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VISCOSITY SOLUTIONS TO THE INFINITY LAPLACIAN

EQUATION WITH LOWER TERMS

CUICUI LI, FANG LIU

ABSTRACT. We establish the existence and uniqueness of viscosity solutions
to the Dirichlet problem

Alu= f(z,u), inQ
u=gq, on I,

where ¢ € C(0Q), h > 1, Al u = |Du|"3Asu. The operator Asu =
(D?uDu, Du) is the infinity Laplacian which is strongly degenerate, quasilinear
and it is associated with the absolutely minimizing Lipschitz extension. When
the nonhomogeneous term f(z,t) is non-decreasing in ¢, we prove the existence
of the viscosity solution via Perron’s method. We also establish a uniqueness
result based on the perturbation analysis of the viscosity solutions. If the
function f(z,t) is nonpositive (nonnegative) and non-increasing in ¢, we also
give the existence of viscosity solutions by an iteration technique under the
condition that the domain has small diameter. Furthermore, we investigate the
existence and uniqueness of viscosity solutions to the boundary-value problem
with singularity
Al u = —b(z)g(u), inQ,
u >0, in €,
u=0, on 99,

when the domain satisfies some regular condition. We analyze asymptotic
estimates for the viscosity solution near the boundary.

1. INTRODUCTION

In this manuscript, we investigate the following inhomogeneous problem for g €

C(69),

Al u = f(z,u), inQ,
uw=gq, on N,

where A" is strongly degenerate and is defined as
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Throughout this article, € is assumed to be a bounded domain of R", n > 2.
Note that the operator A" is not in divergence form. Hence, the solution is usu-
ally understood in the viscosity frame introduced by Crandall and Lions [23], and
Crandall, Evans and Lions [20].

For the special case h = 3, the operator A" is the infinity Laplacian which is
often denoted by A u = szzl Uz, Uz Ug,z;- The operator A, was motivated in
studying the absolutely minimizing Lipschitz extension (AMLE) by Aronsson [2] 3]
4, [5] in 1960’s. Jensen [25] showed the uniqueness of AMLE and the equivalence
of the AMLE and infinity harmonic functions(viscosity solutions to Ay u = 0).
Crandall, Gunnarsson and Wang [21I] studied the uniqueness of infinity harmonic
functions in an unbounded domain. Crandall, Evans and Gariepy[19] showed that
infinity harmonic functions enjoy comparison property with linear cones. Aronsson,
Crandall and Juutinen [6] gave a systematic treatment of the theory of AMLEs.
For more results of AMLEs, see for example Armstrong and Smart [I], Barron,
Jensen and Wang [II, 9], Barles and Busca [7], Barron, Evans and Jensen [§], Evans
[24], Yu [44] and the references therein.

For h =1, A" v is the 1-homogeneous normalized co-Laplacian operator,

AN := |Du|72(D?*uDu, Du).

There is a “tug-of-war” game when approaching the normalized infinity Laplacian
Dirichlet problem which was first introduced by Peres et al. [40] based on a proba-
bility view,
AN u(x) = H(x), inQ,
u(z) = q(x), on 0.

The continuum value function of the game is proven to satisfy and AY is also
called game infinity Laplacian (denoted also by AS). Lu and Wang [34] studied
the well-posedness of from the partial differential equation perspective. Note
that the uniqueness is valid if the nonlinear source term H(z) > 0(< 0). A counter-
example was shown in [37, 40] that the uniqueness does not hold if H(z) changes its
sign. One can see [36] for more uniqueness results of infinity Laplacian equations.
We direct the reader to [27, 28] 29| 30} 311 B3], 86} 37, 39, (42, 44] and the references
therein for the co-Laplacian operator.
Lu and Wang [35] proved that the inhomogeneous Dirichlet problem

Apu=H(z), inQ,
u=gq, onJf)

(1.2)

has a unique viscosity solution u € C(Q2) under the assumptions that the continuous
function H has one sign. They also proved the comparison property with special
functions for the viscosity solutions which extended the result of Crandall, Evans
and Gariepy [19). Bhattacharya and Mohammed [I0] studied the existence and
nonexistence of viscosity solutions to the Dirichlet problem

Asu = f(z,u), inQ,

u=g, ondN (13)

for f with the sign and the monotonicity restrictions and g € C'(99). In [I1], they
further removed the sign and the monotonicity restrictions and gave the existence
result from the general structure condition on f. Bhattacharya and Mohammed [10]
also investigated the bounds and boundary behavior of viscosity solutions to the
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problem (1.3). For the general boundary behavior of the viscosity solution to (1.3),
one can see [38]. In [32], the existence of the viscosity solutions of the following
inhomogeneous problem was obtained,
h .
Al u= f(z), inQ,
u=g, on Jf.
And for 1 < h < 3, under suitable conditions on « and f, Biswas and Vo [14]
studied the existence, nonexistence and uniqueness of positive viscosity solutions
to the Dirichlet problem of the equation
h h—
A" u+a(z) - VulVu|" ™t + f(z,u) = 0.
Bhattacharya and Mohammed [I0] otained bounds and boundary behavior of
viscosity solutions to the problem
—Axu = f(u)a in €2,
u >0, in {2,
u =0, on 0L,
when f € C1((0,00), (0,00)), lim,_,o+ f(t) = oo and f is decreasing on (0,0). By
Karamata regular variation theory, Mi [38] gave the boundary asymptotic estimate
of solutions to the problem
—Asou =b(x)f(u), inQ,
u >0, in {2,
u=0, ondN
for a wide range of the functions b(z). Biset and Mohammed [13] established the
existence of ground state solutions to the problem
—Au = Af(z,u), in Q,
u >0, in {2,
u=0, on 0f,
in a bounded domain and in the whole Euclidean space. The study is based on
the subsolution/supersolution method and the existence of the principal Dirichlet
eigenfunctions.
Inspired by the previous work, we study the Dirichlet problem (1.1). The h-
degree operators A" | besides their wide applications, are not only degenerate,
singular for 1 < h < 3, but also not in divergence form and have no variational

structure. They constitute a class of operators with particular properties. Our
main results are summarized as follows.

