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GROWTH PROPERTIES OF SOLUTIONS OF COMPLEX
DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENTS
OF FINITE (o, 3,7)-ORDER

BENHARRAT BELAIDI, TANMAY BISWAS

ABSTRACT. In this article, we investigate the complex higher order linear dif-
ferential equations in which the coefficients are entire functions of («, 8,7)-
order and obtain some results which improve and generalize some previous
results of Tu et al. [29] as well as Belaidi [} 2] [3].

1. INTRODUCTION

Throughout this article, we assume that the reader is familiar with the fundamen-
tal results and the standard notations of the Nevanlinna value distribution theory
of entire and meromorphic functions and the theory of complex linear differential
equations which are available in [12], 21], [34] and therefore we do not explain those
in details. To study the generalized growth properties of entire and meromorphic
functions, the concepts of different growth indicators such as the iterated p-order
(see [20, 26] ), the (p,q)-th order (see [I7T, [18]), (p,q)-¢ order (see [27]) etc. are
very useful and during the past decades, several authors made close investigations
on the generalized growth properties of entire and meromorphic functions related
to the above growth indicators in some different directions. The theory of complex
linear equations has been developed since 1960s. Many authors have investigated
the complex linear differential equations

FP(2) + Apa(2) fED (=) 4+ Ao(2) f(2) = 0, (L.1)
PP @)+ Apma () E 7D (@) 4+ Ao(2)f () = F(2) (1.2)
and achieved many valuable results when the coefficients Ag(2),..., Ax—1(2), F(2)

(k>2)in or are entire functions of finite order or finite iterated p-order
or (p,q)-th order or (p, q)-¢ order; see [ 21 3, [7, &, 10, 15], 21] 22| 23] 24| 26] 27
29], 30, 31, 33].

In [9], Chyzhykov and Semochko showed that both definitions of iterated p-
order and the (p, ¢)-th order have the disadvantage that they do not cover arbitrary
growth (see [9, Example 1.4]). They used more general scale, called the p-order (see
[9]). In recent times, the concept of ¢-order is used to study the growth of solutions
of complex differential equations which extend and improve many previous results
(see [4, 5, [, 19]).
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In [25], Mulyava et al. have used the concept of («, 8)-order or generalized order
of an entire function in order to investigate the properties of solutions of a hetero-
geneous differential equation of the second order and obtained several interesting
results. For details about («, 8)-order one may see [25] 2§].

In this paper, we investigate the complex higher order linear differential equations
in which the coefficients are entire functions of («, 3, v)-order and obtain some
results which improve and generalize some previous results of Tu et al. [29] as well
as Belaidi [T}, 2, [3].

2. DEFINITIONS AND NOTATION

First of all, let L be a class of continuous non-negative on (—oo, +00) function
a such that a(x) = a(xg) > 0 for < z¢ and a(z) T +o00 as zg <  — +oo. We
say that a € Ly, if « € L and a(a+b) < a(a) + «(b) + ¢ for all a,b > Ry and fixed
¢ € (0,400). Further we say that « € Lo, if &« € L and a(x+0(1)) = (140(1))a(x)
as x — +o00. Finally, a € L3, if « € L and a(a +b) < a(a) + a(b) for all a,b > Ry,
i.e., a is subadditive. Clearly L3 C L.

Particularly, when o € Ls, then one can easily verify that a(mr) < ma(r),
m > 2 is an integer. Up to a normalization, subadditivity is implied by concavity.
Indeed, if a(r) is concave on [0, 4+00) and satisfies «(0) > 0, then for ¢ € [0, 1],

altz) =a(tz+ (1 —1t)-0) > ta(z) + (1 —t)a(0) > ta(z),

so that by choosing t = -4 or ¢t =

- we obtain

b
a+b?

b
ala+0b) = %_}_ba(a +b)+ moz(a +0b)

a(aib(a+b)) +a(aib(“+b)>

ala) + a(b), a,b>0.

IN

As a non-decreasing, subadditive and unbounded function, «(r) satisfies
a(r) < alr+ Rp) < a(r) + a(Rp)

for any Ry > 0. This yields that a(r) ~ a(r + Rgy) as r — +o0.

