Electronic Journal of Differential Equations, Vol. 2023 (2023), No. 61, pp. 1-12.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, https://ejde.math.unt.edu
DOI: 10.58997/ejde.2023.61

SINGULAR p-BIHARMONIC PROBLEMS INVOLVING THE
HARDY-SOBOLEV EXPONENT

AMOR, DRISSI, ABDELJABBAR GHANMI, DUSAN D. REPOVS

ABSTRACT. This article concerns the existence and multiplicity of solutions
for the singular p-biharmonic problem involving the Hardy potential and the
critical Hardy-Sobolev exponent. To this end we use variational methods com-
bined with the Mountain pass theorem and the Ekeland variational principle.
We illustrate the usefulness of our results with and example.

1. INTRODUCTION

Recently, a lot of attention has been paid to the study of problems involving
the p-Laplacian operator and the p-biharmonic operator. We refer the reader to
Alsaedi et al. [I], Cung et al. [10], Huang and Liu [15], and Sun and Wu [24}[25]. The
reason for studying these problems is their applications in fields such as quantum
mechanics, flame propagation, and traveling waves in suspension bridges; for more
applications see Bucur and Valdinoci [6], and Lazer and McKenna [I6]. Problems
involving Hardy terms have been extensively investigated by several authors, see,
e.g., Bhakta et al. [3, 4], Ghoussoub and Yuan [I3], and Guan et al. [I4]. Various
problems involving the critical Hardy-Sobolev exponent have been widely studied,
see, e.g., Chaharlang and Razani [7], Chen et al. [9], Perera and Zou [19], Pérez-
Llanos and Primo [20], Wang [26], and Wang and Zhao [27].

In particular, Ghoussoub and Yuan [I3] used variational methods to study the
existence of solutions of the problem

q—2

|<p|| Y 0
:L-Oé

@0 =0 on 909,

—App = Ao 2o+ p

)

where 2 C R™ is a regular bounded domain, p and A\ are positive parameters,
min(g,r) > p, ¢ < p*(a), and r < p*.
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Perrera and Zou [19] investigated the critical Hardy p-Laplacian problem

lp|P" (D=2
e (1.1)
©=0 on 0.

More precisely, they used variational methods to establish the multiplicity of solu-
tions of problem (1.1)). Recently, Wang [26] considered the problem

o] 2

—App = AlpP%p +

EN (1.2
p=Ap=0 on 0.

He used the Mountain pass theorem to establish the existence of solutions of prob-
lem . Moreover, the existence of multiple solutions was established by applying
the Fountain Theorem.

Motivated by the above mentioned results, we study in the existence and mul-
tiplicity of solutions of the following singular p-biharmonic problem involving the
Hardy potential and the critical Hardy-Sobolev exponent,

Arp = h(z, ) + p—>-

2
2o A8 A = (@) + nBY, (L)

]2

where 0 < a < 2p, 1 <p< %, A>0, u>0,and p*(a) := T’(N*Z). Here, A, and

N—2
Af, are the p-Laplacian and the p-biharmonic operator, respectively, defined by
App = div(|[Ve[P=2Vep),  Alg:= A(|Ap[P~%Agp),

respectively, f is a positive function, h is a continuous function. We use the following
hypotheses:

(H1) There exists r € (p,p*) such that f € L=(RM) and |h(¢)| < c1|p|" ! for
every ¢ € E and some positive constant ¢, where p* := Npiv 6T and the
space E := W2P(RV) is defined in Section

(H2) There exists o > 0 such that for every y € RY, wehave 0 < rH(p) < h(p)p
lo| > o >0, where H (¢ fo

(H3) There exist ¢; >0, 1 <r <p, and s€ (

P} such that

—r) p—r
0< fe L= (RY) N Li, RY),

and |h(p)| < c1]|"? for for every ¢ € E.
The following are the main results of this article.

Theorem 1.1. Suppose that (H1), (H2) hold. Then for every u > 0, the singular
p-biharmonic problem (1.3) has at least one nontrivial weak solution, provided that
A > 0 is small enough.

Theorem 1.2. Suppose that (H2), (H3) hold. Then there exists pig > 0 such that
for every p € (0,up), the singular p-biharmonic problem (1.3) has at least two
nontrivial weak solutions, provided that A > 0 is small enough.

Note that the singular p-biharmonic problem is very important since it
contains the p-biharmonic operator, the p-Laplacian operator, the singular nonlin-
earity, and the Hardy potential. Moreover, it appears in many applications, such
as non-Newtonian fluids, viscous fluids, traveling waves in suspension bridges, and
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various other physical phenomena, see, e.g., Chen et al. [§], Lazer and McKenna
[16], and Ruzicka [22].

