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NULL CONTROLLABILITY OF COUPLED SYSTEMS OF
DEGENERATE PARABOLIC INTEGRO-DIFFERENTIAL
EQUATIONS

BRAHIM ALLAL, GENNI FRAGNELLI, JAWAD SALHI

ABSTRACT. This article concerns the null controllability of a coupled system
of two degenerate parabolic integro-differential equations with one locally dis-
tributed control force. Since the memory terms do not allow applying the
standards Carleman estimates directly, we start by proving a null control-
lability result for an associated nonhomogeneous degenerate coupled system
employing new Carleman estimates with appropriate weight functions. As a
consequence, we deduce the null controllability result for the initial memory
system by using the Kakutani’s fixed point Theorem.

1. INTRODUCTION

This article studies the null controllability of a coupled system of two degener-
ate parabolic equations involving memory terms, by means of a single distributed
control force. More precisely, we consider the system

Y1t — (a(®)Y12)e + b11y1 + braye = Hi(t,y1) + lou, (t,7) € Q,
Yor — (a(T)Y2z ) + b21y1 + baoy2 = Ha(t,y2), (t,7) € Q,
y1(t, 1) =y2(t,1) =0, te(0,T),
{yl (t,0) = y2(t,0) =0, if a is weakly degenerate, (1.1)

te(0,7),
(ay12)(t,0) = (aya:)(t,0) = 0, if a is strongly degenerate, 0.7)

y1(0.2) =57 (2), 2(0,2) =95(z), = €(0,1),

where @ = (0,7)x(0,1), w € (0, 1) is a non-empty open set, 1, is the corresponding
characteristic function, b;; := b;;(t,z) € L>°(Q) and u = u(t, z) is the distributed
control function. By Hy(t,yx) we denote the following quantity

¢
Hi(t,yk) :/ hi(t,r,x)yr(r,x)dr, k=1,2, (1.2)
0

where hy = hi(t,r,x) € L>®((0,T) x Q), k = 1,2, are memory kernels. Moreover,
the diffusion coefficient a degenerates at x = 0 and we say that
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e a is weakly degenerate (WD) if a € C[0,1] N C*(0,1] is such that a(0) = 0,
a > 0 on (0, 1] and there exists o € [0, 1), such that za’(z) < aa(x) for all
x € 1[0,1].

e a is strongly degenerate (SD) if a € C*[0,1] is such that a(0) =0, a > 0 on
(0,1] and there exists « € [1,2), such that za'(z) < aa(z) for all z € [0,1];

moreover,
a(z) | . .
3ge(l,a], x— —5 s nondecreasing near 0, if a > 1,
x
a(r) . . .
i€ (0,1), z — 5~ 1s nondecreasing near 0, if a = 1.
x

The study of controllability properties for is motivated by numerous real
world applications. Indeed, degenerate partial differential equations play a major
role in modeling many processes coming from physics, biology and finance. How-
ever, in several complex problems, the history of the phenomena under investigation
is of relevance and must be incorporated in the mathematical model. As it is by
now classical, standard PDEs models cannot provide a good description of such
processes. For this reason, PDEs have been replaced by partial integro-differential
equations that take into account this memory effect, and that have been largely
investigated in previous decades.

Up to now, the controllability of degenerate parabolic equations with distributed
controls has been largely developed in several recent papers, see [2, [7, 8, [I1] and
the references therein. Moreover, in the last recent years an increasing interest
has been devoted to the study of controllability properties for parabolic equations
involving memory terms, see [9] 15 16} 19, 20, 21]. But, very little is known for
the controllability analysis of parabolic equations that couple a degenerate diffusion
coefficient with a nonlocal reaction term. We refer to [4, [6 22] for some related
results. See also [0] for a similar work on this theme.

In this work, we aim to extend those known results to coupled systems of kind
. More precisely, we seek for suitable conditions on the kernels hy and hs so
that the coupled system is null controllable, that is to say, for any initial data
(v),9), there exists a control function u such that the associated solution to
vanishes at the end of the time horizon [0,7]. To our knowledge, this is the first
paper dealing with a coupled system of degenerate parabolic equations in presence
of memory terms.

The starting point for proving the null controllability for the integro-differential
system is to show the null controllability for the nonhomogeneous degenerate
parabolic system without memory

Y1t — (a(@)y1z)s + b11ys + bioye = F1 + 1,u, (t,z) € Q,
yor — (a(@)y2z)z + ba1y1 + basys = Fa,  (t,z) € Q,
yl(t, 1) = yQ(t7 1) = O, t S (O,T),

(1.3)
y1(t,0) = y2(¢,0) = 0, (WD),
{(aylz)(t,o) — (agan)(t,0) =0, (SD), € 0,7),

yl(ovx) = y?(l’), y2(07$) = yg(f), T € (Oa ]-)

for arbitrary functions Fy, Fy € L?(Q).
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The proof of this result relies on a new modified Carleman inequality for the
associated adjoint problem with some weight functions that blow up ast — T'. The
new Carleman inequality is the key point to derive the null controllability result
for an intermediate problem similar to the integro-differential system . At the
end, we deduce the desired controllability result for the original problem using a
classical fixed point argument.

This article is organized in the following way: in Section 2] we first consider the
nonhomogeneous degenerate system studying its well posedness, the Carleman
estimates for the associated adjoint problem and, finally, its null controllability. As
a consequence, in Section 3] by means of Kakutani’s fixed point Theorem, we prove
that system is null contrallable under a decaying condition on the kernels h
and hg only at t = T'. In the last section, we show the same controllability result
for kernels vanishing in a neighborhood of the initial time.

2. NULL CONTROLLABILITY OF A NONHOMOGENEOUS DEGENERATE SYSTEM

As stated in the introduction, we first study system (1.3]).

