the maximal interval

of its existence. We can refer, e.g., to [ [5l [7, 8 [IT] 24, B9] [46] for similar cases
(different modifications of the adapted Priifer angle). (]

Remark 3.5. In fact, to prove Lemma it suffices to consider only when
sin, p(t) = 0. In addition, from the form of in the case when sin, ¢(t) = 0,
one can easily see that limsup,_, . ¢(t) = oo for a solution ¢ of implies
lim; o0 () = 00, i.e., we have the equivalence

limsup p(t) = 0o <~ ltliﬁm o(t) = oo, (3.24)

t—o0

which is used for the adapted Priifer angle ¢ in the literature often.
We also need the following consequence of Theorem and Lemma
Lemma 3.6. Let A, B > 0 be arbitrary numbers such that
APTIB > 7P, (3.25)

If ¥ is a solution of the equation

. 1 .
()= o (A\ cosy D(E)|” = @ (cos, 9(0)) siny 0(¢) + - Blsiny 19(t)|”> (3.26)
on an interval [Ty, 00), then
tlim I(t) = 0. (3.27)

Proof. Tt is seen that (3.26) has the form of the equation for the adapted Priifer
angle, i.e., ([2.8) for r = A and s = B. Therefore (consider Lemma [3.4), if (2.7) is
oscillatory for r = A and s = B, then ([3.27) is true (see also ([3.24])). The oscillation

of (2.7) withr = A and s = B follows from (3.25)) (cf. (1.4)) and from Theorem[L.1]

where it suffices to put R = A, S = B and, e.g., o = 1. (]
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4. OSCILLATION CRITERION

Now, we prove the announced result which follows. For reader’s convenience, we
repeat all conditions in its statement.

Theorem 4.1. Let f be a positive and continuously differentiable function and let
g be a positive and continuous function which are defined for all large t and for
which the conditions , , , and are satisfied. Let us consider
(2.7), where r > 0 and s are continuous functions satisfying and . Let
the values

; Y e
Tiiming 1= htrgg)lf 70 /t r(7)dr, (4.1)
; e
Sfiminf 1= htrgg)lf m /t s(r)dr (4.2)
be finite. If
(rljicminf) p_lslfiminf >q7, (4.3)

then (2.7)) is oscillatory.

Proof. Based on Lemma it suffices to prove that a solution of (2.8)) is unbounded
from above (consider also (3.24))). Let ¢ be a solution of (2.8) on an interval [tg, 00).

We consider the corresponding averaging function ave[yp, f] defined in (3.9). From
Lemma [3.2] we know that it suffices to show that

tlim ave[p, f](t) = co. (4.4)
—00
Let § > 0 be an arbitrary number for which (see (4.3))
p—1
(rlfiminf - 25) (Sl);minf - 2(5(]? - 1)) > q—p. (45)
To prove (4.4), we use (3.13)) in Lemma which gives

Qavele. 1) Tog? Lo (avele, IO avelr, 71(1)

— @ (cosy, (ave[p, f](t))) siny, (ave(p, f](t)) (4.6)
1 .
+ ] |sin,, (ave[yp, f](t))[" avels, f](t) — 5]
for all sufficiently large ¢. Applying , one can rewrite as

Qe IO . L [leosy (aveli AP avelr 110~

— @ (cosp, (ave[yp, f](1))) sin, (avelp, f](2)) (4.7)
. Isiny (avelp, 1(8))I” (ave(s, f1(t) = 6(p - 1))}

—1
for all sufficiently large ¢. Considering and , gives
davelp, f](t) . p (.
- ozt LIeosy (avelip, NP (s — 20)
— ® (cosy, (ave[p, f](t))) siny, (ave[p, f](t)) (4.8)

siny (avelp, 1) (sfiiur = 20— 1)) |

er—l
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for all sufficiently large ¢. Let us consider the equation
1 .
' (t) = Tlogt [ |cos,, 0(t) [ (rﬂminf - 26) — @ (cosy, 0(t)) siny, 0(t)

7 g O0)” (s — 260~ 1)) |
which has the form of for
A=rf 0 —20, B=sl ..—2p-1). (4.10)
Considering an, we obtain . Thus, one can apply Lemma
B-27)

which says that (see (

(4.9)
+

lim 0(t) = oo. (4.11)

t—o0
Comparing (4.8)) with (4.9)), from (4.11)), we have

oo > limsup ave[p, f](t) > liminf ave[p, f](t) > lim 0(t) = oo,
t—o0 t—o00 t—o00
i.e., (4.4) is valid. The proof is complete. O

Remark 4.2. We conjecture that Theorem cannot be substantially improved.
This conjecture follows from previous results about perturbed equations in [25] 29].
In particular, if we consider with constant coefficients r and s such that
rP~ls = ¢P, then is non-oscillatory, see [10, p. 43]. See also a more general
result in [27].

