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EXISTENCE OF SOLUTIONS FOR A PROBLEM WITH
MULTIPLE SINGULAR WEIGHTED p-LAPLACIANS AND
VANISHING POTENTIALS

MARIA JOSE ALVES, RONALDO B. ASSUNCAO

ABSTRACT. This work establishes the existence of positive solutions to a quasi-
linear singular elliptic equations involving the (p-g)-Laplacian operator with
singularities and a vanishing potential. We adapt the penalization method de-
veloped by del Pino and Felmer and we consider an auxiliary problem whose
corresponding functional satisfies the geometry of the mountain-pass theorem;
then, we prove that the Palais-Smale sequences are bounded in a Sobolev
space; after that, we show that the auxiliary problem has a solution. Finally,
we use the Moser iteration scheme to obtain an appropriate estimate and we
conclude that the solution to the auxiliary problem is also a solution to the
original problem.

1. INTRODUCTION AND MAIN RESULT

In this paper we consider the quasilinear elliptic equation involving the (p-q)-
Laplacian operator with singularities

. (| VulP=2Vu . (|Vuli=2Vu
—div (7|x|ap > —div (7|x|5f1 )
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where z € RV, N > 3,2 < q¢<p<N,a< (N—-p)/p,a<b<a+tl,
and ¢ < (N —¢q)/q, ¢ < d < ¢+ 1, and the critical exponents are defined by
p*(a,b) == Np/[N —p(a+1-0)] and ¢*(¢,d) := Nq/[N — q(c+1—d)]. The Sobolev
spaces Dizf (RY) and Di,’g (RY) are defined as the completion of the function space
Cs°(RY) with respect to the norms
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The nonlinearity f: R — R is a continuous and nonnegative function that is not
a pure power and can be subcritical at infinity and supercritical at the origin. More
precisely,

. bp™* (a,b)
(H1) limsup,_ g+ stp*(iabs)f(s) < +00.

(H2) There exists 7 € (p,p*(a,b)) such that limsup,_,, M =0.

(H3) There exists 6 > p such that 0 < 0F(s) < sf(s) for every s € RT, where

we use the notation F(s) == [; f(t)dt.

(H4) f(t) =0 for every t < 0.

The following properties are easily seen: under hypothesis (H1) there exists
c1 € R such that |sf(s)| < ci]s[P™ (@Y /|z|®7(@b) for s close to zero; and under
hypothesis (H2) there exists c; € R* such that |sf(s)] < ca|s|™/|z|® (@?) for s
large enough. Combining these results and defining ¢g := max{cy, c2 }, we have the
pair of inequalities
| 5|p*(a,b) T
|x|bp* (a,b)

|s

| [P (a:b)

lsf(s)] < co and |sf(s)] < co (s €R). (1.2)
Hypothesis (H3) extends a well known Ambrosetti-Rabinowitz condition and is
used to show that the energy functional satisfies the Palais-Smale condition. Recall

that a functional J: Di:g RM)N Di”g (RM) — R is said to verify the Palais-Smale
condition at the level « if any sequence (up)nen C Di:f (RM) N Di;g(RN ) such
that J(u,) — a and J'(u,) — 0, as n — 400, possess a convergent subsequence.
Hypothesis (H3) also allows us to study the asymptotic behavior of the solution to
problem .

As an example of a nonlinearity f satisfying the above set of hypotheses, for
o > p*(a,b) and for 7 € (p,p*(a, b)) assumed in hypothesis (H2), we define

flt)=

71 if

)

ol ifog<t< 1,
1<t

We also assume that the functions P,Q: RY — R are continuous and nonnega-
tive. Moreover, the following set of hypotheses on the potential functions P and Q
is used.

(H5) P e Ly/He N (RY) and Q € L34 D (RY)

(H6) P(r) < Px and Q(z) < Q for every x € B1(0), where Py, Qs € RT
are positive constants and B;(0) denotes the unitary ball centered at the
origin.

(H7) There exist constants A € RT and Ry > 1 such that

1 . 2(at1— _
TG gk, B > 4
O =

As an example of a potential function P satisfying this set of hypotheses, for
A € RT and Ry > 1 assumed in hypothesis (H6), we define

0, if || < Ry — 1;
A —Ro+1 .

A if Ry < |z|.

|z|p?(at1-b)/(p—1)"
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An example of a potential function @) can be obtained in a similar way with minor
modifications.

This class of (p-q)-Laplacian operator generalizes several types of problems;
see Alves, Assuncio and Miyagaki [1], Figueiredo [12], and Figueiredo and Nasci-
mento [13] and references therein for more information.

In problem we allow the vanishig of the potential functions at infinity, that
is, the particular conditions lim inf ;| o P(z) = 0 and liminf|; 4 Q(z) = 0,
called the zero mass cases. The presence of the singularities, both on the differential
operators and on the nonlinearities, and the use of vanishing potentials constitute
the main features of our work.

Theorem 1.1. Consider a < (N —p)/p, a < b<a+1, ¢ < (N—-q)/q, ¢ <
d<c+1,2<q<p<N with N> 3, and suppose that the potential functions
P and Q verify the hypotheses (H5)—(H7), and that the nonlinearity f satisfies the
hypotheses (H1)—-(H4). Then there exists a constant A* = A*(Px, Qoo, 0, T, co) such
that problem has a positive solution for every A > A*.

The main difficulty in proving the existence of solution to problem (1.1]) resides
in the fact that the embedding of the Sobolev space Di’f (R™) in the Lebesgue space

LP" (@5 (RN is not compact due to the action of a group of homoteties and transla-
tions. Besides, the Palais-Smale condition for the corresponding energy functional
cannot be obtained directly. Adding to these difficulties, we have to consider the
presence a sum of two differential operators and when ¢ < p the study of prob-
lem does not allow the use of the Lagrange’s multipliers method due to the
lack of homogeneity; moreover, the first eigenvalue of one operator brings no valu-
able information on the eigenvalue of the other one; finally, the method of sub-
and super-solutions cannot be applied. Therefore, to study problem we are
required to make a careful analysis of the energy level of the Palais-Smale sequences
in order to obtain their boundedness and also to overcome the lack of compactness.
Furthermore, we have to adapt the Moser iteration scheme to our setting, since this
is a crucial step to obtain an estimate for the solution.

Inspired mainly by Wu and Yang [19], Benouhiba and Belyacine [7], and Alves,
Assungao, and Miyagaki [I] regarding the (p, ¢)-Laplacian type operator, by Bastos,
Miyagaki and Vieira [5] regarding the singularity in the operators, and by Alves and
Souto [2], with respect to the set of hypotheses, we adapt the penalization method
developed by del Pino and Felmer [I0] to show our existence result. The basic
idea can be described in the following way. In section 2] we consider an auxiliary
problem and study its corresponding energy functional, showing that it satisfies
the geometry of the mountain-pass lemma and that every Palais-Smale sequence is
bounded in an appropriate Sobolev space. Using the standard theory, this implies
that the auxiliary problem has a solution. In section |3| we show, using the Moser
iteration scheme, that the solution of the auxiliary problem satisfies an estimate
involving the L°°(R™) norm. Finally, in section we use this estimate to show that
the solution of the auxiliary problem is also a solution of the original problem .