2.1. Well-posedness. To study the well-posedness of the degenerate system ,
we first recall the following weighted Sobolev spaces (in the sequel, a.c. means
absolutely continuous):

In the (WD) case we use

H.(0,1) := {y € L*(0,1) : y a.c. in [0,1], Vay, € L*(0,1) and y(1) = y(0) = 0},
HZ(0,1) :={y € H}(0,1) : ay, € H'(0,1)}.
In the (SD) case we use
Hy(0,1) :={y € L*(0,1) : y locally a.c. in(0,1], vay, € L*(0,1) and y(1) = 0},
HZ(0,1) :={y € H}(0,1) : ay, € H'(0,1)}
= {y € L?(0,1) : ylocally a.c. in (0,1],ay € Hg(0,1),
ay, € H'(0,1) and (ay,)(0) = 0}.
In both cases, the norms are defined as
||y||?{; = ||y||%2(0,1) + ||\/ai‘/z||%2(0,1)v HZJH%Ig = ||y||%{; + ||(ayx)x||2L2(o,1)'
Now we recall a well-posedness result for system (see, for instance, [I]).

Proposition 2.1. Assume that (y9,y3) € L?(0,1)2, (Fy, Fy) € L?(Q)?, and u €
L?(Q). Then, system (1.3) admits a unique weak solution

(y1,2) € Wr := L*(0,T; H}(0,1)*) n C([0, T]; L*(0,1)?) (2.1)
such that

H(yl,y2)||L2(o,T;H;(o,1)2) + sup ||(y1(t),yg(t))||L2(071)2

t€[0,T]

(2.2)

< (160892012 + I(Fr o)l 2@y + 1wl 202 )
for some positive constant C. Moreover, if (y9,49) € HL(0,1)2, then

(y1,y2) € Zp == L*(0,T; H2(0,1)?) N H' (0, T; L?(0,1)?)
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and
Il (y1sy2)ll220,75m2(0,0)2) + [1(Y1, v2) | 51 (0,7522(0,1)2)
< (168 1)l 01 + I(Fr, o)l 2@y + 1wl 202 )

for some positive constant C.

(2.3)

2.2. Carleman estimates. In this subsection, we establish a Carleman type esti-
mate for the nonhomogeneous adjoint system

—v1¢ — (a(®)v12)s + b11v1 + b21v2 = g1, () € Q,
—vg — (a(x)vag)x + b12vy + bogva = g2, (¢, z) € Q,
Ul(t, 1) = Ug(t, 1) = O, t e (O,T),
v1(t,0) = v2(t,0) =0 (WD) 24)
{(ale)(t, 0) = (ava)(t.0) =0, (sp), <D
Ul(Tv :L’) = ’U,{(LE), U2(T7 :L’) = vg(x), T € (0’ 1)7

where vT,v3 € L?(0,1) and g1, 92 € L*(Q).
To develop a Carleman estimate for (2.4]), some suitable weight functions are
needed. As in [2], we introduce the weight functions

V(@) = 7(/095 ﬁ dy—d), 0(t) = M ot z) = 0(t)b(x).  (2.5)

Now, let @ be an arbitrary open subset of w and p € C?([0,1]) be such that
p>0,in (0,1), p0)=p1)=0, and p, #0, in[0,1\@
and define

U(z) = M@ — 2AMellee Bt 1) = O(t) U (). (2.6)
We also define

0:=4® —3p and oy :=20 — . (2.7)

By taking the parameters A, d such that

1
y 1 4(d — d¥)
d>4d* = 4/ ——dy and > In , (2.8)
0o a(y) ol ( d — 4d~ )

2lplloo  4(e2Mellos _Allplooyy . )
ed,d*oo7 (e a . )) is nonempty. This

3
permits to choose the constant v (see (2.5)) in such a way that

one can show that the interval (

e2Mlpllso 4(62/\Hp|\oo — e/\\lﬂ\lm)
<< .
d—da = 3d
With this choice of the parameters d, A and v one can readily show that the

above weight functions satisfy the following inequalities which will play a crucial
role in the sequel.

(2.9)

Lemma 2.2. (1) max,ejo,1) ¥ (z) < mingep,1 Y(z);
(2) §max,eo) ¥(x) < mingeo ) P(2);
(3) 10(t,2) < o(t,2) < B(t,2), for all (t,7) € Q;
(4) p(t,z) <®(t,z) <oi1(t,z) <o(t,xz) <0, for all (t,z) € Q.
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From the definition of the function 6, we observe that
0/ (t)] < CO%2(t), Vt € [0,T]), and O(t) — 4ooast— 0", T+. (2.10)
Then, the next Carleman estimate holds (see [3, Theorem 3.3]).

Theorem 2.3. Assume that a is (WD) or (SD) and let T > 0. Then, there
exist two positive constants C' and sg, such that the solution (vi,v2) € Zr of (2.4)
satisfies

2
// (sba(z)(vi, +v3,) + $303 (02 + v3))e*** dt dz
Q a(x)

< C(//Q(gf + g2)e*® dt dx + //Q s0%(v3 + v3)e*?® dtdx),

for all s > sg. Here Q, = (0,T) X w.

(2.11)

To obtain the controllability for the degenerate nonlocal system ([1.1)) with only
one control force, we need to show the following Carleman estimate with a single
locally distributed observation.

Theorem 2.4. Assume that a is (WD) or (SD) and let T > 0. Suppose that for
some open subset @ € w

bo1 > bo > 0, m (O,T) X 0. (212)

Then, there exist two positive constants C' and sg, such that the solution (vi,ve) €
Zr of (2.4) satisfies

2
2 2 3p3 L 2 21\ 2s¢p
//Q (s@a(z)(le +v3,) + 576 @) (v + 02)>e dt dz

< C(// s203 (g3 + g3)e**7* dt dx + // sT97vie? 7 dt dac)7
Q w

for all s > sg.