Theorem 1.1. Let ¢ € C(09). Suppose that f(x,t) € C(Q x R) is non-negative
and non-decreasing in t and sup,cq f(x,t) < oo for eacht € R. Then (L.1) admits
a viscosity solution. Furthermore, if f is positive, the solution is unique.

Remark 1.2. Similar results are still valid if the conditions of f are replaced by
f non-positive and inf,cq f(x,t) > —co for each t € R.

The existence of viscosity solutions is proved via Perron’s method. The key is
to construct a suitable viscosity subsolution. Thanks to the “good” structure of
the operator A | we can use the cone functions to construct the subsolution. The
uniqueness can be derived from the comparison principle. We remark that the
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uniqueness is still open when the function f(z,t) is nonpositive or nonnegative.
In fact, when f(x,t) does not depend on the second variable ¢ and h = 1, Peres,
Schramm, Sheffield and Wilson [40] construct a counterexample to show that the
uniqueness does not hold if f changes its sign. For h = 3, Lu and Wang [35] gave
a counterexample to show the uniqueness is invalid if the function f(z) changes its
sign.

With Theorem in hand, when f(z,t) is non-increasing in the variable ¢, we
can also prove the existence of the viscosity solution to the Dirichlet problem (|1.1))
if the domain is of small diameter. Note that the small diameter condition
guarantees the existence of a viscosity subsolution and then we can use an iteration
technique to establish the following existence result.

Theorem 1.3. Let ¢ € C(9) and {1 := infpq q. Suppose that f(x,t) € C(2 x R)
is positive, non-increasing in t and sup,cq f(x,t) < oo for eacht € R. If Q satisfies
the condition

0 — )\O)h/(hH)
~C'

where v = h%rlh(}”l)/h, C > (supq f(x, X0))/" >0, and \g < £1, then has a

viscosity solution u € C(Q).

diam(Q) < ( , (1.4)

Remark 1.4. Similarly, let {2 = supyq ¢ and suppose that f(z,t) € C(Q x R) is

negative, non-increasing in ¢ and inf,cq f(z,t) > —oo for each ¢t € R. If ) satisfies
Lo + Ao\ 1/ (ht1)

-2

where v = %Hh(“l)/h, C > 0 and Ay < —{5, then has a viscosity solution

u e C(Q).

diam(Q) < (

)

For h = 3, Bhattacharya and Mohammed [I0] constructed a counter-example
in the appendix to show that the uniqueness of the viscosity solution does not
generally hold when f(z,t) is non-increasing in ¢.

To establish the existence of viscosity solutions to , a difficulty with respect
to the degenerate operators is the lack of existence of barriers. Thanks to the
particular structure of A | we can construct ‘good’ barriers and use the standard
Perron’s method to get the existence of the approximate solutions. Due to the
strong degeneracy of the operator A" | we combine the iteration method, Theorem
and stability method to establish Theorem[I.3] The key idea is that the existence
of an appropriate viscosity subsolution leads to the existence of a viscosity solution.

Furthermore, we investigate the singular Dirichlet problem

h .
AZu=—b(zx)g(u), inQ,
u>0, inQ, (1.5)
u =0, on Jf.
We first construct a viscosity supersolution of (1.5) and then prove the existence

of viscosity solutions to (|1.5) using the comparison principle and the stability of
viscosity solutions.

Theorem 1.5. Let b € C(Q) be a positive function such that sup,cq b(x) < co. If
g € C1((0,00), (0,00)) is non-increasing with lim,_,o+ g(t) = oo, then the problem
(1.5) has a unique viscosity solution.
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When the bounded domain 2 has smooth boundary, we also investigate the
boundary behavior of viscosity solutions to ((1.5)). The functions b(-) and g(-) satisfy
the following conditions:

(H1) b e C(9Q) is positive in Q.

(H2) For some dp > 0, there exist a function & € A and a positive constant £ € R

such that
b
lim @)
d(z)—0 kM *1(d(x))
where A is the set of all positive, non-decreasing functions k € C*(0,dp)
satisfying

=1, (1.6)

tlirél+ ([]:((;5))>/ =71, where K(t) = /Ot k(s)ds, (1.7)

and 7 is a positive constant.
(H3) g € C*((0,00), (0,00)), lim;_,+ g(t) = 0o and g is decreasing on (0, c0).
(H4) There exists v > 1 such that
/
AOL
t—0+ g(t)

= —7. (1.8)

Theorem 1.6. Let Q C R™ be a bounded domain with smooth boundary. Suppose
(H1)-(H4) are satisfied, and ¢ is the solution to the problem

o(t) ds
—— =1t Vt>0.
/0 (g(s))L/n

If (v 4+ h) > h+ 1, then for the unique viscosity solution u to (1.5)), then it holds
u(x)

A0 SR ~
with
B RM(h + ) 1/(h+7)
60_((h+1)h(h+7)77h—1) ‘

To obtain the existence of the viscosity solutions of the singular problem , we
adopt the truncation method to deal with the singularity of the equation and then
use the stability and compactness methods. Based on the comparison principle, the
uniqueness result of the viscosity solution follows immediately.

One should notice that the distance function is a solution of A" v = 0 near the
boundary. Therefore, we can perturb the distance function to analyze the asymp-
totic behavior near the boundary of viscosity solutions to the singular boundary
value problem . The idea is based on Karamata regular variation theory which
was first introduced by Cirstea and Réadulescu in stochastic process to study the
boundary behavior and uniqueness of solutions to boundary blow-up elliptic prob-
lems. And a series of rich and significant information about the boundary behavior
of solutions was obtained based on such theory [I5] [16] [I7]. Note that, unlike
the case h = 1, the operator A" is quasi-linear even in one-dimension for h > 1.
Therefore, we must make subtle analysis.

