Electronic Journal of Differential Equations, Vol. 2022 (2022), No. 66, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

FIXED POINT THEOREM FOR MIXED MONOTONE NEARLY
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS AND
APPLICATIONS TO INTEGRAL EQUATIONS

HAMZA EL BAZI, ABDELLATIF SADRATI

ABSTRACT. This work concerns the existence of a fixed point for mixed mono-
tone nearly asymptotically nonexpansive mappings. We extend and generalize
some well-known results concerning nearly asymptotically nonexpansive map-
pings in a uniformly convex hyperbolic metric space. As application of our
results, we study the existence of solutions for an integral equation.

1. INTRODUCTION

The mixed monotone operators were introduced by Guo and Lakshmikantham
in 1987, and have been applied in many areas since then; see, e.g., [8,[17, 22, 23]. In
recent years, new generalizations of nonexpansive mappings have been discovered
and their fixed point theory has been studied by many authors. Some interesting
generalizations of nonexpansive mappings can be found in [3] [7, 12} 13}, 14, 15| 19].
Recall that the theory of fixed point of nonexpansive mapping extends the classical
theory of successive approximations for strict contractions.

Recently, a new direction has been developed when the nonexpansive mapping
is monotone and defined in partially ordered hyperbolic metric spaces. One can see
for example some various work containing those new results in [Il 6] 18] and the
references therein.

Our goal in the present work is twofold. First, we introduce a new class of
mixed monotone defined as mixed monotone nearly asymptotically nonexpansive
mappings and we extend to it the fixed point results for monotone nearly asymptot-
ically nonexpansive mappings, obtained by Agarwal et al. in [3]. Second, we apply
our result to prove the existence of solutions for a nonlinear integral equation.

This article is organized as follows. In section 2, we give definitions and basic
results which will be used later. In Section 3, we study the existence of fixed
point for mixed monotone mapping that is nearly asymptotically nonexpansive. In
section 4, we illustrate our results with an application.
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2. DEFINITIONS AND PRELIMINARIES

The following notation will be used. R is the set of real numbers, R is the set
of nonnegative real numbers and N is the set of nonnegative integers. Let (£2,d)
be a metric space endowed with a partial order <. We will say that (Q,d, <) is a
partial ordered metric space and we will say that x,y € {2 are comparable whenever
x =y or y =X x. When referring to the partial order on the product space 2 x €,
we understand the following partial order

A metric space (,d) is a convex metric space if any two points z,y € Q are
endpoints of a unique metric segment [z, y], we shall denote by w = az @ (1 — a)y
the unique point of [z, y] which satisfies

d(z,w) = (1 —a)d(x,y) and d(y,w) = ad(z,y), for a € [0,1].

From the definition of convex metric space, we have (i) 0z® 1y = y, (i) la®0y = z,
(iil) az @ (1 — @)z = z.

A convex metric space (Q, d) is hyperbolic if

dlox & (1 - a)y,au @ (1 - a)v) < ad(z, u) + (1 — a)d(y, v),

for all z,y,u,v € Q and « € [0,1].

Let (£, d) be a convex metric space. Consider the following metric in £ x

o((, ) = (d?(z,u) + d*(y,v)) Y2 for every (2, 9), (u,v) € Q2 x Q.

And for all( Y), (u,v) € Q x Q, we have

/\

I (axd (1 —a)u,ay @ (1 - a)v), (x,y))

=
((1 )2d? (u, ) + (1 — a)zdz(v,y)>l/2

=1 =a)9((z.y). (u,v)).

Similarly, we have 0((az & (1 — a)u,ay & (1 — a)v), (u,v)) = ad((z,y), (u,v)).
Thus, Q x Q is a convex metric space, and for every (z,y), (u,v) € Q x Q

oz, y) ® (1 - a)(u,v)) = (az® (1 — a)u,ay ® (1 — a)v).

Definition 2.1 ([I0]). Let (Q,d) be a hyperbolic metric space. If for any z € §,
r>0and e >0,

1/2
Ploz® (1 —a)u,z) +d*(ay @ (1 — a)v, y)) /

1 1 1
o(r,e) = inf {1 — fd(z, 5% P iy) cd(zy2) < d(y,z) <7, d(z,y) > rs} > 0,
T

then (Q, d) is said to be uniformly convex hyperbolic metric space.