(2.13)

Proof. Let us consider a nonnegative smooth cut-off function ¢ € C°°([0,1]) such
that

0, z€(0,1)\w. (2.14)

Multiplying the first equation in ([2.4) by s363(e?*®vy and integrating on Q, we
have

// Cbors303e* %03 dt do = // (s303e**® (vy (aviy), + voviy) dt da
Q Q

—// Cbi15°0%e** Pvyuy dt dx (2.15)
Q

Jr// ¢s30%e*Pyg, dt da.
Q
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Integrating by parts and using the second equation of (2.4), we obtain
/ ¢s30%e*5 %0,y (aviy), dtdx = —/ Cas®02e* vy ,vg, dt dx
Q Q
+ // s°0%a (Ce** ) V1V, dt dz (2.16)
0 x
+ // $303 (a (CeQSq))I)I Vv dt dx
Q

and

/ <539362S(I>’02U1t dt dx
Q

- // Cas303e* vy 40, dt da — // <b128303€28q>1)% dt dx
Q Q

- // as’63 (CeQSé)x V1V, dt dx — / Cbaas®03e® v vy dt dx
Q Q

7/ ¢s3 (93625(?)751)11)2 dtdx+/ ¢s303e* v, gy dt da.
Q Q

(2.17)

Combining the identities (2.15)-(2.17)), it follows that

// Cb213393628¢’v§ dtdz
Q
11 I2
= — 2// Cas303e®* vy vop dt dz — // Cb125393625‘1’v% dt dx
Q Q
I

// 303 (Ce®®),), = C(bi1 + ba2)s 07> ® — ¢s* (0°e*?), )Wl dt dz

// (s30%e 25@11192 dtda:—l—// (s30%e QSq)vggl dtdzx.
(2.18)

Now, we estimate the integrals I, I, I3, I, and I5. Applying the Young’s inequality,
one has

|I;| = |2/ Cas?03e?* Py vy, dt dx|
Q

= |2// (31/291/2a1/zewv21> (S%Q%Cal/zes(m_“’)le) dtd:r‘
Q

1
< 5// sOae**?v3, dt dr + — // 5°0°C%ae® 2292 dt du
Q €JJa

for every € > 0.

(2.19)
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The term J should be estimated by an integral of v?. For this, we multiply the
first equation in (2.4) by s°6°¢2e?*(?®=%)y; and we integrate by parts to obtain

J1
1
J=— 5// 55(2(95625(2¢_“"))tv% dt dx
Q
J2 JS
1
_’_7// s°6° (a(@e%(m_“’))r) v3 dtdm—// 211 5°0°>* 2292 dt du
2/ o e Q
J4 J5

- // C2b213595e25(2®*@v1v2 dtdx—i—// C2$595625(2¢*¢)glv1 dtdx .
Q Q

. (2.20)
Since |#] < C#? and supp ¢ € w, we obtain

|[Ji| < C’//Q sT07e2 2292 drdx, ke {1,2,3}.

Moreover, using the Young’s inequality, the boundedness of a/z? in w and again
the fact that supp { € w, the term J, can be estimated in the following way

2 1/2
|Ja| = ‘// <s3/203/2(£)1/2ewvg) (S%O%bm@ (%) 65(4(?7390)1)1) dt dx’
Q a X
2
< g2 // 53932625“’7)% dtdx + C. // 8707628(4(?‘73('0)1)% dtdzx.
Q a w
Similarly,
[J5| < C// 8393623(24)_(’0)9% dt dx + C// 5797623(24’_5”)0% dt dz.
QW w

On the other hand, thanks to Lemma [2.2] one can check that
20 — p < 4 — 3p. (2.21)

Hence,

2
|J| < €2 // 339396—625‘%% dt dx + C. // 570724230002 (gt dy;
Q a w

(2.22)
+ C’// $20%e25(22=9) g2 4t da.
Putting together inequalities (2.19) and (2.22)), we obtain
2
|| < 6// sae*Pvi, dt dr + 5// 539336—625“"03 dtdx
a
@ @ (2.23)

+C. // §TOTe2P=3)02 gt d + C // §20%e252®=9) g2 it .
In view of Lemma [2.2] we also have

uﬂgo// Qméﬂﬁdmxgc/y 39322 P32)2 4t da. (2.24)

w
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Proceeding as before, we obtain

|I5] < C’// s°0°e** v vy dt dz
Qu

, (2.25)
T
< 6// 8303;625“"115 dtdzx + C; // sT07e252P=) 2 4t da
Q w

and
2
|T5] < 5// 5393%625‘%3 dtdx + C. // $30%252®=9) g2 it . (2.26)
Q w

Finally, using once again the Young’s inequality and Lemma [2.2] it follows that

|14 < C// s303e* %02 dt dx + C// s303e5* g2 dt dx
Qu w

< C// §303e25(42=30)02 0t do + C’// s203e2® g2 dt du.

Combining the estimates (2.18)), (2.23)-(2.27)) together with (2.12)) and (2.21f), we

obtain

bo // s303e* %02 dt dx

S// (b1 5°03e25% 032 dt dx
Q

2
< 36(// sfae**?v3, dt dr + // 83932625%5 dt dx)
Q Q a
+C. // s77e2 (4239002 dt da + C. // 520%e25 22 =) (g2 1 ¢2) dt dx.