This article is organized in the following way. In Section 2, we prove the compar-
ison principle to A" u = f(z,u), based on the double variables method. In Section
3, by Perron’s method and the comparison principle, we prove the existence and
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uniqueness of viscosity solutions to when f(z,t) is non-decreasing in ¢. In Sec-
tion 4, when f(z,t) is non-increasing in ¢, we use an iteration technique to obtain
the existence of the viscosity solution to in domains with small diameter. In
Section 5, we establish the existence and boundary behavior of viscosity solutions

to (L.5).
2. COMPARISON PRINCIPLES

In this section, we give the comparison principles via the perturbation method
for the equation
Al w = f(z,u), inQ. (2.1)
Since A" has no divergence structure, we define the viscosity solution by the semi-
continuous extension. See for example [22, B0} [32] [34]. For F}, : S x (R™\{0}) = R
and Fy(M,p) := |p|"3(Mp) - p, where S denotes the set of n x n real symmetric
matrices, (2.1]) can be rewritten as
Fy(D?u, Du) = f(z,u), 2z €.

Since h > 1, we have lim,_,o Fj, (M, p) = 0 for all M € S. Therefore, we define the
following continuous extension of F},
Fh(Map)7 lfp#())

Fi(M.p) i {O IS

Now we state the definition of viscosity solutions to the equation ({2.1)).

Definition 2.1. Suppose that u : Q — R is an upper semi-continuous function. If,
for any zo € Q and ¢ € C%(Q) such that u(zg) = ¢(z0) and u(z) < p(z) for all
x € Q near xg, it holds

F, (D*¢(x0), Dp(x0)) > f (0, ¢(0)),
then we say that u is a viscosity subsolution to in €.

Similarly, suppose that u : Q — R is a lower semi-continuous function. If, for
any o € Q and p € C%(Q) such that u(zo) = (o) and u(z) > ¢(x) for all x € Q
near xg, it holds

F, (D?*¢(x0), De(x0)) < flwo, (o)),
then we say that u is a viscosity supersolution to in Q.

A function u € C(Q) is called a viscosity solution to (2.1) in Q if it is both a
viscosity subsolution and viscosity supersolution of (2.1)).

Next, we state the strong maximum principle for infinity subharmonic functions
(see for example [0 [18]).

Lemma 2.2. Assume u € C(Q) is infinity subharmonic (Axu > 0). Then u
attains its mazimum only on the boundary 0S) unless u is a constant.

We also need the comparison principle which was established by Li and Liu [26].

Lemma 2.3. Suppose that f(x,t) € C(Q x R) is positive (negative) and non-
decreasing in t. Assume that u € C(Q) and v € C(Q) satisfy

Al > flz,u), zeQ,
Al v < f(z,v), z€Q

respectively, in the viscosity sense. If u < v on 09, then u < v in Q.
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Now we present a comparison result applicable to singular problems and prove
it by a truncating function.

Theorem 2.4. Suppose that f(z,t) € C(2x(0,00)) is negative and non-decreasing
in t with limy_,o+ f(x,t) = —co. If u,v € C(Q) are positive functions satisfying
Al > f(z,u) and AP v < f(x,v) in Q, respectively, then u < v on OQ implies
u <o in .
Proof. We set
ve:=v+e, €>0.

We claim that u < v, in €2 for each € > 0. We assume to the contrary. Set

Qo :={z € Q:ulz) > v(x)}

Since u < v, on 0f), we see that Qg is compactly contained in  and u = v, on
9. Moreover,

Abve = Ao < f(z,0) < f(z,v.) in o,

where we have used that f(x,t) is non-decreasing in t.

We define
P t) = {fu,t), t>e,
flzye), t<e.
Since u > v. > € in g, we have
Al > 9(z,u) and AP v, <I(z,v.), in Q.
Since u = v, on 88, by Lemma[2.3] we have u < v, in Qp, which is a contradiction.
O

3. EXISTENCE WHEN f(x,%) NON-DECREASING IN ¢t

We first construct the viscosity subsolution to the problem (I.1)), and then es-
tablish the existence result using Perron’s method and the Lipschitz continuity of
infinity harmonic functions.

Lemma 3.1. Let g € C(09). Suppose that f(x,t) € C(Q xR, R) is non-decreasing
i t. If f satisfies the condition

sup f(z,t) < oo, foreachteR, (3.1)
€N
then has a viscosity subsolution u € C(Q).
Proof. Let
b = Iienafﬂ q(x). (3.2)

Choose a positive constant M; such that M > sup,cq, f(z,¢1) and then a constant
d; such that

¢ 1
dl S ﬁll - V(diam(Q))(hH)/h, Where v = mh(h"rl)/h_

We define

w(z) = My (y|z — 2| PP 1 dy), 2 € 0.
Obviously, u € C(£2). One can verify that A" u = M} > f(x, ;) and u < ¢; in Q
due to the choice of M; and d;. Since f(z,t) is non-decreasing in ¢, we obtain

A&EZ f(xa@)a in Qv
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u<gq, ondf.
That is, u is a desired viscosity subsolution to (|1.1J). ([l

We denote
Ny :={aeC(Q): A" a> f(z,a) in Q, and @ < q on IN}.
Lemma shows that the set X, is non-empty. We define the function

u(z) := sup a(z), =z €. (3.3)
aeN

Remark 3.2. If f is non-negative and /5 := sup, s ¢(x), the comparison princi-

ple, Lemma implies % < 5 for all & € Ny. Then the function defined in (3.3
satisfies @ < u < £ in .

Remark 3.3. If f is non-negative and 4 is a viscosity subsolution of (2.1)), then @
is locally Lipschitz continuous in €2 (see for example [I8, Lemma 4.1]). Hence, we
have the function u defined in (3.3)) is locally Lipschitz continuous.

Proof of Theorem[1.1 The existence is an application of standard Perron’s method.
Since f is non-negative and sup,cq f(z,t) < oo, Lemma implies that problem
has a viscosity subsolution u € C(Q).

Indeed, the function u defined in is a viscosity solution of .