Now we add two conditions on «, 5 and v: (i) Always a € Ly, § € Ly and v € Lg;
and (i) a(log” z) = o(B(log~(z))), p > 2, allogz) = o(a(z)) and a~'(kz) =
o(a™Y(z)) (k< 1) as z — +oo0.

Throughout this paper, we assume that «, 8 and ~ always satisfy the above two
conditions unless otherwise specifically stated.

Heittokangas et al. [I6] introduced a new concept of p-order of entire and mero-
morphic function considering ¢ as subadditive function. For details one may see
[16]. Extending this notion, recently Belaidi and Biswas [6] introduce the definition
of the (a, 3,7)-order of a meromorphic function in the following way:

Definition 2.1 ([6]). The (o, 3,7)-order denoted by o(q 3, [f] of an entire function
f(2) is defined by

L a(log[Q] M(T, f))
O lf] = lmsup =g 1o
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By the inequality T'(r, f) <log* M(r, f) < BX2T(R, f) (0 < r < R) [12] for an
entire function f(z), one can easily verify that [0]

o allosT6 ) L aflog® M(r, )
7ol = I TR0 ()~ I Blog ()
Proposition 2.2 ([6]). If f(z) is an entire function, then

_ i a(log® T(r, f) _ a(log™® M(r, f))
ot s =N  Sogat) I Blloga()

r— 400
Similar to Definition one can define the (a, 3,7)-exponent convergence of
the zero-sequence of a meromorphic the following way:

Definition 2.3 ([6]). The («, 8,7)-exponent convergence of the zero-sequence de-
noted by A(a,g,4)[f] of a meromorphic function f(z) is defined by

: a(logn(r,1/f))
A f] =limsup —————-=.
(a’ﬁ”y)[ ] r—toc  Blog(r))
Analogousjy, the («, B, v)-exponent convergence of the distinct zero-sequence de-
noted by A(q,g,4)[f] of f(z) is defined by

< . a(logn(r, 1/f))
Aa f] = limsup ——————-—.
( ’B”Y)[ ] r—too  Blogy(r))
Accordingly, the values

o a(log® n(r,1/1))
Mt s/l = I =5as o6y

r—+00
f - allog® n(r, 1/1))
Aol f] = limsup
( (03)7,37’7)[ ] o B(log~(r))
are respectively called as (a(log), 8,7)-exponent convergence of the zero-sequence
and (a(log), B8,7v) -exponent convergence of the distinct zero-sequence of a mero-
morphic function f(z).
“+o0

The linear measure of a set £/ C [0,+00) is defined as m(E) = [, xg(t)dt.

The logarithmic measure of a set E C [1,4+00) is defined by Im(E) = 1+oo XEt(t) dt,
where xg(t) is the characteristic function of E. The upper and lower densities of
FE are

- EN|0 EN|0
densE = limsup u, densF = liminf M
r—-+o0 r r—+o0 r

Proposition 2.4 ([6]). If f(z) is a meromorphic function, then

imsup U082 1) o elos N(r 1/ f))
Moo= 0030 505t~ 3 T Blog ()
and (log 7(r. 1/)) (log N(r. 1/£)
— L a(logn(r,1 s a(log N(r, 1
Aepf] = fim sup "~ Blogy(r)) imsup - Bllogy(r))

Proposition 2.5 ([6]). If f(z) is a meromorphic function, then

L a(log® n(r,1/f)) .. a(log? N(r,1/1))
Atation s lf] = Imsup == 3y = Imsup == e ()

r—400
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and

3 i, @0g® a0 1/) L Ca(los® N(r 1/£)
Mo 2/} =B o)) WRIR T Bllogn ()

Proposition 2.6 ([6]). Let fi(z), f2(z) be non-constant meromorphic functions
With 0 (4 (l0g),8,y) [f1] and 0(a(10g),8,7) [ f2] as their (a(log), B,v)-order. Then

(1) o(atiog).s,y) 1 £ fo] < max{o(aog),8.1)[f1]; T(atiog).s,y) [ f2]}5
(il) o(aqog),8.m[f2 - f2] < max{o(aqog),8.7) [f1]; O(atog).8.) [f2]}:
(111) If O (a(log),B,7) [fl} 7& O (a(log),B,7) [f2]7 then