Remark 4.3. Now, we comment the connection between Theorem [f.]and the basic

motivations explicitly mentioned in Introduction, i.e., Theorems [I.1] [[.2] and
Theorem [£.]is a modification of Theorem in the case which is not solved in

Theorem In fact, the assumptions of Theorem are more general than the

ones in the statement of Theorem (it suffices to compare , , and
with and with ¢ > 1 in Theorem .

To comment the connection between Theorem and Theorem we discuss
the conditions on f, g as well. In Theorem [1.1} it is considered f = « and g(t) =
Vtlogt. Since the method of the proof of Theorem differs from the process
used in the proof of Theorem the condition is more limited than
and (3.8) and, at the same time, and are more limited than (see
also (4.1) and and consider unbounded f). Nevertheless, is not true for
f =aand g(t) = V/tlogt. We add that is valid for f = v and any g and that
and are valid for f = « and g(t) = /tlogt.

Theorem does not cover the case, when r is unbounded, which is applicable
in Theorem Theorem [1.2]is based on the existence of the a-averaging values of
coefficients. Nevertheless, Theorem [4.I] can be used, when any a-averaging value of
the coefficient s is not possible to estimate (see also the end of Example [4.7 below).

To illustrate the novelty of Theorem we give two simple corollaries and a
trivial example which are not covered by any previously known oscillation result.
For reader’s convenience, in the corollaries below, we recall all conditions as in the
statement of Theorem (4.1}

Corollary 4.4. Let f be a positive and continuously differentiable function and let
g be a positive and continuous function which are defined for all large t and for
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which the conditions (3.1), (3.2)), (3.3), and (3.4)) are satisfied. Let us consider the

equation

t / t

(sme') + ), o, (4.12)
r(t) tlog®t

where r > 0 and s are continuous functions satisfying (3.7)) and (3.8). Let the values
rlj:minf and s{;minf, which are defined in (4.1) and (4.2)), respectively, be finite. If

4T11;minfslfiminf > 17 (4 13)

then (4.12)) is oscillatory.

The above corollary follows from Theorem [.1] for p = 2. Corollary [£.4] gives new
results in many cases. In particular, we have the following new result.

Corollary 4.5. Let a > 1. Let us consider the equation
s(t)
t log2 t
where s is a non-negative, continuous, and bounded function. If

(ta') +

z=0, (4.14)

1 t t+l° tat
Alim inf Ogt“ / " s(r)dr > 1, (4.15)
t

then (4.14) is oscillatory.

Proof. Tt suffices to consider Corollary for r = g = 1 and f(t) = t/log,t.
Especially, (4.13)) reduces to (4.15)). Note that (3.8), i.e.,

ST 1s(r)] dr S () ar

limsup +———— = limsup *+——"— < 00, 4.16
P ) AR () (410
follows from the boundedness of s and that

log, t — ——
/t _ a loga
7') 71%5

for all large t gives . , . , and are evident). (I

Remark 4.6. In fact, in the statement of Corollary 4.5] for any non-negative and
continuous function s, the validity of can be assumed based on the famous
Sturm half-linear (also called the Sturm—Picone) comparison theorem, see, e.g., [10,
Theorem 1.2.4].

In the example below, we mention a simple equation which is not covered by any
previous result.

Example 4.7. For v, > 1/4, v3 € [=71, —71 + 1/4) and for all large ¢, we put

M+ (t—-2"), €[2",2" +1);

s(t) = {2 €[2r+12m+ 5 - 1);
N+ @ +4L-t), te[2n+Z4 —1,2"+ %),
Y1, te [2n + n272n+1) )

where n € N is large. For this function, let us consider (4.14)). We use Corollary [.5]
for a = 2. Since

log,t [tmszr
71 > limsup 282 / * s(r)dr
¢

t—o0
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log, t [t st
> lim inf ng / 7 s(r)dr
t

t—o0

log, 2 (2" TrizE
— liminf —92%_ / ’ s(r)dr
n—oo on n
. 271.(1_'_%)
= liminf — / s(r)dr
n—oo 2™ n
n ) () 2 (143)
Zliminf—n</ (m +’Y2)d7‘+/ 9t dT)
n—oo 2 n Qn(l_;'_n%
..oon 2 .oon .01 1 _
= Jim o Onbn) o Jim o2 (0 ) =,

we have

logy ¢ [1FmesT 1
lim 2 / * s(rydr=~y > -.
¢

t—o0 4

Hence, see (4.15)), Corollary implies the oscillation of the considered equation.
Evidently,

t—oo o 4
for any o > 0, which means that one cannot use Theorems .1 and [I.2] We remark
that the oscillation of the considered equation is known for o > —+;+1/4, consider,
e.g., [10, Theorem 1.2.4 and p. 43].

1 [t 1
liminff/ s(Mdr=m+72 < -
¢
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