Definition 2.2. Let (Q,d, = ) be a partial order metric space. A mapping A :
Q x Q — Q is said to be mixed monotone if A is nondecreasing in the first argument
and nonincreasing in the second argument, i.e.,

T1, T2,y € Q; 11 = w0 = A(x1,y) <X Az2,y),
Ty, Y2 €y 2y = A(z,y2) 2 Az, y1).

The following theorem is a metric version of the parallelogram identity.
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Theorem 2.3 ([I0]). Let (2, d) be a hyperbolic uniformly convex metric space. For
any a € ), for each v > 0 and for each € > 0, set
1 1 1 1
U(r,e) = inf {idQ(a,x) + idz(a,y) — d*(a, ix @ iy)}, (2.1)
where the infimum is taken over all x,y € Q such that d(a,z) < r, d(a,y) < r and
d(z,y) > re. Then ¥(r,e) >0 for any r > 0 and each € > 0. Moreover, for a fixed
r >0, we have
(i) ¥(r,0) =0;
(ii) W(r,e) is a nondecreasing function of ¢;
(iil) If limy,— 400 U(r, t,) =0, then limy, 4 ooty = 0.

Recall that the result below is one of the important properties of complete uni-
formly convex hyperbolic metric space and known as property (R).

Proposition 2.4 ([10]). Let (Q,d) be a uniformly convex hyperbolic metric space
and {Cy}nen be a decreasing sequence of nonempty, closed, bounded and convex
subsets of Q. Then, NpenCyp # 0.

Through this article, we will assume that all order intervals are closed and convex.
It is worth noting that an order interval is any of the subsets

[0, =) ={reQ:a=a}, (b={reQ:z=20b}, [ab]=][a,—)N (b
for every a,b € Q.

3. FIXED POINT THEOREM

In this section, we give sufficient conditions so that a mixed monotone nearly
asymptotically nonexpansive mapping has fixed point. Similarly to the definition
of monotone nearly asymptotically nonexpansive mapping [2], we introduce the
following definition for mixed monotone mapping.

Definition 3.1. Let (Q,d, <) be a partially ordered metric space, A : Q x Q — Q
be a map and {a,} be a fixed sequence in [0, +00) with a,, — 0. Then the map A
is said to be mixed monotone nearly Lipschitzian mapping with respect to a,, if A
is mixed monotone and for each n € N*, there exists a constant K, > 0, such that

A(A" (@), A"(0,0) < Ko (3d(e,) + 2dly o) +an), (1)

for every comparable elements (z,y), (u,v) € Q x Q, for any n € N A%(z,y) =z
and A" (z,y) = A(A™(z,y), A"(y,x)) for all z,y € Q. The infimum of constants
K,, for which the last inequality holds is denoted by n(A™) and called the
nearly Lipschitz constant. The mixed monotone nearly Lipschitzian mapping A
with sequence {a,,n(A™)} is said to be mixed monotone nearly asymptotically
nonexpansive if

(i) n(A™) > 1 for all n € N* and
(ii) limy, 00 n(A™) = 1.

Recall that a map T : 2 —  is said to be monotone nearly asymptotically
nonexpansive if it is nondecreasing and for any n > 0 there exists K,, > 1 and
an > 0, such that

(i) lim, e K, =1 and
(ii) limy, o0 an = 0.
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And for every comparable element z,y € €, for any n > 0, we have
d(T"(x),T"(y)) < Kn (d(z,y) + an) . (3.2)

Proposition 3.2. Let (Q,d) be a uniformly convex hyperbolic metric space. If
{Cy} is a decreasing sequence of bounded, nonempty, closed and convex subsets of
(2 x Q,0), then NpenCp # 0.

Proof. Let Py : Q x Q — Q defined by Pi(z,y) = x for every (z,y) € Q x Q.
Since for each n > 0, C), is a convex subset in  x €, it follows that for every
(z,y), (u,v) € Cy, for each a € [0,1] and n > 0,

aPi(z,y)® (1 —a)Pi(u,v) =az® (1 — a)u
=Pi(az® (1 -a)u,ayd (1 — a)v)
= Pi(o(z,y) & (1 - a)(u,v)),

which implies that aPy(x,y) ® (1 — @)Pi(u,v) € P(Cy,). Thus P;(C,) is convex.
Moreover, it is clear that if {C),} is a decreasing sequence of bounded, nonempty
and closed subsets of £ x Q then {P;(C),)} is a decreasing sequence of bounded,
nonempty and closed subsets of Q. Hence, Np>oP1(Cy) # 0, therefore for any
n € N there exist y, € Q such that (z,y,) € C,, since {C,} is decreasing,
closed and convex subsets, then for any n € N, {2} x conv{yr : k > n} C C,,
with conv{yy : k > n} is the convex envelope of {y; : k > n}. Thus for any
n € N, {z} x Np>otomv{yr : k£ > n} C NpenCy. Since {conv{yy : k >n}} is a
decreasing sequence of bounded, nonempty, closed and convex subsets of 2, then
Np>oconviyy : k > n} # 0, therefore NpenCh, # 0. O