2. AN AUXILIARY PROBLEM

To prove the existence of a positive solution to problem (|1.1)) we establish a
variational setting and apply the mountain-pass lemma. Using hypothesis (H5) we
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define the space

P p
E:={ueD,}(RY)NDIR"): / %dx < 400
RN |x|eP" (@

Q(x)ul?
wa [ QO o)
which can be endowed with the norm |Ju|| = ||ull1,p + ||u|l1,4, Where

P P P 1/p
i = ([ i ar s [ DR 00y,
o a7 S fon Jofor @
\vnk a 1/q
|1q::(/ [Vl dx—|—/ de) .
’ 2y || ry [a|o(ed)

The Euler-Lagrange energy functional I: £ — R associated with problem (|1.1))
is defined by

1 P 1 [ P)ul
I(u)::f/ Mj dx+7/ %dx
p Jry |z|P p Jry |z]err(e

1 Vul? 1 q
+*/ Vel dx+f/ de—/ F(u)dx.
q Jrny || q Jrv |z|oa(ed RN

Using the hypotheses on the nonlinearity f we can deduce that I € C(E;R);
moreover, for every u,v € E its Gateaux derivative can be computed by

[[u

p—2 -
I'(u)v = / [Vl Vu-Vodz + Ple) Y dz
RN

|]op RN \xl‘”’*(“ ?
Zuw

q—2
+/ [Vl Vu-Vudz + Q) dz — f(u)vde.
RN

|| ry fafer(ed) RN

It is a well known fact that if u is a critical point of the energy functional I, then
u is a weak solution to problem (|1.1). This means that

[VulP~? P(x)ulP"ug
/RN ‘I|ap VuV(bdm—l— - de

[Vuli=2_ Q(a)ul"""ug , _
+/sz Vu-Védr + /f Jpdz =0

[l R [T @

for every v € F.
Now we define Dy (B;(0)) = DO’Zb(Bl (0)) as the completion of the space

C§°(B1(0)) with respect to the norm ||u||D1,1; (B1(0)); we also define Dy'%(B;(0)) =

D0 «a(B1(0)) as the completion of the space C§°(B1(0)) with respect to the norm
||u|| pra(B1(0)). In the intersection of these Sobolev spaces we define an auxiliary
c,d

energy functional I, : Dy?(B1(0)) N DyY(B1(0)) — R by
1 P 1 Polul?

Ioo(u) — 7/ |VU| dz + 7/ #‘bdm
P JBi0) 7] P JB, (o) || (@)

1 g 1 e
+7/ Va4 / %dx_/ F(u)dz.
q )0y |z| q Jp, (o) lz|cv (e B1(0)

Using the hypotheses (H5) and (H6) it can be shown that this functional is well
defined. Our first lemma concerns the geometry of this functional.
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Lemma 2.1. The functional I, satisfies the geometry of the mountain-pass lemma.
More precisely, the following claims are valid.
(1) There exist ro, o € RT such that Io(u) = po for ||ull = ro.
(2) There exists ey € [D(l)’p(Bl(O)) N Dy (B1(0)) \{0} such that |leo = 1o and
Ioo(eo) < 0.

Proof. By using hypotheses (H1)-(H3), it is standard to verify item (1).
By hypothesis (H3) it follows that there exist § > p and Cy € R such that
F(s) = Cyls|’. Now, if u € [Dé’p(Bl(O)) N Dé’q(Bl(O))]\{O}, then

P VP Pt g
Iﬂw<u/ ‘?dm—'l/ Mwﬂx
P Jeio) |z|*P D By (0) |z]oP" (@
tl4 Vul4 Slele q
LY O ST
q Jpio) |z q By (0) [0 (e

—co|t|9/ luf? dz.
B1(0)

Using this inequality we deduce that there exist t, € RT large enough such that,
taking eg = t,u, we have |leg|| > ro and I.(eg) < 0. This concludes the proof of
item (2). O

We denote by d., the mountain-pass level associated with the functional I,
that is,

doo = inf I ,
inf max To (7(%))

where
= {’y € C([0,1]; D(l)’p(Bl(O)) N Dé’q(Bl(O))) ~v(0) =0 and y(1) = eo}

and the function e € [Dy* (B1(0)) N DY B (0))]\{0} is given in Lemma It is
standard to verify that the mountain-pass level doo = doo (Pooy Qoo, 8, f).

For R > 1 and for 6 > p given in hypothesis (H3), we set k := 6p/(6 —p) > p
and we define a new nonlinearity g: RN x R — R by

f(), if 2| <R
g(x,t) = or if || > R and f(t) < P(@)[tP2t,

~ klx‘ap (a,b) s
PEUT e 100 S R oand (1) > DEL

klm‘ap*(a,b)7 k|a;|ap*(a1b) N

Using the notation G(x,t) fo x, 8) ds, by direct computations we obtain the
set of inequalities

P(x)|t|P~ _
g(l‘ﬂ‘;) RS W7 for all |$‘ > R, (21)
G(z,t) = F(t), if |z| < R; (2.2)
P p=2
Gty < DOt e S Rt (2.3)

k'x‘ap*(a,b) ’
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Now we define the auxiliary problem
p—2 q—2
div (IWI V)~ div (M)
[P ||
P@)ulP?u | Q@)ul""u
|z[op" (D) |p[ca (c.d)

u(z) >0, wuwe D HRY)NDIIRY),

(2.4)

= g(xvu)a

The Euler-Lagrange energy functional J: E — R associated with the auxiliary

problem ([2.4) is
1 p 1 P p
J () ::7/ [Vl dx—&-f/ Pl
pJry |2|P p Jrw |z|orT (@)

q q
+ 1/ Vel dz + 1/ Qa)ful dz — G(z,u)dx.
R R

q Jrn x|« q Jew |zlear(ed) RN
Using the hypotheses on the nonlinearity f and on the potential functions P
and @, we can show that J € C!(E;R); moreover, for every u,v € E its Gateaux
derivative can be computed as
Vu|P~2 P(x)|ulP~2uw
J’(u)v:/ iVu~VUd;1c—|—/ (z)]
RN

ER a7 D

dx

q—2 q—2
+ / 7|Vu| Vu-Vodz + 762(%)‘“' uo
RN

||ca RN |x|cq*(c,d)

dx—/ g(x,u)vdz.
RN

As before, critical points of the energy functional J are weak solutions to prob-
lem .

Our next goal is to apply the mountain-pass lemma to show that problem
has a positive solution.

Lemma 2.2. The functional J satisfies the geometry of the mountain-pass lemma.
More precisely, the following claims are valid.

(1) There exist r1, py € RY such that J(u) > pa for |jul| = r1.
(2) There exists e1 € [D(l)’p(Bl(O)) ﬂDé’q(Bl(O))]\{O} such that |le1|| = r1 and
J(61> < 0.