T (a(log),8,7 [f1 £ fo] = max{o(a(og),8,1)[f1]; F(atiog),8,1) [ f2]};
(iv) If 0(a(iog),8.v) [f1] # T(atiog),p,y) [ f2], then
T (a(log),8,7) [f2 - f2] = max{o(aog),8.7)[f1]; F(atiog),8,7)[f2]}-

3. MAIN RESULTS

In this section we present our main results which considerably extend the results
by Tu et al. [29] as well as those by Belaidi [I, 2] 3].

Theorem 3.1. Let Ag(z), A1(2),..., Akx—1(2) be entire functions with Ag(z) £ 0
such that for real constants a, b, p, 01, 02 with 0 < b < a,u >0, 01 < O, we have

[A0(2)| > exp{aexp(a™ (uB(log(|2]))))} (3.1)

and
|4 (2)] < exp{bexp(a (uBlog(|21))}, G=1,... k=1, (32)
as z — 0o with 01 < argz < 0y. Then o (a(10g),8,7)f] = 1 holds for all non-trivial

solutions of (L.1).

Theorem 3.2. Let H be a set of complex numbers satisfying dens{|z| : z € H} > 0,
and let Ao(z2), A1(2),..., Ax—1(2) be entire functions and satisfy and (3.2) as
z = 00 for z € H, where 0 < b < a,u > 0. Then every solution f(z) Z 0 of (1.1
satisfies 0 (a(10g),8,7)f] = K-

Theorem 3.3. Let H be a set of compler numbers satisfying dens{|z| : z €
H} > 0, and let Ap(z), A1(2),...,Ax—1(2) be entire functions of («, 3,7)-order
with max{o (a5, [A45] : j = 1,...,k =1} < 0(a,8,9)[A0] = 0 < +00 such that for
some constants 0 < b < a and for any given € > 0, we have

[ Ao(2)] > exp{aexp(a™ ((o — €)B(logv(|2]))} (3-3)

and

|4;(2)] < exp{bexp(a™((o —e)Blog(]2)}, G=1,.... k=1, (3.4)
as z — oo for z € H. Then every solution f(z) #Z 0 of satisfies 0 (a(10g),8,7) [f] =
O(a,8,y)[A0] = 0.
Theorem 3.4. Let H, Ayg(z), A1(2), ..., Ap—1(2) satisfy the hypotheses of Theorem
and let F(z) # 0 be an entire function of («, 3,7)-order.

(1) If 0(aog),8,9) [F] < 0(a,8,7)[A0], then every solution f(z) of (L.2)) satisfies

Aaion) 8 ] = Matiog) 8. [f] = 0aton) sy f] = o, with at most one
exceptional solution fo(z) satisfying o(a(og),s,) fo] < 0.

(i) If 0(a,8,7)[A0] < agog),syF] < +00, then every solution f(z) of (1.2)
satisfies O(a(iog),6.7) ] = Tatiog), 6.7 [F]-
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4. SOME LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 4.1 ([11]). Let f(z) be a nontrivial entire function, and let £ > 1 and
e > 0 be given constants. Then there exist a constant ¢ > 0 and a set £y C [0, 4+00)
having finite linear measure such that for all z satisfying |z| = r ¢ E1, we have

f(k)
)

Lemma 4.2 ([13, 14, 211 B2]). Let f(z) be a transcendental entire function, and
let z be a point with |z| =1 at which |f(2)] = M(r, f). Then, for all |z| outside a
set By of v of finite logarithmic measure, we have

196 _ ()
f(2) z
where v(r, f) is the central index of f(z).