Lemma 3.3. Let C' and D be a nonempty, closed and convex subsets of a uniformly
convez hyperbolic metric space (Q,d). Let T: C x D — [0,+00) be a type function,
i.e., there exist bounded sequences {x,}, {yn} € Q such that

7(z,y) = limsupld®(zn, @) + d*(yn,y)]'/?,  (2,y) € O x D. (3-3)
n—oo

Then T is continuous, and since Q is hyperbolic, T is convez, i.e., the subset {(z,y) €
C x D : 7(x,y) < r} is convex for any r > 0. Moreover, there exists a unique
minimum point (a,b) € C' x D such that

7(a,b) = inf{7(z,y); (z,y) € C x D} = 7.

In addition, if {(ay, b,)} is a minimizing sequence in C XD, i.e., limy, o0 T(ap, by) =
7(a,b), then {a,} converges to a and {b,} converges to b.
Proof. The continuity of 7 is obvious. Let us prove the convexity of 7. Since (2, d)
is hyperbolic, and using the discrete Minkowski inequality, we have for any « € [0, 1]
and all (z,y), (u,v) € C x D,

T(a(z,y) & (1 - a)(u,v))

=7(az® (1 — a)u,ay ® (1 — a)v)

= lim sup[d?(z,, az ® (1 — a)u) + d*(yn, ay & (1 — a)v)]*/?

n—oo

< limsup[(ad(zy, z) + (1 — @)d(zn, v))* + (ad(yn,y) + (1 — a)d(ym”))z}lm

n— oo

< lim sup ([(a2d2($m )+ (&2d (yn, y)]"?

n—oo
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(1= @) (@, w) + (1 = 0)2d (g, v)]?)
< O‘T(Ivy) + (1 - a)T(u,’U),

which implies that 7 is convex.

Now, denote 79 = inf{7(z,y) : (x,y) € C x D}. Then for any n > 1, the subset
Cn ={(z,y) € Cx D :7(zx,y) <79+ L1} is nonempty, closed, bounded and convex
subset of C' x D. From proposition we have Coo = Np>1Cy, # 0. Obviously we
have

Coo = {(u,v) € C x D :71(u,v) =719}
To prove that C is reduced to one point (a, b), let (a1, b1) and (ag, b2) be in Cu. If
we assume that (a1,b1) # (az,bz), then we must have 79 > 0. From the definition of
7, we obtain that for any « € (0,79), there exists ng > 1 such that for any n > ny,

d(xn,a1) <10+ a and d(x,,a2) < 70+ .

d
Since d(a1,a2) > (10 + a)%, by Theorem [2.3[ we have
0

1 1 1 1 1
d*(xp, P! @ §a2) < §d2(xn,a1) + §d2(xn, as) — ¥(1y + «, %d(al,ag)).
Analogously, we obtain

1 1 1 1 1
@ (Yn, §b1 ® §b2) < §d2(yn7b1) + idz(ymbﬂ - V(79 + a, de(bhbz))

It follows that,

1 1 1 1
dz(xm §a1 @ §a2) + d2(yn, §b1 @ §b2)

< S 1P, a0) + Py, b)) + 5[ (n,02) + (3, )]

2
1 1

— [¥(70 + a, %d(ala az)) + ¥(7o + a, %d(bl, b2))].

Hence,

1 1
Tg S Tg — [\I/(TO + «, 7(1(041,0,2)) + \I/(TO + a, 7d(b1, bg))]
27’0 27’0

Therefore, [¥ (10 + «, ﬁd(al,ag)) + V(1 + a, %d(bl,bg))] = 0. Thus, by the
property (iii) in Theorem we obtain a; = ag and b; = bs.