Proof. Using (2.2) and inequality (2.3, together with hypotheses (H1) and (H3)
and the first inequality in (1.2]), we obtain

1

P()[ulP~?
T > L () |u["u

1
5+ =|lul|d —/ F(u) dx—/ —_dx
Lp T oML e|<R lo|>r K|z]"P (ab)

1 1 o |u|P” (@:b)

> ];HU T+ aHU”(f,q "0 Jow Jar@n dz — k7p||u| 1p
= (5= ol + <l = el 52
Recall the Caffarelli-Kohn-Nirenberg inequality
\u|’;§*(a,b)(RN) < Sabyp /RN ||Z|12§ dz, forallue Dizg(RN); (2.5)
|u|23*(cyd)(ﬂw) < Sedg /RN m] dz, for allu € DJ3(RY). (2.6)



EJDE-2022/43 MULTIPLE SINGULAR WEIGHTED p-LAPLACIANS 7

Setting S = max{Sqp p, Sc.d,q} in the computations above, we obtain

1 1 1 Co o [VulP p*(a,b)/p
J 2(,,7) p Nl — Xgp (a:b)/p(/ d )
() > (=)l + i, — [ Taper 4
. 1 1 1
> min (= h(ul, + i)

€0 wp* (a p*(a,b)/p
=S (uly + uli,)”

If we take ||ul|1, and [Juf|1,4 small enough, it follows that [lu[|} , and [[u]|{ , are also
small enough. For this reason, we obtain the existence of r1, 1 € RT such that
J(u) = py for ||u|| = r1. This concludes the proof of item (1).

By definition, G(z,u) = F(u) for all u € [Di:g(Bl(O)) N Di”g(Bl(O))]\{O}.
Arguing as in the proof of Lemmawe conclude that there exist r1,t, € RT such
that e; = t,u verify the inequalities ||e1|| < r1 and J(e1) < 0. This concludes the
proof of item (2). O

Since the functional J has the geometry of the mountain-pass lemma, using
Willem [I8, Theorem 1.15] we obtain a Palais-Smale sequence (u,)neny C E such
that J(u,) — a and J'(u,) — 0 as n — +o0. Here a € R is the mountain-pass
level associated with the energy functional J, that is,

= inf J(v(t
o= inf max (v(®))s

where
I := {y € C((0,1]; Dy (B1(0)) N Dy*(B1(0)): 7(0) = 0 and (1) = e1 }

and e; € [Di:f(Bl (0)) ﬂDi,’g(Bl(O))] \{0} is the same function satisfying inequality
J(e1) < 0 in Lemma Using the hypothesis (H4), without loss of generality we
can suppose that the sequence (u,)neny C F consists of nonnegative functions.

We note that for all u € [Dé’p(Bl (0)) N DyY(B, (0))]\{0} the inequality J(u) <
I (u) is valid, and this implies that

o < doo- (2.7)
Now we show that the Palais-Smale sequences for the functional J are bounded.

Lemma 2.3. Suppose that the potential functions P, @Q wverify hypothesis (H5),
and that the nonlinearity f satisfies the hypotheses (H1)—(H4). If (up)neny C E is a
Palais-Smale sequence for the energy functional J, then the sequence (up)neny C E
is bounded.

Proof. To get our thesis it is sufficient to prove that both sequences ([|uy||{ ,)nen C
R and (|[un]]} ,)nen C R are bounded, which we do in the two claims below.

Before that, however, we remark that there exist constants a; > 0 and ng € N
such that J(u,) < oy and |J' (unuy)| < min {|[uy|l1,¢, lunll1,p} for all n € N such
that n > ng; and since 8 > p > 1, for all n > ng we have

1 1 .
J(un) - EJ/(un)un <o+ a”unH < oq + min {Hunlll,qa Hun”l’p}' (2.8)

Claim 2.4. The sequence (|[un||{ ,)nen C R is bounded.
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Proof. We divide our analysis into cases that mirror the definition of the nonlin-
earity g. If |z| > R and f(t) > P(z)|t|P=2t/k|z|*?" (@?) then

/ G(x,un)d:czl/ g(z, up)u, dz,
RN

RN b
and this implies that

Iun) = 3 () = (5 = =)

a (2.9)

1,9

Combining inequality (2.8)) with equality (2.9)), we conclude that

1 1
(== =) llunl
q P

So, in this case the sequence (|[un||{ ,)nen C R is bounded, say [lu,||{ , < o for
every n € N.

If |z| < Rorif |z| > R and f(t) < P(z)|t|P~2t/k|x|*?"(@?) the boundedness of
the sequence can be proved using the same ideas as that of the previous case with
some minor changes. This concludes the proof of the first claim. O

g < o1+ [lunllig

Claim 2.5. The sequence (|[un| ,)nen C R is bounded.
Proof of Claim[2.5, We divide our analysis into the same cases. If [z| > R and
f(t) > P(x)|t|P—2t/k|z|*? () then we have

J(up) — %J’(un)un

11 11 1 P(x)[un|?
—Z_ p —Z_ [ A—
> (5= g ety + (G = el = o{ [ S o)

11 ) , 1 ) , (2.10)
> (5= 5) Uunl 4 el o} = o {hunl, + i, )
(p—1)
= = {lunlE +

Combining inequalities (2.8) and (2.10) and using Claim [2.4] we obtain

(p—1)

-1
ol < e+

This means that in this case the sequence ([|un|} ,)nen C R is bounded.

If |z| < Ror if |z| > R and f(t) < a(z)|t|P~2t/k, then

G(z,u,)dx + %/ g(x, up)uy dz > 0.

RN RN
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Hence,

J(uy) — %J’(un)un

1 1 1 1
2 - = 5 n H - 5 n 1o— G s Un d
(=gl + (5 = gl = [ Glaun)da
1
+ E/RN g(x, up)u, dz
1 1
> (5= 5) Qlnlty + uall )~ [ 6o (211)

+ - g(x7un)un dz
0 Jon

1

2(p

_ 1)
D {lunll? p + llunllf 4} -

Combining inequalities (2.8) and (2.11)) we obtain
1
Hhenl? < o1+ unll

This means that also in this case the sequence ([lun|]} ,)nen C R is bounded. This
concludes the proof of the second claim. ([

The proof of the lemma follows immediately from Claims and ]

The following result shows that the functional J satisfies the Palais-Smale con-
dition.

Lemma 2.6. Suppose that the potential functions P, Q satisfy (H5)-(H7), and
that the nonlinearity f satisfies the (H1)-(H4). Then the Palais-Smale condition
is valid for the energy functional J.

Proof. Let (un)neny C F be a Palais-Smale sequence at the level a. This means
that J(u,) — o and J'(u,) — 0 as n — oo, and by Lemma [2.3] this sequence is
bounded. Then there exist a subsequence of (u,)nen C F, which we still denote
in the same way, and there exists a function u € E such that u, — u weakly in F
as n — +00.