‘ < c[T(rr, f)rlog T(xr, )] (k€ N). (4.1)

) (@ toL) (keN r¢ By (4.2)

Lemma 4.3 ([6]). Let f(z) be an entire function satisfying o(a(og),8,)[f] = o1,
and let v(r, f) be the central index of f(z ) Then

: a(log® v(r, f))

limsup ——>———"22 = 7.

r—+too  B(logy(r)) '
Lemma 4.4. Let f(z) be a transcendental entire function. Then o(q(og),5,y)[f] =
9 (a(tog) . [F]-
Proof. By Cauchy’s integral formula, we have

1 f(©)
/
= — d
£1(6) = 5 f e

r

where I'={C:[( —2|=R—7}, |2|]=r < R. Set ( —z= (R—7r)e? (0<0<2m),
d¢ = (R —r)ie?df. Since max{|f(¢)|: ¢ € '} < M(R, f), then we obtain

M) =17 G < 5 [ L (R as < MDD,

Setting R = r + 1, it follows that
M(r, f') < M(r+1, f).
Since y(r + Rg) ~ v(r) as r — +o0, it follows that

/ . log® M f
T (a(log).8.y[['] = limsup X ;g(log 7((:))f :

r—+400

. a(log® M(r+1,f)) Bllogy(r+1))
< limsup ( Bllogy(r+1)  Bllog(r) )
~ Jimsup (a(log[3] M(r+1,f)) B(log ’7(7”)))

o B(logy(r+1))  B(log~(r))

o alog® M(r + 1, f))
= lim sup .
r—+oo B(log~y(r +1))
Thus, from the above we obtain

I (aiog) 8.7 '] < T(ation).s f]- (4.3)
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On the other hand, for an entire function f(z), we have f(z) =I5r
where the integral being taken along the straight line from 0 to z, so we obtam that

M <| [ £ O]+ 150 <M ) + 11O
0
Therefore from above we have
log[g] M(r, f) < log[g] M(r, f') + log[?’] 7+ log[g] [f(0)|+ O(1).

Since aa +b) < a(a) + a(b) + ¢, ¢ > 0 and a(log® z) = o(8(logy(z))), so from
above we get that

%aog) 8.7) [f] < (afion) B Lf]- (4.4)
Hence the lemma follows from (4.3) and (4.4 . O

Remark 4.5. In the line of Lemma one can easily deduce that o, g.)[f] =
O(a,8,y) [f'], where f(z) is an entire transcendental function.

Lemma 4.6. Let f(z) be an entire function of («, B,7)-order that satisfies
O(a,py)f] = 0. Then there exists a set E3 C (1,400) having infinite logarithmic
measure such that for all r € Fs, we have

a(logT(r, f))

A S0 7 R

Proof. By Definition there exists an increasing sequence {r,}> tending to
400 that satisfying (1+ +)r, < rp41 and

a(log T'(rn, f))

r,,LirEoo ﬁ(]og ’Y(""n)) = 0(a,B,7) [f] = 0.

So, there exists an n; € N such that for n > n; and for any r € Es = U, [rn, (1+
Lyr,.], we have

a(logT(rn, f)) _ alogT(r, f)) _ a(logT((1+ )Tn,f)).

Fog oL+ ) = Aozt = Blogata) P
From this inequality and ~((1 + %)Tn) <7(2rn) < 29(ry), we have
r—+o0, r€E3 5(10g V(T))
> lim (a(logT(Tn,f)) B(log7(rn)) )
T ra—rtoo ﬂ(logv(rn)) B(logy((1+ 1))
a(logT(ry, f)) B(log~y(rn))
= Tn—>+0<> ( B(log(ry)) ﬁ(log(Q’y(?“n)))) (46)
(a (log T (rn, f B(log~(rn)) )
=, i B(logy(rn)) ﬂ((l + 5 22s) log v(ra))
(a(logT Tn, f B(logy(rn)) )
=0 B(log(ry)) ﬂ((1+0(1))10g7(7"n)) '
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From this inequality and S(z + o(1)) = (1 + o(1))B(x) as * — 400, we obtain that
 a(ogT( p)
r—+oo,r€E;  B(logy(r))
> lim (a(logT(rn,f)) B(log(ra)) )
~ru=too - Blogy(ra)) (14 0(1))5(logy(rn))
oo T(ra, ) _
rn=+oo [(logy(rn))
On the other hand, by (5], v((1+ 2)r,) < v(2r,) < 2v(r,) and B(z + o(1)) =
(14 0(1))B(z) as x — 400, we have
 allosT(r £)
r—+oo,reBs  [B(logy(r))
(a(logT((l +5)rn, f)) Bllog y((1 + %)Tn)))
ro—too N B(logy(1+ L)ry) B(log(rn))