Hence, using the Carleman estimate (2.11) together with the previous inequality
with ¢ = g—g, where C' is the positive constant in (2.11)), we readily deduce the
desired result. O

(2.27)

Next, using , we are going to establish a new Carleman inequality with a
modified weight time function that blows up only as ¢ — T". This will give the null
controllability result for system imposing a decaying condition on the kernels
hi and hg only at ¢t = T'. Thus, as in [12], we introduce the weight function

eZy=(2)°, forteo, L),
o) = {9(1&), for t € [Z,T],

and the associated weight functions

B(t,2) = BY(), Bt,x) == BH)U(a), 025)
0=4d - 3p, 71 =20 — .
In what follows we will use the notation
</Is(t) = max P(t, ), @) := max ¢(t,x) =v(d" — d)B(¢),
z€[0,1] z€[0,1] (2'29)

*(t) := min @(t,z) = —~vdB(t), ®*(t):= min B(t,z).
©*(t) Jen[ér,ﬁ]‘p(’m) Ydp(t), (t) i, (t,x)

Using Lemma [2.2] one can easily check that the next inequalities hold.
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Lemma 2.5. (~1) %El;(t) < p*(t) and P(t) < ®*(t), for allt € (0,T);
(2) §2<p<®inQ;
(B) p<®<5,<5<0,inQ.

Now, we are ready to state our main modified Carleman inequality.

Lemma 2.6. Assume that the conditions of Theorem hold and let T™ € (%, 7).
Then, there exist two positive constants C and so such that every solution (v, ve) €

Zr of system (2.4) satisfies

1
e2ss3(0)/( ()+v2 dx—i—// v1 +v2 )e25% dt dx
0

< CeslP0)=¢"(T7) // s303 (g3 + g3)e**7* dt dx (2.30)
Q
+// 570 vie*s 7 dt da:),
Proof. Let us first prove that

T 1 i
/z /0 (v 4 v3)e*? dt dx
2
< C(// $303 (g2 + g3)e**7 dt dx + // sT07vie? 7 dt dx),
Q w

for some positive constant C.

for all s > sg.

(2.31)

Using the monotonicity of ﬁi) and the Hardy-Poincaré inequality given in [2
Proposition 2.1], we have

1 1 La(x) 1
2 2sp < sp\2 < sp\2 . .
/0 vie*?dr < o) /0 7 (v1e°?)*dx < C/o a(x) (v e®?); d (2.32)

Since (¢, z) = v0(t) -~

we have
a(z)’

1 22
02?5 dx < C'/ a(z)v? + 5292 v2) e du. 2.33
/0 1 — 0 ( ( 1z a(x) 1) ( )

Proceeding in a similar way, one can easily obtain

1 2
(a(x) (v, +v3,) +s%6° L

a(x)
Therefore, observing that ¢ = ¢ in [%,T ] and applying the Carleman inequality

(2.13), we obtain

T 1 i
/ / (v? 4 v3)e?? dt dx
T Jo
T 1
= / / (vi 4 v3)e*? dt dx
£ Jo

T /1 2
< 0 2 2 303 € 2 2)) 025% gt d
= /7; /(; (S a(x)(fle + UZI) +s a(z) (7}1 + U2>)€ €

1
/ (v +v3)e* P de < C

(v + ’U%)) % dx. (2.34)
0 0
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<c /y‘3¢gh+g 2“1ﬁdx+/y‘ @Qqéwdu&)

which gives (2.31)).
On the other hand, let £ € C°°([0,T]) be a cut-off function such that
1, forte[0,T/2],

2.35
0, forte[T*T], (2:35)

0<£<1,£U%={

and define w; = vy, i = 1,2, where £ = £e°?(0) and (v1,v2) satisfies the adjoint
system ([2.4). Thus, (w1, ws) solves
—wiy — (a(2)wig)s + briwy + barws = —E'v1 + &g, (t,7) € Q,
—war — (a(2)w2z)s + biawy + boows = —E'va + &g, (t,2) € Q,
wy(t, 1) =wa(t,1) =0, te(0,T),

(2.36)
w1<t, 0) = wg(t, O) = O, (WD), te (0 T)
(aw15)(t,0) = (awey)(t,0) =0, (SD), T
wi(T,x) =we(T,z) =0, =€ (0,1).
Thanks to the energy estimate (2.2)), one has
(lw1(0)122(0,1) + lw2(0)[Z2(0.1)) + (hw1l72q) + lwzlZz(q))
<C [[ ((-€v+E) + (~Eva+ o)) dtda,
Q
which yields
¢?+?(©) (”Ul(O)H%Z(o,l) + o2 (0)lZ20,1) + 6011172() + ”51)2”%2((2))
<c/ / 2(02 1 02) + (€)2(6% + 2)) 2O dt do
(2.37)
= Ce??) / / 2(v? +02)dt dx

+ Ce?s?0) / / (g2 + g3) dt da.

Using that ¢/(t) = 0 in [0, Z], £(t) = 0 in [T, T] and ¢ < $(0), one has

T
. 2 ~
7O (Jor Ol + 020 F0) + / | @it e

< 20 (IO + 20l on) + [ €07 1) drat

T 1
< C’( /T / (02 + v2)e**?O) dt da + / / (g2 + g2)e*?0) dt d:c) (2.38)

< Ce2s[P(0) =™ (T7)] / /v1+v2 e?? dt dx

+/ /(g%+g§)e28¢dtdx),
0 0
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since *(T*) < @ in (0,T%) x (0, 1).