Next, let {(an,b,)} C C x D be a minimizing sequence of 7. Since {z,} and
{yn} are bounded sequences, then {a,} and {b,} are also bounded. Therefore,

there exists R > 0 such that
max{d(xn, a’k)7 d(yn7 bk)v d(l’n, a)v d(yn7 b)} S R7
for every n,k € N.
Once again, by Theorem [2.3] we have
1 1

1 1
d* (., Sk @ ia) < idQ(xn, ar) + §d2(a:n, a) — ¥(R, =d(ay,a)),

1 1 1 1
20) < 22 152 _ L )
30) < 302 @ns ) + 50 (0, b) — V(R (b b)

When n goes to infinity, taking the limit-sup, we obtain

1
2 —
d (yna 2bk ©®

1 11, 1
2
Zap ® —a,=b 7b)
T<2“’€@2“’2’“@2
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< %(72(% bi) + %(a,b) ) — (R, %d(a’““)) - VR, %d(b’“’ D

for every k € N, which implies

1 1 1
U (R, Ed(ak, a)) + ¥(R, Ed(bk, b)) < 5(72(% br) + 72(a, b)) — 78.
Consequently, limy_,oc (R, £d(ak,a)) = 0 and limy_,o ¥(R, £d(bs,b)) = 0. The
property (iii) in Theorem [2.3| gives limy_, o d(ak, a) = limg o d(bg, b) = 0. O

The proof of the following lemma is similar to the previous proof.

Lemma 3.4. Let C be a nonempty, closed and convez subset of a uniformly convex
hyperbolic metric space (,d). Let 7 : C' — [0, +00) be a pseudo-type function, i.e.,
there exist bounded sequences {x,},{yn} € Q such that

7(x) = limsup[d?(z,,, z) + d*(y,, 2)]Y/?, =z e C. (3.4)
n—oo

Then T is continuous, and since ) is hyperbolic, T is convez, i.e., the subset {x €
C : 7(x) < r} is convex for any r > 0. Moreover, there exists a unique minimum
point a € C such that

7(a) = inf{r(x);z € C} = 10.

In addition, if {a,} is a minimizing sequence in C, i.e., lim, o 7(a,) = 7(a), then
{an} converges to a.

Theorem 3.5. Let (Q,d, <) be a complete uniformly convex partially ordered hy-
perbolic metric space, and C' be a nonempty, convex, bounded and closed subset
of Q. Let T : C x C — C x C be a continuous monotone nearly asymptotically
nonexpansive mapping. If there exist (zo,2%) € C x C such that

(x()axo) /j T(SC(),J}O)7 (35)
then T has a fized point (z*,y*) € C?, that is, T(x*,y*) = (x*,y*).

Proof. From (3.5 and the monotonicity of T' we have T (zq,2°) 2 T (xg, 2°),
for all n € N. By the convexity of C' and proposition we conclude that

Co = ﬂ([T”(:z:O,mO), N0 x 0) £ 0.

Let (z,y) € Cu, then T (zg,2%) 2 T(z,y), for all n > 1. It follows that
T"(Cx) C Cs. Consider the type function 7 : Co — [0,+00) generated by
the sequences {T7'(xo, %)} and {T%(wo,2%)}, with T7"(zo,2") = P;(T™(x0,2°)).
Using Lemma there exists a unique minimum point (z*,y*) € Cy, that is,
T(xz*,y*) = inf{r(z,y); (z,y) € Cx}. In addition, we have T?(z*,y*) € Cx for all
p € N.

The same reasoning as in the proof of [2, Theorem 3.1] gives T'(x*,y*) = (z

y).
O

Note that the previous theorem is a generalization to £ x Q of [2 theorem 3-1].
In addition the next consequence prove the existence of a coupled fixed point of a
continuous mixed monotone nearly asymptotically nonexpansive mapping.

Corollary 3.6. Let (2,d, =) be a complete uniformly convex partially ordered hy-
perbolic metric space, and C' be a nonempty, convex, bounded and closed subset of
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Q. Let A: C xC — C be a continuous mized monotone nearly asymptotically
nonexpansive mapping. If there exist g, x° € C such that
zo = A(xo,2%) and A(z°,z0) < 2°, (3.6)

then A has a coupled fived point (x*,y*) € C2, that is, A(x*,y*) = x* and
Ay, ") =y~
Proof. We shall prove that the hypotheses of the previous theorem are verified with
the operator T' defined by T'(x,y) = (A(z,y), A(y, z)), for all (z,y) € C x C.