- (a(logT((l +2)rn: 1)) Blog(24(ra)))
Bllogy(1+ 3)ra)  Bllogy(rn))
(a(logT((l +2)rn 1)) B((L+ o(1)) log 5 (rn )))

Blogy(1+ 3)ra) B(logy(ra))

(4.7)

<

(4.8)

Tn—+00

= lim

Tn—+00

= 0.

i (200BPLE $)rn 1) 1+ 001)5002(r,)
ra—too \ B(logy(1+ L)r,) B(logy(rn))
Therefore, by and , we obtain

o allogT(r, f)
r—too,reEs  B(logy(r))

where Im(E3) = >~ f(H )ldt Z+°° log(1 + 1) = +00. This completes
the proof. (I

)

Lemma 4.7. Let f(z) be an entire function of («a, ,7)-order with o g.)[f] =
o >0, and let f1(2) be an entire function of (a1, B1,71)-order with o(, g, ) [f1] =
o1 < 400. If 0(a,a)[f] and o, g, ) f1] satisfy one of the following conditions:

(i) a(r) = an(r), B(r) = Br(r), ¥(r) = (7). and 0(a, g, 1) [1] < O(a . F5
(i) i, po0 S50 = 0, B(r) = B2(r), 7(r) = (1) and oo, 5,40 fi] <
O(a,B,7) [f]’

then there exists a set Ey C (1,+00) having infinite logarithmic measure such that
for all r € E4, we have

T(T, fl)

r=oe T(r, f)

=0 (T’ S E4).

Proof. (i) By definition, for all sufficiently large values of r, we obtain

T(r, f1) < exp{a™!((o1 + ) B(log (1)) }. (4.9)

From o4 4,,)[f] = ¢ and Lemma there exists a set Ej of infinite logarithmic
measure satisfying

a(log T(r, f)) _

r—+oo  B(logv(r)) (r &€ Ey).



8 B. BELAIDI. T. BISWAS EJDE-2023/27

Then
T(r, f) = exp{a™"((0 —€)B(logy(r))} (r € Ey), (4.10)
where 0 < 2¢ < 0 — 1. Now by (4.9) and (4.10), we obtain that

T(r, fr) _ exp{o” (01 +¢)B(log(r)}
T(r,f) = expla=!((o —¢)B(log~(r)))}

:exp{a*<w1+en%mgvv»>—criaa—sn%mng»>}

3800 a”!((o1 +¢)Blogn(r)
a™((o —e)B(log(r )))(afl((a,a)ﬂ(lom(r))) 1)}

e
o™ (22 (0 — £)B(log 7(r))
eXp{a (o0 —¢€)B(log~( )))( a—l((a—s);(bgfyg(:))) *1>}
e

Ty L Cat L 51121 B

= exp
a~!((o —g)B(log(r)))
—0, r—+4oo(rekEy), k= nte < 1.
o—¢
From the above inequality we obtain
T
(r, 1) =0 (re k.

rtoe T(r, f)

(ii) By definition, we obtain for all sufficiently large values of r that

T(r, f1) < exp{ay ' ((o1 +¢)B(log 7(r)))}- (4.11)
Now by and , for any given € with 0 < 2¢ < ¢ — 0;. we obtain that
T(r,f) _ exp{og (o1 +¢)B(log(r)))}
T(r,f) = expf{a='((o —¢&)B(log~(r)))}

exp{ay (01 +€)B(log ()} exp{a" (01 + ) B(log (1))}
exp{a~!((o1 +¢)B(logn(r)))} expf{a=!((o —€)B(log~(r)))}

= exp {04_1((01 +¢e)8 (log'y(r)))( 1 (01 +£)B(log (1)) B 1)}

Y((o1 +€)B(log~(r)))
exp{a™! ((o1 4 ¢)B(log (1))}
exp{a=t((o —¢)B(log~(r))}

Since lim,_ 1 o0 ng = 0 and lim, 4 » o;_l((lf)) =0 (k < 1), then by the inequality

obove, we obtain

im T(Ta fl)
r=+oo T'(r, f)