Now we set m := max{a+1—b,c+1—d} and my := max{b—a,d — ¢} and we
denote the volume of the unitary ball by |B1(0)| = wy. For each € > 0, there exist
r > R > 1 such that

m m 1y-1 |u|P” (a:b) 1/p*(a,b) B
2w (1= ) {(/ ) ulP~*
r<|z|<2r |$| ’

|’u|q*(c,d) 1/q" (c,d) B
+(/ ) ) <
relol<zr ]2 (D [l

Let n = n, € C*(BS(0)) be a cut off function such that 0 < n < 1, with n =1
in BS,.(0) and |Vy| < 2/r™ for all x € RY. Since the sequence (u,)neny C F is
bounded, it follows that the sequence (nu,)nen C E is also bounded. Therefore,

(2.12)
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J'(un)(nun) = 0, (1), that is,

p—2 p—2
/ 7\Vun| Vuy, - V(nu,) dz +/ Pla)[un|""un (iun) dx
]RN

o7 N PR
q—2 q—2
+/ 7|Vun| Vi, - V(nu,) dz + Q@)luls . Un (1t1n) dz (2.13)
Ry [T RN |z|ea™(e.d)

= / g(z, un)(nuy) de + o(1).
RN

This expression and the properties of the cut off function n imply that

P p—2 P P
/ UINAT dz + / [Vunl"Zun Vu, - Vndz + / nP(@)|un|” dzx
|z|>r |z >

[P |[P jolzr |z]oP" ()
q q—2 q
+/ Ve[t dx+/ NVn "™ Vun~V77dx+/ 777Q(x3(|u2)| dx
|z|=r |x|cq lz|>r |x|cq lz|>r “T|Cq ©

= / ng(xaun)un dx+0(1)
|z|>r

From (2.1)), it follows that

nP(x)lun|?
< .
/|I|2r ng(xvun)un dx X / k|x|ap*(a,b) de,

| >r

thus, we obtain

l/‘ ﬁﬁ@ﬁﬂfdx‘kj/ nP@)unl”

jal>r 2P o> |z[oP7(@D)

o el [l [ 0Pkl
|z|>r |x|0q lz|>r ‘I|cq*(c,d) |z|>r k|x|ap*(a,b)

p—1 q—1
B R L g g OO o T DY
lz| =7 |z|>r

[P [

2 Vu, [P~ Vau, |17
< {/ IV, [P~ |, d:p+/ |V, | ) |un| dx}+0(1).
rm r<|z]|<2r |$|ap r<|z|<2r ‘m|cq

Subtracting the terms

1 Vu,|P 1 Yu, |4 1 q
,/‘ ﬂgﬂidm+,/' mgﬂidx+,/ nQ@)unl® (o
k |z|>r |TE|0«P k || > ‘x|cq k 2| ‘xlcq (c,d)

from the left-hand side of the previous inequality and grouping the several integrals,
we deduce that

1 nl|? P(z)|un|P
D[ Ml [P0,
k |lz|>r |z|P o> |T]9P (a;b)

q q
AT [ R,y
|| >r || lz|>r ||ca(e.d)

2 Vi, [P~ Vi, |11
< — {/ |V, | _ |tn| d;v—l—/ |V, | _ |tn] dx}—l—o(l).
r r<|z|<2r |I| P r<|z|<2r ‘I| 4

Now we use Holder’s inequality to obtain

/ |tn||Vun [P~} dr
r<|z|<2r |x‘ap
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nP 1/p \V4 np 1/pyp—1
() O )™}
r<|z|<2r |x|ap r<|z|<2r |x‘ap

U |P 1/p _
<([ ) e
r<|z|<2r |l‘|

and in a similar way, we obtain

/ uall Va2 (/ i |* dw)l/qHu 195
X n .
r<|z|<2r |x‘cq r<|z|<2r |I|Cq ba

By the compactness of the embedding D}l:g (Ba,\B,) = LP(Ba,\B,), we infer that

U, — ustrongly in LP(Bs,\B,) asn — oo. Since (N, )nen C Di:g(RN)ﬁDi’g (RM),
it follows that

1 Y, |P P P
limsup (1 — —){/ Mdﬂﬁ—i—/ %dx
oo K W ey fel wizr 2] @D
Vu,|? q
+/ de—F/ de}
iz 2] elzr |2[c7 @D
2 p l/p
< 2w {( [ ar) "ty
M oo r<|z|<2r |£L'|ap P
|tn |9 1/q .
+ (/ dx) [l || }
r<lal<er 2] e
2 p 1/p _
-2 ) ey
rm r<|z|<2r |x|ap P
a 1/q
s(f P )
r<|z|<2r |£C‘ a ’

Applying Holder’s inequality once more, we obtain

/ |u|P dx>1/17 < (2N(b—a)/(a+1—b)wN,rN(b—a)/(a+1—b))(a+1—b)/N

<|z|<L2r |1.|ap
|u|p*(a,b) 1/p*(a,b)
X(/ b%bﬂ“) ;
r<|z|<2r |$| P

and in a similar way, we obtain

(2.15)

q 1/q _
(/ ‘u| dx) < (2N(d—c)/(c+1—d)wNrN(d—c)/(c+1—d))(C+1 d)/N

<|z|<L2r |1.|cq
(/ ‘u|q*(c,d) q >1/q*(c,d) (2.16)
X ——=dz .
r<|z|<2r |x|dq (ed)
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Substituting inequalities (2.15) and (2.16]) in (2.14) and recalling the definitions of
m and my, we obtain

1 WP P nl?
hmsup(l_,){/ Md“/ nP@)unl?
|z Zr \

n— oo k |$|ap z|>r |$|ap*(a,b)

Vu, | q
+/ | Vuy,| dx+/ nQ(IZI(uZ)I dx}
jzzr |2 e zr 2]

p*(a,b) 1/p*(a,b)
< 2m1+1w§3/N{(/ % dx) [P~
r<jel<r |27

w|d (c,d) 1/q*(c,d)
+ (/ ey d2) e .
r<|z|<2r |.Z“ e
In particular, since = 1 outside the ball of radius 27, by inequalities (2.14))

and (2.17) we obtain

. 1 [Vun|P P(z)|un|?
hmsup(l—k){/ dm—l—/ de

n—0o0 x| >2r |x‘ap x| >2r |I

q q
+/ [V d:r+/ Q@lunl® d
|z| =27 |1‘|c |z|>2r |x‘cq (e.d)

p*(a,b) 1/p*
< 2m1+1wm/N{(/ |ul dx) /p P

N <Jol<2r |27 (@)

‘u|q*(cvd) 1/q* (c,d) .
) s
- <-/r<w§2r |$|dq*(c’d) ! ”u”Lq
Therefore, by inequalities (2.12]) and (2.18)) it follows that
limsup{/ [Vi| dm—i—/ Luall))dx
| | ’

n— 00 x| >2r |x|ap x| >2r |1.|ap*(
o Bl [ Golela) o
z|>2r T[] z|>2r T[T
Combining inequalities (2.13]) and (2.19)), we deduce that

lim sup/ g(x, up)u, dz = 0. (2.20)
|2

n—0o0

(2.17)

(2.18)

(2.19)