Step 1. We first claim that w is a viscosity subsolution of (1.1). Indeed, we
have u is locally Lipschitz continuous in 2 by Remark For every xy € 2 and
© € C?(Q), if u — ¢ has a local maximum at zg, i.e. for some small 1 > p > 0,
u(z) — p(x) < u(zo) — (x0), « € By(wo) €0,
we want to show that
Al (o) > f(xo,u(w)).
Since u(zg) = supgeyn, (7o), we take a sequence {ay} in Ny such that
u(xo) — ur(xo) < §/k,

for each positive integer k and 0 < § < p>**1) Then

() — p(z) < u(z) — @(x) < ulzo) — P(r0) < Uk(z0) — P(x0) +0/k,  (3.4)
for € B,(xo). Therefore,

ur(x) —p(x) = 6/k < ar(xo) — @(x0), € By(zo),

which yields

() = [p(x) + & — 2o PPV < g () — p(x) = 6/k < n(wo) — plwo),  (3.5)
for x € Bp(.’lfo) \E(p/k)l/[2(h+1)] (.To) Let

wo(z) = p(z) + |z — xo|2(h+1).

Then inequality (3.5) implies that the maximum of the function @y (x) — @o(x) in
B,(xp), occurs at some xj, € B, /iy (zp). In particular,

(o) — p(w0) = Ur(20) — po(wo) < Uk(k) — po(ak)- (3.6)
Since x # xg, a direct calculation yields
— a0

X
Do (r.) = Dp(a) +2(h + 1)y — xoﬁ”“h
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and
D2po(z1) = D*p(x1) + 2(h + 1)(2h + 1)|ag — zo|2hk— 10 g Tk~ 20
|2k — 20| |ok — 20l
(4 D — o (- (wk — w0) @ (g — xo))
|z — ol |z, — 0|3 ’

and one can check that
Algo(ar) = Alp(ar) + O((8/k) M) > f(ay, a(xy)). (3.7)
Combining (3.4) and (3.6)), we have

g (xo) — o(xo) < Ug(xk) — [p(zk) + |28 — zO‘Q(thl)]

), (3.8)

< u(xo) — ¢(x0) — |z — T0

Inequality (3.8) shows that limg_,o g (zr) = u(zp). Letting k — oo in (3.7]), we
have

Al o(x0) > f(wo, ulzo))-

Step 2. Next we show that u € C(Q) and u = q on 952. We first prove that u = ¢
on 0f). By the definition of u, we have u < g on 0§2. Then we just have to prove
u > qon I Let z € 9N and € > 0 be arbitrary. Since ¢ € C(952), there exists
some 7 > 0 such that

lg(z) —q(2)| <e, =z €N B.(2).

Set
o
U(z) =q(z) —e— m[M(thl)/h — (M — hz — z|)(+D/h),
where M > h(diam(Q2)), £ := supygq |¢|, and C' > 0 is chosen large enough such that

L[M(hﬂ)/h — (M - hr)(h+1)/h] >2¢ and C" > sup flx, ).
h+1 €N
Direct computations show that
AP U(z) =C" > f(x,0), inQ,
U(SC) < Q(z) —¢, in Bdiam(Q) (Z)
Hence
U(z) < q(z) —e <q(z), indQ2N B.(2).
On 90\ B,(z), we have
hLH[M(hH)/h — (M — hr) "I/ < g(2) — 20 < —£ < g(a).
Then, U < ¢q on 9. In particular, U < £ in Q. Since f is non-decreasing,

AMU(z) > f(x,0) > f(2,U), inQ.

Therefore, U € R,. Consequently, we have U < u in Q. In particular, U(z) =
q(z) —e < u(z). Since € > 0 is arbitrary, we obtain ¢(z) < u(z). Hence, we have
u = q on Of).

Now we show that u € C(Q). Let z € 0Q and B,(z) be as above, and {7} a
sequence in €2 such that limg_, o xx = z. Since the lower semi-continuity of u, we
have

U(x) <q(z) —e—

liminf u(zy) > u(z) = q(2).

k—o0
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Next, we show that limsup,,_, . u(zr) < ¢(z). Let

we(e) = q(2) +et (- a2 B e,

where (1 is as in (3.2). Clearly, w. € C(B,(2)) and we(z) = {1 + & on 9B, (2) N Q.
By the selection of B,.(z), we have
we(x) > q(z) + > q(x), VYo edn B.(2).
Direct computations show that
Al w.(z) =0, in QN B.(2).

For any @& € N, we obtain @& < w. on (2N B,(2)). Since A" @i > 0 in the viscosity
sense, by the comparison principle of infinity harmonic functions [7, 2], we have
i <wein QN B, (z). Then u < we in QN B(2). If 2 € QN B(2) and z — 2,
then

w(z) < liminfu(zg) < limsupu(zg) < lm we(zg) = q(2) +& = u(z) +e.
k—o0 k—00 k—oo

Since € > 0 is arbitrary, we have u € C(Q). Moreover, we obtain u € N

Step 3. Next, we will prove that u is a viscosity supersolution. We assume to the
contrary. Then there exist zo € Q and ¢ € C%(Q) such that

p(r0) = u(zo), u(z)—p(r) =0, x€By(zro) <,
for some p > 0, but
Alp(xo) > f(xo,u(xo)).

Let d(z) := dist(z, 08). Since the continuity of f(x,t), we can choose 0 < gy <
min{1, p, (d(z0)/2)*"+ 1} such that

Al (o) > f(wo, p(z0) +€), V0 <e < e (3.9)
For 0 < € < ¢gg, we define
() = p(z) — Velx — 2P TV +e.

For x # x¢, a direct calculation yields

Do.(z) = Do(x) — 2(h + D)Ve|r — o1 220
|z — xo]
and
D2, () =D?p(x) — 2(h + 1)(2h + 1)Ve|z — zo|?h L 20 o L0
Pe () p(x) = 2(h + 1)( Vel ol o] © e ao]
I (x_l'o)@(x—a:o)
—2%h+1 o |2ht1 _ .
(h+1)VE|z — 0| (|x_x0‘ T )

Hence, we obtain
Al p-(z) = Alp(z) + O(Velr — o), as & — xo.
Then, by 7 we have
Al o (w0) = Al (o) > f(wo, o(w0) +€) = (w0, p:(0))-
We claim that there exists an €1, with 0 < &1 < &g, such that

Al o (x) > f(z, 0., (x), Ve B, 1/1um+1(20)-
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We argue by contradiction. Then, for each ¢ > 0 with ¢ small enough, there exists
an z. € B_ 1y/um+u (o) such that AP o (2.) < f(ze, ¢-(2:)). Since z. — z¢, we
observe that

lim Al g (22) = Alip(zo) and  lim f(ze, p(ae)) = f (0, 9(x0)).