=0 (T€E4).
(]

Lemma 4.8. Let F(z) #0, Aj(z) (j=0,..., k — 1) be entire functions. Also let
f(2) be a solution of (1.2)) satisfying
max{0(a(log),8,7) (A I(aog) 51 [F] 1 = 0,1, k = 1} < 0(agiog) 87 [F]-
Then
Aaio). 8. L1 = Aatog), 8.7 ] = 0 (atiog),8.,) [f]-
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Proof. By (1.2)) we have

1 1/ =1 1!
?_f(T—kAk,l(z) 7 +~~'+A1(2)7+A0)- (4.12)
Now it is easy to see that if f(z) has a zero at zo of order a (a > k), and Aq, ..., Ap_1
are analytic at zp, then F'(z) must have a zero at zy of order a — k, hence
1 1 1
V< kmlr. = — .
n(r, f) < kn(r, f> —|—n(7‘, F) (4.13)
and ) . )
V< EN(r. = — ). .
N(r, f) <N (r, f) +N(r, F) (4.14)
By the lemma on logarithmic derivative and (4.12)), we have
1 1y =
m(r, ?) <m(r )+ > mlr Aj) + O(logT(r, f) +logr) (r¢ Bs). (4.15)

where Es is a set of r of finite linear measure. By (4.14) and (|4.15)), we obtain that

T(r, f) =T(r, %) +0(1)
o k-1 (4.16)
<kN (7«, ?) +T(r, F) + D T(r, Aj) + O(log(rT(r, 1))

for r ¢ Es. Since max{c(a(iog),8.1)[45], T (atiog) s F] : 7 = 0,1,...,k =1} <
O(a(log),8,7) f]; by Lemma there exists a set F4 having infinite logarithmic
measure such that

T(r,F) T(r,A;
T(r,f)" T(r,[)

Since f(z) is transcendental, we have

max { )}%0, r—+4oo(r€BEy,j=0,....k—1). (4.17)

O(log(rT(r, f))) = o(T(r, f)) as r — +o0. (4.18)
Therefore, by substituting (4.17)) and (4.18)) into (4.16)), for all |z| = r € E4\Es, we

obtain )
T(r, f) < O(W(r, ?))
Hence from above we have

T(a(og),8.7)F] < Naiog),s.7 [f]-
Therefore,

Aa(og). 8. Lf] = Aatog). 8. [f] = T(aqog). . [f]-
Hence the lemma follows. O

Lemma 4.9. Let f be a meromorphic function. If 0o g.)[f] = 0 < +o0, then
I (a(log),s.m [ f] = 0-

Proof. Suppose that (4 g)[f] = 0 < +00. Then, for any given ¢ > 0 and suffi-
ciently large r, we have

T(r, f) < exp{a™((0 +€)(log~(1)))}.
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Then, we immediately obtain

. « 1 [2] T r,
T (a(log), 8.7 f] = lim sup W

r—-+00
a(log (exp{a~" (0 +£)B(log 7(r)))}))

SO Bllog (1))
 Jim sup 20082~ (0 + )8 (log(r)))
r—+o9 B(log~(r))
— Jim sup 2108 Y(o +e)z))
T—400 X

1
= (0 +¢)lim supa( 08 T)

=0. O
T—+00 a(x)

5. PROOF OF MAIN RESULTS

Proof of Theorem[31. Let f(z) % 0 be a solution of (L.I)) and rewrite (1.1)) as

R AC) B A A ()
A2 = =(Tey + A T e e )
Therefore,
f®(z) fO ), MG
[Ao(2)] < | 78 |+ Ak-1(2)]| . |+ + [AL(2)]] ) | (5.1)

By Lemma there exist a constant ¢ > 0 and a set Fy C [0,+00) having finite

linear measure such that |z| = r ¢ E; for all z = re’®, we have
f9() _
| 78 | <clrT2r, HI?*,  j=1,... k. (5.2)