Let (z,y) 3 (u,v) in C x C ie., z < u and v < y. Using the mixed monotone
property of A, we show easily that T'(x,y) 3 T (u,v).

Now, for any two comparable elements (z,y) , (u,v) in C x C, we have

(T (w,y), T" (u, v))

1/2

= (A" (@), A" (u,0)) + (A" (g, ), A" (0, )) )
< (KZ(%d(x, u) + %d(y,v) + an)2 + Kﬁ(%d(az,u) - %d(y,v) + an>2>1/2
<K, (2<%d(x,u) + %d(y,v) + an>2)1/2
< Kn((dZ(z,u) +d2(y,0)) " + \/ian).

Since A is continuous, v2a, — 0 and K, — 1, when n — +oco. Thus, T is a
continuous monotone nearly asymptotically nonexpansive mapping with respect to
V2a,,. By Theorem T has a fixed point (z*,y*) € C x C, i.e, T(z*,y*) =
(A(z*,y*), A(y*,z%)) = (z*,y*), that is, A(z*,y*) = 2* and A(y*,2*) = y*. O

Theorem 3.7. Assume that all hypotheses of corollary[5.¢ hold. If
o =< A(xo,xo) < A(J:O,xo) <z, (3.7)
then A has a fized point x* in C with xy < x* < 20.

Proof. We construct successively the iterative sequences
T, = A"(20,2°) and 2" = A"(2°, z0).
Since 2 < 2, according to the inequality and the mixed monotonicity of A,
it is easy to show by induction that for any n € N
wo Za X Ry < 2 2 2t <l
By the convexity of C' and Proposition we conclude that
Co = Np>olzn, "] # 0.

Let z € Cy, i.e, foralln € N, z, < < 2", then A(x,,z") < A(z,z) < A(z"™, x,),
and hence z, 11 < A(z,x) < 2"t for all n > 0. It follows that AP(x,z) € Cy
for all x € Cy and for any p € N. Now we consider the pseudo-type function
7:Cp — [0, +00) generated by the sequences {A™(xg,2%)} and {A"(2°,z0)}.
Using Lemma there exists a unique minimum point 2* € Cy, that is, 7(x*) =
inf{7(z);z € Co}. By Definition[3.1]and the discrete Minkowski inequality, we have
T (AP(x*, z"))
1/2
= lim sup [dQ (A"(xo, z0), AP (2%, x*)) +d? (A"(a:o, x0), AP (2", x*))}

n—oo
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< n(AP) lim sup K%d(A"(xo,wo),m*) + %d(A"(mO,wo),x*) + ap>2

n—oo
+ (%d(A”(mo,xO),x*> + %d(A”(mo,xo),x*> —|—ap>2}

< n(AP) lim sup [dQ (A"(xo, xo), x*) + d? (A"(xo, zY), x*)] i +V2n(AP)a,,.

n—roo

1/2

Since 7(z*) is minimum,
7(z") < 7(AP(2",2%)) < n(AP)7(a") + V20(AP)ay.
Also, from Definition we obtain
pli_{r;or(Ap(x*,x*)) =T(z"),
which gives by Lemma that lim,_,o, AP(z*,2*) = z*. Using the continuity of
A

)

T(x") :T(A( lim AP~!(z*,z*), lim Ap_l(x*,x*))) = T(A(x*,a:*)).
p—o0 p—00

By the uniqueness of minimum point, we obtain A(z*,z*) = z*. Thus, z* is fixed

point of A. Obviously z* € Cy C [z0, 2°], hence 2y < z* < 2°. O

As a consequence of the previous theorem, we obtain in the following the exis-
tence of a fixed point for a continuous nonincreasing nearly asymptotically nonex-
pansive mapping.

Corollary 3.8. Let (2,d, =) be a complete uniformly convex partially ordered hy-
perbolic metric space and C' be a nonempty convex, bounded and closed subset of €.
Let T : C — C be a continuous nonincreasing nearly asymptotically nonexpansive
mapping. If there exists xg,x° in C, such that o < T(2°) < T(x) < 2°, then T
has a fized point x* € C.

Proof. Let A : C x C — C be the mapping defined by A(z,y) = T(y), for every
xz,y € C. Then we have
o =2 T(xo) = A(ZOVTO) = A(.TO,LL‘O) = T(’JJ()) = 3’]0.