By (2.31), we have

*
/ /(Uf—l—vg)e%‘;’dtdaz
Z Jo
T 1 i
§/ /(v%—i—v%)ezs“’dtdm
Z Jo
< C(// s303 (g3 + g3 )e* dtdm—i—// sT9Tvie?s dtdm).
Q w

Plugging the above inequality in , we obtain
(0 (Hv1<0)lliz o+ 1O un) + [ [0 2y v

< Ce PO @I // L6363 + 3> di i + // SO} dtdr (2.39)

+/ /(g%+g§)ezs¢dtdx).
0 0

Using the definition of the modified weights, in particular the fact that ¢ < &7 in
Q, together with (2.31)) and (2.39), it follows that

1
257 (©) / (01(0) + v3(0)) dar + / / (vf +v3)e**? dt dx
0 Q

< Ces[PO) =™ (T7)] (// $30% (g2 + g3)e**7 dt dx (2.40)
Q

+ // (g3 + g3)e**or dt da + // sT0Tv2e?% dt dx).
Q Qu

Finally, observe that for ¢ > 0 and n > 0, the function  +— x™e™“* is non-increasing

for x sufficiently large. Thus, using the fact that 5(t) < 6(¢t), one has
(89)n6230 S (Sﬁ)nBQS&, (SG)”@QSUI S (85)n62s&1

for s large enough. This, together with (2.40]), gives the estimate (2.30). This
completes the proof of Lemma O

2.3. Null controllability result. In this subsection, as a consequence of Lemma
we will show the null controllability for the nonhomogeneous system with
more regular solution. This result will be the key tool in the proof of the null
controllability for the memory system . To this purpose, we introduce the
following weighted space where the controllability will be solved:

Eo:={(y1,12) € Zr | (sB) 2e "7 (y1,12) € L*(Q)?}

endowed with the associated norm

I, = [ (8770 0+ o e
Remark 2.7. If (y1,y2) belongs to Es, then (y1,y2) € C([0,T]; L*(0,1)?) and

// (sB)3e 2591 (32 4+ y2) dt dx < +oc.
Q
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Since &1 < 0, one has
y1(T,-) =y2(T,-) =0 in (0,1).
From the modified Carleman inequality, we can obtain the following null con-
trollability result for (1.3]).

Theorem 2.8. Assume that the conditions of Theorem hold. Let T > 0,
T* € (£,T) and suppose that e=*?(Fy, Fy) € L*(Q)? with s > so. Then, for any
(v9,y3) € H(0,1)2, there exists u € L*(Q) such that the associated solution (y1,yz)
of system belongs to Es.

Moreover, there exists a positive constant C' such that

//Q(sﬁ)_ge_zs‘}l(y%+y§)dtdm+//w(sﬁ “Tem29y2 dtda

< Cezs[ga(o%so*(T*)]( / / c~29(F2 4 F2) dt da (2.41)
Q

+ e 2O (g8 30,y + 981 20.)) )

Proof. Let us introduce the functional
J(y1, Y2, u // sB) e 3 (Y + y3) dtdx+// (s8) "e *7u? dtdr, (2.42)

where u € L?(Q) and (y1,2) satisfies the system
Y1 — (a(®)y12)s + b11y1 + b12y2 = F1 + Lyu,  (t,2) € Q,
Yar — (a(®)Y2z)z + ba1y1 + bazye = Fo,  (t,7) € Q,
yi(t,1) =y2(t, 1) =0, t€(0,7),

{yla, 0) = y2(t,0) = 0, (WD), (2.43)

(ayll’)(ta 0) = (ayQI)(tv 0) =0, (SD)a © (O’T)7
y1(0,2) = y?(l‘), y2(0,2) = yg(m), z € (0,1)
y1(T,x) = yo(T,x) =0, z€(0,1).

By standard arguments (see for instance [I7]), J attains its minimum at a unique

point (g1, Y2, @).
We are going to prove the existence of a dual variable zZ = (Z1, Z2) such that

(91,52) = (s8)°e*7 L (21, 22), I Q,
i=—1,(s8)"e**%%, inQ,
where L*Z = —Z; — (a(x)Zg)s + B*Z, with B = (b;j)1<;,j<2 such that
5(,1)=0 and {Z( =0 WD) 0,1, (2.44)
(az;)(-,0) =0, (SD)
Let us define the linear space
Xo = {w € C™(Q)* : w satisfies (2.44) }.

In addition, we set

Bz, w) = // (sB)3e*591 (L*z - L*w) dt dx + // (s8)7e*% zywy dtdx,  (2.45)
Q w
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for all z,w € X,, and

1
Lw) = // F- wdtdm—i—/ yo - w(0)dz, Ywe X,, (2.46)
Q 0

where F' = (Fy, F») and yo = (y9,%9) are the functions in ((1.3)).
Observe that the Carleman inequality (2.30) holds for all w € X,. Notably, we
have

1
258(0) / (w?(0) +w3(0)) da + / / (wi + w3)e**? dt dzx
0 Q

< CeQS[‘ﬁ(O)_“O*(T*)]ﬁ(w, w),
for all w € X,. _
Now, let us denote by X, the completion of X, with the norm Hw||)?a =
(B(w,w))'/2. Thus, X, is a Hilbert space with this norm.
Clearly, ( is a strictly positive, symmetric and continuous bilinear form in X,.
Moreover, in view of the above inequality, one can see that the linear form /¢ is
continuous in X,. Indeed, employing the Cauchy-Schwarz inequality, one has

1
[6(w)| = // (F-w) dtdz+/ Yo - w(0)dx
Q 0
~ * * ~ 2
< 0P —¢" (T )}((// ¢~25% (i2 +F22)dtdx)” (2.47)
Q

+ e PO (18 20.1) + 188l 220.1) ) Il g,

for all w € )A(:a. B
Hence, in view of Lax-Milgram’s Lemma, there exists one and only one z € X,
satisfying

Bz,w) = tw), Vwe X, (2.48)

Moreover,
—~ * * 5 1/2
lzlg, < CellPO@=—¢"(T )]((// 2% (2 +F22)dtdz>
o (2.49)
+ PO (g8 2o + 1lz20))-

Let us set

(J1,92) = (sB)*€* 7 L*(21,22) and = —1,(sB)"e* 7. (2.50)