We conclude that A" o(xq) < f(z0, ¢(z0))-
Since @, (o) > u(zg), we can take 0 < s; < g1/ V] such that u(z) < ¢, ()
for all x € Bs, (z9). Thus, we have

u(z) < e, (x), VY € By, (x0),
Al e, () > f(2, 06, (2)), Vo € Bejyunrv) (o), (3.10)
u(x) > @, (x), Vo€ By(xg) \Egll/[4(h+1)] (x0).
We define
sup{ge, (x), u(x)}, € Be,1/um+n)(2o)- (310
It is obvious that u, € C(Q) is in X;. However, by (3.10), we see that
Uy () = e, () > u(z), x € By, (x0),
which is impossible due to the definition of w. Thus, w is a viscosity supersolution,

and this completes the proof that u is a viscosity solution to (|1.1]) in €.
The uniqueness follows by the comparison principle, Theorem [2.4] O

’LL*(I _ {U(m)v x e Q\Esll/[4(h+l)] (mo)7

Remark 3.4. If f is non-positive and inf,cq f(x,t) > —oo for each t € R as in
Remark we consider f(z,t) := —f(z,—t). Then f € C(Q x R,[0,00)) is non-
decreasing and sup,cq f (z,t) < oo for each t. Therefore, the Dirichlet problem
has a viscosity solution u with the right-hand side f and boundary data —¢q
by Theorem .

4. EXISTENCE WHEN f(x,t) NON-INCREASING IN ¢

In this section, we investigate the existence of viscosity solutions to the problem
, when f(z,t) is non-increasing in t. We first prove a stability result of the
viscosity solutions. Then under the assumption that the problem has a vis-
cosity subsolution with f replaced by f + &, € > 0, we prove the existence of the
viscosity solution to . Finally, we use the iteration method and Theorem
to establish the existence of the viscosity solution to .

Lemma 4.1. Let {4172, be a sequence of non-negative functions in C(Q2) such
that & — & locally uniformly in Q for some § € C(9). For each positive integer k,
let u, € C(2) be a viscosity solution to the problem
Agouk = f}w m Q,
ug =q, on 0f)
such that ug < ur < us in Q, for some functions ug and us in C(Q), with

Uy = Uoo = q on 0. Then {uy} has a subsequence that converges locally uniformly
in Q to a viscosity solution u € C(Q) to the problem

Agou =&, inQ,
u=gq, on .
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Proof. Set M := supg e — info ug. Clearly, we have supg up — infqux, < M, for
every k = 1,2,---. Let K be any compact subset of  and d := dist(K,99Q). We
take R > 0 such that 4R < d. Since A" u;, > 0 in Q, by [6, Lemma 2.9], we obtain

.
usle) — )] < MIEZY vz € g € Bryale),

By compactness, we obtain {uy} are equicontinuous in K. On taking an exhaustion
of Q by subdomains compactly contained in €2, we apply the standard method of
Cantor diagonalization to extract a subsequence of {uy} that converge uniformly on
compact subsets of 2. For simplicity we will continue to denote such subsequence
by {ux}. Set

u(zx) = klirgo ug(z), xeq.

We extend this definition to the closure Q by defining u = ¢ ~on 0. By the
assumption, we have ug < u < U in Q. This means that u € C(Q).

Next, we show that A" u = ¢ in the viscosity sense. Suppose that ¢ € C?(Q)
and u — ¢ has a local maximum at some xg € €2, i.e.

u(z) —p(x) <u(zo) — ¢(x0), @ € Br(zo) SO
for some r > 0. Suppose that zj is a point of maximum of
3 _
up(z) — (ap(x)+§|x—xo|2), €>0, z € B(xo).
Particularly,

unlon) = (p(on) + 5lan = 20l%) = ui(wo) = (o). (4.1)

Since x;, € B,.(x0), by passing to a subsequence, x;, — #, for some & € B,(x¢),
letting k — oo in (4.1), we have

w(@) = (p(#) + 51& — 20]?) > uo) = (o),
ie.
Sl = 20f? < (@) — () — (u(xo) = ¢(x0)) < 0.
Then we have & = xg. Thus, x3, € B, /2() for sufficiently large k. Since uy is a vis-

cosity subsolution and zy, is a point of local maximum of ug(z)— (p(z) + 5|z — z0|?)
in B(zg), we have

Alp(zr) + O(e) = &rlz). (4.2)
Taking the limit in (4.2)) and recalling that & — £ locally uniformly in €2, we obtain

Al (o) + O(e) = €(wo).-

Letting € — 0, we have A" u > ¢ in the viscosity sense. Similarly, we can prove
that u is a viscosity supersolution. [

Now we first give an existence result under the condition that problem has
a viscosity subsolution with f replaced by f 4+ . Then we combine the iteration
method and Theorem [[] to establish the existence result. The idea is that the
existence of an appropriate viscosity subsolution leads to the existence of a viscosity
solution.
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Theorem 4.2. Let f(x,t) € C(Q x R) be positive, non-increasing in t, and satisfy
the condition

sup f(z,t) < oo, for eacht € R.
zeQ

If the problem (1.1) has a viscosity subsolution with f replaced by f + ¢, for some
e > 0, then there exists a viscosity solution u € C(Q2) to (1.1).

Proof. By the assumption, let 7y € C(Q) satisfy
Alsno > f(z,mo) +e, inQ,
no < ¢q, on 0.
Then we define a sequence {ny}7° ; satisfying
A" e = flo,m—1) +¢/k, inQ,
e =¢q, on Of).