Moreover A is a mixed monotone in C, since T is continuous and nearly asymptoti-
cally nonexpansive, then according to theorem [3.7) 7" has a fixed point z* € C. O

Example 3.9. Let C = {& = (z1,22,23,...) € £ : x; € [-2,2] for all 1 > 1}.
The order relation z = (21,22, z3,...) 3y = (Y1, Y2, Y3, ... ) is defined by x; < y;
for all ¢ > 1. Let {k,} be a nonincreasing sequences, such that k, > 1 and
lim,, o kn, = 1. Consider the mapping T : C' x C' — C defined by

k1 ko ks
T ’ = ( s o - Y51, - Y o1, - PR )a ) .
(z,y) = (0 5 (r1 — 1) o (72 — y2) ks (z3 —ys) r,yeC
Obviously, T is a continuous mixed monotone mapping, and
kn kn+1 kn+2
™ ) :(7"'a s o - ’ - ’ o ’”'>7
(z,y) = (0 0 > (1 —y1) ok (z2 — y2) ks (z3 —y3)

for n > 2, where 0 appears n times on the right side. Then, we have for all
z,y,u,v € C

1 1
17" (@) = T (0, 0) | < b (512 = wll + Sy = ol + an)-
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For any sequences {a,} C [0,+00), satisfying lim,, o a, = 0. Thus, T is mixed
monotone nearly asymptotically nonexpansive with (0,0, ...,0) fixed point.

4. APPLICATIONS TO INTEGRAL EQUATIONS

In this section, we will apply Theorem [3.7] to study the existence of solutions to
the integral equation

1
o(t) = / alt, 3)f (s, 2())g(x(s))ds. (4.1)

Firstly, we make the following assumptions, with I =]0,1][.
(H1) () a(-,-) € L*(I x I), dwa(-,-) € L*(I x I) (where dra(t,s) = Zal(t,s)),
and there exist § > 0 such that a(t,s) > § almost everywhere t,s € T
(or, a.e. t,s € I for short).
(ii)) f:]0,1] x Ry = Ry and g: Ry — Ry, with for every s € I, f(s,-) is
nondecreasing and g is nonincreasing.
(H2) There exist fi, fo : Ry — Ry, such that f; € L?(I) and f, with foa and
f201a in L?(1?). Furthermore, there exist n > 0, M > 0, such that
(i) For all z € [0,n], fi(s)x < f(s,z), a.e. s € I,
(ii)) For all z € Ry, f(s,2) < fa(s), a.e. s € I,
(iii) There exist g > 0 and v > 0, such that p < g(x) < v, for all z € R,..
(H3) There exists A > 0 and f3 : Ry — R, with fsa and f3d1a in L?*(1?), such
that

|f(s,2) = f(s5,9)] < fa(s)lx —y[ and |g(z) —g(y)| < Alz —yl,

for all z,y € Ry and a.e. s € 1.

Next, we recall some notion and results about positive cone. Let E be a real
Banach space. A closed convex set P in FE is called a convex cone if the following
conditions are satisfied.

(1) If x € P, then Az € P for all A € RT,
(2) If z € P, and —z € P, then z = 0.

A cone P mduces a partial ordering < in F by x =< y if and only if y—xvebP. We
denote by P the interior set of P. A cone P is called a solid cone if P £ (.

Recall that H'(I) is the space of all equivalence classes of functions = € L?([)
having derivatives in the sense of distributions 2’ € L(I). Set

P={rec H(I):x(s) >0ae scl} (4.2)
Thus, P is a positive cone in H!(I).
Theorem 4.1 ([5]). The embedding i : H(I) — C([0,1]) is compact.
Using the above theorem, one can prove easily the following lemma.

Lemma 4.2. The cone P defined in ([4.2)) is solid and P = i~ *(K), where K is
the positive cone of C([0,1]) given by K = {xz € C([0,1]) : z(s) > 0, s € [0,1]}.

Lemma 4.3. Let P be the positive cone of H'(I) given by ([.2)). Then, the topo-
logical interior of P is defined by

P={zeP:3a>0 with z(s) > a, ae sel}.
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Proof. Suppose that there exists x € P while for any € > 0 there exists J. C [
such that meas J. > 0 and z(s) < ¢ for each s € J. (here meas J; is the Lebesgue
measure of J.). It follows that there exists r > 0 such that any y € H*(I) satisfying
|l — yllgr <, we have y € P.

Choose /2 < § < r, then z =x —§ € H*(I) and ||z — z||gn = § < r. However,
z(s) = z(s) — 0 < z(s) — 5 < 0 for each s € Jr, which means that z ¢ P, which is
a contradiction.