Using these definitions together with (2.49)), it is not difficult to check that (1, 72)
and u satisfy

sB) 37259 (y2 4 42) dt dx + sB) " Te 252 dtdx
/6 3,-2 % % dtd ,6 7,—2 2d d
Q w
< Ce2s[¢(o>—<p*<T*>](// =29 (F2 1 F2) dt do (2.51)
Q

PO 0) + 1812 0.0)
which yields (2.41])).
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To complete the proof, it suffices to check that (1,72, u) satisfies the system
(2.43). First of all, notice that (1, %2) € Es and @ € L?(Q). Denote by (71, 72) the
(weak) solution of associated to the control function u = @. Then § = (91, J2)
is also the unique solution of defined by transposition. Therefore, g is the
unique function in L?(Q)? satisfying

1
//g]Gdtdxz// 1wﬁzldtdx+//F'zdtdx+/ yo - 2(0)dx,  (2.52)
Q@ Q Q 0

for all G = (G1,G2) € L*(Q)?, where z := (21, 22) solves
—z1t — (a(%)212)s + b1121 + b2122 = G1, (t,2) € Q,
—2ot — (a(%)222)z + b1221 + baozo = G2,  (t,z) € Q,
Zl(t, 1) = Zg(t, 1) =0, te (O,T),

z1(t,0) = 22(t,0) = 0, (WD),
{(azlx)(t, O) = (azQx)(t’ 0) — 0, (SD)’ t e (O,T),

21(T,x) = 2o(T,x) =0, xe€(0,1).

Now, using the expressions of (71, 72) and @ (see (2.50)) in (2.52)), we easily obtain

// y-Gdtdx
Q

1
:// lwazldtdx—k//Fwdtdx—i—/ yo - 2(0)dz, VG e L*Q)>%
Q Q 0

This together with (2.52)), implies that 4 = §. Thus, the control 4 € L?(w x (0,7T))
drives the state (g1, 72) € Fs to zero at time 7. [l

3. NULL CONTROLLABILITY FOR THE INTEGRO-DIFFERENTIAL SYSTEM

In this section, we establish our main null controllability result for the integro-

differential system (|1.1]).
At first, we recall that proceeding as in [I4], thanks to a fixed point argument

and invoking Proposition [2.1] one can show that the following well-posedness result
holds.

Proposition 3.1. Assume that (y?,y3) € L?(0,1)? and u € L?(Q). Then system
(1.1) admits a unique solution (y1,y2) € Wr.

Before presenting our main result, in what follows we start by proving some
technical results.

Lemma 3.2. Let ¢ be the function in (2.28]). Then
__yd
(T/HNT —t)*
where v and d are the constants in (2.5)).

—@(t,z) < Y (t,z) € Q, (3.1)

Proof. By the definition of ¢, we see that
—o(t,z) < ~dB(t), V(t,x) € Q. (3.2)
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We next observe that, when ¢ € (0, Z), we have
i < 1
T4 — (T — )V
which yields \ ,
B(t) = (%) < (%) ﬁ vt e (0, g).
On the other hand,

B(1) < (;)4M Vie (%,T).

This together with ([3.3)) gives

B(t) < (;>4(Tit)4’ vte (0,7).

Then, putting (3.4]) in (3.2)), we finally deduce (3.1)).
Lemma 3.3. Let T* = (1 +¢)T/2. Assume that d > 5d* and

c€ (0’\/1_ \ g(d—dd*))'

25(0) — 20*(T*) < 0.

Then

[\]

Proof. From the definitions of @ and ¢*, one has

23(0) ~ 26°(1") = 2(d" — d)B(0) + 20dB(T")

2
2\8715 2d
=~(2) |2 —d 7]
7(T) {2( )+ (1—e2)d
dy 28 (d—d*) 4
=5 (7)) [ )
On the other hand, using the fact that d > 5d*, we immediately have

5(d—d)

Hence, taking € € (O7 1- ¢

(SN

(#))7 it results

2 _, 44, d
e <1 5(d—d*)

2va 4
(1—-¢%) >g(d—d*)'

and, in particular,

This is equivalent to
5(d — d*) 4
— <0
a2y

and, by (3.6]), the claim follows.

Next, we make the following assumption on the kernels h; and hs.

15

(3.4)
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Hypothesis 3.4. Assume that a is (WD) or (SD) and hy, hs satisfy
T hy € LX((0,T) x Q), k=1,2, (3.7)
with cg 1= vd (%)4. Fix s > sg such that
20e5(38(0)=207(T7)) 1, (3.8)
where C' and sg are the constants in and Theorem respectively.

Thanks to the previous hypothesis, we are able to prove the main result of this
paper.

Theorem 3.5. Assume the conditions of Theorem[2.4] and Hypothesis[3.4 Then
for any (y9,49) € H1(0,1)2, there exists a control function u € L*(Q) such that the

associated solution (y1,y2) € Zr of (1.1) satisfies

The proof of this theorem is based on the following generalized version of Kaku-
tani’s fixed point Theorem, due to Glicksberg [13].

Theorem 3.6. Let B be a non-empty convex, compact subset of a locally convex
topological vector space X. If A : B — B is a convez set-valued mapping with closed
graph and A(B) is closed, then A has a fixed point.