The existence of 7y is ensured by Theorem Since APy = f(z,m0) + ¢ and
Al no > f(z,m0) + € with 79 < 7y on 99, by Lemma we have 79 < 1y in Q.
Suppose ng_1 < ng in Q for k > 2. Then

Alone = fla,me—1) +e/k > flz,ne) +e/(k+1) = ALy,

and hence Lemma implies 7 < Ng41 In Q. Then we have 1, < 141 in Q for all
k. By Theorem we let V € C(12) satisty

ANV =0, inQ,
V =¢q, ondf.

By the comparison principle of infinity harmonic functions [7, 2], we have that
e < Vin Q for all k=0,1,2,---. Therefore, we have

M <m< < S <<V, in Q.
Hence, the sequence 7 converges uniformly in 2. Let
n(z) == lim ng(z), =x€ Q.
k—o0
It is clear that n € C'(2). We take
fk: = f($777k71)+5/k‘7 f:: f(.’L‘,T])

Lemma [4.1] implies that 1 € C(Q) is a viscosity solution to (L.1). O

Theorem[4.2] provides us with an approach to the existence problem, but it suffers
from the shortcoming that we need a viscosity subsolution for the function f + ¢,

for some € > 0. Next we impose the condition (4.3) on the domain to remove the
assumption on the existence of the viscosity subsolution.

Lemma 4.3. Let g € C(99), f be a non-increasing function that satisfies condition

sup f(z,t) < oo, foreachteR.
e

If a bounded domain §2 satisfies

i £ — Ao\ M/ (h+1)
< .
diam(Q) _( e ) , (4.3)
where v = h%rlh(h“‘l)/h, X < 01 := infpqq, and C > (supQ f(x,/\o))l/h, then

(1.1) has a viscosity subsolution in C(Q).
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Proof. If f(x,t) = g(x), the existence follows immediately by Theorem Thus
we consider the inhomogeneous term depending on the variable t. We choose d
satisfying

D og<l

= G ’y(diam(ﬂ))(h+1)/h- (4.4)

We define
W(z) :=C(vy]z - z|(BFD/R d), =ze€on. (4.5)
Clearly W € C*°() and one can verify that
ALW = C" > sup f(z, ho) > f(2,X0), in Q.
Q

With the choice of d as in (4.4)), we have \g < W < /1 in Q. Since f(x,t) is
non-increasing in ¢, we obtain that W satisfies

AW > f(z, W), inQ.
Recalling that W < g on 99, we conclude that W is a viscosity subsolution of (|1.1))
in Q. O

Note that the existence of viscosity subsolution depends on the size of the domain
when f is non-increasing. Based on this point, we are ready to prove the existence
result with the iteration method and Theorem [[.1l

Proof of Theorem[1.3. Since C > (supg, f(z,X))"/" > 0 and  satisfies the condi-

tion (4.3]), Theorem implies the existence of a viscosity subsolution w defined
in (4.5)) satisfying

AW = C" > sup f(x, Ag) >0, inQ,
Q
W <gq, on0f,

and \g < W < /1. Then we have f(z, W) < supq, f(z, \g) < C". Denote ug := W,
and we recursively define a sequence {uy} in C(Q) as follows for k > 1. By Theorem
[11] we let uy satisfy

Agouk = f(xauk—l)a in Q7

up = ¢q, on O0f.
By induction, we show that W < wy, in Q for all k£ > 1. Note that
AZQU/I = f(x,UO) = f(an) < f(x,AO) < Ch-

(4.6)

Thus,
Agoul <C" inQ,
uy =¢q, on £,
while
AW =t inQ,
W <ygq, ondQ.

Therefore, by Lemma we have W < uq in Q. Suppose W < wuy, in Q for some
k > 1. Then

Agouk-i-l = f(l',Uk) S f(an) S f(xa)\o) S Cha in Q)
ug =¢q, on 0.
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Lemma again implies W < ug ;1 in Q. This proves the claim.
Since A\g < W < uy in € for all k, we have

ANy = flz,up_1) < f(z, ) <CP, 0 in Q,
ur =¢q, on 8.
Let v; € C(Q) be the viscosity solution to the problem
Al vy =Ch in Q,
vy =¢q, on 8.
By Lemma we obtain u, > v; in Q. Finally, let vy € C(Q) satisfy
Al vy =0, inQ,
vg =¢q, on 08
Since A" uy, > 0 in Q, by the comparison principle in [7, 21], we see that u; < v, in

Q for all k. In summary, we have constructed a sequence {uy} of viscosity solutions
to (4.6) such that

vr <up <wy, in Q,
v = U = vy =¢q, on J.
Therefore, by Lemma [£.I] we can get the existence of the viscosity solution to
TD). 0
5. SINGULAR BOUNDARY VALUE PROBLEM

In this section, we show the existence and the uniqueness of the viscosity so-
lution to the singular problem . Moreover, when the domain satisfies some
regular condition, we analyze the asymptotic behavior near the boundary of the
viscosity solution. We now prove that the singular problem has a viscosity
supersolution.

Lemma 5.1. Let b € C(Q) be positive and sup,cq b(x) < oo. If g belongs to
C1((0,00), (0,00)) is non-increasing with lim,_,q+ g(t) = oo, then problem (1.5)
has a viscosity supersolution.