The article is organized as follows In Section [2] we present some variational
framework related to problem . In Sectlon' we prove Theorem In Section
[4 we combine the Mountain pass theorem with the Ekeland variational principle
to prove the multiplicity of solutions of problem (Theorem [1.2). In Section
[B] we present an example that illustrate our main results. Finally, in Section [6] we
summarize the main contributions of this article.

2. PRELIMINARIES

We begin by recalling some necessary facts related to the Hardy-Sobolev expo-
nent nonlinearity. We finish this section by presenting the variational framework
related to problem . For other necessary background material we refer to the
comprehensive monograph by Papageorgiou et al. [1§].

It is well-known that the Hardy-Sobolev exponent is closely related to the Rellich
inequality (see Davies and Hinz [I1I, p. 520])

/RN T:ET;)ZJP do < (N(P - 1]))(1\7 - 2p)>p /]RN Aol dz, 2y

for every p € W2P(RY), where W2P(RY) denotes the Sobolev space which is
defined by

W2P(RN) == {p € LP(RN) : Agp, |Vyp| € LP(RN)}.
For more details about this space, see Davies and Hinz [IT], Mitidieri [I7], and
Rellich [21].
According to the Rellich inequality (2.I), W2P?(RY) can be endowed with the

following norm

loll = ([ 1aetor -\ 1 0o ar)

N(p—1)(N —2p)\»

p? '
The space W2P?(RY) is continuously embeddable into L7 (RY) for every p < o < p*,
and compactly embeddable into L{ (R RY), for every p < o < p*. Moreover, for
every ¢ € W2P(RY), one has

provided that
0<A<

(2.2)

[Plo < S5l (2:3)
where ¢, denotes the usual LP(R™)-norm and S, is defined by

N AQD Y \50(9321! + VSO Pdx
S, = inf fR | ( )‘ - | /fE )| ' (2.4)
WP (BN ), 640 (Jan L= lep() 7 dax)”

Hereafter, for simplicity, we shall denote E := W2P?(RN
We define the weighted Lebesgue space L"(RY, f) by

L"(RY, f) := {o: RN — R : ¢ is measurable and z)|"dz < oo},

and endow it with the norm

etk i=( [, f(x)lw(w)leI)l/



4 A. DRISSI, A. GHANMI, D. D. REPOVS EJDE-2023/61

Then L"(RY, f) is a uniformly convex Banach space. Dhifli and Alsaedi [12] proved
that under hypothesis (H3), the embedding £ < L"(RY, f) is continuous and
compact. Moreover, one has the estimate

lll7.s < Sy 1£]_ge_llell”,  for every ¢ € E. (2.5)
Now, let us introduce the notion of weak solutions.
Definition 2.1. A function ¢ € E is said to be a weak solution of problem (1.3),
provided that

/ f(z wdx—i-/ lz| =P (D 2p) dx,  for every i € E,

where

p—2
Alp, ) :=/ |AplP~2ApAyp — A|80| sz +|VelP T2 VeVy d.

We define the energy functional J, : £ — R, by

Julp) = %||<P||” - M/RN f(@)h(p)p da — p*ia) /RN || =" () d.

Note that a function ¢ € E is a weak solution of (1.3)), if it satisfies J;,(¢) = 0, i.e.,
¢ is a critical value for J,.

Definition 2.2. We say that a function ® € C*(F,R), where F is a Banach space,
satisfies the Palais-Smale condition, if every sequence {¢,} C F, such that ®(p,)
is bounded and ®'(y,) — 0 in F*, as n — oo, contains a convergent subsequence.

To prove Theorem|[I.1] we need the following result which is proved in Ambrosetti
and Rabinowitz [2 Theorem 2.4].

Theorem 2.3 (Mountain pass theorem). Let ® € C1(F,R), where F is a Ba-
nach space, and suppose that ¢ € F is such that ||¢|| > r, for some r > 0, and
inf)|y) = ®(¥) > ®(0) > ®(p). If in addition, ® satisfies the Palais-Smale condi-
tion at level c, then c is a critical value of ®, where ¢ := inf,cr max,c(o,1) P(7(s))

and I' = {y € C([0, 1], F) : (7(0),7(1)) = (0,)}.
3. PrROOF oF THEOREM [L.1]

In this section, we shall prove the first main result of this paper. More precisely,
under suitable conditions, we shall prove that the functional energy associated with
problem (1.3) satisfies the Mountain pass geometry. First, we shall prove several
lemmas.