Now we use the dominated convergence theorem together with the fact that g
has subcritical growth to infer that

limsup/ g(z, un)uy, dm:/ g(z,u)udx; (2.21)
noo Jlz|<2r lel<2r

and since [on g(, Uy )un dz < oo, by the choice of r > R > 1 and from equali-

ties (2.20) and (2.21)), we obtain
lim g(z, up)u, dz z/ g(z,w)ude. (2.22)

It remains to show that the norm sequence (||uy||)neny C R is such that [ju,| —
lu]l € R as n — oo. Using Holder’s inequality and making some computations, it
follows that

o(1) = (J'(un) = J'(u)) (tn — u)



EJDE-2022/43 MULTIPLE SINGULAR WEIGHTED p-LAPLACIANS 13

{ /RN Izcu:f (p 1)/p (/RN |Z|’L:|: dx>(p—1)/p}
(/N ZCT:IJP x>1/p B (/N ||Z|qi|: dx)l/p}

R R
(/RN |x|ap|t(tjl|)’)” dx)(pfl)/P_ </RN mdx>(“)/p}
(Bt (), Bt

ry x|l v |22 (@
(/RN Z;TZJQ x) (¢=1)/q B (/RN Z;ﬂq‘l dx)(qfl)/Q}
(
(
(

X

+

+

X

q 1/ q 1/
L0 ([, S
RN |37|cq Ry |T]°
q (¢—1)/ q (g=1)/
Iunl dx)q Q_(/ Q@)lul dx)‘f Q}
RN |93\Cq |w[ea(e.d) Ry |z]ear(ed)
z)|un|? N4 Q(x)[ul? 1/a
{ RN |x\c‘1 Ja|eat(cd) dm) B </]RN |p|ca™(e.d) dx) }

7/ (9(z,un) — g(z,w)) (up —u)de.
RN

(
{
{
&
{
{
1

We remark that all the terms between curly brackets in the previous expression
have the same signs; therefore, by the limit (2.22]) we obtain

p p
lim V| dx:/ [Vl dz,

n—oc Jgn |z Ry 2|7
P(z) 7/ (@) |ul?

xr =

n—oo JpN |x|ap*(a,b) RN |x|ap*(a,b)

q q
lim V| dx:/ [Vl dz,

R

n0o Jy [afen v [l

Q(z)|un|? Q(z)|ul?
lim dz = —— _dzx.
T /R T

n—oo [pN |x‘cq (Cd) N |m|cq*(c,d)

This implies that

: P P : a _ q
nli»H;o ||unH1,p - ||u||1,p and nh—{r;o ‘ 1,9 — HU’”Lq'

Moreover, u, — u weakly in E as n — oo; and finally, u,, — u strongly in F as
n — oo. For the details, see DiBenedetto [11, Proposition V.11.1]. O

Lemma 2.7. Suppose that there exists a sequence (un)neny C E and a function
u € E such that u, — u in E and J'(u,) — 0 as n — oo. Then there exists a
subsequence, still denoted the same way, such that Vu, — Vu a.e. in RV

For a proof the above, see Assungao, Carrido, and Miyagaki [4] or Benmouloud,
Echarghaoui, and Sbai [6].

Using Lemmas and we conclude that there exists u € F
which is a critical point for the functional J. Moreover, this critical point is a
positive ground state solution to the auxiliary problem , that is, J(u) = a >0
and J'(u) =0
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3. ESTIMATE FOR THE SOLUTION TO THE AUXILIARY PROBLEM

In this section we show that the solution to (2.4)) obtained in the previous section
satisfies an important estimate. To do this we use several lemmas.

Lemma 3.1. For R > 1, every positive ground state solution u to problem (2.4))
satisfies the estimate

kpdso
lull?p + llullf < ——7-
Proof. Combining inequalities (2.7)), (2.10) and (2.11)), it follows that
(p—1) 1
i {lllfp + llullf } < T(w) = 5 T (wu = J(u) = @ < deo
The conclusion of the lemma follows immediately. (I

We remark that the boundedness of the norm of the ground state solution to
problem shown in Lemma depends only on the potential functions P., and
(o, on the nonlinearity f and on the constant 8; it is independent of the constant
R>1

The next lemma is a crucial step to establish an important estimate involving
the norm of the solution to the auxiliary problem in the space L>(RY).
To prove it, we adapt the arguments by Alves and Souto [2]; see also Gilbarg
and Trudinger [14], Section 8.6], Brézis and Kato [§], Pucci and Servadei [16], and
Bastos, Miyagaki, and Vieira [5].

Lemma 3.2. Consider a < (N —p)/p, a < b<a+1, ¢ < (N—-gq)/g, ¢ <
d<c+1,2<qg<p<N, andr € R such that p(a+1—b)r > N. Suppose
that A, B: RN — R are nonnegative potential functions. Let H: RN x R — R
be a continuous function such that |H(z,s)| < h(z)|s|P~1s/|x|? (@Y for all s > 0
where the function h: RN — R is such that h € LZp*(a,b)/r(RN)’ Suppose also that

veEC Di:g(RN) N D:;:g(]RN) is a weak solution to the problem

p—2 q—2
[V Vv) _ div (|VU\ Vv)
[P ||
A(@)[o[P~?v | B(z)[v|*"?v
e @0 [fed (@)

—div
( (3.1)

= H(z,v).
Then there exists a constant My = My (||| ) ®~y) > 0 that does not depend
on the functions A and B, such that '
[0/l poe mvy < My max {||v]| oo gy, K K Ly, 1},
where K and L, are defined by (3.6) and by (3.7)), respectively.
Proof. Consider 8 > 1 and, for every m € N, let us define the subsets
Ap = {z e RY: 1 < |u(z)]P~ <m};
By = {z e RN : Ju(x)]?~! > m};
Cpp={z e RY: ju(z)]’~ < 1}.
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We also define the sequence of functions (v, )men C Difg (RM)N Di;g (RN) by

[o(@)[PP~Vo(z), if 2 € Ap;
U () = < mPo(z), if x € By
lv(z) |98 Do(z), if z € Cp.

It is easy to verify that for every 2z € RY we have
om () < max { (@) B0, Jo() 0L
Additionally, simple computations show that

(p(B — 1)+ 1) Jo(z)[PP=DVu(z), ifx€ Ay;
Vg (x) = ¢ mPVo(x), if z € Byy;
(q(B=1) + 1) |o(2)[1PDVu(z), if z € Cp.

Furthermore, (vy,)meny C E. Indeed,

P P
R
RN |x|CLP (a,b)
P p—1 p(p—1)+p
- / (2) (|v| U) m de
Am

= |x|ap*(a,b)
P(x)|vP~Lympe—1+p P(x) (lvlP~1y
Ny G N | @) (bl 1),
Bu ||~ (a- Cr  |m|oP(@
p—1
<me/ P@IP” v 40« 4o
RN |1‘|CLZD (a,b)

And in a similar way, we have

Q@)vml|? g [ Q)]

X

o 7|I|Cq*(c’d) o ‘x|cq*(c,d) dr < +o0.