Conversely, let x € P such that x(s) > « almost everywhere s € I for some
o > 0. Then, by theoremwe have i(z) > a > 0. Hence i(x) € K, which implies

that z € i 1 (K) C zj(}) Thus, z € P. O

Lemma 4.4. Suppose a(-,-) € L? (I X I), Ora(-,-) € L? (I X I), and there exists
§ > 0 such that a(t,s) > 6 a.e. t,s € I. Then, the operator A : H'(I) — H(I)
defined by

1
Ax)(t) = / a(t, s)x(s)ds,
0
is linear, compact and strongly positive.

Proof. Tt is clear that A is linear. Let x € H'(I), from the inequality of Holder and
from Fubini’s theorem we prove that fol a(t, s)z(s)ds and fol Ova(t, s)x(s)ds are in
L%(I).

And also we apply Fubini’s theorem and integration by parts on the integral

1 1a(t, s)z(s)ds )¢’ (t)dt, € C(I).
INORCECD

With C§°(I) is the class of test functions. Moreover from the definition of the
derivative in the sense of distributions, we obtain

1 1 ,
/ Ora(t, s)z(s)ds = (/ a(ts)x(s)ds) . (4.3)
0 0
Therefore, A(H'(I)) C H'(I).
Let Ay and As defined from L?(I) to L?(I) by

Al(x):/o a(-, s)x(s)ds, Ag(a:)z/o Ora(-, s)x(s)ds.

from Holder’s inequality and Fubini’s theorem it follows that A;, As are contin-
uous; thus there exist My, My > 0 such that [[Ai(z)|z2(y < Mi||z|L2¢y and
| A2(2)| 21y < Mal|x||z2(r). Hence
[A@) () (”Al(l’)H%z(z) + ||A2(I)H%2(I))
1/2
< (MF + M3) / (V21T

1/2

1/2
< (M7 + M3) |2 s -

Therefore A is continuous.
For proving that A is compact, let {z,,} be a bounded sequence in H(I). It
follows that {z,} is bounded in L?(I). Hence, by [9, p. 188], we obtain that
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fo s)ds and B(x fo d1a(-,s)z(s)ds are compact operators in
L2( ) Therefore there exist a subbequence {xk} and x,y € L?(I) such that

/ a(-, s)xk(s)ds — «, / dva(-, 8)x(s)ds —y in L*(I)( as k — 00).
0

We shall prove that € H'(I) and 2/ = y. Let ¢ € C§°(I). Then

/1(/1 (t, s)z(s)ds dt—>/
/ /81atsxk )ds) o dH/

as k — oco. By equality (4.3 -, we obtain

/01 (/01 Bla(t,s)xk(s)ds>s0(t)dt = —/01 (/01 a(t, S)xk(s)ds) o (t)dt.

| et war=— [ yewa,

which implies that 2’ = y. Also, we have

/01 a(-, s)xk(s)ds - x and (/01 a(-,s)zk(s)ds)/ —

as k — oo. This means that fol a(-, s)wg(s)ds — z in HY(I) (as k — 00). Thus A
is a compact operator from H*(I) to H(I).

Finally, we show that A is strongly positive. Let z € P\ {0}, i.e., there exists
J C I with (measJ > 0) such that z(s) > 0 for each s € J. By theorem
i(z)(s) > 0 a.e. s € J. Then there exists sop € J such that i(x)(so) = z(so) > 0,
since i(x) is continuous. Thus there exists € > 0 and «a > 0 such that i(x)(s) > «,
for all |sg — &, 5o + &[. Since a(t, s) > (5 a.e. t,s € I a(t s)i(z)(s ) > a(5 a.e. (t,8) €

Thus

Ix]sy — e,s0 + €. Therefore, A(z fo s)ds = fo s)i(z)(s)ds >
2¢ad > 0 a.e. t € I. Thus, Lemma gives A( ) € P, and Consequently A is
strongly positive. O

Let us now define the operators
1

1
Ly (z)(t) :p/o a(t,s)f1(s)x(s)ds and Lo(x)(t) = 1// a(t, s) f2(s)x(s)ds.

0
Theorem 4.5. Assume (H1)—(H3) and
(H4)
r(L1) >1 and r(Ly) <1,

where 7(L;) = limy, o0 | L2 % (i = 1,2) is the spectral radius of the linear operator
L;. Then equation (4.1) has a positive solution x* € P.