Lemma 3.1. Under hypotheses (H1) and (H2), there exist p > 0 and nn > 0 such
that ||¢|| = p implies J, () > 1 > 0.

Proof. Let ¢ € E. From (H1), (H2) and (2.3] ., we obtain

1 / 1 / _ *
= —|le||P — f(z —_— x| P (@) gy
5u0) = Sl = - Ll
1 1 _pi(e) .
Neolp = £ S p*(@)
pH‘PH / f(z ()P (@) llll

1 P r _% p™(a)
;H@H - *C1||f||oo|UI llell

1
p* () Sp*( )
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1 1
ol = =/l o||" p*(@)
= Cllell” = Cl”f”oo lell” = @) (o) 2l
P /p p_ 1 - p*(a)—p
- & —r r— D a)—
> ol {5 = Bl oS0l = =S el @7},
and since min(r, p*(«)) > p, we obtain
1 1 p*( 1
lim {,_,c fllsS T/pwrp S s019(&) p} >0,
im {2 Rl oSyl - 0 el .
therefore, for p > 0 small enough, if ||p| = p, we obtain
1 1 _pt
— _£ /P TP _ p*(a)—p
n:=p (= Callfls; S 2 OT) =0
thus ||¢|| = p = J.(¢) > n > 0. This completes the proof. O

Lemma 3.2. Under the hypotheses of Lemma there exists e € E such that
llell > p and J,(e) < 0.

Proof. Let ¢ be a positive function in C°(FE). Then for every s > 0 we have

gP" (@) .
J, sgaz—gap—,u/ f(@)H (sp)dx — 7/ z| 7P (@) dg
w(50) = ol e Ll

<— b 7/ x| %P (@) dg.
< Sl - S | el

Since p < p*(a), it follows that J,(sp) = —o0, as s — co. Therefore there exists
50 > ﬁ large enough, such that J,(sop) < 0. If we now set e = sgp, then |e|| > p
and Jy,(e) < 0. This completes the proof. (]

Lemma 3.3. Under the hypotheses of Lemma Jy. satisfies the Palais-Smale
condition.

Proof. Let {¢y} be a Palais-Smale sequence, which means that J,(¢,) is bounded
and J;L(gpn) — 0, as n — o0o. Therefore there exist m; > 0 and ms > 0 such
that J,(¢n) < my and [J),(pn)] < mg. Letting 6 := min(r,p*(a)), we obtain by
hypothesis (H1) that

6m1—|—m2>9J( )_<J/(S0n) ©n)

0 .
— np_ 9/ n — / xfoz np(a)d.f
Dol =t [ @G de— s [ el
“llenle 4 [ S@htenondat [ el @ do
RN RN

0
> C = Dllgall +ur=0) [ f@)H(pn) ds
p R
0 .
+(1— / |7 pnP @ da:
(=) [ ol
0
= (5= Dlienl”
and since § = min(r, p*(a)) > p, it follows that the sequence {¢,} is bounded in
E. Therefore (up to a subsequence) there exists ¢ € E such that

pn — @ weakly in F|
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©on — @ strongly in L"(RY),
Yn — ¢ a.e. in R"
so, by (H1), (H2) and the Dominated convergence theorem,
im [ f@He)de= [ fa)H()dr. (3.1)

One can now show by a standard argument that the weak limit u of {¢,} is a
critical point of J,, and thus J),(¢) = 0.

Let wy, := ¢, — . Then w, converges weakly to zero. Moreover, by Brezis and
Lieb [B, Lemma 3], we obtain

|wn‘§*gzg = |n p*(a |<Pp *(a) "‘0(1)7
therefore,
tim [ ol o = [ lal el aa,

and from (3.1]) we have
Unoa):on) = () 0) =l = [ el @) da + o(1),
hence for n large enough,
P = [ Jal= ") d + of1),
RN
thus
lim ||Jw,|/” = lim 2|~ |wn P (@) =1 > 0. (3.2)
n—oo n—oo RN
If I > 0, then by combining equation ([2.4) with (3.2)) we obtain
EOET
1> Sp*(a) . (3.3)
On the other hand, one has
1 1
Ju(on) — Julp) = = ||lwp|lP — ——
u(on) = Ju(p) pH | (@)

so by letting n tend to infinity, we obtain

/lwl‘“\wnlp*a’dwﬂ(lx
RN

1 1
c—J =(-—-— ——)I,
and using the last equation and (3.3 we obtain
1 1 1 1 S
J<p+f—7l:c< - p(oc)fp’
WO G ) ST Y
which implies that
Ju(p) <O0. (3.4)