Proof of Theorem[3.5. To prove the desired result, we begin by showing the null
controllability for the system
t
Y1t — (a(T)y12)e + b1y + br2ye = / hy(t,r, 2)wy(r,z) dr + 1,u, (t,z) € Q,
0

t
Yot — (a(x)y2m)z + b21y1 + b22y2 = / hQ(taTa x)’(Ug(T,IC) d?", (t,l‘) € Qv
0
y1(t, 1) =ya(t,1) =0, te(0,7),

{y1 (£,0) = y(t,0) = 0, (WD),
(a’ylx)(ta O) = (any)(tv O) = 07 (SD)a

yl(O,x) = y[l)(x)v yQ(O’I) = yg(:p), (S (07 1)7

te(0,7),

(3.10)
for each (w1, ws) € Es = {(w1,w2) € E, : [|(sB) %/ %771 (w1, w) || p2(q) < M},
where M and s are two arbitrary positive constants to be fixed later. More precisely,
as a first step we prove that this system is null controllable under Hypothesis
As consequence, we obtain the null controllability result for the original memory
system through a fixed point technique.
Notice that Fs js is a non empty, bounded, closed, and convex subset of L?(Q)2.
Now, let (w1, ws2) € Es p- By 7 we obtain

//Q e /Ot hi(t, . @) (1. @) dr ) *dt de

t
< T// / e PR (t, v, x)wi(r, x) dr dt dx
QJo
(by (1))
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2s
< T// / e(T/4>4<T ot hi(t,r, x)wi(r,x) drdtde, k=1,2.

Next, using the condition (3.7), it follows that

st 2
// 6_2‘“"(/ hi(t, 7, 2)wg(r, x) dr) dtde < CT // w? dt da, (3.11)
Q 0 Q

for k = 1,2 and some positive constant C.
Applying Holder’s inequality and using that SUP (4 1)e0 ((sﬁ(t))?’e%&l(t’“)) < 400
and (w1, ws) € Es p, we deduce that

t 2
// _23“’ / ha(t,r, x)w (r, x) dr + (/ h2(t,r,x)w2(r,x)dr) )dtdm
0

< CT sup ((sﬁ(t))geQSal t’“" // (sB) e 2% (w? + w3) dt dx
(t2)eQ Q

< CTM? < +o0.

Therefore, setting Fy, := fg hi(t,r, z)wi(r,x)dr, k = 1,2, we have e *?(Fy, Fy) €
L?(Q)?. Tt follows from Theorem that the system is null controllable,
that is, for any (y?,99) € H2(0,1)? and (w1, ws) € Es u, there exists a control
function u € L?(Q) such that the solution of fulfills y1 (7, -) = y2(T,-) =0 in
(0,1). Furthermore, in this case, the control u satisfies the estimate

Jf et e 12

< Ce2sB0) =" (T7)] (M2 n 6_2‘9$(0)(||2U?||2L2(o,1) + Hyg”%?(o,l)))-

In the following, we extend this controllability result to the memory system ([1.1)).
First, we introduce the mapping A : E; py — 2% defined by

Alwr,wse) = {(yl,yg) € Es : (y1,y2) is a solution of (3.10), such that

y1(T,-) = y2(T,-) = 0, for a control u € L*(Q) satisfying (3.12) }

Here, X = L?(Q)? and B = E; .

Clearly, A(wi,ws) is a convex set of L?(Q)?. Moreover, thanks to the null
controllability of the system (3.10), A(ws,ws) is non empty. Let us now prove that
A is compact and has closed graph. This will be done in the next few steps.

o A(E; a) C Eg p for asufficiently large M. Indeed, using the inequality ,
condition and proceeding as in , we obtain

/ / (s8) Se 7 ot + ) deda+ [ [ )T

2
< Ce*P0)—e™ (1" )] // _284’ /h1(t,r,x)w1(r,x)dr) dtdx

+ // _2890(/ ha(t, v, 2)ws(r, x) d’") dtde + e PO (7 720,
Q

0

+ 1881132 0.1)))
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< PO TN [ wf ud)dtdo+ e FO U ) + 181 0)
Q
< Ce%[é(o)_“’*(T*)]( sup ((sﬁ(t))?’eQS&l(t»w)) // (sB)3e™2591 (w? + wi) dt dx
(t,x)eQ Q
e 22O (g 20,1y + 1981320,0)) )

Using that sup(t,x)ea(sﬁ(t))%s‘}l(t’x) < +o00 and Lemma it is not difficult to
show that R
sup e391(17) < os(22(0)=¢"(0) < £3¢7(0) < £3%(0), (3.13)
(t,x)eQ
The above estimate together with the fact that (wy,ws) € Eg pr implies that

// sB) 2" (yf +u3) dtdx+// (s8)~"e?7u® dtdx

< C M2e5138(0) =207 (T7)] 4 Qe 250" (T )(Hy1”L2(0,1) + ||Z/S||2L2(o,1))-
On the other hand, from (3.5) and (3.8)), we obtain

55 - 1
s[33(0)=2¢™(T™)] « 14
Ce®l2 <35 (3.14)
Hence, for M sufficiently large, we deduce that
// sB) Be 2501 (g2 +y§)dtdz+// (sB) " Te %% dtdx
(3.15)
< 7 +C€72w(0 (||y1HL2(01 + ||'£12||L2 0 1)) < M?,
which yields
// (sB8)3e 291 (32 4+ y2) dt do < M>. (3.16)
Q

Thus, A maps E; s into itself, i.e., A(Fs pr) C Es .

o A(wy,ws) is a closed subset of L*(Q)?. Let (w1, ws) fixed and (y},y%) €
A(wy,wsy) such that (y7,y5) — (y1,y2). Let us show that (y1,y2) € A(wy,wy,). In
fact, by definition we have that (y}, y%) is, together with a control function u,, the
solution of the system

t
y?t - (a(x)yfw)w + blly? + b12yg = / hl(t>r>$>w1<rv .7;) dr + Lotp, (t,l‘) € Qa
0

t
ygt - (a’('r)ygx)z + b21y? + bQng = / h?(tv T, I)’wg(?", SC) dT’, (t? 1') S Qa
0
y?(tal) :yg(tﬂl) =0, te (07T>7

{y P(t,0) = y3(t,0) =0, (WD),
)(t,

(ayt,)(t,0) = (ays,)(t,0) = 0, (SD),

y{‘(O,x) = y?(x)v yS(O,x) = yg(m), YS (Oa 1);

te(0,7),

(3.17)
with

// (sﬂ)*ge*%&l(yf+y§)dtd:z:+// (sB) Te 20w dide < M. (3.18)
Q w
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Furthermore, in view of Proposition the solution (y7,y%) is bounded in Zrp.
Thus, thanks to the Aubin-Lions Theorem, this implies that A(Es ar) is relatively
compact in L?(Q)2.