Proof. By Theorem the following problem has a viscosity solution w € C(€Q),

Al w = —b(z), inQ,

5.1
w=0, ondN. (5:1)
We define v = n~!(w) € C(Q2), where
t
1
n(t) :/ ———ds, t>0. (5.2)
o V9(s)

Because w € C(Q), we have v € C(Q). Suppose that ¢ € C?(Q2) and v — ¢ has a
local minimum at z € €, i.e. for some small § > 0,
v(z) = p(2), v(z)>ep(x), xcBs(z) N

By Lemma we have w > 0 in Q, and then v > 0 in Q. In particular, v(z) > 0
and we can assume that J is small enough such that ¢ > 0 in Bs(z). Since 7 is
increasing, we have

w(z) =n(p(2)), wlz)=n(pz), = Bs(2).
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Let 9 (z) := n(¢(z)) € C?(Q) such that w — 9 has a local minimum at z. Since w
is a viscosity solution to (5.1]), we have
Al(z) < —b(2), (53)
in the viscosity sense. In Bs(z), by a simple calculation,
h—1 h
ALy =0 (@)Dl 0" (@)Dl + ' (0)" ALy

9/(%0) h+1
D +
hg(W‘ i

——AL o,
9(¥)
where we have used

/ o 1 % o g/(t)
n'(t) = Vo® and 7"(t) = T hg() R

Since g is non-increasing, we obtain

1
Az AL, € Bs(2)

From (j5.3)), we see that
1
—b(z) > A" > —— AN

and then
Alp(2) < —b(2)g(p(2)) = —b(2)g(v(2))-
Thus, problem (|1.5) has a viscosity supersolution v. ([l

Now, we prove the existence of a solution to (|1.5)) though the truncation method
and the stability theory.

Proof of Theorem[1.5, For some p > 0, let

g(t>:{g(u+t), t>0,
9(p), t <0.
By Theorem the problem
AM = —b(z)g(u), inQ,
u=0, on0f,

has a viscosity solution u. By Lemma [2.2] we have v > 0. And then we actually
have

Al u = —b(x)g(u+p), inQ,
u =0, on Jf.
Then for each positive integer k, the perturbed Dirichlet problem
Al = —b(z)g(\e +k71), inQ,
A, =0, on 99,
has a viscosity solution A\;. And by Lemma [2:2] we see that A > 0 for all k£ in Q.
Let w be a viscosity solution of and v := n~!(w), where 7 is as in .

By Lemma we have
Alv < =b(a)g(v + k™),
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for every k. Theorem [2.4] shows that A\x < v in Q. Note that
Al = =b(@)g(\e + k),
Al Akt = =b(@)g Nk + (B +1)71) < =b@)g(hess + 571,

where we have used that ¢ is non-increasing. Theorem implies A\, < Apyq for
all k. Then one has

0<M < A<My <---<w, inQ

Then {A} are locally uniformly Lipschitz continuous and locally uniformly bounded.
And the limit limg_ .o A = A is also locally Lipschitz continuous in €. In Lemma
let

&=b(x)g(\ +E7Y), E:=bx)g(N), and uy ==X

Since A € C(€2), we also have
k—o0
locally uniformly, and the limit function is continuous in 2. We set

Uy = —V, U =0, in Q,

Uy = U = 0, on IN.

Obviously, ug, us € C(Q). From Lemma we see that the problem (1.5 has a
viscosity solution A. Finally, the uniqueness can be obtained by Theorem O

Next, we give some definitions and properties of Karamata’s regular variation
theory which was first introduced by Karamata in 1930’s (see [15] [16l [I7] and
the references therein), and then based on Karamata’s regular variation theory,
we proceed to discuss the boundary behavior of viscosity solutions to the singular
boundary value problem .

Now we recall some definitions and properties of regularly varying functions (see
[12, @1}, 43]).

Definition 5.2. A positive measurable function f defined on (0, a), for some a > 0,

is called regularly varying at zero with index p € R, written f € RV Z,, if for each
£>0,

- f(&s)

1 =&°. 5.4

) =t (54)

In particular, when p =0, f is called slowly varying at zero.

Clearly, if f € RV Z,, then L(s) := f(s)/s* is slowly varying at zero.

Proposition 5.3 (Representation theorem). A function L is slowly varying at zero
if and only if it may be written in the form

ai t
L(s) = c¢(s) exp (/ #dt), s€(0,a1),
for some ai € (0,a), where the functions ¢ and y are measurable and for s — 07,
y(s) = 0 and c(s) — co, with co > 0.
We say that

L(s) = coexp (/:1 @dt), s € (0,a1),
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is normalized slowly varying at zero and
f(s) =s"L(s), se(0,a1),

is normalized regularly varying at zero with index p and written f € NRV Z,,.
Recall that a function f € RV Z, belongs to NRV Z,, if and only if f € C'(0,a)

for some a; > 0 and lim,_,q+ Q}C;S) =

Proposition 5.4. If functions Ly, Lo are slowly varying at zero, then
(i) LY (for every p € R), a1 Li+asLs (a1 > 0,a9 > 0 with ay+az > 0), LyoLs
(if La(s) = oo as s — 0T ), are also slowly varying at zero.
(i) For every p >0 and s — 0%, s"Li(s) — 0, s P L;(s) = oo.
(iii) For p € R and s — 0%, log(L1(s))/logs — 0, and log(s”Ly(s))/log(s) —
p.
Proposition 5.5 (Asymptotic behavior). If a function L is slowly varying at zero,
then fora >0 and s — 0T,

/ tPL(t)dt = (p+ 1) s'PL(s), for p> —1,
0

/ tPL(t)dt = (—p — 1) 's TP L(s), forp< —1.

Proposition 5.6. (i) If fi € RVZ,,, fo» € RV Z,, with lim;_,o+ f2(t) = 0,
then fio fo € RVZ, ,,.
(ii) If f € RVZ,, then f* € RVZ,, for every o € R.

Now we state some important results that we can use to prove Theorem

Lemma 5.7. Let g satisfy (H3), (H4) and ¢ be the solution to the problem

o(t) ds
—— =t, Vt>0.
/0 (g(s))L/n
Then

(i) RS NRVZh/(th,Y) and (;5’ S NRVZ,,Y/(;IJF,Y);
(ii) lim,_,o+ m =0,ifk€AandT(y+h)>h+1.