Multiplying both sides of the differential equation (3.1]) by the test function vy,
and integrating with the help of the divergence theorem, we deduce that

p—2
H(z,v)v, dx:/ [Vl
RN |@]P

N A(x)|v|P~ 200, dz 4+ B(z)|v|T 2vv,, e
v Ja|o @) o e

q—2
Vv-vadx—i—/ Vol Vv - Vo, dx
RN Ry |T|?P
(3.2)

By the definition of the function v,,, the first two terms on the right-hand side of
equality (3.2) can be written in the form

Vo|p—2 Vol1—2
/ Vol Vo - Vo, dx + / [Vl Vv - Vo, dz
RN

[P Ry [z[e
|Vol?|p[p(B=1) / |Vl [v[P(B=1)
= -1)+1 ——d ——d
|Vo|P|v|aB—1) / |Vo|4|v]aB—1)
-1)+1 —d —d
=+ (Q(ﬂ ) + ) {/;m |(E|ap T+ ., |x|cq I}

p q
+mp{ Vol dx + Vol dx}.
B,, |T|"P B,, ||

m m
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Therefore,

Vol|P|y|P(B-1) Voli|p|P(B—1)
(p(ﬁ—1)+1){/A [VoPloP"7 dx—l—/A [Voltel77 dx}

[P w2l

VolP|y|2(B—1) Vol?|p|a(B—1)
+(q(ﬁ—1)+1){/ [Vollo dx—l—/c Il d

Co ] ozl

VolP~—2 Vold—2
z/ Vel V’U-vadx—F/ [Vl Vo -V, dr
]RN

[P rv  |2[

7mp{/ [Vul? dx+/ |Vl dx}
B, |T|"P B,, |r|°?

p—2 A p—2
g/ Vol Vv.vvmdgH_/ de
RN

|z|2P RN |x‘ap*(a7b)

|Voli—2 / B(x)|v]"2vv,,
Vo, d —_—— — dz.
+/sz B Vv - Vo, dz + v o] @ x

Now we define another sequence of functions (w.,)men C E by
won(z) = lo(x)]f~ (), %f x € AnUCH;
mo(x), if x € By,.
Direct computations show that
V() = Blu(x)|P~1Vu(x), %f x € Ay UCh;
mVu(x), if z € By,.

Using the definitions of the sets A,,, By, Ci,, the definition of the function v.,,
as well as the fact that 2 < ¢ < p < N, we obtain

Ry g
o Jol v ol (o)

p—2 p—2
f/“lvw vywmmdx,/ A@) P vom
RN

|| aP gy |z|ort(@d)
v 7qu B mq
b [ Tl [ B,
RN ‘.’E|6q RN |$|cq (¢,d)
q—2 B q—2
_/ |VU‘ Vv - Vo, dz — de
RN |1.|cq RN |x|cq (¢,d)
vy gy UL
AmUChm, |z|*P A UC, ||
|VolP|v|[pB=1) |Vo|2|v[p(B=1)
~we-n+{ [ FE—aey [ PR a0
A |z|oP A || ca
L B@ (el op) o A) (o — )
A ||ca™(e.d) c. || ap* (a;b)

qu,mp)/B B\

|m|cq*(c,d)

Vol |yleB=1) Vol?|y|a(F—1)
_(q(ﬁ_l)_’_l){/c | U‘ |U‘ dx+L | UI ‘Ul da:}

|x‘cq*(c,d) ‘I|cq

m
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q
+(mq—mp)/ [Vl dz
B

x|°a

m

This implies that

v m P A P \Y% mq B q
Vol g [ A@nl? (o [ Vel [ B@eml
RN |m|ap RN |x|ap (a,b) RN |x|cq BN |x|cq (c,d)

(5-1) (B-1)
<<ﬁp—(p(ﬁ—1>+1>)/ 'V”"’”'pdﬂmfc [VolP o=t

A |z|oP - ||
|Vo|2|v|2B=1) / |Vo|2|v|2B=1)
9 (g(B-1)+1 ORI e [ DTN 7y
s ey [ R [ R
V[P A(z)[v[p2
o MG, v, ey [ AR v
o el ox el @)
q—2 B q—2
L NG, v, e [ BENT 0
o el ox ol

So, using inequality (3.3]) and some estimates we deduce that

mp A m;D mq B mq
/ [Vt dx+/ Mdgﬁ/ [Viom| d:c+/ B@)lwml® 4
RN |x|oP gy |z|eP(ad) Ry x| ey |z[ear(ed)

Br / |Volp—2 / A(z)v|P~ 200,
S\ Vv - Vo, d —————d
(q(ﬁ— 1)+ 1){ A A T O

q—2 B q—2
+ / [Vel Vv - Vo, dz + / Bl vvn, dx}
RN

|.’L“Cq RN |x‘cq*(c,d)
+Bp/ V[P [v]P(B=1) dx+,8q/ A
Co  l2|?P A || '

m

Now we estimate some of the integrals that appear in the previous inequality.
First, by definition of A,, we have

T / |Vo|d—2
T igle = Vo - Vo, d
/Am |z|ea 7 (B = 1) + Lfafeafu]e-aB-D VY ImEE

q—2
</ VoG v da.
]RN

||

In a similar way, by the definition of C},, we have

Dy |P(B—1) p—2
/ deg/ VP Gy e, da.
Cm RN

] afor

Using these inequalities we deduce that

mp A mp mq B 'mq
/ Vo] dx—i—/ de—k/ [Veom| dx—i—/ B@)hwm|t
RN |x|oP gy |x|oP”(a:b) Ry |z[cd ey |z]ear (@d)

P p—2 p—2
< (ﬁp+7ﬁ ){/ [Vel Vv-vadx+/ Ao g,
q RN

G-D+1 EG o [l
q—2 B q—2
+/ Vel V0~vadw+/ —(x)|v|* Vlm dx}
ST v Jal o)

p—2 p—2
gﬁp{/ Vol Vv~vadx+/ ‘W—de
RN

o7 w [l @D
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q—2 B q—2
+/ Vol W.Wmdﬁ/ de}
Ry |z]d gy x| (ed)

= pP H(z,v)v,, dz.
RN

Using the Caffarelli-Kohn-Nirenberg inequalities (2.5) and (2.6)), the definition
of the constant S and the hypothesis H(x,s) < h(z)|s[P~2s/|z|??" () we obtain

1wy [P (@0) q p/p*(a,b)
(/Amucm [ofr (@) ")
‘w7n|p*(a,b) p/p" (a,b)
< /RN e 42)
p
<S/ [Viom] dx
Ry |2]7P
P P P
<S{ Vol o [ P@lowl”
RV |2|P ry |z|oP"(@:b)

q q
+/ Vem|® (o [ Q@lwml? dm}
RN

EE SRFC

< SpP H(x,v)vy, dz

RN
h(z)|v[P~2vv.,
p
<sor [ i e
h(z)|vP~2v|u[PB—Dy h(z)|v[P~2v mPv

:Sﬂp{/ : dx+/ Ma)ol vmtv

A, |Qj|bP (a,b) B, |1‘|bp (a,b)

)2l 5

o e

h(z)|v|P? h(x)|v|P mP
— gg3p Al B
=5F {/Am | [Pr (@) dx*/Bm oo @ 97

p+q(B-1)
L[ M )
C,

|x‘bp* (a,b)

m

h(z)[v["” h(z)[v[”

P X))V hlx) vl

< 58 {/RN it B dx—i—/RN e da).

where in the last two passages we used the definitions of the functions v,, and

Wy, together with the facts that in B,, we have |w,,|? < |v[P? and in C,, we have
‘v|p+q(571) < vlP.