Hence, by Proposition and , we infer that, on a subsequence (denoted
by the same index n) we have the convergences:

1,u, = 1,u  weakly in LQ(Q),
(y1'>y3) = (y1,y2) weakly in Zrp,
(' 95) — (y1,y2) strongly in C(0,T5L*(0,1)?).
By passing to the limit in (3.17)), it follows that (y1, y=2) is a controlled solution of
(3.10]) associated to the control u. Consequently, (y1,y2) € A(wy, wz) and A(Es ar)
is closed and compact of L?(Q)2.

e A(wy,wy) has closed graph in L?(Q)?. We need to prove that if (w},w%) —
(w1, w2) and (y1',y3) — (y1,y2) with (47, ¥5) € A(wr, w2), then (y1,y2) € A(wr, w2).
Using the last two steps, one can easily prove that (y1,y2) € A(wy, ws). Therefore,
we can apply the fixed point theorem (see Theorem in the L?(Q)? topology
for the mapping A to conclude that there is at least one (y1,y2) € Es ar such that
(y1,y2) € A(wy,ws). This completes the proof. O

As a consequence of Theorem [3.5| and arguing as in scalar case (see [4]), one can
show the following result.

Theorem 3.7. Assume the conditions of Theorem[2.]] and Hypothesis[3.]} Then
for any (v9,48) € L?(0,1)2, there exists a control function u € L?(Q) such that the
associated solution (y1,y2) € Wr of (1.1)) satisfies

y1(T,-) = yoT,-) =0 in (0,1).

4. CONCLUDING REMARKS

We are interested in proving that assumption (3.7) on the decay in time of
the kernels hy and ho as t approaches T~ can be substituted by the following
assumption:

Hypothesis 4.1. Assume that a is (WD) or (SD) and suppose that there exists
to € (0,T) such that

supp hi(t, -, x) € (to,T), k=1,2, V(tz)€Q. (4.1)

Observe that in this case we do not require condition (3.8). Then the following
null controllability result holds.

Theorem 4.2. Assume Hypothesis . Then for any (y9,v9) € L%(0,1)2, there
exists a control function u € L?(Q) such that the associated solution (y1,y2) € Wr

of satisfies
yi(T,)) =92(T,-) =0 in (0,1).
Moreover,
llullz2(q) < CuollyollL2(0,1)2;

for some positive constant Cy, depending on ty.
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Proof. Consider the controlled parabolic system
Wie — (a(z)wlz)z + b11w1 + b12w2 = 10_)1)7 (t,l‘) € (O,to) X (0, 1),
Wot — (CL(.’E)’LUQZ)I + b21w1 + b22’LU2 = 0, (t,.’E) € (O,to) X (07 ].),
wl(t, 1) = ’wg(t7 1) =0, te (07t0),
(4.2)
wi (¢,0) = wa(t,0) =0, (WD),
€ (0,%o),
(a‘wlﬂ?)(t70) = (aw?w)(ta 0) = 07 (SD)a
w1(07x) :y?($)7 wQ(va) :yg(l'), T e (051)7

where (y9,39) is the initial condition in (T.1]).

Thanks to [I, Theorem 4.2] (see also [I0, Theorem 3.10]), there exists v €
L?((0,t0) % (0,1)) such that the associated solution (w1, wz) € L? (0,to; H2(0,1)*)N
C ([0,t0]; L*(0,1)?) satisfies

wl(tm ) == wg(to, ) =0 in (0, 1).
Moreover, there exists a positive constant Cy, depending on ¢y such that
[ollz2((0,t0)x (0,1)) < Chollyoll 20,12 (4.3)
Now, we consider the uncontrolled integro-differential system
21t — (a(z)210)x + b1121 + b1222

/ hi(t,r,x)z1(r,x)dr, (t,x) € (to,T) x (0,1),
22t

- (a(x)ZZr)x + b21zl + b2222

:/ ho(t,r,x)za(r,x)dr, (t,x) € (to,T) x (0,1), (4.4)

to
Zl(t, 1) = Zg(t, 1) =0, te (to,T),

{zl(t,o) = 2(t,0) = 0, (WD),
(az12)(t,0) = (az2:)(t,0) =0, (SD),
z1(to, x) = wi(to,x) =0, 29(tg,x) = wa(tg,z) =0, x€(0,1).

Using Proposition we infer that (21, 22) = (0,0) is the unique solution of (4.4)).
Finally, we set

(w1, ws), in [0,%], v, in [0, o],
5 = d =
(yl y2) {(21,22), il’l [to,T] an b 0, iH [tQ,T].

te (t07T),

Note that, according to Hypothesis and the previous definition, one has

/ hi(t, r, )y, (r, ) dr = / hi(t,r, )z, (r,x) dr = 0, (4.5)
0

to
for k=1,2, and t € (to,T).
We can readily show that (yi,y2) € L? (0,73 HZ(0,1)?) N C ([0, T7; L%(0,1)?)
solves the system (|L.1)) associated to u and is such that
yi(T,-) =y2(T,-) =0 in (0,1).
Furthermore, using (4.3)), we have that u satisfies the estimate

lullz2@) = IVl L2((0,t0) % (0,1)) < CtollyollL2(0,1)2-
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This completes the proof. ([

Observe that with this technique we obtain also an estimate on the control
function through the norm of the initial data and thus we can estimate the cost for
controlling the solution of the system to zero.
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