By , , and the hypotheses of Theorem we have
exp{aexp(a™! (uB(log(|2[))))}
< [Ao(2)] (5.3)
< kexp{bexp(a" (uB(logv(|2])))) ye[rT (2r, £)I*
as z — oo with |z| =r ¢ Eq, 01 < argz =60 < 603. Now from we have
exp{(a — b) exp(a™ ! (uB(logy(|2]))} < ke[rT(2r, f)]**,
(a —b)exp(a™ (uB(logv(|2])))) < 2k(logr + log T'(2r, f)) + log(kc),

exp(a ! (uB(logv(|2])))) < %

By using a(a + b) < a(a) + a(b) + ¢ for all z,y > Ry and fixed ¢ € (0, +00), from
the above we obtain

o~ (uB(logy(|2]))) < log? T(2r, ) +1ogi r + O(1),
uB(logy(r)) < a((log® T(2r, f) +log® r + O(1))), (5-4)
uB(log(r)) < a(log™ T(2r, f)) + a(log? r) + c.

2k
— (logr +1og T'(2r, f)) +
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(10, [ ]T
By using v(2r) < 2v(r), B(r+o(1)) = (14+0(1))5(r) as 7 — 400, and /3((110%5@))) -0

as r — oo, then by (5.4) and Proposition we have 04 (10g),8)[f] > p- This
completes the proof. O

Proof of Theorem[3.3 Let f(z) # 0 be a solution of (1.I). By the hypotheses of

Theorem there exists a set H with dens{|z| : z € H} > 0 such that for all z
satisfying z € H, we have

[ Ao(2)] = exp{aexp(a™ (uB(logy(|2)))))}, (5.5)

14;(2)] < exp{bexp(a™! (uB(log(|2))))}, j=1,.... k1, (5.6)

as z — 00. Weset Hy = {|z| =r: 2 € H}, since dens{|z| : z € H} > 0, it follows

that H; is a set with le dr = +o0. Therefore from, by substituting (5.2)), (5.5)
and (5.6]) into (5.1]), it follows that for all z satistying |z| =r € H; \ E1, we have

exp{aexp(a " (uB(logv(|2]))))} < kexp{bexp(a™ (uB(logv(|2])))) telrT(2r, f)]*

as |z| =r — 4o00. Thus

exp{(a — b) exp(a” ! (uB(log v(|2))} < ke[rT(2r, f)]** (5.7)

as |z| =r € Hy \ E1, r = +00. Since a(a +b) < a(a) + a(b) + ¢ for all z,y > Ry
and fixed ¢ € (0,400), v(2r) < 29(r), B(r+0(1)) = (1 + 0(1)),6(7“its r — 400,

(10, [2]7‘ oy .
and /3((1ng77(7~))) — 0 as 7 — 400, then by (5.7) and Proposition we obtain

O (alog),8.m ] = B

Proof of Theorem[3.3 By Theorem we have 0(q(1og),8,7)[f] > 0 —¢, since e > 0
is arbitrary, we obtain o(a(iog),8,)[f] = 7(a,8,y)[A0] = 0. On the other hand, by
Lemma there exists a set Ey C [1,400) having finite logarithmic measure such
that olds for all z satisfying |z| = r ¢ [0,1] U E3 and |f(2)] = M(r, f). Now
for any given € > 0 and for sufficiently large r, we obtain

|45 ()| < exp®{a (0 +)Blogy (1))}, j=0,1,.... k=1 (58)

Substituting (4.2) and (5.8) into (1.I)), for all z satisfying |z| = r ¢ [0,1] U E5 and
|f(2)| = M(r, f), we have

(LI 1+ o)) < (XY 1+ o)) exp (0 (0 + 2)Bl1og ().

|2 2|

It follows that

v(r, f) < kr(1+ o(1)] exp®H{a™ (o + £)Blog 7(r))}- (5.9)
Therefore in view of (5.9), a(a +b) < a(a) + a(b) + ¢ for all z,y > Ry and fixed
a(logt? )