Passing to the limit as m — oo and using Lebesgue’s dominated convergence
theorem, we deduce that

p*(a,b)B p/p* h pB h P
(/ il ) < Sﬂp{/ Mzl 4, +/ I@lo d}.
on |z[tP (@d) e 2|t @) PTECD
Applying Holder’s inequality to both terms on the right-hand side of the previous
inequality, we obtain

h(@)[v[*” P8
/RN |a|bp*(a.b) dz < bz, ., ), @IV s,

N
bp* (a,b)/pBr’ RY)
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LGPy wlo]?
RN |:C|bp*(a,b) LYo (a,ny /e (R L ,(RNY’

bp* (a,b)/pr

where 1/r +1/r' = 1. Hence

P P
”UHLP PP RN < Slblz,.,.,,, @08 {”UHLZ’ETm o) /par BY) " ||UHL§; (e, b)/r’(RN)}
< Slllsg,.., , e B max {028, 1)
bp* (a,b)/phr
-+ max q ||lv 1 }
Wy potio
=CY pmax{v max { ||v 1 }
ﬁ || ||L€5r;a R (]RN)’ {H ||L§;, sy (RN)’ } )
where we used CV := S|h| - ®~) > 0 to denote a constant that depends

bp*(a,b)/r
on the parameters of problem (1.1) but does not depend on the function v € E C

DY ®RYN) N D (RY). Writing 8 = o7 for j € N we deduce that

”U”L:/:; b)07(RN)
< 01/0' O.j/aj maX{HvH i maX{HUHl/G-] 1}} (34)
B odr . .

! Lgp*(a,b)/pajr’(RN), Lgp *(a,b)/pr’! (]RN),

Choosing o = p*(a,b)/pr’ > 1, from inequality with j = 1 we obtain
||U||Lz};-/*éa,b>a(RN) < Cll/"gl/a max {||U||Lp *(a.b) (gavy TAX {HUHLW’ . 1}}
From inequality with j = 2 together with the previous inequality we obtain
||”|\L§/*S,b>o2 (RN)
< V7 52/ max{||v||L§;<a,b)a(RN),maX{||’U||L/pf o~ 13}
<07 max{C%/”a (7 ma (o g o ey mace {070 13}

ma {07 1}

< Cll/o+1/o 0_1/o+2/a HlaX{”UHLP*(awb)(RN):maX{(Cl/aal/g)_l’1}’
b

1/0 1 -1 1/0 1/02
max { (C}/7a1/7) ,1}max{||v||L£;,(RN) [lv HLW’(RN }}
Proceeding in this way, for j € N we obtain
HU”LP*(%b)Uj (RN) < Cf] o'i max { HU”Li’*("wh)(RN)v Kja Kij} ) (35)
b/od

where sj = 1/0 +1/0% + -+ 1/07; t; = 1/0 +2/0® + -+ j/o/;
1 i1
KJ = ’ e . 1 J )
maxii<j—1 {Cl o, 1} R lf] > 2;

and

L= 1<y {” ”LW (RN)’ }
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Since o > 1, we have lim; o, s; =1/(c — 1) and hmj_mo t; = o/(o —1)?; hence,

oM a/(a 1)? ) if Cp <1
) K x L A
jif{:o { 1/0 1/0 if Cy > 1; o
and
i {[ol] o gy < 15
lim L; 1/(o0—1) . Ho &) (3.7)
Jim H ||LPT y if ||v||LW(RN) >1.

Using the fact that v € E C D :g (RM)N Di’g (RY), applying Hélder’s inequality we
deduce that L, < 4o0.
Finally, passing to the limit as j — oo and using inequality (3.5) we obtain

Joll ey = Jim, ol e

< 011/(071)00/(0_1) max{llvHLp*m,m(RN K, KLv,l} (3.8)
b

)7

= M, max{Hv K,KLU,1}7

||L£*(a,b)(RN)7
where My = Mi([|A]lz; . - ®~)) depends on the parameters of problem (L.1)) but
does not depend on the function v € E C D,H(RY) N Dy°d(RY). This concludes
the proof of the lemma. O

Lemma 3.3. For every R > 1 there exist a constant My = Ms(Puo, Pso) such
that any positive ground state solution u € D}l:’b’(RN) N Di:g(RN) to the auziliary

problem (2.4)) satisfies

llull Lo (mrvy < Mo,

Proof. Consider R > 1 and let u € Dazg(RN) ﬁDiﬁ (R™) be a positive ground state
solution to the auxiliary problem (2.4). Now we define the function H: RV xR — R

by
f@), if x| <R
H(x,t) = or if |x| > R and f(t) < %;
0, if|z| > Rand f(t) > £l
We also define the functions 4, B: RY — R by
P(x), if |z| < R
Alx) = orif |z| > R and f(u(z)) < %W;
(1= £)P(x), if 2] > R and f(u(x)) > 2ol
and B(z) = Q(z).

Considering these functions and using v € F as a test function, we have

p—2 p—2
0:/ MWVMH/ A@)|ufPuv
RN

[P Ry |z[orTied)

q—2 q—2
—|—/ [Vl Vu~Vvdx+/ de—/ H(z,u)vdx
RN RN

ER av a7 D
uv

Y A\ P(x)[ulP~
ANWVUVde+ RNde
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V|72 Q(@)[ul**uw
+ ‘/RN WV’U/ . V’Udm + - de — - g(:c,u)vdx.

From hypothesis (H1), for |¢| small enough we have

c|tP (a0 -1

H 0] < O] < 2| ey

and from hypothesis (H2), for |t| big enough we have
Cg‘tr_l

[H (2, t)] < [f(1)] < Jz|r (@)

with 7 € (p,p*(a,b)). Combining both cases we obtain |H(z,t)] < |f(¢)] <
colt|T71 /| |7 (@) for every t € RT and for every 7 € (p,p*(a,b)). It follows
that |H(z, u)| < cofu(z)|™Plu(@)P~/jal?" @) = h(z)lu(z)]P~ /|2 @), where
we set h(x) = colu(z)|"7P.