Proof. By the definition of ¢, we have

(1) = (go o))", 6(t) >0, t>0, ¢(0)=0, (5.5)
1 _
o'(t) = (90 6(1)*/ Mg 0 6(1)), t>0. (56)
(i) By (H4), we have g € RVZ_,. Propositionimplies g Ve RV Z,,. We
define ()
_yg "
Ly(t) == ey
Then L; is slowly varying at zero. From v > 1 and Proposition |5.5] we see that
tg=Mh(t tLy(t)t/h h
im0y, _Hald) Ly (5.7)
t—0t+ fO g_l/h(s)ds t—0t+ fO Ll(S)S’Y/hdS h
Then

() _ o e GO ek
Pt o(t) tli]%% o) slir& s T h+y
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that is, QSENRVZ L

From ., and , it follows that
t¢”(t) 1 (g o) fy (g(w) " du

0r @) Bt (goqs( ))B=D7h
1 g'(s) fo 1/hdv
h s—ot (g(s )) /h
_ Ly 96 N
h s>o0t g(s) s(g(s))*l/h h+~

(ii) Since k € A, we have

@ li E(K(t)> =T

ok th(t) oot dt \ k(D)
And then
th(t) 1
im —= = —
t—ot K(t) 71’
ie., K€ NRVZ, ;. By Proposition (i), we have
t
(h+1)/h e
¢po K S NRVZ,(’;th) and (j)(K(thl)/h(t)) € NRVZT(W:?:E:}L;)Hl .
Since 7(y + h) > h + 1, by Proposition (ii),
lim ___t =0. t

10t G(K (DR (1))
Proof of Theorem[1.¢. We define
d(x) :=dist(z,00), Qs:={reQ:d(x)<d}.
Since © is a bounded domain with smooth boundary, it follows that d(z) € C*(£s)
for some § > 0. Moreover, |Dd(z)| = 1 and A" d(x) = 0 in Qj, in the viscosity

sense.
We set

n(t) = (€ +e)e(KMTVR(E), te (0,9),
u(x) :=n(d(x)), =z € Qs.

Note that K and ¢ are both increasing in their respective definition domains. There-
fore, when § is small enough, 7 is increasing in (0, d). Let ¢ be the inverse of 1. It
is easy to check that

C’(t)=n,(<1(t)) (h+1(€o+ )¢I(K(h+1)/h(C(t)))Kl/h(C(t))k(@(t)))_1 (5.8)
and
gy~ ER)
O = P oo
-3
(" 6 + 0 (KO R MCOME)) G
where

(h+1)2
h?

o = (6o +e)¢" (KDM@ KM ()R (1)
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+ L e o) (O (G () KO- (1)K (C(1))

h2
(&0 + )¢/ (KPTDRC(t) KM M(C ()R (C(1)).

h+1
h

Let ¢ € C?(Qs) and suppose u* — 1) has a local minimum at zo € s, i.e., u* > 9

in a neighborhood N of zg and u*(x¢) = v¥(xg). Then ¢ = ((¢)) € C?(Qs) and

d(wo) = plo), d(z) > () in N

+

Since A" d =0, we have A () < 0. Direct computations yield
Dy = ('(¥) Dy,
D*p = ("() Dy ® Dy + ¢ () D*4),
Alop = [Dg|"™* (D*¢Dy, D)
= |C@)" DY @) + [ ()" (W) ALY
Since A" p(x9) <0 and ¢’ > 0, we have

AL (o) < —(¢'(¥(x0)) ™' ¢" (¥(w0)) [ D (o).

Noting that |Dd(z)| =1 for all z € Q5 and d — ¢ attains a local maximum at o,
we have

1 = |Dd(o)| = ¢’ (1(0)) Dip(20)|.
Then
A%t (o) < —=[¢' (W (20)) "2 (¥(wo))-
Combing this with and , we obtain

Al&ﬂ#(%)
< (M @+ ) (s EE @) K (o)
" {h + 1 ¢ (KD (o)) KPHD/ (p(0) ) + Ly K(@(xo))k’(s@(wo))}
h @' (K HD/h(p(20))) h k2(¢p(20)) '
Hence,
Al (o) + b(xo)g(w* (20))
< (h:; 1(&) _|_8))h (¢'(K(h+1)/h(d(m0))))h kh+1(d(x0))A(x0),
where
Alan) ht1d" (K(h+1)/h(d(x0))) KD/ (d(20)) N 1 N K(d(z0))k' (d(zg))
T ¢ (KD (d(zg))) h K2(d(z0))
(G ol z0)

R T(d0)) (o (KD (d(z0)) "

Note that K+ (d(zo)) — 0 asd — 0. Then, by Lemmaand lim, o+ XEPEO —
1 — 7, we have that

htl—(hty)r 0 h

h —h—v
ht o (h+1) (& +¢) ., 0—0.

A(xo) —
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Since

€ = ( RPe(h 4 ) )1/(h+'y)
TN+ DR+ )T = h—1]
we have A(zo) < 0 when &y € (0,2) small enough. Thus

AL (o) < =b(x0)g(u*(0)),
that is, u* is a viscosity supersolution of in Qs,. Similarly, we can prove that
ua () = (§o — )p(K "D/ (d()))
is a viscosity subsolution of in Qs,,.
Let v € C(2) be the unique viscosity solution of the problem
—AZOU =1, in Q,
v >0, in ),
v=0, on 0.

)

According to [0, Theorem 7.7], there are two positive constants a and ¢, with
0 < a < c such that

ad(z) < wv(x) <ed(z), d(x)— 0. (5.10)
Let u € C(2) be the unique viscosity solution to and M large enough such
that

u(z) < u*(z) + Mo(x) and u.(z) < u(z) + Mo(z) on {xz € Q:d(x) =7}

By (H3), we see that u*(z) + Mv(x) and u(z) + Mv(x) are also viscosity superso-
lutions of (1.5)) in Qs_. Since

u(z) = u*(z) + Mv(x) = u(z) + Mv(xz) = us(x) =0, on 09,
by (H3) and Lemma we have
w(z) < u*(z) + Mo(z), u(z) <u(z)+ Mv(z), =€ Qs,.

Hence, for z € Q5,, one has

7T ST @) = SR (dE))
and
u(z) Mou(x)
SOOI = @ GERIa@E)
By Lemma (ii) and (5.10), we have

— ¢ < liminf d 1
e S N GREa@)) M S SR b d(2)))

Thus, letting ¢ — 0, we obtain

<& +e.

lim u(@)
d(z)—0 ¢(KM+D/h(d(x)))

= &o-
(]
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