Proof. First the cone P defined in induces a partial ordering < in H'(I) by,
x <y if and only if y — 2 € P, and since H'(I) is a Hilbert space, we have that
H(I) is a complete uniformly convex partially ordered hyperbolic metric space.
From (H1) and Lemma we obtain that L; is a linear compact and strongly
positive operator from H'(I) to H*(I), for i = 1,2. Moreover, by (H4) there exist
my < 1 and mg > 1 such that r(m;L;) = 1. Thus, by Krein-Rutman’s theorem,
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there exist z; € P verifying m;L;(x;) = ;. It follows that 23 < Li(x;) and
L2 (1’2) j ZI2.

Using Theorem there exists a > 0 such that axz; <X n, and by Lemma
there exists 3 > 0 such that 1 < Bxs. Let 79 = axy, 2° = Bxo. Then, by (H2) it is
easy to show that

2o = L1(z0) < A(wo,2°),  A(2°,20) < La(2°) < 2°.
With )
Az, y)(t) = /O a(t,s)f(s,x(s))g(y(s)) ds. (4.4)

We impose on v and A the conditions

20 (|| f-all72 2y + | f3-01a]F2(12)) <

)

k|
—~
W
ot
=

2X% (|| fa-al|F2r2y + [l f2-01al|722)) <
Let C ={x € P: ||z||g: < p}, such that

1/2
p=swp {zollrs : [ v (1 f2alaro) + I fodralan)) )

Now, we shall prove that A defined in is a well-defined operator from C' x C' to
C.

Recall that if 2 € L?(I) then fo x(s)ds € L*(I) and (fol a(-, s)x(s) ds)/ €
L?(I). Since for all z,y € C, we have f(s 2(8))g(y(s)) < vfa(s) a.e. s € I, therefore
FGz()g(y()) in LZ(I) then A(z,y) € H'(I). Moreover, f and g are non-negative
functions, and a(t, s) > d a.e. t,s € I, hence A(x,y) € P. On the other hand, letting
z,y € C,

4Gl = [ ([ st x(s))g(y(s))ds)th
/ / ova(t,s)f(s,z(s))g(y(s)) ds>2dt

< /0(/0 alt, ) fo(s) d )dt+y /1(/0161a(t,s)f2(s)ds)2dt

< V2 (Ifaall3er) + I fodhalFars) ) < o2

Thus A(C x C) C C. And from the monotonicity of f and g, it is easy to show
that A is a mixed monotone operator.
Next, for all z,y,u,v € C, we have

|A(z, y) — Alu,0)[[F
:/0 (/0 a(t,S)(f(S,x(S))g(y(S)) _f<svu(3))g(v(3))) d8)2dt

+ /01 ( /01 Bra(t, )(£(s,()aw(s)) — (s, u(s))g(w(s))) d8>2dt
< /1 (/1 alt,s)f(s,x(s)) (g(y(s)) - 9(”(5))> ds

0 0

[ a6 (626D ~ flssuto) as)
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< 2/01 (/01 a(t, s) f2(s)A|y(s) — v(s)] ds)Zdt
+ 2/0 (/ va(t, s) f3(s)|z(s) — u(s)| ds)zdt

0

+ 2/01 (/01 dra(t,s) f2(s)A|y(s) — v(s)| ds)zdt
+ 2/01 (/01 vora(t, s) f3(s)|z(s) — u(s)| ds)2dt

< 2X%ly — vl 22| fo-allfe g2y + 207l — ulZa | faall 2 pe

+ 2020y = ol ll fodhala ey + 2020w = wlFall fo-ralFa
< 2Xly = vlid (IfaallFen) + 12010l F ) )
+ 2020 = ulfys (I fsale ey + I fsralligrey ).

1 2 1 2
< (Gl —ulm) + (Glly—oll) -
Th last inequality above follows from (4.5). Hence, for all z,y,u,v € C

1 1
1Az, y) = A(w, )l < Slle = ullm + 5 lly = vllan

It follows that A is continuous. By induction we show that
1 1
1A (@, y) = A™(w, o) < Sllz = ullan + S lly = vl

for all comparable elements (z,y), (u,v) € C x C, and each n € N*. Consequently,
all the hypotheses of theorem are satisfied for the operator A : C x C — C.
Therefore, there exist z* € P, such that

1
x%w:[;wu@ﬂ&f@»mﬁ@»@.
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