However, we have (J;,(¢), ¢) = 0, for every ¢ € E. So, from (H2) we obtain

el = [ @hte)edat [ fal=lop @ do
o [ S@H) e+ [l ) da

RN
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therefore,

1 1 .
T e R
> %(T,u [RN f(@)H(p)dx + /RN |x|*a|u‘p*(a) dx>
— — L —af,, P ()
p [ s@ = [ el @

> (s 1) [ S@H@) (=) [ el

and since r € (p,p*) and p < p*(«), it follows that J,(¢) > 0. This is in contradic-

tion with (3.4). Since I = 0, we see by (3.2)) that {(,} converges strongly to ¢ in
FE. This completes the proof. O

Proof of Theorem[I.1] By Lemma [3.1] there exist p € (0,00) and 7 € (0, 00) such
that inf) =, Ju(¢) > n > 0. On the other hand, by Lemma there exists e € £
such that

p<le|l and J,(e) <0< HiIHlf Ju(p),
ell=p

hence, combining Lemma [3.3| and Theorem we can establish the existence of a
critical point ¢,,. Moreover, ¢,, is characterized by

Ju(pp) = inf max J,(y(t)),

~€T t€[0,1]
where
[:= {7 € C([0, 1], X) : (+(0),~(1)) = (0,€)},
so if we take y(s) = se, then there exists sg € [0,1] such that ||spe|| = p, hence

invoking Lemma, we obtain

Ju(pu) =n > 0. (3.5)

This completes the proof. O

4. PROOF OF THEOREM [I.2]

The proof is divided into several lemmas.

Lemma 4.1. Under hypotheses (H2) and (H3), there exist positive constants p,
p, and n such that for every p € (0, o), |||l = p implies J,(p) >n > 0.
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Proof. Let ¢ € E. Invoking hypotheses (H2), (H3), equations (2.3)), (2.5)), and the
Hoélder inequality, we obtain

1 1 x
J(p:fgpp—,u/ fa:H(pdx—i/ z| P (@) dg
o) =l = [ @ - [l

1 I 1 -2 .

> — gop—f/ f@)h(p)de — ——S,. * |lo|P"
el =5 [ p@hie e -~ ol
1 % r 1 — (=) “(a
> —|lel” = Zerllel p — =<5 7 Il
p r p*(a) (4.1)
1 1% 7/ _pi() ¥
> —o|P — = - S P el" - S P G
> Sl = Eealf |, S5 Nl = S5 S 7 el
1 _ I —r/ 1 _pi(e) .
> r - p—r _ H p*S*P_is*y p(a)r)
2 ol (el = Ceallfll e 857 = s el
T I —r
> Jlel (h(llell) = Ecrllfl 5,777,
where
1 1 e
h(s):==sP" — ——§ . 7 P
B = @
It is not difficult to prove that h attains its global maximum at
p"(a)
(p*(a)(p —1)5,:" )ﬁ
So = .
p(p*(a) =)
Set
rf(s
il Sy
Then for every p € (0, o), we have
hso) = Eerll 7l g 8,77 >0,
and since h is continuous, we can find p > 0 such that
h(p) — gcln Fll e s s 0,
thus for every ¢ € E with ||| = p, we have
T M —r
Ju(p)=n:=p (h(p) - ;61||f||%3p* /p) > 0.
This completes the proof. (I

Lemma 4.2. There ezists e € E such that |e]| > p and J,(e) < 0.

Since the proof of the above lemma is very similar to that of Lemma we
omit it.

Lemma 4.3. Under hypotheses (H2) and (H3), the functional J,, satisfies the
Palais-Smale condition.

Proof. Let {p,} be a Palais-Smale sequence. By the argument from the previous
section, it follows that there exist m; > 0 and mg > 0, such that J,(¢,) < m; and
[T} (en)| < ma.
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Let us prove that {p,} is bounded. If not, then up to a subsequence we can
assume that ||¢,| — 0o, as n — co. By hypotheses (H2) and (H3), we obtain

p*(a)my +ma > p*(a)Ju(pn) — <JL(<Pn)a ©n)
P@) ) e (e - -
> ol — (@) [ f@)H ) d

‘p(a)/ o] ) da ~ ul”

p*(a)
+u | f@)h(pn)en dw+/ 2|78 () d
RN
p*(a
> (}(7) )”‘PanJF}L r—p / f(x)H(¢n)

—-r/p r
Spe " llnll"

> ()P = () = Dl e

Since r < p, a contradiction is obtained by letting n in the last inequality tend to
infinity, therefore {(pn} is indeed bounded. The rest of the proof is analogous to
the proof of Lemma [3.3] This completes the proof. O