Direct computations show that h € Lgp*(a’b)/T(RN) for r = p*(a,b)/(T — p).
Indeed, recalling the definition of S we obtain

h(z) .
/RN | |x|bp*(a7b)/T| d

B |co|u(a)|7—P|P" (a:)/(T=p)
~ Jrw ||bp™ (a:b)

. P (a,b)
< @ @n)/(r=p) / L o
RN |x‘blﬂ (a,b)

R

~falop

* " p p
g Cg (avb)/(T_p)Sp (a,b)/p{ / |VU| dz +/ P(IB)‘U| dz
R R

N |m|ap N ‘mlap*(avb)

q q *(a,b)/p
[ [ Sl
RN |T|o gy |z|oa” (e:d)

“(a8)/(r—) cn* (a *(a,b)/
< PTG @D [l 4 ullf 30 < e,

dx

In this way, any positive ground state solution u € Dizf RN D;’Z(RN ) to
the auxiliary problem (2.4)) satisfies the hypothesis of Lemma Concluding the
argument, from Lemma [3.1] we have

Skpdoo ) 1/p
p—1 '
Finally, combining estimate (3.8)) with the previous inequality we obtain

1/p
el g e ey < Y2 LIl + el 377 < (

el vy < My ma {ull o gy K K Lus 1§
Skpdso
p—1
where My = Ma(N, p,q,7, oo, boo, 8, o). The proof is complete. O

<M max{( )1/p,K,KLu,1} — M,

Lemma 3.4. Suppose that Ry > R > 1 and let u € D:P(RN) N Di’g(RN) be a
positive ground state solution to the auxiliary problem (2.4)). Then u satisfies the
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inequality

RIN=p(a+1-b)]/(p—1)
u(z) < Ma |x|[N—p(a+1—b)]/(P—1)

for every |z| = R > 1.

Proof. Given Ry > R > 1, we define the function v: RV\{0} — R by

R([)N—p(aﬂ—b)]/(p—l)

2| N=plat 10/ (—1)°

v(z) = My

By hypothesis, u € Dtll’g (RM) N Di’g(RN ) is a positive ground state solution to
the auxiliary problem ; theref(;re7 we can apply Lemma to deduce that
llull oo mvy < Ma. This implies that if |z] = Ry, then [[u[| @) < v(x). Now we
define the function w: RV\{0} — R by

In this way, w € Di:g(RN) N Di,’g(RN); moreover, w € E because u,v € E.

To complete the proof of the lemma we will show that (u—v)* = 0 for |x| > Ry.
To accomplish this goal we use the hypotheses on the potential functions P and @);
we will also use the function w € F as a test function to obtain

p—2 q—2
/ MVzrdex—i—/ [Vl Vu-Vwdzx
RN |x|oP Ry |z
P p—2 q—2
:/ g(x,u)wd%/ P@)lufww - QE)lT uw
- e [a]or @D ror [a]or @)

(uw)wdzx

B f
‘/RN\BRO (O)/\f(t)gw

k|z|aP™ (a;b)
+/ P(x)|ulP~?uw
RN\ Br (0)Af(1)> LUtz =2t  f|g|ap® (@)

k|z|ap™ (a;b)

p—2 q—2
_ / Pl g - / QUojlul e g,
RN\Bro(0) |27 (@ RN\Br,(0) || (3.9)

o P(x)|u|P~?uw
=N P(2)[t|P—2t k|x|aiﬂ*(a;b)
R \BRD(O)/\f(t)gm
P(x)|u|P~2uw

+f :
RN\ By (0)Af(1)> o2 Kfr|or” (@)

k|z|ap™ (a;b)

[ P o Qarw,
RN\Bry(0)  [2]*7"(® RN\Bro(0) ||
1 P p—2 q—2
oy oy, [ QO
k RN\Bp,(0) 2| RN\Bp,(0)  |z]°0

0

N

because u is a positive function and w is a nonnegative function, while k£ > 1.
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Using the radially symmetric form of the operator — div(|Vu|™2Vu/|z|*™), we
have

‘x|em

|vvlm—2
—— Vv -Vedzr =0
/RN\BRO(O) veveds

for m € {p, q}, for e € {a, c}, and for every function ¢ € E; see Calzolari, Filippucci
and Pucci [9] and Lindqvist [I5]. Therefore,

p—2 q—2
/ Vol Vv~dex+/ Vol Vv -Vwdzx
RN

||op RN ||

(3.10)

p—2 q—2
z/ |Vv|a VU-Vqux—F/ |VU|C Vv - Vwdzx
RN\Bp, (0) €[ BN\Bp,(0) 2|

=0.
Defining the subsets
A={zeR": |z| > Ry and u(z) > v(z)}
B :={z eR": |z] < Ry or u(z) < v(z)},

we have w(z) = u(z)—v(z) for z € A and w(z) = 0 for z € B. Using inequality (3.9)
and equality (3.10) we obtain

p—2 q—2
02/ [Vl Vu-dex—i—/ [Vl Vu-Vwdz
]RN

|z|oP RV |z
7/ |Vﬁu|p72 Vv~dex+/ |Vv\q’2 Vv - Vwdzx
RN |x|ap RN |m|cq (3 11)
p—2 p—2 ’
= [Vl Vu — [Vl Vol - (Vu — Vv)dx
il [zl |z|oP
q—2 q—2
+ /~ {'vzltq Vu — |V|;)||Cq Vv] - (Vu — Vo) dz.
A

Denoting by (-,-): RY x RY — R the standard scalar product, given m > 2 there
exists a positive constant c,, € RT such that for every =,y € RY it is valid the
inequality

([2]" "2z = |yI" 2y, @ — y) = cmlle -yl (3.12)
For the proof, we refer the reader to Simon [I7]. From inequalities and
it follows that

/ |VwlP dx—l—/ |Vwl|? dz
gy |z|*P Ry |T|%

|Vu — VolP |[Vu — Vo4
= | ————dz —_
izl x o l=fe
p—2 p—2
<ct /~ [|v|:1;||‘lp Vu — |V|;J||ap Vv} - (Vu—Vov)dz
A

- |Vu|12 |Vol?—? }
+c 1/[ Vu — Vvl - (Vu —Vov)dx <0.
o Ji | Tl FERRA )

From this inequality we deduce that each term on the left-hand side of the previous
inequality must be zero, that is, w is constant in RY. But we already know that
w(z) = 0 in the ball Bg,(0); therefore, w(z) = 0 for every x € RY. This implies
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that (u —v)* = 0 for |z| > Rg and u(x) < v(x) for every x € RN, The proof of the
lemma is complete. ([

4. SOLUTION OF THE ORIGINAL PROBLEM

In this section we finally show that the solution to the auxiliary problem (2.4))
obtained in section [2is in fact a solution to problem (|L.1J).

Proof of Theorem[1.]. From Lemmas and the auxiliary problem (2.4) has
a positive ground state solution u € D?(RY) N DY4(RY). To accomplish our goal
we need to show that for every x € B(0) the function u satisfies the inequality

P(z)|ulP~2u
< —— 7
f) < Zeran
From Lemma and by the first inequality in (1.2)), if |2| > R, then
f(u) €0 | ‘p*(a,b)—p
‘ulpf2u = |x|bp*(a,b) u
- o (@ b)—p Rp°(a+1-b)/(p—1)
S Jgfert(ad) T2 |z|p? (et 1=0)/(p—1) "

Now we define the constant
A" = cokMg*(a’b)_p.
Considering A > A*, it follows from the hypothesis (H6) that
F(u) _ A* RP°(a+1-b)/(p—1)
u[p=2u > Kfz[or (@b) |z[p?@tl=0)/(p-1)
A R (at+1-0)/(p—1)
S Fafe @b [P0/
P(x)
S klz|or (@)

The proof is complete. (|
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