¢ € (0,400) and Flomyy — U as r — +00, we obtain

(2]
lim sup ollog™ v(r. f)) <o+e. (5.10)

r—+oo  B(logy(r)) —

Since € > 0 is arbitrary, by (5.10) and Lemma we obtain that o(q(1og),5,)[f] <
o. This and the fact that o(q(10g),5,4)[f] > 0 yield o (4 (10g),8,1)[f] = 0. The proof is
complete. [
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Proof of Theorem [3.4. (i) Suppose that o(a(iog),8,)[F] < O(a,8,y)[A0]. First, we
show that can possess at most one solution fy(2) satisfying o (4 (10g), 5,7 [fo] < 0-
In fact, if f*(2) is a second solution with o (4 (10g),8,7)[f*] < 7, then o(q(0g),s,v)[fo —
f*] < o. But fo(z)— f*(z) is a solution of the corresponding homogeneous equation
of (L.2), this contradicts Theorem We assume that f(z) is a solution with
T(a(log),3,y) |f] = o and fi(2), f2(2),..., fr(2) is a solution base of the corresponding
homogeneous equation . Then, f(z) can be expressed in the form

f(z) = B1(2) f1(2) + Ba(2) fa(2) + - - - + Bi(2) fx(2), (5.11)
where Bj(z), Ba(2), ..., Bg(z) are determined by

Bi(2)fi(z )+Bz( )f2(2) + - + Bi(2) fa(2) =
B (2)fi(2) + By(2) f2(2) 4 - - - + By(2) fi(2) =

z )

) 0
) 0,

(5.12)

By ()" (2) + By() SV (2) 4+ B2) £V (2) = F(2).

As the Wronskian W (f1, fo, ..., fx) is a differential polynomial in fi, fo, ..., fx with
constant coefficients, it is easy to deduce that

(a(10g), 87 W] < (a108),81fi] = O (a7 [A0] = 0. (5.13)
From ([5.12) we obtain
By =F-Gi(fi, far- - fr) - W(f1, for o fo)™h G=1,... .k, (5.14)
where G; (f1, fas .-, fr) are differential polynomials in f1, fo,..., fr with constant
coefficients. Therefore,
T(a(log),8)[G5] < O(a(iog),8)[fi] = T(a,pm[Aol =0, G=1,... k. (5.15)
Since 0 (qa(10g),8,7) [F] < 0(a,8,y)[A0], Dy Lemma (5.13)-(5.15)), for 5 = 1,...,k,
we obtain

I(alog).8.7) [Bi] = (a(log) 8.1 Bj]
< max{o(a(og),8,7) [F]; 0 (a,6,7) [Ao]} (5.16)
= U(a,ﬁ,'y) [Ao] = 0.

Now, from ([5.11) and (5.16)), we have

T(alog).8.7) [f] < max{0(a(og),8.7)fils T(atog) s [Bs] (5 =1,..., k) }

(5.17)
= U(aﬁﬁ) [Ao] = 0.

This and the assumption o(q(iog),8,7)[f] = o yield 0(a(10g),8,4)[f] = 0. By Lemma
we have

max{0(a(log),8,7) [ F], T(atiog),8.1[A5] (G =0,1,...,k—=1)}

= O(a(lon),8,7) (F)

< 0,57 A0l = (agiog) 5.1 -
So, if f(z) is a solution of equation satisfying o((iog),8,7)[f] = o, then by
Lemma [£.8] we have

Matiog) 8.7 [F1 = Matog) 8.7 [f] = (ation) 5.1 [f] = 0.
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(ii) Suppose that o(4,5,4)[A0] < O(a(og),p)[F'] < +00. Then, by (5.16), for j =
1,...,k, we obtain

T (a(tog).8.7 [ Bi] = O(a(og).8.7) [Bj]
< max{0(a(log),8,7) [Fs O(a,8,y) [A0] } (5.18)
= O(a(log) 57 [F]-
Now from and , we obtain
I (a(log), 5.7 f] = max{T(a(iog),6,7)fi]: (atiog) 5.1 [Bj] (1 =1,.... k)}
< (a(iog). . [F] '
From ([1.2)), a simple consideration of (a(log), 3, )-order implies that

(5.19)

T (alog),8.m f] = O(a(ion), .7 [F]-

By the above inequality and (5.19), we have o((10g),8,v)[f] = O (a(iog),3,+) [F] which
completes the proof. O
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