Proof of Theorem[I-3 Let p € (0, uo), where po is defined in (4.2). Combining
Lemmas and |4.3| with Theorem we can deduce that problem (1.3) has
a weak solution 1, as a critical point for J,. Moreover, as in the proof of (3.5,
one has

Ju(Pu) = n > 0. (4.3)
Now, by Lemma we can see that infycop(o,p) Ju(¢) > 0. Moreover, by Lemma
and equation (4.1)), we obtain

—oo<c¢c:= inf (J,(¢)) <0.
Y€eB(0,p)

Let € > 0 be such that

0<e< inf J — inf J . 4.4
€< o nf Juw) = inf () (4.4)

If we consider the functional J, B(0,p) — R, then by the Ekeland variational
principle there exists 1. € B(0, p)7 such that
c<Ju(Ye) <cte
Tu(e) < Ju(@) +ellYp = tell, ¢ # ¢,

(4.5)

so by (4.4), we have

J.(Y:) < inf +e< inf J +e< inf J , 4.6
WS Il @) it L) e< il L@, (19)

which implies that . € B(0, p).

On the other hand, if we define the functional ®,, : B(0,p) — R by ®,(¢)
Ju (V) + €l|p — ¢c]|, then 1. is a global minimum of ®,. Therefore, for s € (0,1)
small enough, we have

(I),u(d)s + 371’) - (ﬁu(d’s)

S

>0, forevery ¢ € B(0,1),

)
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ie.,

Ju(% + 5¢) B JM(¢E) + E\WH > 0.
s =

By letting s tend to zero, we obtain (J),(¢:),?) + €[|¥| > 0. This implies that

17, (%)l < e
If we put wy, := 91, we obtain {w,} C B(0, p). Moreover, J,(w,) = ¢ <0, and
J; (w,) — 0, as n — oo. Since {w,} C B(0,p), it follows that {w,} is bounded
in E. So, up to a subsequence still denoted by w,,, there exists 1), € F, such that
{wy} converges weakly to 1, € E. Invoking Lemma we see that w, — v,
strongly in E.
Now, from the fact that J, € C*(E,R) implies t J),(wp) —= Ju(¢y.), as n — oo,
we have
J, () =0 and  J,(¢,) <O, (4.7)
hence 1, is a nontrivial weak solution of . Moreover, by combining with
([@7), we obtain that J,(¢,) < 0 < J,(¢,), ie., u, and ¢, are distinct. This
completes the proof. O

5. AN APPLICATION

As an application of our results, we shall consider the problem

lp[P" )2
|z[P

A2 _)\‘(p|p—2@+A _ f( )| r—2 4
pgD |:L'|2p p‘P—M T (P| 4

in RY, (5.1)

where 1 < p < % and A > 0. We note that problems of type describe the
deformations of an elastic beam. Also, they give a model for considering traveling
waves in suspension bridges.

It is not difficult to see that 1 < a = p < 2p and h(p) = |¢|" "2 satisfies the
second inequality of hypotheses (H1) and (H3), with ¢; = 1 > 0. Moreover, a
simple calculation shows that H(p) = 1|o|" which satisfies rH(¢) = h(p)ep, so
hypothesis (H2) is also satisfied for every o > 0.

Hence if r € (p,p*) and f € L>(RY), then Theorem implies that for every
@ > 0, there exists A\g > 0 such that for every A € (0,\g), problem has a
nontrivial solution. Moreover, if 1 < r < p and

*

p p )
pr—rp—r’
then Theorem implies the existence of Ay > 0 and gy > 0 such that for every
A€ (0,X0) and p € (0, o), problem (5.1) has at least two nontrivial solutions.

loc

0< feLi— (RY) N L§ . (RY),  for some s € (

6. CONCLUSION

The variational method has a long and rich history, and it has given rise to
the functional energy. The Mountain pass theorem is used in the first part of this
paper to prove the existence of a nontrivial solution for a p-biharmonic problem
involving the Hardy-Sobolev exponent. Our first main result generalizes the paper
of Ghoussoub and Yuan [13].

In the second part of the paper, the Mountain pass theorem is combined with
the Ekeland variational principle to prove the existence of two nontrivial solutions.
Our second main result of this paper generalizes the work of Perrera and Zou [19].
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We note that the manipulation of the critical Hardy nonlinearity is more compli-
cated and the improvement method used here is an application of the Brezis-Lieb
lemma. As the foundation for further improvements, we aim to obtain even stronger
results for problems with discontinuous nonlinearities.
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